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A FINITE DIFFERENCE SCHEME FOR THE ONE-DIMENSIONAL
FRACTIONAL TRANSMISSION PROBLEM
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ABSTRACT. In this paper, we study a time-fractional diffusion transmission problem
on two disjoint intervals separated by an interface, and formulated with the Riemann-
Liouville fractional derivative. First, we develop a rigorous analytical framework
for this interface problem with zero initial data: we prove existence and uniqueness
of a weak solution and derive an a priori estimate within a suitable Sobolev-like
function space. Second, we derive an interface-consistent finite difference scheme
that is unconditionally stable under minimal regularity assumptions. We obtain a
convergence rate estimate that depends on the regularity on the input data. The
theoretical results are confirmed by numerical examples.

1. INTRODUCTION

Fractional partial differential equations (FPDEs) have attracted growing attention
in recent years due to their broad applicability across science and engineering. Often,
fractional-order models prove to be more suitable than their integer-order counterparts,
as fractional derivatives and integrals facilitate the description of memory properties
inherent in various materials and processes. Recently, considerable effort has been
devoted to developing efficient numerical schemes for fractional differential models.
In [23], hybrid explicit group methods were proposed for a two-dimensional advection-
diffusion problem with a Caputo time derivative, where stability and convergence were
established. The study [22] introduced fractional explicit group methods for the time-
fractional mobile/immobile equation, achieving convergence of order O(72~® + h?).
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In [7], a modified implicit algorithm was designed for the Rayleigh-Stokes problem
involving a Riemann-Liouville fractional derivative, confirming accuracy and stability
through numerical tests. Collectively, these works demonstrate efficient strategies for
fractional-in-time models with improved computational performance. A space-time
finite element formulation combining the discontinuous Galerkin method in time with
the Nitsche-XFEM approach in space has also been developed for time-fractional
diffusion interface problems, yielding sharp error estimates validated by numerical
experiments [27].

Transmission problems describe the transfer of physical quantities through differ-
ent media or across interfaces separating them. The effect of intermediate regions
can be modeled by nonlocal jump conditions, which capture discontinuities or flux
exchanges across boundaries. Such problems appear in heat transfer, wave propa-
gation, electromagnetism, and related physical processes. Mathematically, they are
represented by systems of partial differential equations supplemented with boundary,
initial, and conjugation conditions. Radiative heat transfer becomes significant when
surface temperatures are high or when conduction and convection are negligible. In
complex configurations, radiation exchange between visible surfaces and the influence
of shadow zones must be considered, leading to nonlocal integro-differential formula-
tions such as the radiosity equation for diffuse-gray surfaces in transparent cavities.
Numerous studies have addressed heat transfer problems with nonlocal boundary
conditions [9]. In [8], a transmission spectral problem in two disjoint intervals was
analyzed, establishing the existence of countable generalized solutions, describing the
spectral structure, and constructing a suitable finite difference scheme. Further inves-
tigations [10,11, 14, 18-20] examined elliptic and parabolic transmission problems in
disjoint domains, proving existence and uniqueness of weak solutions in Sobolev-type
spaces and convergence of the corresponding finite difference approximations. Hy-
perbolic transmission problems were analyzed in [5,13]. In this study, we focus on a
fractional-in-time transmission problem defined on two disjoint intervals.

We introduce some basic definitions and properties of fractional derivatives that we
will use throughout the paper. The left and the right Riemann-Liouville fractional
time-derivative d7, u are defined by [15,21]:

fe _ 1 an t n—a—1
Oforulr,t) = T—a) o /0 u(zx, s)(t — s) ds, t>0,
and
() o

T
Or_u(x,t) = | ulws)s =ty las, < T

F(n—a)'%

respectively, where n — 1 < a < n, n € N and I'(:) denotes the Gamma function.
Analogously, one defines the left Caputo fractional time-derivative:

1 t J"u(x, s .
Cé‘ffow(x,t) = T(n - a) /0 8(15” )(t —5) 'ds, t>0.
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The following relation between Riemann-Liouville and Caputo fractional derivatives
is valid:

n—1 th—a aku(m 0)
Caa t) = 8& 1) — . ) .
t,0+u(x> ) t,O—i—u(x? ) kz:% F(k —a+ 1) otk

Thus, for the zero initial conditions, the Riemann-Liouville and Caputo fractional
derivatives coincide.

Under the assumption that u has a sufficient number of continuous partial deriva-
tives of integer order and

j
g;b(x,O):O, j=0,1,...,n—1,

where n = max{ny,na}, n; — 1 < o; < ny, n; €N, i = 1,2, the fractional derivatives
of the left Riemann-Liouville satisfy the semigroup property (see [21]):

i o %5} o %>}

_ [e%] __ Aai1ta2
po+0n0+u = Or510004u =0

ot U

Let Q be a domain in R™. As usual, we denote by C*(Q) and C*(2), k € N, the
space of k-fold differentiable functions. By C§°(£2) we denote the space of infinitely
differentiable functions with compact support in Q. By LP(Q), p > 1, we denote
Lebesgue spaces. The inner product and norm in the space of real-valued measurable
functions whose square is integrable in €2, are defined in the usual way. We also use
W) and W,(€2) to denote Sobolev spaces [1]. In particular, for p = 2 we set
H*(Q2) = W3(Q) and H(2) = W3, (9).

For 0 < a < 1, and §2 = (a, b) we define seminorms

lulce @) = 195 ullo@)  [uloe@ = 105 ullo@),
ulag@) = 195 ull2@),  |ulae@) = (19 ullr2(),

and norms
2 2 2 1/2
Julls @ = (Il + lutge)

1/2
||U||§1§;(Q) = (HUH%Q(Q) + |U|§@(Q)) :

Moreover, we define the spaces C¢(€2) and H$(€2) as spaces of functions with finite
norms |[ulce oy and [lul|mg (o), respectively.

