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VERTEX-EDGE ROMAN DOMINATION

H. NARESH KUMAR1 AND Y. B. VENKATAKRISHNAN1∗

Abstract. A vertex-edge Roman dominating function (or just ve-RDF) of a graph
G = (V,E) is a function f : V (G) → {0, 1, 2} such that for each edge e = uv
either max{f(u), f(v)} 6= 0 or there exists a vertex w such that either wu ∈ E
or wv ∈ E and f(w) = 2. The weight of a ve-RDF is the sum of its function
values over all vertices. The vertex-edge Roman domination number of a graph
G, denoted by γveR(G), is the minimum weight of a ve-RDF G. In this paper, we
initiate a study of vertex-edge Roman dominaton. We first show that determining
the number γveR(G) is NP-complete even for bipartite graphs. Then we show that
if T is a tree different from a star with order n, l leaves and s support vertices,
then γveR(T ) ≥ (n− l− s+ 3)/2, and we characterize the trees attaining this lower
bound. Finally, we provide a characterization of all trees with γveR(T ) = 2γ′(T ),
where γ′(T ) is the edge domination number of T.

1. Introduction

Let G = (V,E) be a simple graph with order n = |V |. For every vertex v ∈ V ,
the open neighborhood N(v) is the set {u ∈ V | uv ∈ E} and the closed neighborhood
of v is the set N [v] = N(v) ∪ {v}. The degree of a vertex v is the cardinality of its
open neighborhood, denoted dG(v) = |N(v)|. By δ(G) = δ we denote the minimum
degree of a graph G. A vertex of degree one is called a leaf and its neighbor is called
a support vertex. A support vertex is strong (weak, respectively) if it is adjacent to
at least two leaves (exactly one leaf, respectively). An edge incident with a leaf is
called a pendant edge. A star of order n ≥ 2, denoted by K1,n−1, is a tree with at
least n− 1 leaves. A double star is a tree that contains exactly two vertices that are
not leaves. A double star with respectively r and s leaves attached to each support
vertex is denoted by Dr,s.
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Let D be a nonempty subset of E. The subgraph of G whose vertex set is the set of
ends of edges in D and whose edge set is D is called the subgraph of G induced by D
and is denoted by 〈D〉. The subgraph 〈D〉 is called edge induced subgraph of G. The
distance between two vertices u and v in a connected graph G is the number of edges
in a shortest between u and v. The diameter, diam(G), of a graph G is the greatest
distance between any pair of vertices.

A set S of vertices is a dominating set of G if every vertex not in S is adjacent to
some vertex in S. A subset X of E is an edge dominating set (or just EDS) of G if
every edge not in X is adjacent to some edge in X. The edge domination number γ′(G)
of G is the minimum cardinality of an edge dominating set. An edge dominating set
of G of minimum cardinality is called a γ′(G)-set. Edge domination was introduced
by Mitchell and Hedetniemi [7].

A vertex v ve-dominates every edge incident to v, as well as, every edge adjacent to
these incident edges, that is, a vertex v ve-dominates every edge incident to a vertex
in N [v]. A set S ⊆ V is a vertex-edge dominating set (or simply, a ve-dominating set)
if for every edge e ∈ E, there exists a vertex v ∈ S such that v ve-dominates e. The
minimum cardinality of a ve-dominating set of G is called the ve-domination number
γve(G). The concept of vertex-edge domination was introduced by Peters [8] in 1986
and studied further in [1, 5, 6].

A function f : V (G)→ {0, 1, 2} is a Roman dominating function (or just RDF) if
every vertex u for which f(u) = 0 is adjacent to at least one vertex v for which f(v) = 2.
The weight of an RDF f is f(V (G)) = ∑

u∈V (G) f(u). The Roman domination number
γR(G) is the minimum weight of an RDF on G. For more information on Roman
domination, see [3, 4].

A variation of Roman dominating function, say, vertex-edge Roman dominating
function was defined in [9]. A vertex-edge Roman dominating function (ve-RDF) is
a function f : V (G)→ {0, 1, 2} such that each edge e = vu is either incident with a
vertex having function value at least one or uv is ve-dominated by some vertex w with
f(w) = 2. The vertex-edge Roman domination number γveR(G) equals the minimum
weight of all ve-RDF on G.

2. Complexity

We show that the Vertex-edge Roman domination problem (VERD-Dom) is NP-
complete for bipartite graphs by proposing a polynomial reduction from the well-known
NP-complete problem, Exact cover by 3-sets (X3C).

Vertex-Edge Roman Domination (VERD)
INSTANCE. Graph G = (V,E), positive integer k ≤ |V |.
QUESTION. Does G have an vertex-edge Roman dominating function of weight at
most k?



VERTEX-EDGE ROMAN DOMINATION 687

Exact cover by 3-sets(X3C)
INSTANCE. A finite set X with |X| = 3q and a collection C of 3-element subsets
of X.
QUESTION. Does C contain an exact cover for X, that is, a sub collection C ′ ⊆ C
such that for every element in X belongs to exactly one member of C ′?

