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ON M-PSEUDO BI-STARLIKE FUNCTIONS WITH RESPECT TO
SYMMETRIC POINTS ASSOCIATED TO SHELL-LIKE CURVES

G. MURUGUSUNDARAMOORTHY!, K. VIJAYA!, AND H. OZLEM GUNEY?*

ABSTRACT. In this paper we define a new subclass A—pseudo bi-starlike functions
with respect to symmetric points of ¥ related to shell-like curves connected with
Fibonacci numbers and determine the initial Taylor-Maclaurin coefficients |as| and
lag| for f € (PSL?,E(a,]S(z)). Further we determine the Fekete-Szego result for the

function class TPSL;\)E(a,ﬁ(z)) and for special cases, corollaries are stated which
some of them are new and have not been studied so far.

1. INTRODUCTION

Let A denote the class of functions f which are analytic in the open unit disk
U={z: ze€ Cand|z| < 1}. Also, let § denote the class of functions in A which are
univalent in U and normalized by the conditions f(0) = f/(0) — 1 = 0 and are of the
form

(1.1) f(z) :z+§:2anz”.

The Koebe one quarter theorem [4] ensures that the image of U under every univalent
function f € A contains a disk of radius i. Thus every univalent function f has an
inverse f~! satisfying

) =2 e D) and £ @) =w (Jul < (), mlf) = ).

A function f € A is said to be bi-univalent in U if both f and f~! are univalent in
U. Let X denote the class of bi-univalent functions defined in the unit disk U. Since
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f € ¥ has the Maclaurian series given by (1.1), a computation shows that its inverse
g = ! has the expansion

(1.2) g(w) = fHw) =w — axw® + (2a5 — az)w® + - - - .

One can see a short history and examples of functions in the class 3 in [17]. Several
authors have introduced and investigated subclasses of bi-univalent functions and
obtained bounds for the initial coefficients (see [2,3,11,17-19]).

An analytic function f is subordinate to an analytic function F' in U, written as
[ < F (2 € U), provided there is an analytic function w defined on U with w(0) = 0
and |w(z)| < 1 satistying f(z) = F(w(2)). It follows from Schwarz Lemma that

f(z) < F(z) = f(0)=F(0) and f(U) Cc F(U), z€U

(for details see [4], [10]). We recall important subclasses of 8 in geometric function

theory such that if f € A and ZJ’:ES) < p(z) and 1+ ij,/;S) < p(z), where p(z) = %=,

then we say that f is starlike and convex, respectively. These functions form known
classes denoted by 8* and C, respectively. An interesting case when the function p is
convex but is not univalent was considered in [6]. Ma and Minda [9] unified various

subclasses of starlike and convex functions for which either of the quantity Z}NS) or

1+ ZJ{;;S) is subordinate to a more general superordinate function. Here superordinate
functions is an analytic function ¢ with positive real part in the unit disc U with
©(0) =1, ¢/(0) > 0 and it maps U onto a region starlike with respect to 1 and is
symmetric with respect to the real axis. The class S*(¢) and K (¢) denote Ma-Minda
starlike and Ma-Minda convex functions, respectively. If we restrict considerations
to the absorbing geometric shape of p(U), is parabolic domain or an elliptic domain
or in an interior of hyperbola, further the cases, when p(U) is an interior of the right
loop of the Lemniscate of Bernoulli or in leaf-like domain in recent past (see [6,15,16]
and also references cited therein) for the case of functions in A. The behavior of the
coefficients are unpredictable when the bi-univalency condition is imposed on the
function f € A in our present work we attempted to find initial coefficients for f € X
by considering the geometric shape of p(U) related to a shell-like curve connected
with Fibonacci numbers.

Recently, in [14], Sokot introduced the class 8L of shell-like functions as the set of
functions f € A which is described in the following definition.

Definition 1.1. The function f € A belongs to the class 8L if it satisfies the condition

that )
8 < p(2),

with p(z) = —=22 where 7 = (1 — v/5)/2 ~ —0.618.

