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WEAVING CONTINUOUS CONTROLLED K-g-FUSION FRAMES
IN HILBERT SPACES

PRASENJIT GHOSH1 AND TAPAS K. SAMANTA2

Abstract. We introduce the notion of weaving continuous controlled K-g-fusion
frame in Hilbert space. Some characterizations of weaving continuous controlled K-
g-fusion frame have been presented. We extend some of the recent results of woven
K-g-fusion frame and controlled K-g-fusion frame to woven continuous controlled
K-g-fusion frame. Finally, a perturbation result of woven continuous controlled
K-g-fusion frame has been studied.

1. Introduction and Preliminaries

Duffin and Schaeffer [13] introduced frame for Hilbert space to study some fun-
damental problems in non-harmonic Fourier series. Later on, after some decades,
frame theory was popularized by Daubechies et al. [11]. At present, frame theory
has been widely used in signal and image processing, filter bank theory, coding and
communications, system modeling and so on.

Let H be a separable Hilbert space associated with the inner product ⟨·, ·⟩. Frame
for Hilbert space was defined as a sequence of basis-like elements in Hilbert space.
A sequence {fi}+∞

i=1 ⊂ H is called a frame for H, if there exist positive constants
0 < A ≤ B < +∞ such that

A∥f∥2 ≤
+∞∑
i=1

|⟨f, fi⟩|2 ≤ B∥f∥2, for all f ∈ H.

The constants A and B are called lower and upper bounds, respectively.

Key words and phrases. Frame, g-fusion frame, continuous g-fusion frame, controlled frame, woven
frame.
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Throughout this paper, H is considered to be a separable Hilbert space with
associated inner product ⟨·, ·⟩ and H is the collection of all closed subspaces of H.
(X,µ) denotes abstract measure space with positive measure µ. IH is the identity
operator on H. B(H1, H2) is a collection of all bounded linear operators from H1 to
H2. In particular, B(H) denotes the space of all bounded linear operators on H. For
S ∈ B(H), we denote N(S) and R(S) for null space and range of S, respectively. Also,
PM ∈ B(H) is the orthonormal projection of H onto a closed subspace M ⊂ H. The
set S(H) of all self-adjoint operators on H is a partially ordered set with respect to
the partial order ≤ which is defined as for R, S ∈ S(H)

R ≤ S ⇔ ⟨Rf, f⟩ ≤ ⟨Sf, f⟩ , for all f ∈ H.

GB(H) denotes the set of all bounded linear operators which have bounded inverse.
If S,R ∈ GB(H), then R∗, R−1 and SR also belongs to GB(H). An operator U ∈ B(H)
is called positive if ⟨Uf, f⟩ ≥ 0 for all f ∈ H. In notation, we can write U ≥ 0. If
V ∈ B(H) is positive then there exists a unique positive U such that V 2 = U . This
will be denoted by V = U1/2. Moreover, if an operator V commutes with U then V
commutes with every operator in the C∗-algebra generated by U and I, specially V
commutes with U1/2. GB+(H) is the set of all positive operators in GB(H) and T, U
are invertible operators in GB(H). For each m > 1, we define [m] = {1, 2, . . . ,m}.

We present some theorems in operator theory which will be needed throughout this
paper.

Theorem 1.1 (Douglas’ factorization theorem [12]). Let S, V ∈ B(H). Then the
following conditions are equivalent.

(i) R(S) ⊆ R(V ).
(ii) SS∗ ≤ λ2V V ∗ for some λ > 0.

(iii) S = VW for some bounded linear operator W on H.

Theorem 1.2 ([15]). Let M ⊂ H be a closed subspace and T ∈ B(H). Then PMT
∗ =

PMT
∗PT M . If T is an unitary operator (i.e., T ∗T = IH), then PT MT = TPM .

Theorem 1.3 ([8]). Let H1, H2 be two Hilbert spaces and U : H1 → H2 be a bounded
linear operator with closed range RU . Then, there exists a bounded linear operator
U † : H2 → H1 such that UU †x = x for all x ∈ RU .

1.1. K-g-fusion frame. Construction of K-g-fusion frames and their dual were pre-
sented by Sadri and Rahimi [1] to generalize the theory of K-frame [16], fusion frame
[9], and g-frame [35].

Definition 1.1 ([1]). Let {Wj}j∈J be a collection of closed subspaces of H and {vj}j∈J

be a collection of positive weights, {Hj}j∈J be a sequence of Hilbert spaces. Suppose
Λj ∈ B(H,Hj) for each j ∈ J and K ∈ B(H). Then Λ = {(Wj,Λj, vj)}j∈J is called a
K-g-fusion frame for H respect to {Hj}j∈J if there exist constants 0 < A ≤ B < +∞
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such that
A ∥K∗f∥2 ≤

∑
j∈J

v2
j

∥∥∥ΛjPWj
(f)

∥∥∥ 2
≤ B ∥f∥2 ,

for all f ∈ H. The constants A and B are called the lower and upper bounds of
K-g-fusion frame, respectively. If K = IH then the family is called g-fusion frame
and it has been widely studied in [18–20,31].

Define the space

ℓ2
(
{Hj}j∈J

)
=
{

{fj}j∈J : fj ∈ Hj,
∑
j∈J

∥fj∥2 < +∞
}
,

with inner product given by

⟨{fj}j∈J , {gj}j∈J⟩ =
∑
j∈J

⟨fj, gj⟩Hj
.

Clearly, ℓ2
(
{Hj}j∈J

)
is a Hilbert space with the pointwise operations [1].

1.2. Controlled K-g-fusion frame. Controlled frame is one of the newest gener-
alization of frame. P. Balaz et al. [6] introduced controlled frame to improve the
numerical efficiency of interactive algorithms for inverting the frame operator. In
recent times, several generalizations of controlled frame namely, controlled K-frame
[26], controlled g-frame [27], controlled fusion frame [23], controlled g-fusion frame
[34], controlled K-g-fusion frame [28] etc. have been appeared.

Definition 1.2 ([28]). Let K ∈ B(H) and {Wj}j∈J be a collection of closed subspaces
of H and {vj}j∈J be a collection of positive weights. Let {Hj}j∈J be a sequence of
Hilbert spaces, T, U ∈ GB (H ) and Λj ∈ B(H,Hj) for each j ∈ J . Then the family
ΛT U = {(Wj,Λj, vj)}j∈J is a (T, U)-controlled K-g-fusion frame for H if there exist
constants 0 < A ≤ B < +∞ such that

(1.1) A∥K∗f∥ 2 ≤
∑
j∈J

v2
j

〈
ΛjPWj

Uf,ΛjPWj
Tf
〉

≤ B∥f∥2,

for all f ∈ H. If ΛT U satisfies only the right inequality of (1.1) it is called a (T, U)-
controlled g-fusion Bessel sequence in H.