Theorem 2.1. VERD problem in NP-complete for bipartite graphs.

Proof. VERD problem is a member of NP, since we can check in polynomial time
that a function f : V → {0, 1, 2} has a weight at most k and that is a vertex-edge
Roman dominating function. Now let us show how to transform any instance of X3C
into an instance G of VERD, so that one of them has a solution if and only if the
other one has a solution. Let X = {x1, x2, . . . , x3q} and C = {C1, C2, . . . , Ct} be an
arbitrary instance of X3C.

For each xi ∈ X, we create a path P i
6 = xiyiziaibipi and for each Cj we create a

single vertex cj. To obtain the graph G, we add edges cjxi if xi ∈ Cj. Clearly, G is
bipartite graph. Let Y = {c1, c2, . . . , ct} and W = {x1, x2, . . . , x3q}. Let H be the
subgraph of G induced by all paths P i

6’s. Set k = 8q. Observe that for any vertex-edge
Roman dominating function f on G, f(V (P i

6)) ≥ 2.
Suppose that the instance X,C of X3C has a solution C ′. We construct a

vertex-edge Roman dominating function of G with weight k as follows. For each
i ∈ {1, 2, . . . , 3q}, we assign a 0 to every vertex of {xi, yi, zi, bi, pi} and we assign a
2 to every ai. For every j ∈ {1, 2, . . . , t}, we assign a 2 to cj if Cj ∈ C ′ and a 0 if
Cj /∈ C ′. Note that since C ′ exists, its cardinality is precisely q and so the number
of cj’s with weight 2 is q, having disjoint neighborhoods in W . Since C ′ is a solution
for X3C, the edges incident with W are ve-Roman dominated by the cj’s. Hence it
is straightforward to see that f is a vertex-edge Roman dominating set of G with
cardinality 8q = k.

Conversely, suppose that G has a vertex-edge Roman dominating function f =
(V0, V1, V2) with weight at most k. As seen above we may assume, without loss of
generality, that ai ∈ V2 and every vertex of {pi, bi, zi, yi} is in V0. Since

3q∑
i=1
f(ai) = 6q,

we deduce that f(W ∪ Y ) ≤ 2q. If some xi belongs to V2, then we can substitue it
by a vertex of N(xi) ∩ Y. Hence W ∩ V2 = ∅. Now if there are two vertices xi and
xr assigned a 1 and have a common neighbor, say cj, then we can reassign a 0 to
each of xi and xr and a 2 to cj. So all vertices of V1 ∩W have no common neighbors.
Suppose xi and xj are assigned a 1. The vertices adjacent to (N(xi) ∩ Y ) \ {xi}
are assigned 0. To dominates the edges incident with these vertices, the vertex in
N(xi)∩Y are assigned weight 2. Since |W | = 3q, we must have W ∩V0 = ∅, implying
that C ∩ V2 6= ∅. Let y = |C ∩ V2|. Clearly y ≤ 2q and using the fact that every
cj has exactly three neighbors in W , we deduce that f(C) ≥ 2q. Now, combining
all these facts with f(V (G)) ≤ k = 8q, we obtain y ≥ q and hence y = q. Hence,
C ′ = {Cj | f(cj) = 2} is an exact cover for C. �
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3. Bounds

We present in this section some sharp bounds on the vertex-edge Roman domination
number. We begin with the following observation.

Observation 3.1. Let f = (V0, V1, V2) be an minimum vertex-edge Roman dominat-
ing function of a graph G. Then

(a) |V0| ≥ 1;
(b) no edge of G joins V1 and V2;
(c) V1 ∪ V2 is a vertex edge dominating set of G.
In the following, we give a lower bound on the vertex-edge Roman domination for

every graph in terms of the order and maximum degree.

Proposition 3.1. If G is a connected graph of order n ≥ 2, then γveR(G) ≥
⌈

2n
(∆+1)2

⌉
,

and the bound is sharp.

Proof. Let f = (V0, V1, V2) be an γveR(G)-function. From the Observation 3.1, we
have |V0| ≥ 1. The edge of G are ve-dominated by the vertices in V1 ∪ V2. Therefore
|V0| ≤ ∆2|V2|+ ∆|V1|. From n = |V0|+ |V1|+ |V2| ≤ ∆2|V2|+ ∆|V1|+ |V1|+ |V2| , we
obtain 2n

(∆+1)2 ≤ 2|V2|+ 2|V1|
∆+1 ≤ 2|V2|+ |V1| = γveR(G). Since γveR(G) is an integer, we

get γveR(G) ≥
⌈

2n
(∆+1)2

⌉
. The bound is sharp as it is attained for stars K1,n. �

Every Roman dominating function is a vertex-edge roman dominating function, we
have the following.

Proposition 3.2. If G is connected graph of order n ≥ 2 with maximum degree ∆,
then γveR(G) ≤ n−∆ + 1 and the bound is sharp.