For functions of more variables, which have a different smoothness in different
settings, we can define, so called, anisotropic Sobolev spaces. Let, for example,

Q = (0,7) x . Then, we define
H*?(Q) = L*((0,T), H*()) N H?((0,T), L*(Q)),
endowed with norm
o 2 9 1/2
lulles@ = (lullZaqom.aecy + lellmom.c2) -

Similarly, we define anisotropic spaces H?(Q).
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Here, we state two important lemmas that we use thereafter.
Lemma 1.1 ([6,16]). Let o > 0, u € C*°(R) and suppu C (0,7]. Then,
(1.1) (080w Ofr_u) , o
Lemma 1.2 ([16,17]). Let 0 < a < 1, u € H*(0,T), v € C<(0,T). Then,

(1.2) (830+u, U)L?(O,T) - (u, foT_v) L2(0,T) "

The rest of the paper is organized as follows. Section 2 presents the problem
formulation along with its weak formulation and the analysis of well-posedness in
appropriate function spaces. Section 3 focuses on the numerical approximation of the
problem based on the theory of finite differences. Section 4 discusses the convergence
of the proposed difference scheme and provides error estimates. Finally, Section 5 is
devoted to numerical examples that confirm our expectations regarding the order of
convergence.

= cosma || affo+““%2(o,+oo)-

2. PROBLEM FORMULATION

Let Q; = (a;,b;) and Q; = Q; x (0,T), i = 1,2, and 0 < o < 1. We consider a
fractional transmission problem
o 0 (9ul .
(21) 8t’0+ui - % (pz(l') 8;5) + qZ(ZI/’)UZ = fz<l’,t), (ZL’,t) S Qi, 1= ]_,2,

with homogeneous Dirichlet boundary condition

(22) ul(al,t) = 0, Ug(bg,t) = 0, t e [O, T],
and non-local Robin—Dirichlet boundary conditions
ou
p1(bl)871(b1;t) + o1ui (b, t) = Brua(as, t),
(2.3) .

ou
—pz(CLQ)ai;(az,t) + oaup(ag, t) = Bouy(by, 1),

for t € [0, 7], where o; and 3;, i = 1,2 are given coefficients.
Also, we introduce initial conditions:

(2.4) u(z,0) =0, ze€Q;, i=12

For the input data and the coefficients of the proposed problem some conditions
must be satisfied. Thus we have the regularity and ellipticity conditions

(2.5) pi(x), ¢i(z) € L=(), 1=1,2,
(2.6) 0<po <pi(z), 0<gq(x), 1=12
and

(2.7) 0; >0, ;>0 1=1,2, and fi5; < 0109.
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We also define the product space
L? = L2(Q1) x L*(Q2) = {v = (vi,v2) : v; € L*(Qi), i = 1,2},
endowed with the inner product
(v,w) 2 = Po(v1,wr)r2(0.) + B1(v2, Wa) L2(0,)-
For a > 0, we introduce the anisotropic Sobolev type space
Hy™? = {v=(vi,v5) 1 v; € HY/2(Q,), i = 1,2, vi(ar,t) = va(ba,t) = 0},

with zero boundary conditions involved in the definition of the space.
The weak formulation of the problem (2.1)-(2.4) has the form: find u € H, /% such
that

(2.8) a(u,v) = l(v), for all v e Hy*"?,

where

3 Tt a/2 a/2
=1 a;
2 T rb; au 8?}‘
—i . ? 1 ) . d d
—l—;ﬂs z/o /az (pl(x) 9z O —i—ql(:p)uwl) rdt

T T
+U1ﬁ2/0 ul(blat)vl<blat)dt+0-261/0 uz(ag, t)ve(ag, t)dt

T T
- 5152/0 ug(ag, t)vy(by, t)dt — 5251/0 uq (b1, t)va(ag, t)dt,
is a bilinear functional and

(2.10) [(v) = B /OT /abl frovdwdt + By /OT

is a linear functional.

ba
fQUQ dl’dt,
2

a

Lemma 2.1. Under the conditions (2.5), the bilinear form defined by (2.9) is bounded
on H&’Q/Q. If the conditions (2.6) and (2.7) are also satisfied, this form is coercive:

(2.11) a(u,u) > collul|grarz, co>0.
Moreover, there is a unique solution u of a weak problem (2.8).

Proof. With the aid of the Cauchy-Schwarz inequality, conditions (2.5) and the embed-
ding H(Q;) € C(€), i = 1,2, we obtain the boundedness of the bilinear form (2.9).
In order to prove that the bilinear form is coercive, first we use the scalar product

property (1.1) and the conditions (2.6) that coefficients satisfy, to obtain inequality

ou; 2
Y dt
L2()

O ('7 t)
T
+/0 (0'152“%(()17 t) 4+ oaf1uz(az, t) — 261 Bauq (by, t)us(as, t)) dt.

alu,u) =3 o |cos 05 il + por [
(2.12) i=1 0
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By virtue of conditions (2.7), it follows that
0102ui (b1, 1) + o2 B1uz(ag, t) — 261 Baur (by, t)us(ag, t) > 0,

so we can omit it in the previous inequality. In the end, using the Poincaré-Friedrichs
inequality adjusted to the function space Hé /2
form.

The boundedness of the right-hand side can be easily proved using the Cauchy-
Schwarz inequality, and thus, all conditions for the application of the Lax-Milgram

lemma, which guarantees the existence and uniqueness of the solution, are satisfied.

O

we obtain the coercivity of the bilinear

Using the previous result, it is straightforward to derive the following a priori
estimate.