Let ΛT U be a (T, U)-controlled g-fusion Bessel sequence in H with a bound B. The
synthesis operator TC : KΛj

→ H is defined as

TC

({
vj

(
T ∗PWj

Λ∗
jΛjPWj

U
)1/2

f
}

j∈J

)
=
∑
j∈J

v 2
j T

∗PWj
Λ∗

jΛjPWj
Uf,

for all f ∈ H and the analysis operator T ∗
C : H → KΛj

is given by

T ∗
Cf =

{
vj

(
T ∗PWj

Λ∗
jΛjPWj

U
)1/2

f
}

j∈J
, for all f ∈ H,
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where

KΛj
=
{{

vj

(
T ∗PWj

Λ∗
jΛjPWj

U
)1/2

f
}

j∈J
: f ∈ H

}
⊂ ℓ2

(
{Hj}j∈J

)
.

The frame operator SC : H → H is defined as follows:

SCf = TCT
∗
Cf =

∑
j∈J

v2
jT

∗PWj
Λ∗

jΛjPWj
Uf,

for all f ∈ H and it is easy to verify that

⟨SCf, f⟩ =
∑
j∈J

v2
j

〈
ΛjPWj

Uf,ΛjPWj
Tf
〉
,

for all f ∈ H. Furthermore, if ΛT U is a (T, U)-controlled K-g-fusion frame with
bounds A and B, then AKK∗ ≤ SC ≤ BIH .

1.3. Continuous controlled g-fusion frame. In recent times, controlled frames
and their generalizations are also studied in continuous case by many researchers. P.
Ghosh and T. K. Samanta studied continuous version of controlled g-fusion frame
in [21].

Definition 1.3 ([21]). Let F : X → H be a mapping, v : X → R+ be a measurable
function and {Kx}x∈X be a collection of Hilbert spaces. For each x ∈ X, suppose that
Λx ∈ B(F (x), Kx) and T, U ∈ GB+(H). Then ΛT U = {(F (x),Λx, v(x))}x∈X is called a
continuous (T, U)-controlled generalized fusion frame or continuous (T, U)-controlled
g-fusion frame for H with respect to (X,µ) and v, if

(i) for each f ∈ H, the mapping x 7→ PF (x)(f) is measurable (i.e., is weakly
measurable);

(ii) there exist constants 0 < A ≤ B < +∞ such that

(1.2) A∥f∥2 ≤
∫
X

v2(x)
〈
ΛxPF (x)Uf,ΛxPF (x)Tf

〉
dµx ≤ B∥f∥2,

for all f ∈ H, where PF (x) is the orthogonal projection of H onto the subspace F (x).
The constants A,B are called the frame bounds. If only the right inequality of (1.2)
holds then ΛT U is called a continuous (T, U )-controlled g-fusion Bessel family for H.

Let ΛT U be a continuous (T, U)-controlled g-fusion Bessel family for H. Then the
operator SC : H → H defined by

⟨SCf, g⟩ =
∫
X

v2(x)
〈
T ∗PF (x)Λ∗

xΛxPF (x)Uf, g
〉
dµx,

for all f, g ∈ H, is called the frame operator. If ΛT U is a continuous (T, U)-controlled
g-fusion frame for H, then from (1.2), we get

A ⟨f, f⟩ ≤ ⟨SCf, f⟩ ≤ B ⟨f, f⟩ , for all f ∈ H.
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The bounded linear operator TC : L2 (X,K) → H defined by

⟨TCΦ, g⟩ =
∫
X

v2(x)
〈
T ∗PF (x)Λ∗

xΛxPF (x)Uf, g
〉
dµx,

where for all f ∈ H, Φ =
{
v(x)

(
T ∗PF (x)Λ∗

xΛxPF (x)U
)1/2

f
}

x∈X
and g ∈ H, is called

synthesis operator and its adjoint operator is called analysis operator.

1.4. Weaving frame. Woven frame is a new notion in frame theory which has been
introduced by Bemrose et al. [7]. Two frames {fi}i∈I and {gi}i∈I for H are called
woven if there exist constants 0 < A ≤ B < +∞ such that for any subset σ ⊂ I the
family {fi}i∈σ ∪ {gi}i∈σc is a frame for H. This frame has been generalized for the
discrete as well as the continuous case such as woven fusion frame [17], woven g-frame
[24], woven g-fusion frame [25], woven K-g-fusion frame [32], continuous weaving frame
[36], continuous weaving fusion frame [33], continuous weaving g-frames [3], weaving
continuous K-g-frames [5], controlled weaving frames [29], continuous controlled K-g-
frames [30] etc.

In this paper, woven continuous controlled K-g-fusion frame in Hilbert spaces is
presented and some of their properties are going to be established. We discuss sufficient
conditions for weaving continuous controlled K-g-fusion frame. Construction of woven
continuous controlled K-g-fusion frame by bounded linear operator is given. At the
end, we discuss a perturbation result of woven continuous controlled K-g-fusion frame.

2. Weaving Continuous Controlled K-g-Fusion Frame

In this section, we first give the continuous version of controlled K-g-fusion frame
for H and then present weaving continuous controlled K-g-fusion frame for H.

Definition 2.1. Let K ∈ B(H) and F : X → H be a mapping, v : X → R+

be a measurable function and {Kx}x∈X be a collection of Hilbert spaces. For each
x ∈ X, suppose that Λ(x) ∈ B(F (x ), Kx) and T, U ∈ GB+(H). Then ΛT U =
{(F (x),Λ(x), v(x))}x∈X is called a continuous (T, U)-controlled K-g-fusion frame for
H with respect to (X,µ) and v, if

(i) for each f ∈ H, the mapping x 7→ PF (x)(f) is measurable (i.e., is weakly
measurable);

(ii) there exist constants 0 < A ≤ B < +∞ such that

A ∥K∗f∥2 ≤
∫
X

v2(x)
〈
Λ(x)PF (x)Uf,Λ(x)PF (x)Tf

〉
dµx ≤ B∥f∥2,(2.1)

for all f ∈ H, where PF (x) is the orthogonal projection of H onto the subspace F (x).
The constants A,B are called the frame bounds.

Now, we consider the following cases.
(i) If only the right inequality of (2.1) holds, then ΛT U is called a continuous

(T, U)-controlled K-g-fusion Bessel family for H.
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(ii) If U = IH , then ΛT U is called a continuous (T, IH)-controlled K-g-fusion frame
for H.

