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MULTIPLE SOLUTIONS FOR A NONLOCAL KIRCHHOFF
PROBLEM IN FRACTIONAL ORLICZ-SOBOLEV SPACES

ELHOUSSINE AZROUL!, ABDELMOUJIB BENKIRANE!, MOHAMMED SRATT!,
AND MINGQI XIANG?

ABSTRACT. In this paper, using the three critical points theorem we obtain the
existence of three weak solutions for a Kirchhoff type problem driven by a nonlocal
operator of the elliptic type in a fractional Orlicz-Sobolev space, with homogeneous
Dirichlet boundary conditions.

1. INTRODUCTION

In the last decade, great attention has been devoted to the study of nonlinear
problems involving non-local operators. These types of operator come up in a quite
natural way in several applications such as phase transition phenomena, crystal dis-
location, soft thin films, minimal surfaces and finance; see for instance [2,18] and
references therein. We also refer the interested reader to [33], where a more extensive
bibliography and an introduction to the subject are given.

In this paper, we are concerned with a class of nonlocal problems in fractional
Orlicz-Sobolev spaces of the form

(/ [ 4 ( |x_:|(y)|>|$dfdyy|N>(_A>Z(.)u

M (z,u) + Bg(z,u), in €,
=0, in RV\Q,

(Fa)
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where  is an open bounded subset in RY, N > 1, with Lipschitz boundary 052,
0 <s <1, Aisan N-function, M : [0,00) — (0,00) is a nondecreasing continuous
function, f,g : Q x R — R are two Carathéodory functions, A and [ are two real
parameters and (—A)fl(,) is a nonlocal integro-differential operator of elliptic type
defined as follows
— — d
(—A)Z()U(Jf) — 2hm a (’U(l‘) u(!/)’) u(flj) u(y) . yN ’
e\0 JRN\B. (2) lx —y|* |z — yl® |z — y|N+ts
for all z € RY, where a : R — R which will be specified later.
This problem (F,) is related to the stationary version of the Kirchhoff equation

82u P[) E L
1.1 gu _ 1o —/
(1.1) Porr |\ T2z )

d*u

de | 2=
x@xQ

ou
p = h(u,z),

presented by Kirchhoff [29] in 1883 which is an extension of the classical d’Alembert’s
wave equation by considering the changes in the length of the string during vibrations.
In (1.1), L is the length of string, h is the area of the cross section, F is the Young
modulus of the material, p is the mass density, and F is the initial tension. Kirchhoft’s
model takes into account the length changes of the string produced by transverse
vibrations. Some interesting results can be found, for example in [23]. On the other
hand, Kirchhoff-type boundary value problems model several physical and biological
systems where u describes a process which depend on the average of itself, as for
example, the population density. We refer the reader to [35] for some related works.
In [7], the authors obtained the existence of three weak solutions for a Kirchhoff
type elliptic system involving nonlocal fractional p-Laplacian by using the three
point critique theorem. In [10], by means of mountain pass theorem of Ambrosetti
and Rabinowitz, direct variational approach and Ekeland’s variational principle, the
authors showed the existence of nontrivial weak solutions to a class of p(z)-Kirchhoff
type problem. For the problems involving fractional Kirchhoff type, we refer the
reader to the works [11,13]. They use different methods to establish the existence of
solutions.

Problems of this type have been intensively studied in the last few years, due to
numerous and relevant applications in many fields of mathematics, such as approxi-
mation theory, mathematical physics (electrorheological fluids), calculus of variations,
nonlinear potential theory, the theory of quasiconformalmappings, differential geom-
etry, geometric function theory, probability theory and image processing (see, for
instance [22]).

The problem (FP,) involves the fractional a(-)-Laplacian operator, the most appro-
priate functional framework for dealing with this problem is the fractional Orlicz
Sobolev space [8,16], namely a fractional Sobolev space constructed from an Orlicz
space at the place of LP(€2). As we know, the Orlicz spaces represent a generalization
of classical Lebesgue spaces in which the role usually played by the convex function ¢*
is assumed by a more general convex function A(t); they have been extensively studied
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in the monograph of Krasnosel$kii and Rutickii [28] as well as in Luxemburg’s doctoral
thesis [31]. If the role played by LP(€2) in the definition of fractional Sobolev spaces
W#P(Q) is assigned to an Orlicz L4(2) space, the resulting space WL 4(12) is exactly
a fractional Orlicz-Sobolev space . Many properties of fractional Sobolev spaces have
been extended to fractional Orlicz-Sobolev spaces (see [4,5,8,9,12,16,17]). For this,
many researchers have studied the existence of solutions for the eigenvalue problems
involving nonhomogeneous operators in the divergence form through Orlicz-Sobolev
spaces by using variational methods and critical point theory, monotone operator
methods, fixed point theory and degree theory (see for instance [14, 15,20, 32]).
The problem (P,) is motivated by the class of problems on the form