Theorem 2.1. Let a € (0,1), f = (f1, f2) € L?, and let conditions (2.5)-(2.7) be
satisfied. Then, the problem (2.8) is well posed and its solution satisfies the following
a priori estimate

(2.13) [ull oz < Ol f] 22

3. APPROXIMATION

Let N, > 1,1 = 1,2 be positive integers and set h; = (b, — a;)/N;. We introduce
uniform spatial meshes

wp, =@ = ap+ihy, 1 =0,1,..., N},

in the intervals [a;, b], [ = 1,2 and denote wy, = Wy, N (a1, by), wy, = wp, U {a;} and
wi = wp, U {b}.

Let M be a positive integer and set 7 =T /M. Also, we define a uniform temporal
mesh

W, ={t;=47,5=0,1,..., M},
in [0,7] and denote w, :=w,; N (0,7T), wf = w, U{T}, Qnyr = n
QhT = thT X QhQ’T'

Then, for the grid functions v;, [ = 1,2, defined on th we introduce the standard
notations of the finite differences (see [24])

vz + hy,t) — vz, t)

, X Wy, 1=1,2, and

(v :vl(x,t), Vo = :Ul’f($+hl,t)’

hy
vz, t+7)—v(x,t
U = e, 7)- . ):Ul,i(ﬂfat‘FT),
Uiz — Uiz Vit — U g
Ul zz = T’ Vot = -
_ vz, t;) +u(x, b
o =u(aty), o = WL,

2
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We approximate the Caputo fractional derivative of order a € (0,1) by a standard L1
scheme. Namely, on every subinterval [t;_1,tx] we approximate the function wu(z,t)
by a linear interpolant

Ly k(t) =

te1 — ti b — tp—1

I

and use L} ;(t) = uf. Then, the approximation of the Caputo fractional derivative of
order « for t = t¢; is given by
1

o T d o Y
(31) Cat70+u(x,tj) ~ m;ajfkuij = (At70+u) 5

where a;_ = a3 = (j —k+ 1)1 — (j — k)% > 0.

j_
Using basic results from finite difference theory we obtain

ho\ O h h
(32) D2 (CLQ + 22> % (CLQ + ;,t) = P2 (CLQ + 2) Ug,m<(l2, t) + O(h%)

Furthermore, by means of Taylor expansion and using (2.2) and (2.3), we have
(3.3)

R B Ry
D2 | a2 2] az 9
h
=0zuz(as, t) = fau(by, t) + 5 (980 uaa, 1) + ga(az)us(az, t) — folaz, 1)) + O(h).

Combining (3.2) and (3.3) we get the following:
0o, ua(az, t) + qz(az)ug(az, t)

+ }QL <—p2 (G,Q + Z) Uny(ag,t) -+ UQUQ((IQ,t) — 62u1(bl, t)) + O(hz) = fg(az,t).

After similar reasoning for point x = by, we are inspired to approximate the problem
(2.1)—(2.4) with the following finite difference scheme, expressed in operator form:

(3 4) A?ﬁo+vl + thvl = ]EZ, ($,Zf) € (I)hl X wi,
' U? =0, ze€uw,

where, for t € w,, we define

—(P1v1,z)e + qro1, T € Why,
Lp,v =19 q(b1)vi(b1,t) + h% [p1(b1)v1,z(b1,t) + o1v1(b1,t) — frva(az,t)], x = by,
0, T =a,
—(P2v2,z)z + G2v2, T € Why,
Lpyv = { G2(ag)va(az, t) + 1% [—pa(az + ho)vaz(ag, t) + oava(az, t) — favi (b1, t)], = = ag,
0, T = by,

p(x) =plr —h/2), 1=1,2,



916 S. ZIVANOVIC, V. BRKOVIC, A. DELIC, AND Z. MILOVANOVIC-JEKNIC

and we average the right-hand side f in the following way:

f~, ) {T:szl, xr = bl, ~ {Tgf% xTr € Why
1=

T2, xewn, T\ a—a
Here T, is the Steklov smoothing operator [25]:
1/2
T.f(x,t) = / / f(x+ ha' t)da,
~1/2
1
T2f(2,t) = To (Tuf (2,) = [ (1= [/ f(w+ ha', ) do’
-1

Asymmetric Steklov smoothing operators are defined as follows:

1 x+h
Tho(e,t) =5 [ (e 0)da’ = Ty v(w + b, 1),

T2 f(x,t) :]21/; <1—Z/> f@' t)dx', z =0,

-1

9 1
T2 f(,t) =% /1_h (1 + . ) f' t)yds', x=1.
We use the same averaging for coefficients ¢.. We also denote Lyv = (Lp,v1, Lp,v2),
f = (f1, f2) in order to compactly express equation (3.4) with
(3.5) Ao, v+ Ly = f.

In order to prove the stability of the proposed finite difference scheme, for [ =1, 2,
we define discrete inner products and normes:

ledlen = maxju(@)],

(wi, v, =, v1) £2(wp)) = T > wu,

$€whl
h
(s, v, =[ur, vi] 2@, = b D w(@)u(z) + 2l [ (b)vr(br) + wilar)vi(a)]

mehl

(u, ) =Ba(ur, v1)ny + Bi(uz, vy, [vlln = (v,0),%,

[Uav]h :Bz[uhvl]hl + 61[“271]2]@7 |[U”h = [U7U]}11/27

(w1, vi]n, :(U1,Ul]L2(w2—1) =hi Y w(@)u(w),
xew:[l

1/2
or]lay =lfor] 2z ) = (o0, 01]3,

U2, v2)n, I[U2702)L2(w,;2) = hy Z us(x)v2(z),
wa}:Z

1/2
[[elln, =I[v2ll 2oy = [z, v2)1”
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|U1|H1(wh1) :Hvl,f”hlv |U2|H1(wh2) = HUQ,ZHM?

Bl :62|U1|§{1(wh1) + 61|U2|?{1(wh2)’

1/2
HUHL2(Q}W ( Z | ) s

tEwT

1/2
vl grarz,,) = ( > vt H1+72At0+ (t)]!i) :

tEwT tew,.