(iii) If T = U = IH , then ΛT U is called a continuous K-g-fusion frame for H (for
more details, refer to [4]).

(iv) If K = IH , then ΛT U is called a continuous (T, U)-controlled g-fusion frame
for H.

Remark 2.1. If the measure space X = N and µ is the counting measure then a
continuous (T, U)-controlled K-g-fusion frame will be the discrete (T, U)-controlled
K-g-fusion frame.

2.0.1. Example. Let H = R3 and {e1, e2, e3} be an standard orthonormal basis for H.
Consider

B =
{
x ∈ R3 : ∥x∥ ≤ 1

}
.

Then it is a measure space equipped with the Lebesgue measure µ. Let us now
consider that {B1, B2, B3} is a partition of B where µ(B1) ≥ µ(B2) ≥ µ(B3) > 1.
Let H = {W1,W2,W3}, where W1 = Span {e1, e2}, W2 = Span {e2, e3} and W3 =
Span {e1, e3}. Define F : B → H by

F (x) =


W1, if x ∈ B1,

W2, if x ∈ B2,

W3, if x ∈ B3,

and v : B → [0,+∞) by

v(x) =


1, if x ∈ B1,

2, if x ∈ B2,

−1, if x ∈ B3.

It is easy to verify that F and v are measurable functions. For each x ∈ B, define the
operators

Λ(x)(f) = 1√
µ(Bk)

⟨f, ek⟩ ek,

f ∈ H, where k is such that x ∈ Bk and K : H → H by

Ke1 = e1, Ke2 = e2, Ke3 = 0.

It is easy to verify that K∗e1 = e1, K∗e2 = e2, K∗e3 = 0. Now, for any f ∈ H, we
have

∥K∗f∥2 =
∥∥∥∥∥

3∑
i=1

⟨f, ek⟩K∗ek

∥∥∥∥∥
2

= |⟨f, e1⟩|2 + |⟨f, e2⟩|2 ≤ ∥f∥2.

Let T (f1, f2, f3) = (5f1, 4f2, 5f3) and U (f1, f2, f3) =
(

f1
6 ,

f2
3 ,

f3
6

)
be two operators on

H. Then it is easy to verify that T, U ∈ GB+(H) and TU = UT . Now, for any
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f = (f1, f2, f3) ∈ H, we have∫
B

v2(x)
〈
Λ(x)PF (x)Uf,Λ(x)PF (x)Tf

〉
dµx

=
3∑

i=1

∫
Bi

v2(x)
〈
Λ(x)PF (x)Uf,Λ(x)PF (x)Tf

〉
dµx

=5
6f

2
1 + 16

3 f
2
2 + 5

6f
2
3 .

This implies that
5
6 ∥K∗f∥2 ≤

∫
B

v2(x)
〈
Λ(x)PF (x)Uf,Λ(x)PF (x)Tf

〉
dµx ≤ 16

3 ∥f∥2.

Thus, ΛT U be a continuous (T, U)-controlled K-g-fusion frame for R3.
Now, we present woven continuous controlled K-g-fusion frame for H.

Definition 2.2. A family of continuous (T, U)-controlled K-g-fusion frames given by
{(Fi(x),Λi(x), vi(x))}i∈[m],x∈X for H is said to be woven continuous (T, U)-controlled
K-g-fusion frame if there exist universal positive constants 0 < A ≤ B < +∞ such
that for each partition {σi}i∈[m] of X, the family {(Fi(x),Λi(x), vi(x))}i∈[m],x∈σi

is a
continuous (T, U)-controlled K-g-fusion frame for H with bounds A and B.

Each family {(Fi(x),Λi(x), vi(x))}i∈[m],x∈σi
is called a weaving continuous (T, U)-

controlled K-g-fusion frame. For abbreviation, we use W. C. C. K. G. F. F. instead
of the statement of woven continuous (T, U)-controlled K-g-fusion frame.

In the following proposition, we will see that every woven continuous controlled
K-g-fusion frame has a universal upper bound.

Proposition 2.1. Suppose for each i ∈ [m], {(Fi(x),Λi(x), vi(x))}x∈X be a con-
tinuous (T, U)-controlled K-g-fusion Bessel family for H with bound Bi. Then for
any partition {σi}i∈[m] of X, the family {(Fi(x),Λi(x), vi(x))}i∈[m],x∈σi

is a continuous
(T, U)-controlled K-g-fusion Bessel family for H.

Proof. Let {σi}i∈[m] be a arbitrary partition of X. For each f ∈ H, we have∑
i∈[m]

∫
σi

v2
i (x)

〈
Λi(x)PFi(x)Uf,Λi(x)PFi(x)Tf

〉
dµx

≤
∑

i∈[m]

∫
X

v2
i (x)

〈
Λi(x)PFi(x)Uf,Λi(x)PFi(x)Tf

〉
dµx

≤

∑
i∈[m]

Bi

 ∥f∥2.

This completes the proof. □
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Next, we give a characterization of W. C. C. K. G. F. F. for H in terms of an
operator.

Theorem 2.1. Let the families given by Λ = {(F (x),Λ(x), v(x))}x∈X and Γ =
{(G(x),Λ(x), v(x))}x∈X be continuous (T, U)-controlled K-g-fusion frames for H. The
the following statements are equivalent.

(i) Λ and Γ are W. C. C. K. G. F. F. for H.
(ii) For each partition σ of X, there exist α > 0 and a bounded linear operator

Θσ : L2
σ (X,K) → H defined by

⟨ΘσΦ, g⟩ =
∫
σ

v2(x)
〈
T ∗PF (x)Λ(x)∗Λ(x)PF (x)Uf, g

〉
dµx

+
∫
σc

v2(x)
〈
T ∗PG(x)Γ(x)∗Γ(x)PG(x)Uf, g

〉
dµx,

g ∈ H such that αKK∗ ≤ ΘσΘ∗
σ, where

L2
σ (X,K) =

{
Φ = ϕ ∪ ψ :

∫
X

∥Φ∥ 2dµ < +∞
}
,

where for all f ∈ H,

ϕ =
{
v(x)

(
T ∗PF (x)Λ(x)∗Λ(x)PF (x)U

)1/2
f
}

x∈σ

and
ψ =

{
v(x)

(
T ∗PG(x)Γ(x)∗Γ(x)PG(x)U

)1/2
f
}

x∈σc
.

Proof. (i) ⇒ (ii) Suppose that A and B are the universal lower and upper bounds
for Λ and Γ. Take Θσ = T σ

C , for every partition σ of X, where T σ
C is the synthesis

operator of
{(F (x),Λ(x), v(x))}x∈σ ∪ {(G(x),Λ(x), v(x))}x∈σc .