Au = Mf(z,u) + Bg(z,u), in Q,
(P) { u =0, in 092,

where €2 is an open subset of RV, f.g : RY x R — R are two Carathéodory
functions and A, 3 are two real parameters. For Au = —A, = —div (|Vul[P72Vu),
the problem (P) has been studied in many papers, we refer to [35,36], in which
the authors have used different methods to get the existence of solutions for (P).

In the case when Au = —Ap,) = —div (|Vu|p(')’2Vu>, where p(-) is a continu-

ous function, problem (P) has also been studied by many authors, see for exam-

ples [19,24,25]. On the other hand, Chung in [26], studied the problem (P) with

Au=—M ( / qb(]Vu])d:U) div(a(|Vu|Vu)). That is, the following problem in Orlicz-
Q

Soblev spaces:

(7 {—ﬂ(/yuvmmx) e

where ¢ is an N-function, defend as

o) = [ " a(ryrr,

and M : [0,00) — (0,00) is a nondecreasing continuous Kirchhoff function. Under
some suitable conditions, the author obtained the existence of three weak solutions
of (Ps), by using the three critical point theorem. For M = 1 in the problem (Ps),
Cammaroto and Vilasti in [20], by the same theorem, they showed the existence of
three weak solutions.

In the fractional case, i.e., when we take Au = M ([u]{;p) (=A)yu. That is, we
consider the following problem

ju(z) = uly)l” . |
(Ps) M </Q Q dl‘dy) (_A)Pu - Af(l’,u) + Bg(x; U)7 m Q,

|z —y|+N
u =0, in RV \ Q,
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where € is an open bounded subset in RY and (—=A)s is the fractional p-Laplace
operator. In [6], by using the three critical point theorem, the authors obtained the
existence of three weak solutions of (Ps).

To our knowledge, this is the first contribution to studying of non-local problems
in this class of functional spaces. More precisely, using the ideas first presented in
articles [6,20,26]. Our result in this article generalizes special cases, in which we will
consider the problem (P,) with M(t) =1 or M(t) # 1 and A(t) = %tp (the problem
().

This paper is organized as follows. In the second section, we recall some properties
of fractional Sobolev spaces. In the third section, using the three critical points
theorem which introduced by Ricceri [34], we obtain the existence of a three weak
solutions of problem (FP,). Finally, the fourth section is devoted to giving an example
which illustrates the mains abstracts results.

2. SOME PRELIMINARIES RESULTS

To deal with this situation we introduce the fractional Orlicz-Sobolev space to
investigate problem (P,). Let us recall the definitions and some elementary properties
of this spaces. We refer the reader to [1,3,8,16, 33| for further reference and for some
of the proofs of the results in this section.

Let © be an open subset of RV, N > 1. We assume that a : R — R in (P,) is such
that : ¢ : R — R defined by:

[ alltht, fort 0,
oty ={ g1V Priz o

is increasing homeomorphism from R onto itself. Let

At) = /Ot o(T)dT.

Then, A, is N-function, see [1], i.e., A : RT — R is continuous, convex, increasing
function, with @ —0ast— 0and @ — 00 ast — o0.
For the function A introduced above we define the Orlicz space:

La(Q)) = {u : Q@ — R mesurable / A(Nu(x)])dz < oo for some A > 0} :
Q

The space Lg(€2) is a Banach space endowed with the Luxemburg norm

]| 4 :inf{A >0 /QA <’“(;>’> dr < 1}.