Lemma 3.1 ([24]). For every function v(x) defined on the mesh w, = {x; = a+ih, i =
0,1,...,N, h=(b—a)/N} and equal to zero at one of the endpoints of the interval
la, b] the following inequality is valid

(3.6) |[W]ln < Vb—al[v]lep < (b= a)llv]|n.

Lemma 3.2 ([2]). Let v be a function defined on the mesh w, which satisfies the
condition v(0) = 0 and o € (0,1). Then, the following inequality is valid

o (Agg, v) > ; (Ag, 0*) .

Lemma 3.3 ([3]). For every function v(t) defined on the mesh w, which satisfies
v(0) =0 and a € (0,1), the following equality is valid

T §M: (a7 ) = S EM: an— (77, anj = aj
— t,04 F(Q - OZ) — M—j ) M—j M—j-
J= J=

Theorem 3.1. Under the assumptions of Theorem 2.1, the finite difference scheme
(3.4) is absolutely stable and its solution satisfies the a priori estimate:

(3.7) [l rarz ) < ClUAlL2@u)-

Proof. Taking the inner product [Afy, v + Lyv,v], = | f,v]n and applying partial
summation, we get

(3.8) [Afo, v, v]n + Ba(Prv1z, vizln, + Bilba(s + ha)vae, vau)n, + [GU, v]n
+ Bao1vf (by, t) + Broavs (az, t) — 281 Bav1 (b, t)va(as, t) = [, v]n.

Applying Lemma 3.2 to the first term in the previous equation and using properties
(2.5)—(2.7) for the rest of the terms on the left side of the previous equation we obtain
the inequality

1 .
(3.9) 3800, )l + Cololin < [f, 0l tew],

where Cy = min{pg1, po2}. For the estimate of the right hand side, one can use the

e-inequality
. 1 .
el < ellelly + I
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Finally, using Lemma 3.1, multiplying by 7 and summing over the mesh w; we
obtain the result (3.7). O

4. CONVERGENCE OF THE FINITE DIFFERENCE SCHEME

Let u be the solution of the initial-boundary value problem (2.1)-(2.4) and v the
solution of the difference problem (3.4). The error z = u — v satisfies

(4 1) Az0+zl+Lhzzl =1y, (ZE,t) € Wy, Xwi,
. Z? =0, z€uw,

where

Ui(x,t) = & (2, t) + pro(a, t) + w(z,t), = €wp, t €wl,
Yo, t) = &z, t) + poz(x, t) + pa(z,t), = € wpy, t € wl,

2
¢1(b1at) :gl(blyt)_hipl(blat)_l_,ul(blvt)? tew:a
1

a(a2,t) = €a(a, ) + palanit) + palan,t), 1€ ],
iz, t) = Afp, wi(w,t) — Tf@g‘mui(x,t), T Ewpy, tew, i=1,2
1(brt) = APy ua(by,t) = T2 07 ua(by, t), tewk,
a(az, ) = Afp, ua(as, ) — Tt op 0u2(ag, t), teuws,

T I

pi—_piui,fc+T1‘_< IEwh“tij, i:1727

p1=Dpiurz — 1, (

8u2
> Ox

i = (T2qi)us — TP (qiw;), x€wp, tew!, i=12

07
pa = Da(- + ho)usz — T,F

) r="0b,t€ewr

_ +
), T =a tew,

= (T q)ur — To (quua), ©=by, t € w],

(
o = (Tz2+QQ)'LL2 — T§+(q2u2), T =ay te€w.
(

26]). Suppose that o € (0,1), u € C?[0,1], t € w. Then,

(142) A, u =05 ul < O7* pmax [u'(s)].

Theorem 4.1 ([25)). Let Q, be the boundary strip of width h of the domain Q with
piecewise smooth boundary O2. Then, for u € H*(Q), % < k < 1, the following holds:

(4.3) lull 2,y < CVRullino,)-
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Theorem 4.2. For the difference scheme (4.1), the following a priori estimate holds

h? h3
W@mw%ﬁwfz(;mmme+mmwM+;&mmww

th,u.,'-F

(44) + haBalpr (b1, ) * + [lpC, )17 + hafi|paas, t)]?
h? 2 s, M3 2
+ 2Bl (b, OF + O + 2Bl ol 1))
Proof. Following the proof of Theorem 3.1, we have
1
(4.5) 5800, )5 + Colzlin < [Afo, 2+ Lnz, 2la = [, 2]n, €Wl

It follows from Lemma 3.1 that
12015 < Ba(br — a1)?| 212l [5, + B1(ba — a2)?|[z2l7,

< max {(b; — a)?, (b — a2)*} |23

Also, we have z1(by,t) = hy chew: 21,3, and thus, using the Cauchy-Schwarz inequality,
1

(4.6)

we get
2
(b, t) = (hl > Zl,f(l’at)) < (b = an)l|z12(,0)]]7, -
rewf
Analogously, we have z3(as,t) < (by — a2)|[224(:, t) ||}, and therefore
(47) 622%(()17 t) + 6123(@2, t) S max{b1 — ay, bg - a2}|z(-, t)ﬁ{l, t e wj.
After performing partial summation, we easily get
h h
[, 20 =75 B (br, )21 (b1, ) + (& 2D+ 5 Bréa(an, ) 2a(aa, 1)
- 52(P17 Zl,a‘t]hl — B [p2, 22,17)}12
h h
5 Batta by, £)21 by, ) + (1 2)n + = Pupia(az, 1) a(a, 1),
and thus, using the Cauchy-Schwarz inequality, we have
1/2
[, 2]n < (28221 (b, ) + 2|27 + 28123 (a2, 1) + Ballz1.4]l7, + Bulleacll?, )
hi 2 o I3 2
(el 0008 + 101 + ka0
+ B pr (01, )1 + [lp( )7 + haBalpa(asz, )

h% 2 2 h% 2 2
B0, 08 + I O+ Bban )