1-72—7222"

It should be observed 8L is a subclass of the starlike functions 8*.
The function p is not univalent in U, but it is univalent in the disc |z| < (3—/5)/2 ~
0.38. For example, $(0) = p(—1/27) = 1 and p(eF?2ecos(t/9)) = \/5/5 and it may also
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be noticed that
I

[r] 1=zl
which shows that the number |7| divides [0, 1] such that it fulfils the golden section.

The image of the unit circle |z| = 1 under p is a curve described by the equation given
by

(102 — VB)? = (V5 — 20)(VBz — 1),
which is translated and revolved trisectrix of Maclaurin. The curve p(re®) is a closed
curve without any loops for 0 < r < 79 = (3 —/5)/2 ~ 0.38. Forrg < r < 1, it
has a loop, and for r = 1, it has a vertical asymptote. Since 7 satisfies the equation
72 = 1 + 7, this expression can be used to obtain higher powers 7" as a linear
function of lower powers, which in turn can be decomposed all the way down to a
linear combination of 7 and 1. The resulting recurrence relationships yield Fibonacci
numbers u,,:
T = UpT + Up—1.
In [13] Raina and Sokoét showed that

5(2) 1+ 7222 (t+ 1) t
)= = — -
p 1 — 72— 71222 t) 1 —t—1¢2

_\}S <t+1> (1—(11—7)15 B 1—17t>

1 oo o0
- (t + t) D upt” =14 (tpo1 4 Upr) 72",

n=1 n=1

where

1—7)" — 71" 1—+5
N ek ek S 4 S

/5 2

This shows that the relevant connection of p with the sequence of Fibonacci numbers
Up, such that ug =0, uy = 1, Upyo = up + uyyq for n=10,1,2,.... And they got

p(z) =1+ pnz"
n=1

=1+ (ug + ug)7z + (ug + us)7?2* + Z(un,g + Upo + Up_1 + up)T"2"
n=3

=1+ 72+37222 +47323 L 7 1P 4

Let P(3), 0 < B < 1, denote the class of analytic functions p in U with p(0) = 1
and Re{p(z)} > B. Especially, we will use P instead of P(0).

Theorem 1.1 ([7]). The function p(z) = % belongs to the class P(f) with
B =1/5/10 ~ 0.2236.

Now we give the following lemma which will use in proving.
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Lemma 1.1 ([12]). Let p € P with p(z) = 1 + ¢12 + c22*> + - -+, then |c,| < 2, for
n>1.

2. BI-UNIVALENT FUNCTION CLASS iPSLgE(a,ﬁ(z))

In this section, we introduce a new subclass of X associated with A—pseudo bi-
starlike functions with respect to symmetric points related to shell-like curves con-
nected with Fibonacci numbers and obtain the initial Taylor coefficients |as| and |as|
for the function class by subordination.

The class £,() of A-pseudo-starlike functions of order v (0 < v < 1) were intro-
duced and investigated by Babalola [1] whose geometric conditions satisfy

He showed that all pseudo-starlike functions are Bazilevic¢ of type (1 — %) order 7§
and univalent in open unit disk U. If A = 1, we have the class of starlike functions of
order 7, which in this context, are 1—pseudo-starlike functions of order v. Babalola
[1] remarked that though for A > 1, these classes of A—pseudo starlike functions clone
the analytic representation of starlike functions, it is not yet known the possibility of
any inclusion relations between them.

Motivated by the works of Dziok et al. in [7] on the class of convex and av—convex
functions related to a shell-like curve connected with Fibonacci numbers, Eker et al.
and [5] on bi-pseudo-starlike functions class and obtained the initial coefficients |as|
and |ag| with respect to other points in this paper we define the new class named as
A—pseudo bi-starlike functions with respect to symmetric points related to shell-like
curves connected with Fibonacci numbers as follows.