The conjugate N-function of A is defined by A(t) = [ ®(7)dr, where % : R — R is
given by $(t) = sup {s : ¢(s) < t}. Furthermore, it is possible to prove a Holder type
inequality, that is

‘ / uvdx
Q

< 2||ul|allv|l 5, for all u € La(2) and v € L5(Q2).
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Throughout this paper, we assume that

to(t) t(t)
2.1 1 =inf 2 < pt =
(2.1) <p- %no AD) p Stlzlg) AlD) < +00

The above relation implies that A € Ay, i.e., A satisfies the global Ay-condition (see
(32]):
A(2t) < KA(t), forallt>0,
where K is a positive constant.
Furthermore, we assume that A satisfies the following condition

(2.2) the function [0,00) 3 ¢ +— A(V/t) is convex.
The above relation assures that L4(€2) is an uniformly convex space (see [32]).
Lemma 2.1 ([16]). Assume that A € Ay. Then we have
A(p(t)) < cA(t), forallt >0,
where ¢ > 0.

Now, we defined the fractional Orlicz-Sobolev space W*L 4(2) as follows

W?PLA(Q)= {u € La(Q / / ()\]u| E (y)\) dady < oo for some A > 0} :
r—Y

[z —yl¥
This space is equipped with the norm
[ulls.a = llulla + [u]sa,

where [-], , is the Gagliardo seminorm, defined by

HSA—mf{”O f A ( Arx—y%”)udfdylfvgl}

We work in the closed linear subspace

WeLa(Q) = {ue W LA(R):u=0ae RV\Q},

which can be equivalently renormed by setting || - || := [], 4. By [16], W*L4(£2) and
is Banach space, also separable (resp. reflexive) space if and only if A € Ay (resp.
A€ Ay and A € Ay). Furthermore, if A € A, and A(v/t) is convex, then the space
W*LA() is uniformly convex.

To simplify the notation, we set

// ( <w0 Mww pru= U0 —uly) - dedy
u—m lz —y |z —yl® lz —yl*

and the dual space of (W?*L4(Q2), || -||) is denoted by (W*L4(2))*,|| - ||«) . Note that
dp is a regular Borel measure on the set  x €.

Theorem 2.1 ([8]). Let Q be a bounded open subset of RY. Then
C3(Q) C WELA(R).
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Remark 2.1. A trivial consequence of Theorem 2.1, C§°(2) C W*L 4(€2) and W*L 4(2)
is non-empty.

Proposition 2.1 ([8]). Let Q be an open subset of RN and let A be an N-function.
Assume condition (2.1) is satisfied, then the following relations hold true

(Wl 4 < B(w) < [y, for all u€ WLAQ), with [u]a > 1,
[ul?s < P(u) < W], for allu € WLa(Q), with [u],.a < 1.

Theorem 2.2 ([8]). Let  be a bounded open subset of RN, with C% -regularity and
bounded boundary, let 0 < s’ < s < 1. Let A be an N-function, assume condition (2.1)
is satisfied and we define

b — { b= if N> sp,
° 00, if N <s'p.
o If 'p= < N, then W5LA(Q) — L%R), for all q € [1,p%] and the embedding
WSLa(Q2) — LYR), is compact for all g € [1,p%).
o [f'p~ = N, then W*LA(Q2) — L9(QY), for all ¢ € [1,00] and the embedding
WSLa(Q2) — LYUR), is compact for all ¢ € [1,00).
o [f sp~ > N, then the embedding W*L4(Q) — L>(2), is compact.

Definition 2.1. Let X be a real Banach space. We denote by W, the class of all
functionals A : X — R possessing the following propositionerty: if {u,} is a sequence
in X weakly converging to u € X and liminf, ,., A(u,) < A(u), then {u,} has a
subsequence strongly converging to u.

Definition 2.2. Let 0 < ' < s < 1, if N > s'p~, we denote by A the class of all
Carathéodory functions f : €2 x R — R such that
|f (@, 1)]

sup ————— < 00,
(m,t)eng 1+ |tla-t
where ¢ € [1,p%).
While when N < s'p~, we denote by A the class of all Carathéodory functions
f:Q xR — R such that for each C' > 0, the function x — supy,<¢ |f(,?)| belongs
to L1(9).