920 S. ZIVANOVIC, V. BRKOVIC, A. DELIC, AND Z. MILOVANOVIC-JEKNIC

As a result of (4.5), (4.6) and (4.7) one finds that

221 (b1, 1) + 2/|2; +225(az, ¢) + Ballz1,5]li, + Billz2alli,

(4.9) C
SOlV('?t)‘%{l < al[wa Z]h = C[@D,Z]]w te w:_r,
0

where C; = 1+ 2max{b; — a1,by — as} + 2max {(b; — a;)?, (b — a2)*}.
Finally, using (4.8) and (4.9) we have

2 2
0.5 < (Ll 0F + 1€l + 2hrln(on 0
S hulor(ba O + ) + oo, 1)
h? h3
+ jﬂﬂﬂl(bla O + [l )l + f@ﬂ#z(am 75)|2> :

Using the last result, we obtain (4.4) after multiplying (4.5) by 7 and summing over
the mesh w.
0

Theorem 4.3. Let the assumptions of Theorem 2.1 hold, p;, q; € H*(S%), 1 = 1,2, and
let u = (uq,us) be the solution of the initial-boundary value problem (2.1)-(2.4), where
u; belongs to the space C*([0,T],C(€,))NC([0, T, H*(%))NCL([0, T, H2(€)). Then,
the solution v of the finite difference scheme (3.4) converges to u and the following
convergence rate estimate holds:

||u — ’UHBl,a/Q(QhT) =O(h* + 777,
where h = max{hy, hs}.

Proof. Directly from Theorem 4.2, an a priori estimate for the problem (4.1) follows

1ol r2ry <C7 3 (164001 P + IEC, )12 + H3léa(az, )2

tij
+ halp1 (b1, ) + |lp(C, )7 + halp2(as, t)]?
+ B3 (by, )% + (- )17 + h3la(az, 1)) -

Now it remains to determine the rate of convergence of the implicit scheme (3.4)
by estimating the terms on the right-hand side of the inequality (4.10).
For t € w}, we decompose term ¢; in the following manner & = &; 1 + 2, where

§in = Afo i — 0o ui,  &io = 0oy (ui — T u;),
for x € wy,, 1 = 1,2, and for x = b; and = = ay are
§1,1(b1,1) = Afg ui (b1, 1) — 0 ua(br, 1),
E12(b1,t) = OFy (ur — T2~ ua) (b, 1),
&1 = AtofOJruQ(ag, t) — O7g uz(az, t),

1(az,t)
§a2(az,t) = 0fg, (uz — T?"uy)(ag, t).

(4.10)

ag,t
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Using inequality (4.2) we have

(4.11) 73 (&b, O] + €1 ¢ ) l)* < O Ju 2o g0 .00

te:ujf

Analogously, we evaluate &y ;.
For z € wy,, ¢ = 1,2, the following integral representation is valid

z+h; 20,
—T2u; = h / / <1 — ‘) %u; (2" t) dx"" dx" da’
7 JIT— h; i €T

while for x = by,

b1 b1 I — bl 8211,1
T / / / ,//,t d ///d /Id /
v w= h1 bi—h1 Jo' Sy < hq ) 02 (", t)de"dz"dx

h1 8u1
E' O (b17 )

Applying Cauchy-Schwarz inequality to the above integral representations, one can
easily derive the following bounds

0™ u; (-, ,
lug(x,t) — Tru;(x, lt)\<h3/2 Lz) , T Ew, =12
Ox L2(z—h;,x)
and
0
|ul(blat) - Ta?iul(bla )’ < h‘l/2 M :
Oz L2(z—h1,7)
At this point, we use boundary-strip estimate (4.3) on ‘ 8“1 dui (1) L (e—hr )’ which gives
z—hi,z
Ouq (-, t
|2k < Cyfmllunt D e
X L2(z—h,x)

Using these integral representations, we obtain

7> (Bl&a(b, OF + 120,017, ) <Chit 3 (108w )30,
(4.12) tewt tewt

<Chillu ”%1([07T],H2(91))-

Analogously, we evaluate &»0. Let p; = p;1 + pi2 + pis, where

pin =1, ( z%?) - (T;pz’) <Tr_ 8au1>
Pi2 = (Ta:_pi - ﬁi) <T:v_ 8au2>

8’1]4
s =pi (T o —uz ) .
Pi,3 p(zax U)
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These three terms are estimated by applying arguments analogous to those used in
[4] and [12], so we obtain

U jz: HpiCat)

tEwi

h < Ch Il

U; |‘%’([O,T],H3(Qi))'

For x = by, t € w, we use decomposition p; = p11 + p1,2, With

ou ou
P11 = (T;m) (Tw_&r;l) T, (plé?:cl)

P2 = (]51 — Tg;_p1) (T; a(;;) .

and

Using the inequality (4.3), the term p;; can be bounded by

lp11(b1, 1) < Ch3lIp1llor @y lua (- ) 3

while for the term p; o we use the integral representation and the Cauchy-Schwarz
inequality

lor2(b1, )] < CHY2|pall s, -y 11 (-, ) | 13-
For z € wy,;, 1 = 1,2, we can decompose p; = ;1 + [t; 2, With
pin =(Toq;) (wi — Touy),
piz =(Toq)(Tuw) — Ty (qsus),
while for x = by, t € w), we set py = p1 + p12 + p1,3 where
11 = (Tg?_ch) (Tﬁ‘ul) — T2 (qrur),
2 =15 u <Q1 - Tg?*(h) :
H13 =q1 (Ul - Tﬁ_ul) :
Using similar techniques we bound these terms by