We now present an upper bound of vertex-edge Roman domination in terms of edge
domination number.

Proposition 3.3. For any graph G, γveR(G) ≤ 2γ′(G).

Proof. Let D be a γ′(G)-set. Define a function f on V (G) by assigning a 1 to the
vertices incident with the edges in D and a 0 to the remaining vertices. It is easy to
see that f is a veR-dominating function of G, and thus, γveR(G) ≤ 2γ′(G). �

3.1. Trees. In this section we provide a lower bound of the vertex-edge Roman
domination number for trees with diameter at least three in terms of order n, number
of leaves l and support vertices s. We shall show that vertex-edge Roman domination
number of a tree with diameter at least three of order n with l leaves and s support
vertices bounded below by (n− l − s+ 3)/2. Let T ∗ be the tree obtained from K1,3
by subdividing two edges and α be the leaf which is incident to the edge which is
not subdivided. Moreover, for the purpose of characterizing the trees attaining this
bound, we introduce a family T of trees T = Tk that can be obtained as follows. Let
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T1 = P5 or P7. If k is a positive integer, then Ti+1 can be obtained recursively from
Ti by one of the following operations.

• Operation O1: Attach a vertex by joining it to any support vertex of Ti.
• Operation O2: Attach a path P2 by joining one of its vertices to a vertex of Ti
adjacent to mP2 where m ≥ 2.
• Operation O3: Attach a tree T ∗ by joining the vertex α to a leaf of Ti.
• Operation O4: Attach a path P4 by joining one of its leaves to a vertex of Ti
is a leaf or adjacent to P2 or P4

Lemma 3.1. If T ∈ T, then γveR(T ) = (n− `− s+ 3)/2.

Proof. We use induction on the number k of operations performed to construct the
tree T . If T is P5, then obviously γveR(T ) = 2 = (n− `− s+ 3)/2. Let k be a positive
integer. Assume the result is true for T ′ = Tk of the family T constructed by k − 1
operations. Let T = Tk+1 be a tree constructed by k operations.

First assume that T is obtained from T ′ by operation O1. Let v be a support
vertex and x be a leaf adjacent to v in T ′. Let the tree T is obtained from T ′ by
attaching a vertex y to v. We have n = n′ + 1, l = l′ + 1 and s′ = s. Let f1 be
a γveR(T ′)-dominating function of T ′. If f1(x) = 1 then f1(v) = 0. Replacing the
weight of x and v, we get f1 is a veR-dominating function of tree T . If f1(x) = 2
or 0 then the vertex which dominates the edge vx dominates vy. The function f1
is a veR-dominating function of T . Thus, γveR(T ) ≤ γveR(T ′). Let f be a γveR-
dominating function of tree T . If f(y) = 0 then f |V (T ′) is a veR-dominating function
of T ′. Let f(y) = 1 then f(x) = 1. The function f |V (T ′) is a veR-dominating function
of T ′. Assume f(y) = 2 then f(x) = 0. Replacing the weight of x and y, we
get f |V (T ′) is a veR-dominating function of T ′. Thus, γveR(T ′) ≤ γveR(T ). We get
γveR(T ) = γveR(T ′) = (n′ − l′ − s′ + 3)/2 = (n− l − s+ 3)/2.

Now assume that T is obtained from T ′ by operation O2. Let u be the vertex in T ′
which is adjacent to many P2. Let the tree T is obtained from T ′ by attaching the
path P2 = xy by joining x to u. We have n′ = n − 2, l′ = l − 1 and s′ = s − 1. Let
f1 be a γveR(T ′)-dominating function of tree T ′. To dominate the edges incident to
vertices in V (Tu), the vertex u is assigned weight two. The function

f(a) =
{
f1(a), if a ∈ V (T ′),
0, otherwise,

is a veR-dominating function of T . Thus, γveR(T ) ≤ γveR(T ′). Let f be a γveR(T )-
dominating function of T . To dominate the edges incident to vertices in V (Tu),
to the vertex u is assigned the weight two. It is obvious that f |V (T ′) is a veR-
dominating function of T ′. Thus, γveR(T ′) ≤ γveR(T ). We get γveR(T ) = γveR(T ′) =
(n′ − l′ − s′ + 3)/2 = (n− 2− l + 1− s+ 1 + 3)/2 = (n− l − s+ 3)/2.

Now assume that T is obtained from T ′ by operation O3. Let d be the leaf in T ′.
Let the tree T is obtained from T ′ by attaching a tree T ∗ by the vertex α. We have
n = n′ + 6, l = l′ + 1 and s = s′ + 1. Let f1 a γveR(T ′)-dominating function of tree T ′.
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The function

f(a) =


f1(a), if a ∈ V (T ′),
2, if Child of α,
0, otherwise ,

is a veR-dominating function of T . Thus, γveR(T ) ≤ γveR(T ′) + 2. Let f be a γveR(T )-
dominating function of T . To dominate the edges incident to the vertices in V (Tα), to
the child of α is assigned the weight two. It is obvious that f |V (T ′) is a veR-dominating
function of T ′. Thus, γveR(T ′) ≤ γveR(T ) − 2. We have γveR(T ) = γveR(T ′) + 2 =
(n′ − l′ − s′ + 3)/2 + 2 = (n− 6− l + 1− s+ 1 + 3)/2 + 2 = (n− l − s+ 3)/2.