Thus, for each Φ ∈ L2
σ (X,K), we have

⟨ΘσΦ, g⟩ = ⟨T σ
CΦ, g⟩

=
∫
σ

v2(x)
〈
T ∗PF (x)Λ(x)∗Λ(x)PF (x)Uf, g

〉
dµx

+
∫
σc

v2(x)
〈
T ∗PG(x)Γ(x)∗Γ(x)PG(x)Uf, g

〉
dµx, g ∈ H.

Since Λ and Γ are woven, for each f ∈ H, we have
A ∥K∗f∥2 ≤ ∥(T σ

C)∗ f∥2 = ∥Θ∗
σf∥2 .

Thus, αKK∗ ≤ ΘσΘ∗
σ, α = A.

(ii) ⇒ (i) Let σ be a partition of X and f ∈ H. Now it is easy to verify that

Θ∗
σf =

{
v(x)

(
T ∗PF (x)Λ(x)∗Λ(x)PF (x)U

)1/2
f
}

x∈σ
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∪
{
v(x)

(
T ∗PG(x)Γ(x)∗Γ(x)PG(x)U

)1/2
f
}

x∈σc
.

Thus, for each f ∈ H, we have

α ∥K∗f∥2 ≤ ∥Θ∗
σf∥2 =

∫
σ

v2(x)
〈
Λ(x)PF (x)Uf,Λ(x)PF (x)Tf

〉
dµx

+
∫
σc

v2(x)
〈
Γ(x)PG(x)Uf,Γ(x)PG(x)Tf

〉
dµx.

Hence, Λ and Γ are W. C. C. K. G. F. F. for H. This completes the proof. □

In the following theorem, we will construct W. C. C. K. G. F. F. for H by using a
bounded linear operator.

Theorem 2.2. Let {(Fi(x),Λi(x), vi(x))}i∈[m],x∈σi
be a W. C. C. K. G. F. F. for H

with universal bounds A and B. If V ∈ B(H) is invertible such that V ∗ commutes
with T, U and V commutes with K, then

{(
V Fi(x),Λi(x)PFi(x)V

∗, vi(x)
)}

i∈[m],x∈σi

is
a W. C. C. K. G. F. F. for H.

Proof. Since PFi(x)V
∗ = PFi(x)V

∗PV Fi(x) for all x ∈ σi and i ∈ [m], the mapping
x 7→ PV Fi(x) is weakly measurable. For each f ∈ H, we have∑

i∈[m]

∫
X

v2
i (x)

〈
Λi(x)PFi(x)V

∗PV Fi(x)Uf,Λi(x)PFi(x)V
∗PV Fi(x)Tf

〉
dµx

=
∑

i∈[m]

∫
X

v2
i (x)

〈
Λi(x)PFi(x)V

∗Uf,Λi(x)PFi(x)V
∗Tf

〉
dµx

=
∑

i∈[m]

∫
X

v2
i (x)

〈
Λi(x)PFi(x)UV

∗f,Λi(x)PFi(x)TV
∗f
〉
dµx

≤B ∥V ∗f∥2 ≤ B ∥V ∥2 ∥f∥2.

On the other hand, for each f ∈ H, we have∑
i∈[m]

∫
X

v2
i (x)

〈
Λi(x)PFi(x)V

∗PV Fi(x)Uf,Λi(x)PFi(x)V
∗PV Fi(x)Tf

〉
dµx

≥A ∥K∗V ∗f∥2 = A ∥V ∗K∗f∥2 ≥ A
∥∥∥V −1

∥∥∥−2
∥K∗f∥2 .

This completes the proof. □

Corollary 2.1. Let {(Fi(x),Λi(x), vi(x))}i∈[m],x∈σi
be a W. C. C. K. G. F. F. for H

with universal bounds A and B. If V ∈ B(H) is invertible such that V ∗ commutes
with T, U and V commutes with K, then

{(
V Fi(x),Λi(x)PFi(x)V

∗, vi(x)
)}

i∈[m],x∈σi

is
a W. C. C. VKV ∗. G. F. F. for H.
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Proof. According to the proof of Theorem 2.2, universal upper bounds is B∥V ∥ 2. On
the other hand, for each f ∈ H, we have

A

∥V ∥2 ∥(V KV ∗)∗ f∥2 = A

∥V ∥2 ∥V K∗V ∗f∥2 ≤ A ∥K∗V ∗f∥2

≤
∑

i∈[m]

∫
X

v2
i (x)

〈
Λi(x)PFi(x)UV

∗f,Λi(x)PFi(x)TV
∗f
〉
dµx

=
∑

i∈[m]

∫
X

v2
i (x)

〈
Γi(x)PV Fi(x)Uf,Γi(x)PV Fi(x)Tf

〉
dµx,

where Λi(x)PFi(x)V
∗ = Γi(x). This completes the proof. □

Theorem 2.3. Let V ∈ B(H) be invertible operator such that V ∗, (V −1)∗ commutes
with T and U . Suppose

{(
V Fi(x),Λi(x)PFi(x)V

∗, vi(x)
)}

i∈[m],x∈σi

is a W. C. C. K. G.
F. F. for H with universal bounds A and B. Then {(Fi(x),Λi(x), vi(x))}i∈[m],x∈σi

be
a W. C. C. V −1KV . G. F. F. for H.

Proof. Now, for each f ∈ H, using Theorem 1.2, and taking Λi(x)PFi(x)V
∗ = Γi(x),

we have
A

∥V ∥2

∥∥∥(V −1KV
)∗
f
∥∥∥2

= A

∥V ∥2

∥∥∥V ∗K∗(V −1)∗f
∥∥∥2

≤A
∥∥∥K∗

(
V −1

)∗
f
∥∥∥2

≤
∑

i∈[m]

∫
X

v2
i (x)

〈
Γi(x)PV Fi(x)U

(
V −1

)∗
f,Γi(x)PV Fi(x)T

(
V −1

)∗
f
〉
dµx

≤
∑

i∈[m]

∫
X

v2
i (x)

〈
Γi(x)U

(
V −1

)∗
f,Γi(x)T

(
V −1

)∗
f
〉
dµx

=
∑

i∈[m]

∫
X

v2
i (x)

〈
Γi(x)

(
V −1

)∗
Uf,Γi(x)

(
V −1

)∗
Tf
〉
dµx

=
∑

i∈[m]

∫
X

v2
i (x)

〈
Λi(x)PFi(x)Uf,Λi(x)PFi(x)Tf

〉
dµx.