7 > MhiaC O, < Chillaill,

tewT+

T Z H/JJZ',Z('Jt)H%Q(whi) < Ch?”%”él(ﬁi)”uiH%‘([O,T},HQ(Qi))v

tew 4

uillE o212

11,1 (b1, )| < Chall gl 22y -y oy la (3 E) [ 20 (6~ 1),
|11,2(b1, )| < Chalua (5 ) || o llanl 2oy
and
l11,3(b1, 1) < Chalua (-, 1) || 200 |01 [l ooy

Analogously, we can estimate terms py and pg, for z = ag, t € wt. Combining
previous results, we obtain the result of the theorem. O
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5. NUMERICAL EXPERIMENT

FExample 5.1. For the first numerical experiment, we consider an example with )y =

(0,1) and Q5 = (2,3), T =1, pi(z) = po(z) = 1, q1(z) = @2(z) = 1, 1 = B = 1,
o1 = 63, 09 = 6_3,
filz,t) = BEGR + 2t%e™"
and of?
t2—o
1) = ———
(2. 0) = F3 =)

Exact solution to the appropriate problem is given by

uy(x,t) = t2we™,  uy(w,t) = t*(3 — x)e”.

(3 —z)e” + 2t%e".

Exact and numerical solution for & = 0.8, h = 27° and 7 = 27°

8 T T T T T
Exact solution
7t O Numerical solution e
6 J
5L J
Za4t ]
5
3| J
ol J
1L g
‘-_ 1 1 1
0 0.5 1 1.5 2 2.5 3
X axis

FiGURE 1. Exact and numerical solution for Example 5.1 with o = 0.8,
h=25%and 7=27°

The solutions u; and us exhibit a jump or discontinuity at the interface and cannot
be smoothly matched.

Figure 1 illustrates both the exact and numerical solutions. Tables 1 and 2 present
the computational results for scheme (3.4). The errors have been computed in the
discrete maximum norm (denoted by || - [|¢(q,,)) and discrete || - || gras2(q,,)- norm
(denoted in Tables by | - || BQ,.))-
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TABLE 1. Errors and convergence rates in the spatial direction with
7 = 27! of scheme (3.4) for Example 5.1

a h HZHC(Q,”_) logs ‘||£||lfcgjh;i) HZHB(QhT) log, ||!Hllligjh;i)

0.9 272 1.1585e — 01 1.98 8.0452¢ — 02 1.99
273 2.9455e — 02 2.00 2.0299¢ — 02 2.00
24 7.3651e — 03 2.02 5.0576e — 03 2.03
2% 1.8109e — 03 1.2346e — 03

0.7 272 1.2294e — 01 1.98 7.8713e¢ — 02 1.98
273 3.1244e — 02 1.99 1.9895¢ — 02 2.00
24 7.8405e — 03 2.00 4.9845e — 03 2.00
2% 1.9589%¢ — 03 1.2439¢ — 03

0.5 272 1.2932¢ — 01 1.98 7.7423¢ — 02 1.98
273 3.2831e — 02 1.99 1.9577¢ — 02 2.00
24 8.2394e — 03 2.00 4.9082¢ — 03 2.00
2% 2.0616e — 03 1.2276e — 03

TABLE 2. Errors and convergence rates in the time direction with
h = 2713 of scheme (3.4) for Example 5.1

z z

a1 o B Te ., log it

0.9 275 4.1210e — 02 1.10 4.8016e — 02 1.10
276 1.9276e — 02 1.10 2.2456e — 02 1.10
2-7 9.0041e — 03 1.10 1.0490e — 02 1.10
278 4.2032¢ — 03 4.8972¢ — 03

0.7 275 1.4416e — 02 1.29 1.7240e — 02 1.29
2-6  5.8826e — 03 1.30 7.0453¢ — 03 1.29
2-7 2.3957¢ — 03 1.30 2.8727¢ — 03 1.30
2-8  9.7457e — 04 1.1696e — 03

0.5 27° 4.7843¢ — 03 1.48 5.8173¢ — 03 1.48
2-6 1.7130e — 03 1.49 2.0916e — 03 1.48
2= 6.1096e — 04 1.49 7.4863¢ — 04 1.49
278 2.1732¢ — 04 2.6704e — 04
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Example 5.2. For our second example, we consider ; = (0,1/3) and s = (2/3,1),
T=1pm@x) =p(x) =1, qax) =q@)=0,5 =2V2, B = % oy =2,09=1and

O T(3.4)
e W

Exact solution for this problem is

ui(z,t) = t“mg(l —x), i=1,2.

)
t““‘%g(l —x)+ Ztm:ﬁ% (Tx—3), i=1,2.

A Exact and numerical solution for a« = 0.7, h = 3 4and r =26

Exact solution
O Numerical solution

0.12

T
1

0.1r 4

0.08 1

u(x,t)

0.06 [ 7

0.04 [ 7

0.02 [ 1

O 1 1 1 1
0 0.2 0.4 0.6 0.8 1

X axis

F1GURE 2. Exact and numerical solution for Example 5.2 with o = 0.7,
h=3%*and 7 =25,

Exact and numerical solutions for this example are shown in Figure 2, while the
computational results for the scheme (3.4) are given in Tables 3 and 4.
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TABLE 3. Errors and convergence rates in the spatial direction with
7 = 27! of scheme (3.4) for Example 5.2.

a ho zlle@n  log ||Z|lc(f”;>) IzllB@n)  log, ””Bf;i’/;)

0.5 372 4.7944e — 03 1.99 6.1940¢ — 03 1.99
373 5.3600e — 04 2.00 6.9688¢ — 04 1.99
374 5.9698¢ — 05 2.00 7.8146e — 05 1.99
375 6.6397¢ — 06 8.7471e — 06

0.7 372 4.7451le — 03 1.99 6.2193¢ — 03 1.99
373 5.3069¢ — 04 2.00 6.9950¢ — 04 1.99
374 5.9093¢ — 05 2.00 7.8403¢ — 05 2.00
375 6.5576e — 06 8.7460¢ — 06

0.9 372 4.6918¢ — 03 1.99 6.2718¢ — 03 1.99
373 5.2482¢ — 04 2.00 7.0480e — 04 2.00
3-4 5.8303¢ — 05 2.02 7.8709¢ — 05 2.02
37° 6.3314e — 06 8.5089¢ — 06

TABLE 4. Errors and convergence rates in the time direction with
h = 379 of scheme (3.4) for Example 5.2.