Now, assume that T is obtained from T ′ by operation O4. Let d be the leaf in T ′.
Let the tree T is obtained from T ′ by attaching a path P4 = wuvt by joining w to d.
We have n = n′ + 4, l′ = l and s′ = s. Let f1 be a γveR(T ′)-dominating function of
tree T ′. The function

f(a) =


f1(a), if a ∈ V (T ′),
2, if a = u,
0, otherwise,

is a veR-dominating function of T . Thus, γveR(T ) ≤ γveR(T ′) + 2. Let f be a
γveR(T )-dominating function of T . To dominate the edges tv, vu, uw and wd, to the
vertex u is assigned the weight two. It is obvious that f |V (T ′) is a veR-dominating
function of T ′. Thus, γveR(T ′) ≤ γveR(T ) − 2. We have γveR(T ) = γveR(T ′) + 2 =
(n′ − l′ − s′ + 3)/2 + 2 = (n− 4− l − s+ 3)/2 + 2 = (n− l − s+ 3)/2.

Now, d is adjacent to a path P2 or P4. Let the tree T is obtained from T ′ by
attaching a path P4 = wuvt by joining w to d. We have n = n′ + 4, l = l′ + 1 and
s = s′+ 1. Let f1 be a γveR(T ′)-dominating function of tree T ′. Thus, the weight of d
is two in T ′. Then the

f(a) =


f1(a), if a ∈ V (T ′),
1, if a = u,
0, otherwise,

is a veR-dominating function of T . Thus, γveR(T ) ≤ γveR(T ′) + 1. Let f be a
γveR(T )-dominating function of T . To dominate the edges tv, vu, uw and wd, the
vertex d is assigned the weight two and v is assigned the weight one. It is obvious that
f |V (T ′) is a veR-dominating function of T ′. Thus, γveR(T ′) ≤ γveR(T ) − 1. We have
γveR(T ) = γveR(T ′) + 2 = (n′− l′− s′ + 3)/2 + 1 = (n− 4− l+ 1− s+ 1 + 3)/2 + 1 =
(n− l − s+ 3)/2. �

We now ready to establish the lower bound.

Theorem 3.1. If T is a tree with diam(T ) ≥ 3 of order n with l leaves and s support
vertices, then γveR(T ) ≥ (n− l − s+ 3)/2 with equality if and only if T ∈ T.

Proof. If T ∈ T, then by Lemma 3.1, γveR(T ) = (n− l−s+3)/2. If diam(T ) = 3, then
T is a double star. We have l = n− 2 and s = 2. Consequently, (n− l − s+ 3)/2 =
(n−n+2−2+3)/4 = 3/2 < 2 = γveR(T ). Now, assume that diam(T ) ≥ 4. Thus, the
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order n of the tree is at least five. We obtain the result by induction on the number
n. Assume that the theorem is true for every tree T ′ of order n′ < n with l′ leaves
and s′ support vertices.

Assume any support vertex of T , say y, is strong. Let x and t be the leaves
adjacent to y. Let T ′ = T − x. We have n′ = n − 1 and l′ = l − 1. Let f
be a γveR(T )-dominating function of a tree T . If f(x) = 0 then f |V (T ′) is a veR-
dominating function of T ′. If f(t) = 1 then f(x) = 1. The function f |V (T ′) is
a veR-dominating function of T ′. Assume f(x) = 2 then f(t) = 0. Replacing
the weight of x and t, we get f |V (T ′) is a veR-dominating function of T ′. Thus,
γveR(T ) ≥ γveR(T ′) ≥ (n′−l′−s′+3)/2 = (n−l−s+3)/2. If γveR(T ) = (n−l−s+3)/2,
we have γveR(T ′) = (n′ − l′ − s′ + 3)/2. By the inductive hypothesis T ′ ∈ T. The tree
T is obtained from T ′ by operation O1. Therefore, T ∈ T. Henceforth, we can assume
that every support vertex of T is weak.

Let x0x1x2 . . . xd−1xd be the longest path in tree T . We now root the tree at a
vertex xd. Clearly dT (x0) = dT (xd) = 1. From the previous paragraph, we can assume
dT (x1) = dT (xd−1) = 2.

Now, assume that x2 is adjacent to a leaf y1. Let T ′ = T − y1. We have n′ = n− 1,
l′ = l − 1 and s′ = s− 1. Let f be a γveR(T )-dominating function. To dominate the
edge x0x1 and x1x2, to the vertex x2 is assigned the weight two. Clearly f |V (T ′) is a
veR-dominating function of T ′. Thus, γveR(T ) ≥ γveR(T ′) = (n′ − l′ − s′ + 3)/2 =
(n− 1− l + 1− s+ 1 + 3)/2 > (n− l − s+ 3)/2.