Definition 2.1. Let 0 < a <1 and A > 1 is real. A function f € ¥ of the form (1.1)
is said to be in the class ?SL?’E(Q, p(z)) if the following subordination hold:

2((=(S )T

(2.1) (1- O‘)f(z) D T e P(2)
and
(2.2) (- o) 2@ | 2AwG @I L

g(w) —g(=w) [g(w) — g(=w)]'
where 7 = (1 — v/5)/2 ~ —0.618 where z,w € U and g is given by (1.2).

Specializing the parameter A = 1 we have the following definitions, respectively.

Definition 2.2. A function f € 3 of the form (1.1) is said to be in the class
PSL. (v, p(2)) = MSL,5(ar, p(z)) if the following subordination hold:

2'2) 2
fR)=f(=2) " [f(z) = f(=2))

(1-a) < p(z)
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and
2ug'(w) _2wlgW))

g(w) —g(=w) " [g(w) = g(-w)
where 7 = (1 — v/5)/2 ~ —0.618 where z,w € U and g is given by (1.2).
Definition 2.3. A function f € 3 of the form (1.1) is said to be in the class
?SL;E(O,ﬁ(z)) = 8L x(p(2)) if the following subordination hold:

22f'(2)
f(z) = f(=2)

(1—-0a)

I < p(w),

< p(z)

and
2wg' (w)
g9(w) = g(-w)
where 7 = (1 — v/5)/2 ~ —0.618 where z,w € U and g is given by (1.2).

Definition 2.4. A function f € ¥ of the form (1.1) is said to be in the class
PSLL(1,5(2)) = KLy x(p(2)) if the following subordination hold:

2(2(/f"(2)))

< p(w),

76— f—ay <P
and
Awlgw)y
f9w) — g(—w)] <P

where 7 = (1 — v/5)/2 ~ —0.618, where z,w € U and g is given by (1.2).

In the following theorem we determine the initial Taylor coefficients |ay| and |as| for
the function class ’J’SLQZ(Q, p(z)). Later we will reduce these bounds to other classes
for special cases as corollaries which are new and have not been studied sofar.

Theorem 2.1. Let f given by (1.1) be in the class TSL;\’Z(a,ﬁ(z)). Then

" 7]
(23) o2l < VAN(L + @)2 — {2)2(602 + 90 +5) — A+ 20+ 1}7
and
] < 2A|7| [2A(1 + @) — {(A — 1)(1 + 3a) — 6A(1 + )2} 7]
= BA= 1)1+ 20) [AX2(1 + a)® — {2X2(602 + 9a + 5) — A + 20 + 1}7]°

Proof. Firstly, let p(z) = 14+p1z+p2%2+- -+, and p < p. Then there exists an analytic
function u such that u(0) = 0;|u(z)| < 1 in U and p(z) = p(u(z)). Therefore, the

function .

is in the class P. It follows that

c1z 2\ 22 3\ 23
U(Z):T"— CQ—E ?—i‘ C3—01CQ+Z 5_}_

:1+012+0222+"'
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and

5 D1C12 1 2\ 2
) =1+ 255 1 g (2= F) ot P

n 1 _'_c:f ~+1 3 ~+c§’~ 3
9 3 — C1C2 4 b1 201 C2 9 D2 3 p3 = :
And similarly, there exists an analytic function v such that v(0) = 0; [v(w)| < 1in U

and p(w) = p(v(w)). Therefore, the function

o) = 50

is in the class P. It follows that

:1+d1w—|—d2w2+

and
~ pldlw 1 d% ~ d% _ 9
po(w)) =1+ 5 {2 <d2 —5 D + qP2qw
1 a3\ 1 d?\ a3 )
+{2 <d3—d1d2+41>p1+2d1 <d2—21>p2+81p3}w5+--- .