[[= Il

a T 2llc@n)  logs ||ZHCC(;?”>) 2llB@n.)  logs Hz||B]?;Ci}:_;;)

0.9 27° 1.6604e — 04 1.10 4.4695e — 04 1.10
276 7.7709¢ — 05 1.10 2.0844e — 04 1.10
27 3.6312e — 05 1.10 9.7239¢ — 05 1.10
2% 1.6955¢ — 05 4.5365¢ — 05

0.7 27° 6.0823e¢ — 05 1.29 1.6308e — 04 1.29
276 2.4880e — 05 1.29 6.6560e — 05 1.29
27 1.0147e — 05 1.30 2.7128¢ — 05 1.30
278 4.1310e — 06 1.1044e — 05

0.5 27° 2.0858¢ — 05 1.48 5.5449¢ — 05 1.48
276 7.5010e — 06 1.48 1.9936e — 05 1.48
277 2.6827e — 06 1.49 7.1384e — 06 1.49
278 9.5561e — 07 2.5472e — 06
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Example 5.3. For our last example, we consider 2, = (0,1/4) and Qy = (3/4,1),
T=1p(x)=pz) =2, 1(v) = q2(x) =0, p1 = fa = 0y = 09 = 1, and

2t27a

filz,t) = TG a) sin?(27x)) — t*(87°x cos(4mx) + 27w sin(4nz)), i=1,2.

-«

Unlike the previous examples, in this case we have functional coefficients. The exact
solution is known to be u;(z,t) = t*sin?(27z), i = 1,2.

1o Exact and numerical solution for a =

0.7, h=2"%and 7 =27
Exact solution
O Numerical solution
1 | -
0.8 J
X06f 1
)
0.4 1
0.2 J
0 1 1 1 1
0 0.2 0.4 0.6 0.8 1
X axis

F1GURE 3. Exact and numerical solution for Example 5.3 with o = 0.7,
h=2"%and 7 =27°

Exact and numerical solutions for this example are shown in Figure 3, while the
computational results for the scheme (3.4) are given in Tables 6 and 5.

The numerical results in all of these examples indicate that the convergence order
is 2 — « in the time direction and 2 in the spatial direction.
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TABLE 5. Errors and convergence rates in the spatial direction with
7 = 27 of scheme (3.4) for Example 5.3

=llcQp, =5y,

@ h 12l logs ||ZHCC($:/;) 12lB@n  logs Hz||Bl?;Ci:/;)

0.9 27* 6.6497e — 02 2.05 9.1579% — 02 1.93
275 1.6074e — 02 2.02 2.4079¢e — 02 1.92
276 3.9610e — 03 2.01 6.3786e — 03 1.90
277 9.8386e — 04 1.7078e — 03

0.7 2% 6.7811e — 02 2.05 9.1475¢ — 02 1.93
275 1.6391e — 02 2.02 2.3961e — 02 1.92
276 4.0372e — 03 2.01 6.3287e — 03 1.90
2=7 1.0008¢ — 03 1.6931e — 03

0.5 2% 6.9036e — 02 2.05 9.1550e — 02 1.94
275 1.6687¢ — 02 2.02 2.3896e — 02 1.93
276 4.1099¢ — 03 2.01 6.2923e — 03 1.91
2-7 1.0185¢ — 03 1.6787¢ — 03

TABLE 6. Errors and convergence rates in the time direction with
h = 271 of scheme (3.4) for Example 5.3

Mzllc@,.) M=l5Q,.)

Q T HZHC(Q;W) log B ||Z||B(Qh7) log Tel5@,, )

0.9 275 3.3153¢ — 03 1.10 7.4862¢ — 02 1.10
26 1.5514e — 03 1.10 3.5031e — 02 1.10
2-7 7.2488¢ — 04 1.10 1.6370e — 02 1.10
28 3.3843¢ — 04 7.6438¢ — 03

0.7 27° 1.1588¢ — 03 1.29 2.7340e — 02 1.29
26 4.7301e — 04 1.30 1.1184e — 02 1.29
2-7 1.9267e¢ — 04 1.30 4.5633¢ — 03 1.30
28 7.8394e — 05 1.8586e — 03

0.5 275 3.8409¢ — 04 1.48 9.3671e — 03 1.47
26 1.3756e — 04 1.49 3.3715¢ — 03 1.48
27 4.9079e — 05 1.49 1.2076e — 03 1.49
28 1.7470e — 05 4.3084e — 04
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6. CONCLUSION

In this work, we studied a fractional-in-time transmission problem with a Caputo
derivative of order o € (0, 1), posed on two disjoint spatial subdomains with appro-
priate boundary and interface conditions. We first established the well-posedness
and stability of the weak formulation in suitable Sobolev-type spaces and derived
a priori estimates for the exact solution. Building on this analysis, we developed
a finite-difference scheme that employs the L1 time discretization for the fractional
derivative and a second-order spatial approximation.

Our convergence analysis shows that the proposed scheme achieves a temporal
accuracy of order 2 — « for solutions that are C? in time, while C? spatial regularity
yields second-order accuracy in space. The error estimates are explicit with respect
to the smoothness of the input data, clarifying how regularity impacts the accuracy
of the numerical approximation.

Future research directions include extending the analysis to diffusion—wave equa-
tions with Caputo derivatives of order a € (1,2), as well as to higher-dimensional
transmission problems and more complex interface conditions.