On the other hand, for each f ∈ H, it is easy to verify that∑
i∈[m]

∫
X

v2
i (x)

〈
Λi(x)PFi(x)Uf,Λi(x)PFi(x)Tf

〉
dµx ≤ B

∥∥∥V −1
∥∥∥2

∥f∥2.

This completes the proof. □

Next, we will see that the intersection of components of a W. C. C. K. G. F. F.
with a closed subspace is a W. C. C. K. G. F. F. for the smaller space.

Theorem 2.4. Let {F (x),Λ(x), v(x)}x∈X and {G(x),Γ(x), w(x)}x∈X be W. C. C.
K. G. F. F. for H and W be a closed subspace of H. Then the families given by
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{F (x) ∩W,Λ(x), v(x)}x∈X and {G(x) ∩W,Γ(x), w(x)}x∈X are W. C. C. K. G. F. F.
for W .

Proof. The operators PF (x)∩W = PF (x) (PW ) and PG(x)∩W = PG(x) (PW ) are orthogonal
projections of H onto F (x) ∩W and G(x) ∩W , respectively. Let σ be a measurable
subset of X. Then for each f ∈ W , we have∫

σ

v2(x)
〈
Λ(x)PF (x)Uf,Λ(x)PF (x)Tf

〉
dµx

+
∫
σc

w2(x)
〈
Γ(x)PG(x)Uf,Γ(x)PG(x)Tf

〉
dµx

=
∫
σ

v2(x)
〈
Λ(x)PF (x)PWUf,Λ(x)PF (x)PWTf

〉
dµx

+
∫
σc

w2(x)
〈
Γ(x)PG(x)PWUf,Γ(x)PG(x)PWTf

〉
dµx

=
∫
σ

v2(x)
〈
Λ(x)PF (x)∩WUf,Λ(x)PF (x)∩WTf

〉
dµx

+
∫
σc

w2(x)
〈
Γ(x)PG(x)∩WUf,Γ(x)PG(x)∩WTf

〉
dµx.

This completes the proof. □

The following theorem states the equivalence between W. C. C. K. G. F. F. and a
bounded linear operator.

Theorem 2.5. Let V ∈ B(H) be an invertible operator such that V ∗ commutes with
T, U . Suppose K be a bounded linear operator on H which have closed range. Let
ΛT U = {(Fi(x),Λi(x), vi(x))}i∈[m],x∈σi

be a W. C. C. K. G. F. F. for H with universal
bounds A and B. Then the family given by

∆T U =
{(
V Fi(x),Λi(x)PFi(x)V

∗, vi(x)
)}

i∈[m],x∈σi

is a W. C. C. K. G. F. F. for H if and only if there exists a δ > 0 such that for each
f ∈ H, we have ∥V ∗f∥ ≥ δ ∥K∗f∥.

Proof. Suppose that ∆T U is a W. C. C. K. G. F. F. for H with bounds C and D.
Then for each f ∈ H, using the Theorem 1.2, and taking Λi(x)PFi(x)V

∗ = Γi(x), we
have

C ∥K∗f∥2 ≤
∑

i∈[m]

∫
X

v2
i (x)

〈
Γi(x)PV Fi(x)Uf,Γi(x)PV Fi(x)Tf

〉
dµx

=
∑

i∈[m]

∫
X

v2
i (x)

〈
Λi(x)PFi(x)V

∗Uf,Λi(x)PFi(x)V
∗Tf

〉
dµx

=
∑

i∈[m]

∫
X

v2
i (x)

〈
Λi(x)PFi(x)UV

∗f,Λi(x)PFi(x)TV
∗f
〉
dµx
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≤ B ∥V ∗f∥2 .

Thus,
∥V ∗f∥ ≥

√
C/B ∥K∗f∥ , for all f ∈ H.

Conversely, suppose ∥V ∗f∥ ≥ δ ∥K∗f∥ for all f ∈ H. Since K have a closed range,
by Theorem 1.3, for all f ∈ H, we get

∥V ∗f∥ =
∥∥∥(K†

)∗
K∗V ∗f

∥∥∥ ≤
∥∥∥K†

∥∥∥ ∥K∗V ∗f∥ .

Now, for f ∈ H, we have∑
i∈[m]

∫
X

v2
i (x)

〈
Λi(x)PFi(x)V

∗PV Fi(x)Uf,Λi(x)PFi(x)V
∗PV Fi(x)Tf

〉
dµx

=
∑

i∈[m]

∫
X

v2
i (x)

〈
Λi(x)PFi(x)UV

∗f,Λi(x)PFi(x)TV
∗f
〉
dµx

≥A ∥K∗V ∗f∥2 ≥ A
∥∥∥K†

∥∥∥−2
∥V ∗f∥2 ≥ Aδ2

∥∥∥K†
∥∥∥−2

∥K∗f∥2 .

This completes the proof. □

The next theorem shows that it is enough to cheek continuous weaving controlled
K-g-fusion woven on smaller measurable space than the original.

Theorem 2.6. Suppose for each i ∈ [m], {(Fi(x),Λi(x), vi(x))}x∈X be a continuous
(T, U)-controlled K-g-fusion frame for H with universal bounds Ai and Bi. If there ex-
ists a measurable subset Y ⊂ X such that the family of continuous (T, U)-controlled K-
g-fusion frame {(Fi(x),Λi(x), vi(x))}i∈[m],x∈Y is a W. C. C. K. G. F. F. for H with uni-
versal frame bounds A and B. Then the family given by {(Fi(x),Λi(x), vi(x))}i∈[m], x∈X

is a W. C. C. K. G. F. F. for H with universal frame bounds A and ∑i∈[m] Bi.

Proof. Let {σi}i∈[m] be an arbitrary partition of X. For each f ∈ H, we define
φ : X → C by

φ(x) =
∑

i∈[m]
χσi

(x)
〈
Λi(x)PFi(x)Uf,Λi(x)PFi(x)Tf

〉
.

Then φ is measurable. Now, for each f ∈ H, we have∑
i∈[m]

∫
σi

v2
i (x)

〈
Λi(x)PFi(x)Uf,Λi(x)PFi(x)Tf

〉
dµx

≤
∑

i∈[m]

∫
X

v2
i (x)

〈
Λi(x)PFi(x)Uf,Λi(x)PFi(x)Tf

〉
dµx

≤

∑
i∈[m]

Bi

 ∥f∥2.
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It is easy to verify that {σi ∩ Y }i∈[m] is a partitions of Y . Thus, the family given by
{(Fi(x),Λi(x), vi(x))}i∈[m],x∈σi∩Y is a continuous (T, U)-controlled K-g-fusion frame
for H with lowest frame bound A. Therefore,∑

i∈[m]

∫
σi

v2
i (x)

〈
Λi(x)PFi(x)Uf,Λi(x)PFi(x)Tf

〉
dµx

≥
∑

i∈[m]

∫
σi∩Y

v2
i (x)

〈
Λi(x)PFi(x)Uf,Λi(x)PFi(x)Tf

〉
dµx

≥A ∥K∗f∥2 .