Now, assume that x2 is adjacent to paths Pi = y1i
y2i

where i = 1, 2, . . . ,m (m ≥ 2)
other than x1x0. Let T ′ = T−Tx1 . We have n′ = n−2, l′ = l−1 and s′ = s−1. Let f be
a γveR(T )-dominating function. To dominate the edges x2x1, x1x0, x2y1i

and y1i
y2i

, to
the vertex x2 is assigned the weight two. It is obvious that f |V (T ′) is a veR-dominating
function of T ′. Thus, γveR(T ) ≥ γveR(T ′) = (n′ − l′ − s′ + 3)/2 = (n− l− s+ 3)/2. If
γveR(T ) = (n− l− s+ 3)/2, we have γveR(T ′) = (n′ − l′ − s′ + 3)/2. By the inductive
hypothesis T ′ ∈ T. The tree T is obtained from T ′ by operation O2. Therefore, T ∈ T.

Assume that x2 is adjacent to a path P2 = y1y2 other than x1x0. If dT (x2) = 2,
then T = P5, we have γveR(P5) = 2 = (n − l − s + 3)/2. Thus, T ∈ T. Assume
deg(x2) = 3. Let us consider some child of x3 say t is not a leaf. It suffices to consider
x3 is adjacent to isomorphic copy of Tx2 . Let T ′ = T − Tx2 . We have n′ = n − 5,
l′ = l − 2 and s′ = s − 2. To dominate the edges incident to vertices in V (Tt),
to the vertex t is assigned the weight two. It is easy to see that f |V (T ′) is a veR-
dominating function of T ′. Thus, γveR(T ) ≥ γveR(T ′) + 2 ≥ (n′ − l′ − s′ + 3)/2 + 2 ≥
(n− 5− l + 2− s+ 2 + 3)/2 + 2 > (n− l − s+ 3)/2.

Assume x3 is adjacent to path P3 : tuv. Let T ′ = T − Tt. We have n′ = n − 3,
l′ = l−1 and s′ = s−1. To dominate the edge x0x1, x1x2, to the vertex x2 is assigned
the weight two. It is easy to see that the vertex x2 dominates the edge x3t. To
dominate the edge tu and uv, to the vertex u is assigned the weight one. It is easy to
see that f |V (T ′) is a veR-dominating function of T ′. Thus, γveR(T ) ≥ γveR(T ′) + 1 ≥
(n′ − l′ − s′ + 3)/2 + 1 ≥ (n− 3− l + 1− s+ 1 + 3)/2 + 1 > (n− l − s+ 3)/2.
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Assume x3 is adjacent to path P2 : tu. Let T ′ = T − Tt. We have n′ = n − 2,
l′ = l − 1 and s′ = s − 1. To dominate the edge x0x1, x1x2, to the vertex x2 is
assigned the weight two. It is clear that the vertex x2 dominates the edge x3t. To
dominate the edge tu, to the vertex u is assigned the weight one. It is easy to see
that f |V (T ′) is a veR-dominating function of T ′. Thus, γveR(T ) ≥ γveR(T ′) + 1 ≥
(n′ − l′ − s′ + 3)/2 + 1 ≥ (n− 2− l + 1− s+ 1 + 3)/2 + 1 > (n− l − s+ 3)/2.

Assume x3 is a support vertex. Let t be a child of x3 other than x2. From operation
O1, it suffices to consider dT (x3) = 3. Let T ′ = T − Tt. We have n′ = n − 1,
l′ = l − 1 and s′ = s− 1. To dominate the edge x3t, to the vertex x2 is assigned the
weight two. It is easy to see that f |V (T ′) is a veR-dominating function of T ′. Thus,
γveR(T ) ≥ γveR(T ′) ≥ (n′−l′−s′+3)/2 ≥ (n−1−l+1−s+1+3)/2 > (n−l−s+3)/2.

Suppose deg(x3) = 2. Now assume that dT (x4) ≥ 3. Let T ′ = T − Tx3 . We have
n′ = n − 6, l′ = l − 2 and s′ = s − 2. To dominate the edges incident to V (Tx3),
to the vertex x2 is assigned the weight two. It is easy to see that f |V (T ′) is a veR-
dominating function of T ′. Thus, γveR(T ) ≥ γveR(T ′) + 2 ≥ (n′ − l′ − s′ + 3)/2 + 2 ≥
(n− 6− l + 2− s+ 2 + 3)/2 + 2 > (n− l − s+ 3)/2.