Theorem 2.3 ([34]). Let X be a separable and reflexive real Banach space with
norm || - ||, let ¥ : X — R be a coercive, sequentially weakly lower semicontinuous
C! functional, belonging to W4, bounded on each bounded subset of X and whose
derivative admits a continuous inverse on X*, and let J: X — R be a C' functional
with compact derivative. Assume that U has a strict local minimum xo, with V(xy) =
J(z9) = 0. Finally, assume that

. J(z) . J (fﬁ)}
max } lim sup , lim sup <0
{wn%oo V() wmm U(2)
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and that
sup min {¥(z), J(z)} > 0.

rzeX

Let

J(z)
Then, for each compact interval A C (6%, +00), there exists a number § > 0 with the
following propositionerty: for every X € A and every C* functional T' : X — R with
compact derivative, there exists f* > 0 such that for each € [0, B*], the equation

V'(z) = AJ'(z) + T (),

has at least three solutions whose norms are less than §.

0" = inf{w cx € X,min{¥(z), J(z)} > O} :

3. MAINS RESULTS

In this section, we prove the existence of three weak solutions in fractional Orlicz-
Sobolev spaces applying Theorem 2.3. For this, we suppose that the Kirchhoff function
M : [0,00) — (0,00) is a continuous and nondecreasing function satisfying the
following condition:

(My) there exists mgy > 0 such that M (t) > mg, for all ¢t > 0.
For f € A, we assume that
(Fy) sup /F(:c,u)dx >0,

u€EWSLA(Q) /2

SUp,eq F(z,1)

(F») lim sup e <0,
) SUp,eq F'(z,t)

F lim sup 2Pz Y g

( 3) |t‘4>oop |t‘p

where F(x,t) = [1 f(x,7)dT.
Under such hypothesis, we set

o~

M(P(u))

F d
/Q (z,u)dx
Definition 3.1. We say that u € W§L4(2) is a weak solution of problem (P,) if

M(@(u))/ a(|D*ul) D*uD*vdp = A/{j(m,u)vdx%—ﬁ/gg(x,u)vdx,

RN xRN

for all v € W§LA(Q).

Theorem 3.1. Let A be an N-function. Suppose that M satisfy (M) and for f € A,
we suppose that (Fy), (F2) and (F3) hold true. If p* < p%, then for each compact
interval A C (6%, 00), there exists a number 6 > 0 with the following propositionerty:

6" — inf ue WOSLA@),/ F(z,u)dz > 0
Q
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for every A € A and every g € A there exists B* > 0 such that, for each € [0, 5],
problem (P,) has at least three weak solutions whose norms are less than §.

We first prove the following useful result, which helps us to apply Theorem 2.3. For
this, we define the functionals ¥, J : W5 LA(22) — R by

0= [ o, 0= ([ o (HA0)

where M(t) = [{ M(7)dr

Lemma 3.1. Let f € A. Then the functional J € CY(W§La(Q),R) with derivative
given by

(J'(u / f(z,u)vdz,
Jor all u,v € WSLA(Q). Moreover J' : WELA(Q2) — (WSLA(RQ))* is compact.
By using Theorem 2.2, the proof of this Lemma is seminary to Lemma 3.3 in [6].

Lemma 3.2. Let (M) and (2.1) hold true. Then ¥ € CY(WSL4(Q),R) and

(W'(u),v) = M@(w) [ a(lD*ul)D*uD*vdp,

QxQ

for all u,v € WSLA(Q). Moreover, for each u € WELA(QY), V'(u) € (W5LA(2))*.
Proof. First, it is easy to see that
(3.) (W'(w),v) = M(@(w)) | a(|Du)D*uD vd,

QxQ
for all u,v € W5L4(Q2). It follows from (3.1) that ¥ (u) € (WSLa(2))* for each
u € WgLa(Q).

Next, we prove that ¥ € C'WSLa(Q),R). Let {u,} C W{L4(Q) with u,, —
u strongly in W§La(Q2), then D*u,, — D®u in Ls(22 x ©,du). So by dominated
convergence theorem, there exist a subsequence {D*u,, } and a function h in L4(£2 x
Q,du) such that

a(|D*up, |) D*uy, — a(|D*u|)D*u
and
|a(1D%tn, [) D%, | < la(|R])A],

for almost every (z,y) in 2 x Q, by Lemma 2.1, we have |a(|h|)h] € L7(Q x ,dp).
So, for v € W5 LA(2), D%v € L4(2 x Q,du) and by Hoélder’s inequality