APPENDIX A. DIFFERENT CONDITIONS

In this appendix we are going to consider a case where Conditions (2.7) are replaced
with

(Al) o > 07 6@ > 07 L= 17 27 and 61 < o1, 62 < 02.
For these conditions we can prove another stability result for the solution of (3.4).

Theorem A.1. Let a € (0,1), f = (f1, f2) € L?, and let conditions (2.5), (2.6) and
(A.1) be satisfied. Then, the initial-boundary value problem (2.8) is well posed in

Hi’a N H&’Q/Q and its solution satisfies the following a priori estimate

(A.2) lull 2o < ClIf |22

Proof. Let us define 8g0+u = (8ﬁ0+u1, 8&]&2) and Lu = (Lyuq, Laus), where
A = —— |y : ' =1, 2.

(A.3) Liuy p <p@(:c) ax> +qi(z)ui, =1,

Then, (2.1) is equivalent to

(A4) Ofou+ Lu = f.

It can be easily shown that (Lu,v)r2 = (u,Lv)r2. From (A.4) we have
(A.5) (080w, Lu) , + (Lu, Lu) o = (f, Lu)pa.
Using integration by parts we have

(050, s L), =812 (950, (wr (b, ) = uz(as, ), un (b, -) = wa(az, )

L2(0,T)
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+ Ba(or = B1) (00, wa(br, ), ua (b))

+ 51 (09 52)( t0+u2(a2,-),u2(a2, '))L2(0,T)

+ > B z(/ /a t0+ul pi(x )aal;dxdt

1=1,2

+ / / o2 s )ud:pdt)

From Lemma 1.1, Lemma 1.2, conditions (2.6) and (A.1) we conclude that

L2(0,T)

(A.6) (0f0,u, Lu)r2 > 0.
From (A.5) and (A.6), using the Cauchy-Schwarz inequality for the L? norm, we get
(A7) [Cull < [1f]lz2-
Next, from (A.3) we can obtain the following

*u, ou;

Z < 1 Liuill 20,y + IPillwr @y || 5 Faill oo 0y M1l L2y -

axQ LQ(Q) ) ax L2(Qi) ( 7.) ( ’L)
From this, (A.7), and Theorem 2.1 it is clear that
(A-8) [ell e < C Ul

Lastly, from (aﬁmu, 8tf‘0+u> ot (Lu, 850+u)L2 = ( £, 8ﬁ0+u)L2 and (A.6) we easily

get H(‘?ﬁmu , < |[fll 12, from which, together with (A.8), the a priori estimate (A.2)
immediately follows. U

Next, we present and prove the discrete version of the Theorem A.1. First, we
define the following discrete norms:

[0lE2 = Ballvazli, + Billvaslli,.

Wiz = [l + ol

1/2
1]l g2,y = (T > (oG Ol + A%, v (,t)]\i)) :

tewi

Theorem A.2. Under the assumptions of Theorem A.1 the finite difference scheme
(3.4) is absolutely stable and its solution satisfies the a priori estimate:

(A.9) oll 20 ) < ClIAlz2@u0-

Proof. First, let us take the inner product [A§f0+v + Lyv, L], = [f, Lpvly,. After
applying partial summation we get

(AL, v, Lnv]n =Pa( ALy, Vi Prvraln, + BilALy, Vo, D2(- + ha)vaz)n, + [Afy, v, quln
+ B1B2(v1(b1,t) — valag, 1)) (AL, (vi(bi,t) — va(ag,1)))
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+ Ba(o1 — Br)vi(be, t) AL, v1(b1, 1)
+ Bi(og — Ba)va(az, t) Afy, va(az, t).
Using Lemma 3.2, conditions (2.6) and (A.1) we get

1 . N
[Aff0+v,th]h > 2 mln{p01,p02}At70+|v|§{1 > 0.

Thus, using the Cauchy-Schwarz inequality we get |[Lyv]|n < [[f]|n- )
Analogously to the proof of the Theorem A.1 we obtain |[v||gz < C|[f]|, and

[[AZ, v]ln < [[f]n- The result (A.9) now follows in a straightforward way. O

Example A.1. We consider an example with €, = (0,1/4) and Qs = (3/4,1), T =1,
pi(x) =pa(z) =1, qi(z) = @2(2) =0, By = o =1 =01 =0y =1 and
f(x t) — ﬂ

o INEEReY
The exact solution is u; = t? sin®(27x), i = 1, 2.

Computational results for scheme (3.4) are given in Table 7. The values in the table
indicate a convergence order of 2 in the temporal direction and 2 — a in the spatial
direction.

sin®(2mx) — 87°t* cos(4mx), i=1,2.

TABLE 7. Errors and convergence orders (CO) in the time direction
with h = 27! and the spatial direction with 7 = 2714, for Example A.1

a h |elmzayy COM [ 7 [zllaza,,y CO(r)

09 276 44127e—02 195 |27° 1.4239¢—02 1.10
277 1.1433¢ —02 1.97 |26 6.6299¢ —03 1.10
2-8 29116e—03 1.98 |27 3.0906e —03 1.10
279 7.3955¢ — 04 278 1.4416e — 03

0.7 276 4.4286e—02 195 |27° 5.2174e —03 1.29
2=7 1.1469¢ — 02 1.98 |26 2.1290e —03 1.29
278 29157¢e—03 1.99 |27 8.6812¢—04 1.30
279 7.3540e — 04 278 3.5376e — 04

0.5 276 4.4425¢—02 1.95 |27° 1.7749¢ — 03  1.47
2=7 1.1505¢ — 02 1.98 [276 6.3912¢ —04 1.48
278 209242¢ — 03 1.99 |27 2.294% — 04 1.48
279 7.3698¢ — 04 278 8.2234e¢ — 05
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