Now deg(x4) = 2. Let T ′ = T − Tx3 . We have n′ = n− 6, l′ = l − 1 and s′ = s− 1.
To dominate the edges incident to the vertices in V (Tx3), to the vertex x2 is assigned
the weight two. It is easy to see that f |V (T ′) is a veR-dominating function of T ′. Thus,
γveR(T ) ≥ γveR(T ′) + 2 ≥ (n′− l′− s′ + 3)/2 + 2 ≥ (n− 6− l+ 1− s+ 1 + 3)/2 + 2 =
(n− l− s+ 3)/2. If γveR(T ) = (n− l− s+ 3)/2, we have γveR(T ′) = (n′− l′− s′+ 3)/2.
By the inductive hypothesis T ′ ∈ T. The tree T is obtained from T ′ by operation O3.
Therefore, T ∈ T.

Now, assume dT (x2) = 2. Suppose that x3 is adjacent to a path P3 = y2y1y0 other
than x0x1x2. Let x3 be adjacent to y2. Let dT (x3) = 2. We have T = P7. It is easy to
see that γveR(P7) = (n− l− s+ 3)/2. Thus, T ∈ T. Now assume that dT (x3) ≥ 3. Let
T ′ = T − Tx2 . We have n′ = n− 3, l′ = l − 1 and s′ = s− 1. To dominate the edges
y0y1, y1y2, y2x3 and x3x2, to the vertex y2 is assigned the weight two. To dominate
the edges x2x1 and x1x0, to the vertex x1 is assigned weight one. It is easy to see
that f |V (T ′) is a veR-dominating function of T ′. Thus, γveR(T ) ≥ γveR(T ′) + 1 =
(n′ − l′ − s′ + 3)/2 + 1 = (n− 3− l + 1− s+ 1 + 3)/2 + 1 > (n− l − s+ 3)/2.

Assume that x3 is adjacent to a path P2 = y2y1 with x3 adjacent to y2. Let
T ′ = T − Tx2 . We have n′ = n− 3, l′ = l − 1 and s′ = s− 1. To dominate the edges
y1y2, y2x3, x2x1 and x3x2, to the vertex x3 is assigned the weight two. To dominate
the edge x1x0, either x1 or x0 is assigned weight one. It is easy to see that f |V (T ′) is a
veR-dominating function of T ′. Thus, γveR(T ) ≥ γveR(T ′)+1 = (n′−l′−s′+3)/2+1 =
(n− 3− l + 1− s+ 1 + 3)/2 + 1 > (n− l − s+ 3)/2.

Now, assume that x3 is a support vertex. Let x be the leaf adjacent to x3. Let
T ′ = T − Tx. We have n′ = n− 1, l′ = l − 1 and s′ = s− 1. To dominate the edges
x0x1, x2x1, x2x3 and x3x, to the vertex x2 is assigned the weight two. It is clear that
the function f |V (T ′) is a veR-dominating function of T ′. Thus, γveR(T ) ≥ γveR(T ′) =
(n′ − l′ − s′ + 3)/2 = (n− 1− l + 1− s+ 1 + 3)/2 > (n− l − s+ 3)/2.
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Assume that some child of x4, say y1 other than x3 such that distance of d to
the most distance vertex of Ty1 is 2 or 4. It suffices to consider the case when Tx is
P2 = y1y2 or P4 = y1y2y3y4. Let T ′ = T − Tx3 . We have n′ = n − 4, l′ = l − 1 and
s′ = s−1. Let f be a γveR(T )-dominating function. To dominate the edges x4x3, x3x2,
x2x1, x1x0, x4y1 and y1y2, to the vertices x4 and x1 are assigned the weights 2 and 1
respectively. It is easy to see that f |V (T ′) is a veR-dominating function of T ′. Thus,
γveR(T ) ≥ γveR(T ′) + 1 = (n′− l′− s′ + 3)/2 + 1 = (n− 4− l+ 1− s+ 1 + 3)/2 + 1 =
(n− l− s+ 3)/2. If γveR(T ) = (n− l− s+ 3)/2, we have γveR(T ′) = (n′− l′− s′+ 3)/2.
By the inductive hypothesis T ′ ∈ T. The tree T is obtained from T ′ by operation O4.
Therefore, T ∈ T.

Assume that some child of x4, say x other than x3 such that distance of d to the
most distance vertex of Tx is one or three. It suffices to consider the case when Tx
is P1 = y1 or P3 = y1y2y3 . Let T ′ = T − Tx3 . We have n′ = n − 4, l′ = l − 1 and
s′ = s − 1. Let f be a γveR(T )-dominating function. To dominate the edges x4x3
,x3x2, x2x1 and x1x0, to the vertex x2 is assigned the weight two. Thus, f |V (T ′) is a
veR-dominating function of T ′. Thus, γveR(T ) ≥ γveR(T ′)+2 = (n′−l′−s′+3)/2+2 =
(n− 4− l + 1− s+ 1 + 3)/2 + 2 > (n− l − s+ 3)/2.