[ 1a(D* ) D*un, — a(ID*ul) D*u] D*vd
QxQ

<2||a(|D*un, ) D%ty — a(|D*u|) D*ul[_ | D],
<2 ||a(|D*un, ) D%ty — a|D*ul) D>ul|_ o]l -
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Then by dominated convergence theorem we obtain that

(3.2) sup

llvfl<1

/ [a(| D%, |) D¥tn, — a(|D*u|)D*u] Dvdp| — 0.
QxQ

On the other hand, the continuity of M and Proposition 2.1, we have

(3.3) M (D(up)) = M (D(u)) .
Combining (3.2)—(3.3) with the Holder inequality, we have
1" () — W' () = sup [ (9 (un) = W' (u),v) | = 0. m

veWGLa(Q),[lv]<1

Lemma 3.3. The following properties hold true:
(1) the functional ¥ is sequentially weakly lower semi continuous;
(i) the functional W belongs to the class Wywsp,(q)-

Proof. (i) First, note that the map

UH// < \x—y\(y”)defdyle’

is lower semi-continuous in the weak topology of WJL4(£2). Indeed, similar to Lemma

3.1, we obtain @ € C’l(WOSLA(Q) R) and
(@ (u) / / (|D°u|) D*uD*vdp,

for all w,v € W5L4(€2). On the other hand, since A is a convex function so @ is also
convex.

Now, let {u,} C W§La(Q2) with u, — u weakly in Wi L4(€2), then by convexity of
@ we have

D(un) — D(u) = (P'(u), up —u),
and hence, we obtain @(u) < liminf @(u,,), that is, the map

uH// ( |x—y|(y>|> !xdfdzj/!N

is lower semi-continuous. On the other hand by the continuity and monotonicity of
the function ¢t — M (t), we get

lim inf @ (w,) = lim inf M (@(u,)) > M(liminf (u,)) > M(S(u)).

n—o0

Thus, the functional W is sequentially weakly lower semicontinuous.

(73) Since M is continuous and strictly increasing, it suffices to show that & €
Wysr @) Then, let {u,} be a sequence weakly converging to in W35L(€2) and let
lim inf D(uy,) < @(u). Since the functional @ is sequentially weakly lower semicontinu-

ous, there exists a subsequence of {u,}, still denoted by {u,} such that

lim D(u,) = P(u).
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On the other hand, since {“’Eﬁ} converges weakly to u in W5L4 (), from (i), we
have

(3.4) lim inf & <“” ru

) > &(u).

We assume by contradiction that {u,} does not converge to u in WL 4(€2). Hence,
there exists a subsequence of {u,}, still denoted by {u,} and there exits €y > 0 such

that ’
by Proposition 2.1, we have
P (un2— u) > max {587,8?} :

On the other hand, by the conditions (2.1) and (2.2), we can apply [30, Lemma 2.1]
in order to obtain

(3.5) ;@(un) +lpwy— o (u”; “) > ¢ (“"2_ “) > max {cf ,<}'}.

un—uH €0

2 =9

2
It follows from (3.5) that
(3.6) &(u) — max {587,5?} > lim sup @ (u" i u) :
n—oo 2
from (3.4) and (3.6) we obtain a contradiction. This shows that {u,} converges
strongly to u and the functional ¥ belongs to the class Wyr, ). U

Lemma 3.4. Assume that the sequence {u,} converges weakly to u in W§L4(2) and
(3.7) lim sup/ / a(|D*up|) Duy, (D*uy, — D*u) dp < 0.

n—r00 QJQ
Then the sequence {u,} converges strongly to w in W§L4(2).

Proof. Since u,, converges weakly to u in W§L4(Q2), then {||u,||} is a bounded sequence
of real numbers, that fact and Proposition 2.1, implies that the {®(u,)} is bounded,
then for a subsequence, we deduce that ®(u,) — c. Or since @ is weak lower semi
continuous, we get @(u) < liminf, . ®(u,) = c. On the other hand, by the convexity
of @, we have
D(u) > D(uy) + (D' (uy), up, — u) .