This completes the proof. □

In the following theorem, we show that it is possible to remove vectors from con-
tinuous controlled K-g-fusion frames and still be left with woven frames.

Theorem 2.7. Let {(Fi(x),Λi(x), vi(x))}i∈[m],x∈σi
be a W. C. C. K. G. F. F. for H

with universal bounds A and B. If there exists 0 < D < A and a measurable subset
Y ⊂ X and n ∈ [m] such that for f ∈ H∑

i∈[m]\{n}

∫
X\Y

v2
i (x)

〈
Λi(x)PFi(x)Uf,Λi(x)PFi(x)Tf

〉
dµx ≤ D ∥K∗f∥2 ,

then the family {(Fi(x),Λi(x), vi(x))}i∈[m],x∈Y is a W. C. C. K. G. F. F. for H with
frame bounds A−D and B.

Proof. Suppose that {σi}i∈[m] and {γi}i∈[m] are partitions of Y and X \Y , respectively.
For a given f ∈ H, we define φ : Y → C by

φ(x) =
∑

i∈[m]
χσi

(x)
〈
Λi(x)PFi(x)Uf,Λi(x)PFi(x)Tf

〉
,

and ϕ : X → C by
ϕ(x) =

∑
i∈[m]

χσi∪γi
(x)

〈
Λi(x)PFi(x)Uf,Λi(x)PFi(x)Tf

〉
.

Since {(Fi(x),Λi(x), vi(x))}i∈[m],x∈σi∪γi
is a continuous (T, U)-controlled K-g-fusion

frame for H and φ = ϕ|Y , φ and ϕ are measurable. So, for each f ∈ H, we have∑
i∈[m]

∫
σi

v2
i (x)

〈
Λi(x)PFi(x)Uf,Λi(x)PFi(x)Tf

〉
dµx

≤
∑

i∈[m]

∫
σi∪γi

v2
i (x)

〈
Λi(x)PFi(x)Uf,Λi(x)PFi(x)Tf

〉
dµx ≤ B∥f∥ 2.

Now, we assume that {ξi}i∈[m] such that ξn = θ. Then {ξi ∪ σi}i∈[m] is a partition of
X and so for any f ∈ H, we have∑

i∈[m]

∫
σi

v2
i (x)

〈
Λi(x)PFi(x)Uf,Λi(x)PFi(x)Tf

〉
dµx
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=
∑

i∈[m]\{n}

[ ∫
ξi∪σi

v2
i (x)

〈
Λi(x)PFi(x)Uf,Λi(x)PFi(x)Tf

〉
dµx

−
∫
ξi

v2
i (x)

〈
Λi(x)PFi(x)Uf,Λi(x)PFi(x)Tf

〉
dµx

+
∫
σn

v2
i (x)

〈
Λi(x)PFi(x)Uf,Λi(x)PFi(x)Tf

〉
dµx

]

≥
∑

i∈[m]\{n}

[ ∫
ξi∪σi

v2
i (x)

〈
Λi(x)PFi(x)Uf,Λi(x)PFi(x)Tf

〉
dµx

−
∫

X\Y

v2
i (x)

〈
Λi(x)PFi(x)Uf,Λi(x)PFi(x)Tf

〉
dµx

+
∫
σn

v2
i (x)

〈
Λi(x)PFi(x)Uf,Λi(x)PFi(x)Tf

〉
dµx

]

=
∑

i∈[m]

∫
ξi∪σi

v2
i (x)

〈
Λi(x)PFi(x)Uf,Λi(x)PFi(x)Tf

〉
dµx

−
∑

i∈[m]\{n}

∫
X\Y

v2
i (x)

〈
Λi(x)PFi(x)Uf,Λi(x)PFi(x)Tf

〉
dµx

≥(A−D) ∥K∗f∥2 .

This completes the proof. □

Proposition 2.2. Let K ∈ B(H) be a closed range operator, V ∈ B(H) be a unitary
operator and {(F (x),Λ(x), v(x))}x∈X be a continuous (T, U)-controlled K-g-fusion
frame for H with bounds A,B. If ∥IH − V ∥2

∥∥∥K†
∥∥∥2

≤ A/B and V commutes with
T, U , then

Λ = {(F (x),Λ(x), v(x))}x∈X , Λ′ =
{(
V −1F (x),Λ(x)V, v(x)

)}
x∈X

are W. C. C. K. G. F. F. for RK.

Proof. Let σ be a partition of X. Since K ∈ B(H) has a closed range, for f ∈ RK ,
we have ∥f∥2 ≤

∥∥∥K†
∥∥∥2

∥K∗f∥2. Now, for each f ∈ RK , we have∫
σ

v2(x)
〈
Λ(x)PF (x)Uf,Λ(x)PF (x)Tf

〉
dµx

+
∫
σc

v2(x)
〈
Λ(x)V PV −1F (x)Uf,Λ(x)V PV −1F (x)Tf

〉
dµx

=
∫
σ

v2(x)
〈
Λ(x)PF (x)Uf,Λ(x)PF (x)Tf

〉
dµx
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+
∫
σc

v2(x)
〈
Λ(x)PF (x)UV f,Λ(x)PF (x)TV f

〉
dµx

≥
∫
X

v2(x)
〈
Λ(x)PF (x)Uf,Λ(x)PF (x)Tf

〉
dµx

−
∫
σc

v2(x)
〈
Λ(x)PF (x)U (IH − V ) f,Λ(x)PF (x)T (IH − V ) f

〉
dµx

≥ A ∥K∗f∥2 −B ∥IH − V ∥2 ∥f∥2

≥A ∥K∗f∥2 −B ∥IH − V ∥2
∥∥∥K†

∥∥∥2
∥K∗f∥2

=
(
A−B ∥IH − V ∥2

∥∥∥K†
∥∥∥2
)

∥K∗f∥2 .

Hence, the families Λ and Λ′ are W. C. C. K. G. F. F. for RK . □

Next, we will see that under some sufficient conditions sum of two continuous
(T, U)-controlled K-g-fusion frames is woven with itself.