Now, dT (x4) = 2. Let T ′ = T − Tx3 . We have n′ = n − 4, l′ = l and s′ = s. To
dominate the edges x4x3 ,x3x2, x2x1 and x1x0, to the vertex x2 is assigned the weight
two. Thus, f |V (T ′) is a veR-dominating function of T ′. It is easy to see that f |V (T ′) is a
veR-dominating function of T ′. Thus, γveR(T ) ≥ γveR(T ′)+2 = (n′−l′−s′+3)/2+1 =
(n− 4− l− s+ 3)/2 + 1 = (n− l− s+ 3)/2. If γveR(T ) = (n− l− s+ 3)/2, we have
γveR(T ′) = (n′ − l′ − s′ + 3)/2. By the inductive hypothesis T ′ ∈ T. The tree T is
obtained from T ′ by operation O4. Therefore, T ∈ T. �

4. Trees T with γveR(T ) = 2γ′(T )

In this section we provide a constructive characterization of trees with equal vertex-
edge Roman domination number and twice edge domination number. For the purpose
of characterizing the trees with equal vertex-edge Roman domination number and
twice edge domination number, we introduce a family F of trees T = Tk that can be
obtained as follows. Let T1 = P4. If k ≥ 2, then Ti+1 can be obtained recursively
from Ti by one of the following operations.

• Operation O5: Attach a vertex by joining it to any support vertex of Ti.
• Operation O6: Attach a path P4 = pqrs by joining the vertex q of a vertex w
of Ti adjacent to path P4 = xuvt with w adjacent to u.
• Operation O7: Attach a double star Dr,s(r, s ≥ 2) by joining one of its leaf to
a vertex of Ti adjacent to a path P4 or P3 or P2 or P1 or double star.

Lemma 4.1. If T ∈ F, then γveR(T ) = 2γ′(T ).

Proof. We use induction on the number k of operations performed to construct the
tree T . If T is P5, then obviously γveR(T ) = 2 = 2γ′(T ). Let k be a positive integer.
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Assume the result is true for T ′ = Tk of the family F constructed by k− 1 operations.
Let T = Tk+1 be a tree constructed by k operations.

First assume that T is obtained from T ′ by operation O5. Let u be a support vertex
and x be a leaf adjacent to u in the graph T ′. The graph T is obtained from T ′ by
adding a vertex y to u. Let D be a γ′(T )-set. To dominate the edges ux and uy, an
edge incident with u other than ux and uy is in D. It is obvious that D is an EDS
of T ′. Thus, γ′(T ′) ≤ γ′(T ). Let D′ be a γ′(T ′)-set. The edge which dominates ux
dominates the edge uy in graph T . Thus, γ′(T ) ≤ γ′(T ′). We have γ′(T ) = γ′(T ′). Let
f1 be a veR(T ′)-dominating function of T ′. If the vertex x has weight one, then the
vertex u has weight zero. Replace the weight of these two vertices. The function f1 is a
veR-dominating function of T . Thus, γveR(T ) ≤ γveR(T ′). Let f be a γveR-dominating
function of T . To dominate the edges ux and yu, the vertex u is assigned with weight
one or a vertex in N(u) is assigned with weight two. If the leaf y is assigned weight
two, then the vertex x has weight zero. Replace the weight of x from zero to two.
The function f is a veR-dominating function of T ′. If the vertex u is assigned with
weight one then f is a veR-dominating function of T ′. Thus, γveR(T ′) ≤ γveR(T ). We
get γveR(T ) = γveR(T ′) = 2γ′(T ′) = 2γ′(T ).

Now, assume that T is obtained from T ′ by operation O6. Let the vertex w ∈ T ′
be adjacent to path P4 = xuvt with u adjacent to w. The graph T is obtained from
T ′ by adding another path P4 = pqrs with q adjacent to w. Let D be a γ′(T ′)-set of
T ′. It is clear that D ∪ {qr} is an EDS of T . Thus, γ′(T ) ≤ γ′(T ) + 1. Let D′ be
a γ′(T )-set. To dominate the edges rs and vt, the edges qr, uv ∈ D′. It is easy to
verify that D′ \ {qr} is an EDS of the graph T ′. Thus, γ′(T ′) ≤ γ′(T )− 1. We have
γ′(T ) = γ′(T ′) + 1. Let f be a γveR-function of T ′. To dominate the edges vt, uv and
ux, the vertex u is assigned with weight two. Define a function f1 on V (T ) as

f1(a) =


f(a), if a ∈ V (T ′),
2, if a = r,
0, if a = p, q, s.

Clearly, f1 is a veR-dominating function of T . Thus, γveR(T ) ≤ γveR(T ′) + 2. Let
f1 be a γveR(T )-dominating function. As in the previous case, the vertex r and
u are assigned a weight two. The function f |V (T ′) is a veR-dominating function
of T ′. Thus, γveR(T ′) ≤ γveR(T ) − 2. We have γveR(T ′) = γveR(T ) − 2. We get
γveR(T ) = γveR(T ′) + 2 = 2γ′(T ′) + 2 = 2(γ′(T )− 1) + 2 = 2γ′(T ).