Next, by the hypothesis (3.7), we conclude that @(u) = ¢. Since {%} converges
weakly to u in W5 L(Q2), so since @ is sequentially weakly lower semicontinuous:

un+u>

¢ =®(u) < liminf @ (

n—oo
Seminary to proof of Lemma 3.3, we assume by contradiction that u, converges
strongly to w in Wi L4(£2). O

Lemma 3.5. Let (M) hold, then the operator W' : WSLA(Q2) — (W5La(Q2))* is
invertible and V'~ is continuous.
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Proof. First, we assume that the operator W' : WFLA(Q2) — (W5 LA(2))* is invertible
on W§La(€2). By the Minty-Browder theorem (see [37]), it suffices to prove that ¥’ is

strictly monotone, hemicontinuous and coercive in the sense of monotone operators.
So, let u,v € W5La(2), with u # v and let A\, € [0,1] with A + u = 1. Since
a(|t])t is increasing, then

(P (u) — D' (v),u —v) = /Q/Q (a(|D*u|)D*u — a(|D*u|)D*v) (D*u — D*v) du > 0.

So, W' : WELA(Q) — (WELA(2))* is strictly monotone, so by [37, Proposition 25.10],
@ is strictly convex. Moreover, since M is nondecreasing the function M is convex in
R*. Thus,

M (DAt~ ) < M(AD(u) + pud(v)) < AM(D(u)) + pM (B(v)).
This shows that W is strictly convex and already said, that W' is strictly monotone.

Let u € W§La(R2), with |Ju|| > 1, by (M;) and Proposition 2.1, we have
(W'(w),w) _ M(&(u)) (P'(w), w) _ mop”P(u)

> mop ™ [ull” '

il il Il
Thus,
(D' (u),u) _
fulloe | ’
that is, ¥’ is coercive.

Now, by Lemma 3.1, we have ¥ € C*(WFL4(2),R), then ¥ is hemicontinuous.
Thus, in view of the Minty-Browder theorem, there exists W'~ : (W§L4(Q))* —
W5 LA(Q2) and it is bounded.

Let us prove that ¥'~! is continuous by showing that its is sequentially continuous.
Let {un,} C (W5La(2))* be a sequence strongly is converging to u € (W5L4(£2))*
and let v, = ¥'~!(u,) and v = ¥~ (u). Then, {v,} bounded in W;L4(Q), then, we
can assume that it converges weakly to a certain vg € W§L4(2). Since u,, converges
strongly to u, we have

lim (V' (vy), vy — 1) = im (u, v, = v) =0,

ie.,
(3.8) lim M (#(v,)) /Q /Q a(|D*v,]) D0y, (D*0n — D*vg) dpi = 0.

Since {v,} is bounded in WL (), then by Proposition 2.1, ¢(v,) is also bounded,
then

D(v,) = tp >0, asn — oo.

If to = 0, then using Proposition 2.1, we get {v,} that strongly converges to vy in
W5 La(2), by the continuity and injectivity of U'~! we obtain the desired result.
If ty > 0, it follows from the continuity of the function M that

M(®(v,)) — M(ty), asn — oo.
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Thus, by (M), for sufficiently large n, we get

(3.9) M(®(v,)) > Co > 0.

By (3.8) and (3.9), we have

(3.10) /Q/Qa(|DSU”|)DSU" (D*v,, — D*vg) du = 0.

From (3.10) and since v,, converges weakly to vy in WL 4(€2), we can apply Lemma
3.4, in order to deduce that v, converge strongly to vy in W§L (). U

Proof of Theorem 3.1. We wish to apply Theorem 2.3 taking X = Wi L4(2), ¥ and J
are as before, by Lemma 3.1 J is C'-functional with compact derivative. Moreover by
Lemma 3.3, ¥ is a sequentially weakly lower continuous and C!-functional belongs to
the class Wy, (@), also by Lemma 3.5, the operator U’ admits a continuous inverse
on (WSLa(Q2))*.

On the other hand, we show that @ is coercive. In fact, if ||u| > 1, by (M;) and
Proposition 2.1, we have

() = M(P(u)) = mob(u) = mo|[ull”,

from which we have the coercivety of W.

It is evident that uy = 0 is the global minimum of ¥ and that ¥(ug) = J(up) = 0.
Moreover, ¥ is bounded on each bounded subset of W L4(2). Indeed, if |jul| < C,
then

— M(CP™), if |lul| > 1
V(u) = M(P <9 =~ ’ ’
w0 =Fot < { gl
So, W(u) < max { M(1), M(C?")}.
Now, by the assumption (F3) for all € > 0, there exits 7; > 0 such that
|[F(x,t)] < elt",

for each z € Q and |t| < ;. Since p™ < p%, so by Theorem 2.2, the embedding
WSLA(Q) in LP" (Q) is compact. Then for some positive constant Cy, one has for all
u € WgLa(02) with |u| < and |lul| <1

J(u) < ellull?,, < eCollull”” < eCod(w).