Theorem 2.8. Let K ∈ B(H) be an invertible operator, the families given by
Λ = {(F (x),Λ(x), v(x))}x∈X and Γ = {(G(x),Λ(x), v(x))}x∈X be continuous (T, U)-
controlled K-g-fusion frames for H with bounds A,B and C,D, respectively. Suppose
for each x ∈ X

(i) F (x) ⊂ G(x)⊥;
(ii) Λ(x)PF (x)R(U) ⊥ Λ(x)PG(x)R(T );

(iii) Λ(x)PF (x)R(T ) ⊥ Λ(x)PG(x)R(U).
If for any partition σ of X, (T σ

Γ )∗ is bounded below then

∆ = {(F (x) +G(x),Λ(x), v(x))}x∈X ,

and Λ are W. C. C. K. G. F. F. for H.

Proof. Since for each x ∈ X, F (x) ⊂ G(x)⊥, we have PF (x)+G(x) = PF (x) +PF (x). Now,
for each x ∈ X, using the given conditions (ii) and (iii), we have∫

X

v2(x)
〈
Λ(x)PF (x)+G(x)Uf,Λ(x)PF (x)+G(x)Tf

〉
dµx

=
∫
X

v2(x)
〈
Λ(x)

(
PF (x) + PG(x)

)
Uf,Λ(x)

(
PF (x) + PG(x)

)
Tf
〉
dµx

=
∫
X

v2(x)
〈
Λ(x)PF (x)Uf,Λ(x)PF (x)Tf

〉
dµx

+
∫
X

v2(x)
〈
Λ(x)PG(x)Uf,Λ(x)PG(x)Tf

〉
dµx(2.2)

≤(B +D)∥f∥ 2.
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On the other hand, from (2.2), we get∫
X

v2(x)
〈
Λ(x)PF (x)+G(x)Uf,Λ(x)PF (x)+G(x)Tf

〉
dµx ≥ (A+ C) ∥K∗f∥2 ,

for all f ∈ H. Thus, ∆ is a continuous (T, U)-controlled K-g-fusion frame for H with
bounds (A+ C) and (B +D).

Furthermore, since K is a invertible operator and for any partition σ of X, (T σ
Γ )∗

is bounded below, for each f ∈ H, there exists M > 0 such that

∥(T σ
Γ )∗ f∥2 ≥ M2∥f∥2 ≥ M2

∥K∥2 ∥K∗f∥2 .

Now, for each f ∈ H, we have∫
σ

v2(x)
〈
Λ(x)PF (x)+G(x)Uf,Λ(x)PF (x)+G(x)Tf

〉
dµx

+
∫
σc

v2(x)
〈
Λ(x)PF (x)Uf,Λ(x)PF (x)Tf

〉
dµx

=
∫
X

v2(x)
〈
Λ(x)PF (x)Uf,Λ(x)PF (x)Tf

〉
dµx

−
∫
σ

v2(x)
〈
Λ(x)PF (x)Uf,Λ(x)PF (x)Tf

〉
dµx

+
∫
σ

v2(x)
〈
Λ(x)

(
PF (x) + PG(x)

)
Uf,Λ(x)

(
PF (x) + PG(x)

)
Tf
〉
dµx

=
∫
X

v2(x)
〈
Λ(x)PF (x)Uf,Λ(x)PF (x)Tf

〉
dµx

+
∫
σ

v2(x)
〈
Λ(x)PG(x)Uf,Λ(x)PG(x)Tf

〉
dµx

≥A ∥K∗f∥2 + ∥(T σ
Γ )∗ f∥2 ≥

(
A+ M2

∥K∥2

)
∥K∗f∥2 .

On the other hand,∫
σ

v2(x)
〈
Λ(x)PF (x)+G(x)Uf,Λ(x)PF (x)+G(x)Tf

〉
dµx

+
∫
σc

v2(x)
〈
Λ(x)PF (x)Uf,Λ(x)PF (x)Tf

〉
dµx

≤
∫
X

v2(x)
〈
Λ(x)PF (x)+G(x)Uf,Λ(x)PF (x)+G(x)Tf

〉
dµx

+
∫
X

v2(x)
〈
Λ(x)PF (x)Uf,Λ(x)PF (x)Tf

〉
dµx
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≤(2B +D)∥f∥2.

Thus, ∆ and Λ are W. C. C. K. G. F. F. for H. Similarly, it can be shown that ∆
and Γ are W. C. C. K. G. F. F. for H. This completes the proof. □

In the following theorem, we present a sufficient condition for weaving continuous
controlled K-g-fusion frame in terms of positive operators associated with given
continuous controlled K-g-fusion frame.

Theorem 2.9. Let the families given by Λ = {(F (x),Λ(x), v(x))}x∈X and Γ =
{(G(x),Λ(x), v(x))}x∈X be continuous (T, U)-controlled K-g-fusion frames for H.
Suppose for each x ∈ X, the operator Ux : H → H defined by

⟨Ux(f), g⟩ =
∫
X

v2(x) ⟨T ∗∆(x)Uf, g⟩ dµx,

f, g ∈ H, where ∆(x) = PG(x)Γ∗(x)Γ(x)PG(x) − PF (x)Λ∗(x)Λ(x)PF (x), is a positive
operator. Then Λ and Γ are W. C. C. K. G. F. F. for H.

Proof. Let A,B and C,D be frame bounds of Λ and Γ, respectively. Take σ be any
partition of X. Then for each f ∈ H, we have

A ∥K∗f∥2 ≤
∫
X

v2(x)
〈
Λ(x)PF (x)Uf,Λ(x)PF (x)Tf

〉
dµx

=
∫
σ

v2(x)
〈
Λ(x)PF (x)Uf,Λ(x)PF (x)Tf

〉
dµx

+
∫
σc

v2(x)
〈
T ∗PF (x)Λ(x)∗Λ(x)PF (x)Uf, f

〉
dµx

=
∫
σ

v2(x)
〈
Λ(x)PF (x)Uf,Λ(x)PF (x)Tf

〉
dµx

−
∫
σc

v2(x) ⟨T ∗∆(x)Uf, f⟩ dµx

+
∫
σc

v2(x)
〈
T ∗PG(x)Γ(x)∗Γ(x)PG(x)Uf, f

〉
dµx

≤
∫
σ

v2(x)
〈
Λ(x)PF (x)Uf,Λ(x)PF (x)Tf

〉
dµx

+
∫
σc

v2(x)
〈
Γ(x)PG(x)Uf,Γ(x)PG(x)Tf

〉
dµx

≤(B +D)∥f∥2.