Let f € TSL;\E(a,ﬁ(z)) and g = f~'. Considering (2.1) and (2.2), we have

G 2EE T
fR) = f(=2) T f(z) = f(=2)

= p(u(z))

and
2w(g' (w)) fa 2[(w(g'(w)))T*
g(w) —g(=w) ~[g(w) — g(—w)]
where 7 = (1 — v/5)/2 ~ —0.618, z,w € U and g is given by (1.2). Since
gy et 2 )T
S P I [ I [P ey )
=14 2X\(1 + a)agz + 2A(A — 1)(1 + 3a)as + (3X — 1)(1 + 2a)ag)z® + - - -

; = P(o(w)),

and

2u(g'(w)* 2wy @)
g(w) —g(=w) ~[g(w) — g(—=w)]'
=1 — 2X\(1 + a)agw + {[2(A* + 2\ — 1) + 2a(3)\ + 3\ — 2)]a3

— BA=1)(1 +2a)az]}w® + - .

(1—-«a)
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Thus, we have

1+ 201+ @)agz + [2A(A — 1)(1 + 3a)a; + (3A — 1)(1 + 2a)az)2® + - - -

Y TN B R R Vol
=1+ 9 +l2 (CQ 2>p1+4p2 z
1 3 1 2 3
(2.4) + l2 <C3 —cic2+ 2) P+ 56 <02 - C;) p2 + 681133] 2

and

(2.5) 1 -=2X1+ a)asw

+ {202 +2X — 1) + 2a(3X* + 3X — 2)]a; — (3X — 1)(1 + 2a)as]w? + . ..

D1 d d3 d3
B T ) )

2 2 4
a\ . 1 d3 d3 _
[ <d3—d1d2+4>p1+2d1<d2 2)]?24‘81]?3] +oee
It follows from (2.4) and (2.5) that
(2.6) 2A(1 + a)ay = %
2 1 ci i,
(2.7) 2AA = 1)(1+3a)a; + BA —1)(1 + 20)as = sle—5 )t ZBT
and
le

(2.8) —2X\(1+ a)as B
(2.9) [2(A% +2X — 1) 4+ 2a(3X% + 3\ — 2)]as — (3A — 1)(1 + 2a)as

1 d3 d3

2<d2—2>7—+ 4137—
From (2.6) and (2.8), we have

C1 = —d1
and
(cl+di)

2.1 2= 1/ ;2
(2.10) 2T e ta)2
Hence,

jag) < =T
201+ a)
Now, by summing (2.7) and (2.9), we obtain

1
— = (cj+d)T+

(2.11) [2(2)\2 +A—1)+4a(3N° — 1)} a; = ;(02+d2)7 4(

1

109
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(A 4d3)T?
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Substituting (2.10) in (2.11), we have

(212)  4[40(1+)* = {2\%(60” + 9 +5) — A + 20 + 1}7| a3 = (ca + da)7>.
Therefore, by Lemma (1.1) we obtain

7]

(2.13) |az| < .
VAN + @)2 — {2)2(602 + 90 +5) — A+ 20+ 1}7

It is clear that

i 7l 7]
2AL+ @) JIN2(1 + a)2 — {202(602 + 9 +5) — A + 20 + 1}7
7]

CD2(1 )2 — {202(602 + 9 +5) — A+ 2+ 1}

So, we obtain the inequality (2.3).
Now, so as to find the bound on |as|, let’s subtract from (2.7) and (2.9). So, we
find

(214) 230~ D)1+ 20)a5 — 23N~ 1)(1 +20)a3 = 1 (2 — )7
Hence, we get
2(3X — 1)(1 + 2a)|as| < 2|7| +2(3X — 1)(1 + 2a)|az|*.
Then, in view of (2.13), we obtain
2AI7| 2A(L + @)? — {(A — 1)(1 + 3a) — 6A(L + a)?}7]
3A—1)(142a) [AN2(1 + a)? — {2X2(6a® + 9a + 5) — A + 2a + 1}7]

Taking A = 1, in the above theorem, we have the following the initial Taylor
coefficients |as| and |as| for the function classes MSLg »(a, p(2)).