Or by (M;), we have @(u) < mio\lf(u), then
1

Consequently, we have

J(u) 1
3.11 lim su <eCy—.
( ) e p T(u) = 2m0

By (F3), for all € > 0, there exists 7o > 0 such that
(3.12) |F(x,t)| <elt],
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for all z € Q and [t| > .
For |lu|| > 1 large enough, from (3.12), Proposition 2.1 and Theorem 2.2, we have
Jw) I
U(w) ~ M(@(w))

F(x,u)dx / F(x,u)dz
( ) {ze:|u|>n2} ( )

< [{weﬂtlu|<n2}

- + - ;
mo||ul[” mol|ul|”
Q] sup F P~
Qx[—n2,m2] 6”u||LG‘(Q)
mol|ul|P” mollul[P”
Q] sup F
QX[_nsz] + 038.
mol|ul|”
So,
J
(3.13) lim sup Y. < <.

lul—oo V(1)

Since £ > 0 is arbitrary, relations (3.11) and (3.13) imply that

. J(x) . J(x) }
max ¢ lim sup , lim sup <0.

Hence, all assumptions of Theorem 2.3 are satisfied. So, for each compact interval
A C (6*,400), there exists a number 6 > 0 with the propositionerty described in the
conclusion of Theorem 2.3. Fix A € A and g € A. Put

I(u) = /QG(ar,u)dm and G(z,t) = /Otg(x, s)ds,

for all u € WGLA(Q2). Then I'is a C'*! functional on WL 4(2) with compact derivative.
So, there exists 8* > 0 such that, for each § € [0, 5], the equation
U'(z) =\ (x) + BT (2),

has at least three solutions whose norms are less than §. But the solutions in WL 4(€2)
of the above equation are exactly the weak solutions of problem (P,) and thus, the
proof of Theorem 3.1 is completed. 0

4. EXAMPLE

We present in this section an example of functions that satisfies the conditions of
Theorem 3.1. Let

(4.1) p(t) =log(1 + [ttt
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where p € [2,N). Let b > max{2,p"}, a >0,b >0 and o > 1 we consider

(4.2) f(t) =bcos(t)sin(t)|sin(¢)|"2, for all t € R,

(4.3) M(t) =a+bt* ", forall t > 0.

So, from (4.1), (4.2) and (4.3), we have

(4.4) AW =Srogt + 1 — 2 M T W) = at+ 2o
D plo 14+t o

(4.5) F(x,t) =F(t) = |sin(t)]".

We will next show that all the hypotheses of Theorem 3.1 are satisfied.
By Example 2 in [21, page 243], it follows that
pt=p+1 and p =p.
On the other hand, we point out that trivial computations imply that
EAVD 1] 1
a4 1+ VA
for all t € R and thus, relations (2.1)—(2.2) are satisfied.
e For each t € R, we claim that f € A. Actually, the inequality
£ ()]
sup ——————
telg 1+ |¢[at
holds for any 1 < ¢ < p and on the other hand, we have
sin@f _ s

=0 |t]PT =

+ (p—2)log(1 + |V)

< b < o0,

Select a compact set V' C Q of positive measure and v € WL 4(€2) such that v(z) =

inV and 0 < wv(x) < 7 in Q\ V. We obtain

/|sm |dx—\V|+/ |sin(v(z)[’dx > 0,

which means that (F}), (F2) and (F3) are verified. Also, for my = a the condition

(M) is satisfied, we set

z))|’dz > 0

Then, for a bounded domain € in RY of class C%', it follows from Theorem 3.1, that
for each compact interval A C (0*, +00), there exist a number § > 0 and 5* > 0 such
that, for every A € A such that for all 5 € [0, 5*], and all g € A the following problem

{ (a4 b(D(u)* ") (=A)gu = Abcos(u) sin(u)| sin(u) "% + Bg(z,u), in Q,

u =0, in RV \ Q,
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where
(=A)jgu = 2 p.v/N log(1 + | D*ul)| D*ul"~> D*udp
R

has at least three weak solutions whose norms are less than 9.
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