Thus, Λ and Γ are W. C. C. K. G. F. F. for H with universal bounds A and B+D. □

Theorem 2.10. Suppose for each i ∈ [m], {(Fi(x),Λi(x), vi(x))}x∈X be a continuous
(T, U)-controlled K-g-fusion frame for H with bounds Ai and Bi. Suppose Y be
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measurable subset X and there exists N > 0 such that for all i, k ∈ [m] with i ̸= k

0 ≤
∫
Y

⟨Γi,kUf,Γi,kTf⟩ dµx ≤ N min{Θ,Ω}, f ∈ H,

where
Γi,k =v2

i (x)Λi(x)PFi(x) − v2
k(x)Λk(x)PFk(x),

Θ =
∫
Y

v2
i (x)

〈
Λi(x)PFi(x)Uf,Λi(x)PFi(x)Tf

〉
dµx,

Ω =
∫
Y

v2
k(x)

〈
Λi(x)PFk(x)Uf,Λk(x)PFk(x)Tf

〉
dµx.

Then the family {(Fi(x),Λi(x), vi(x))}x∈X,i∈[m] is W. C. C. K. G. F. F. for H with
universal bounds A

(m−1)(N+1)+1 and B, where A = ∑
i∈[m] Ai and B = ∑

i∈[m] Bi.

Proof. Let {σi}i∈[m] be a partition of X. Then for f ∈ H, we have∑
i∈[m]

Ai ∥K∗f∥2 ≤
∑

i∈[m]

∫
X

v2
i (x)

〈
Λi(x)PFi(x)Uf,Λi(x)PFi(x)Tf

〉
dµx

=
∑

i∈[m]

∑
k∈[m]

∫
σk

v2
i (x)

〈
Λi(x)PFi(x)Uf,Λi(x)PFi(x)Tf

〉
dµx

≤
∑

i∈[m]

[ ∫
σi

v2
i (x)

〈
Λi(x)PFi(x)Uf,Λi(x)PFi(x)Tf

〉
dµx

+
∑

k∈[m],k ̸=i

∫
σk

⟨Γi,kUf,Γi,kTf⟩ dµx

+
∑

k∈[m],k ̸=i

∫
σk

v2
k(x)

〈
Λk(x)PFk(x)Uf,Λk(x)PFk(x)Tf

〉
dµx

]
,

Γi,k =v2
i (x)Λi(x)PFi(x) − v2

k(x)Λk(x)PFk(x)

≤
∑

i∈[m]

[ ∫
σi

v2
i (x)

〈
Λi(x)PFi(x)Uf,Λi(x)PFi(x)Tf

〉
dµx

+
∑

k∈[m],k ̸=i

(N + 1)
∫
σk

v2
k(x)

〈
Λk(x)PFk(x)Uf,Λk(x)PFk(x)Tf

〉
dµx

]
,

=D
∑

i∈[m]

∫
σi

v2
i (x)

〈
Λi(x)PFi(x)Uf,Λi(x)PFi(x)Tf

〉
dµx,

where D = {(m− 1)(N + 1) + 1}. Thus, for each f ∈ H, we have
A

(m− 1)(N + 1) + 1 ∥K∗f∥2 ≤
∑

i∈[m]

∫
σi

v2
i (x)

〈
Λi(x)PFi(x)Uf,Λi(x)PFi(x)Tf

〉
dµx

≤B∥f∥2.
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This completes the proof. □

3. Perturbation of Woven Continuous Controlled g-Fusion Frame

In frame theory, one of the most important problem is the stability of frame under
some perturbation. P. Casazza and Chirstensen [10] have been generalized the Paley-
Wiener perturbation theorem to perturbation of frame in Hilbert space. P. Ghosh
and T. K. Samanta have studied perturbation of dual g-fusion frame and continuous
controlled g-fusion frame in [18,21]. In this section, we will see that under some small
perturbations, continuous controlled K-g-fusion frames constitute woven continuous
controlled K-g-fusion frame.

Theorem 3.1. Let the families given by Λ = {(F (x),Λ(x), v(x))}x∈X and Γ =
{(G(x),Γ(x), v(x))}x∈X be continuous (T, U)-controlled K-g-fusion frames for H with
bounds A,B and C,D, respectively. Suppose that there exist non-negative constants
λ1, λ2 and µ with 0 < λ1 < 1, µ < (1 − λ1)A − λ2B such that for each f ∈ H, we
have

0 ≤
∫
X

v2(x) ⟨T ∗∆(x)Uf, f⟩ dµx

≤λ1

∫
X

v2(x)
〈
Λ(x)PF (x)Uf,Λ(x)PF (x)Tf

〉
dµx

+ λ2

∫
X

v2(x)
〈
Γ(x)PG(x)Uf,Γ(x)PG(x)Tf

〉
dµx + µ ∥K∗f∥2 ,

where ∆(x) =
(
PF (x)Λ(x)∗Λ(x)PF (x) − PG(x)Γ(x)∗Γ(x)PG(x)

)
. Then, Λ and Γ are W.

C. C. K. G. F. F. for H.

Proof. Let σ be a partition of X. Now, for each f ∈ H, we have∫
σ
v2(x)

〈
Λ(x)PF (x)Uf,Λ(x)PF (x)Tf

〉
dµx+

∫
σc

v2(x)
〈
Γ(x)PG(x)Uf,Γ(x)PG(x)Tf

〉
dµx

≥
∫
σ

v2(x)
〈
Λ(x)PF (x)Uf,Λ(x)PF (x)Tf

〉
dµx −

∫
σc

v2(x) ⟨T ∗∆(x)Uf, f⟩ dµx

+
∫
σc

v2(x)
〈
Λ(x)PF (x)Uf,Λ(x)PF (x)Tf

〉
dµx

≥
∫
X

v2(x)
〈
Λ(x)PF (x)Uf,Λ(x)PF (x)Tf

〉
dµx −

∫
X

v2(x) ⟨T ∗∆(x)Uf, f⟩ dµx

≥ (1 − λ1)
∫
X

v2(x)
〈
Λ(x)PF (x)Uf,Λ(x)PF (x)Tf

〉
dµx

− λ2

∫
X

v2(x)
〈
Γ(x)PG(x)Uf,Γ(x)PG(x)Tf

〉
dµx − µ ∥K∗f∥2
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≥ ((1 − λ1)A− λ2B − µ) ∥K∗f∥2 .

On the other hand, ∫
σ

v2(x)
〈
Λ(x)PF (x)Uf,Λ(x)PF (x)Tf

〉
dµx

+
∫
σc

v2(x)
〈
Γ(x)PG(x)Uf,Γ(x)PG(x)Tf

〉
dµx

≤
∫
X

v2(x)
〈
Λ(x)PF (x)Uf,Λ(x)PF (x)Tf

〉
dµx

+
∫
X

v2(x)
〈
Γ(x)PG(x)Uf,Γ(x)PG(x)Tf

〉
dµx

≤(B +D)∥f∥2.

This completes the proof. □
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