las| <
(

Corollary 2.1. Let f given by (1.1) be in the class M8L; (o, p(2)). Then
7]
VAL + )2 —2(60% + 100 + 5)r

|az| <

and
2(1 + a)?7] (1 = 37)

1+ 2a) [4(1 + a)? — 2(6a% + 10« + 5)7]
Further by taking o = 0 and a = 1 in Corollary 2.1, we have the following the

initial Taylor coefficients |as| and |as| for the function classes 8L7y(,p(2)) and
KLsx (o, p(2)), respectively.

las| <
(

Corollary 2.2. Let f given by (1.1) be in the class L, s,(a,p(z)). Then
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and
|7](1 — 37)

2—-05T
Corollary 2.3. Let f given by (1.1) be in the class KL x(a,p(2)). Then

las| <

7|

V16 — 427

4|7|(1 = 37)
< —
9] < 35 —21r)

las| <

and

3. FEKETE-SZEGO INEQUALITY FOR THE FUNCTION CLASS PSL2 s (a,p(2))

Fekete and Szego [8] introduced the generalized functional |az — pua3|, where pu is
some real number. Due to Zaprawa [20], in the following theorem we determine the
Fekete-Szego functional for f € TSLQ,E(a,ﬁ(z)).

Theorem 3.1. Let f given by (1.1) be in the class TSLQZ(a,ﬁ(z)) and i € R. Then

we have
7| 7]

where
h( ) - (1 B :u)TQ
W= N1+ a2 — (222602 + 9a +5) — A+ 2a + 1}17]

Proof. From (2.12) and (2.14) we obtain

as — jia;
(1 — p)(ca + do)7* 7(c2 — do)
[AA2(1+ a)? — {2X\2(6a® + 9 + 5) — A+ 2a+ 1}7] 43X —1)(1 + 2a)

1

_ (1= p)r? T
B <4 [AA2(1+ a)? — {2)\2(6a2 +9a + 5) — A+ 20+ 1}7]4(3X — 1)(1 + 2a)> “

(1—p7’ T
- (4 [4X2(1 4+ a)? — {2X2(602 + 9o+ 5) — A+ 2a+ 1}7] 43N — 1)(1 + 2a)> da-

So, we have

, 7] 7]
(3D(m—u%——QWD+4@A_DG+QQOCI+OWO_4@A—DG+QaJd%

where

(1—pr’
[AX2(1+ a)? — {2)2(60% + 9o+ 5) — A+ 20 + 1}7]

h(w) = §
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Then, by taking modulus of (3.1), we conclude that

7 7
|ag — paj| < (BA = 1)1 +2a)° 02 IAtu)l = 4(?7\ |— D(1+2a)’
Alh(p). M) 2 far T 2a)

Taking o = 1, we have the following corollary.
Corollary 3.1. If f € (PSL;\’Z(a,ﬁ(z)), then
7]
(BA—=1)(1 4 2a)
If we can take the parameter A\ = 1 in Theorem 3.1, we can state the following.

Corollary 3.2. Let f given by (1.1) be in the class MSL s(c, p(z)) and pn € R. Then
we have

las — a3| <

|7] 7]
o 0 h(p)] < o5
= T
4|h h >_ U1
A e T
where
(1 —p)r?

h(p) = .
W) = T+ a) —2{60% + 10a + 537
Further by taking & = 0 and « = 1 in the above corollary, we have the following the
Fekete-Szegd inequalities for the function classes 8L sy(a, p(2)) and KL x(a, p(2)),
respectively.

Corollary 3.3. Let f given by (1.1) be in the class 8L s (o, p(2)) and p € R. Then
we have

T T
o o< <D
lag — paz| < 7|
4lh()], [h(p)| > Y
where a ) )
h =
W) =S —5

Corollary 3.4. Let f given by (1.1) be in the class KLs (o, p(z)) and pn € R. Then

we have ] ]
T T
ag — puad] < .
Al ho) = 5
where
(1 —p)r?

M) = s atr
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