Now, assume that T is obtained from T ′ by operation O7. Let d be a vertex of T ′
with dT ′(d) ≥ 3. Let d be adjacent to P4 or P3 or P2 or P1 or Dr,s, r, s ≥ 2. The graph
T is obtained from T ′ by joining a leaf of Dr,s, r, s ≥ 2, to d. Let the support vertices
of Dr,s be u and v. Let the leaves of u be w and w1 and the leaves of v be t and t1. Let
w be adjacent to d. Let D be a γ′(T ′)-set. The vertex d is adjacent to P4 or P3 or P2
or P1 or Dr,s(r, s ≥ 2), an edge incident with d is in D. It is easy to see that D∪{uv}
is an EDS of the graph T . Thus, γ′(T ) ≤ γ′(T ′) + 1. Let D′ be a γ′(T )-set. To
dominate the edges vt, uw and uw1, the edge uv is in D′. It is obvious that D′ \ {uv}
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is an EDS of graph T ′. Thus, γ′(T ′) ≤ γ′(T )− 1. We have γ′(T ′) = γ′(T )− 1. Let f1
be a γveR-dominating function of T . To dominate the edges vt and uv, the vertex u
is assigned with weight two. It is obvious that f1|V (T ′) is a veR-dominating function
of T ′. Thus, γveR(T ′) ≤ γveR(T )− 2. Let f be a γveR(G)-dominating function of T ′.
Define f1 on V (T ) as

f1(a) =


f(a), if a ∈ V (T ′),
2, if a = u,
0, otherwise.

Clearly, f1 is a veR-dominating function of T . Thus, γveR(T ) ≤ γveR(T ′) + 2. We
have γveR(T ) = γveR(T ′) + 2. We get γveR(T ) = γveR(T ′) + 2 = 2γ′(T ′) + 2 =
2(γ′(T )− 1) + 2 = 2γ′(T ). �

The following theorem gives a characterization of trees for which γveR(T ) = 2γ′(T ).
Theorem 4.1. Let T be a nontrivial tree. Then γveR(T ) = 2γ′(T ) with equality if
and only if T ∈ F.
Proof. If T ∈ F, then by Lemma 4.1, γveR(T ) = 2γ′(T ). If diam(T ) = 1 or 2, then
T is P2 or star. We have γveR(T ) = 1 < 2 = 2γ′(T ). Assume diam(T ) = 3. If T is
P4. We have γveR(T ) = 2γ′(T ). If T is a double star other than P4, then T can be
obtained from P4 by applying operation O1. The result is proved by induction on
order n. Assume that the result is true for all tree T ′ of order n′ < n.

Let u be a strong support vertex. Let u be adjacent to two leaves x and y. Let
T ′ = T − x. Let D be a any γ′(T ′)-set. To dominate the edges ux and uy, an
edge incident with u other than ux and uy is in D. It is easy to see that D is
an EDS of T ′. Thus, γ′(T ′) ≤ γ′(T ). Let f1 be a veR(T ′)-dominating function
of G. If the vertex x has weight one, then the vertex u has weight zero. Replace
the weight of these two vertices. The function f1 is a veR-dominating function of
T . Thus, γveR(T ) ≤ γveR(T ′). Thus, γveR(T ) ≤ γveR(T ′) ≤ 2γ′(T ′) ≤ 2γ′(T ). If
γveR(T ) = 2γ′(T ), then γveR(T ′) = 2γ′(T ′). By the inductive hypothesis T ′ ∈ F. The
tree T is obtained from T ′ by operation O5. Thus, T ∈ F. Henceforth, we can assume
that every support vertex of T is weak.

Let u1u2u3 . . . uk be the longest path in the tree T . Then k ≥ 4 and dT (u1) =
dT (uk) = 1. The vertices u2 and uk−1 are support vertices, we can assume dT (u2) =
dT (uk−1) = 2.

Assume that u3 is adjacent to a path P2 = pq other than u2u1. Let D be a γ′(T )-set.
To dominate the edges u1u2 and pq, the edges u2u3, pu3 is in D. Define a function
f on V (T ) by assigning weight one to the vertices in V (〈D〉) \ {u2, u3, p}, assigning
weight two to u3 and zero to all other vertices. It is clear that f is a veR-dominating
function of T . Thus, γveR(T ) ≤ 2(γ′(T )− 2) + 2 < 2γ′(T ). Hence, the vertex u3 is a
support vertex. By operation O5, it suffices to consider dT (u3) = 3. Let x be a leaf
adjacent to u3.

Assume that u4 is adjacent to a path P3 = pqr. Let D be a γ′(T )-set. To dominate
the edges u2u1 and rq, the edges u2u3, pq is in D. Define a function f on V (G) by
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assigning weight one to the vertices in V (〈D〉) \ {u3, u2, p}, assigning weight two to
u and zero to all other vertices. It is easy to observe that f is a veR-dominating
function of G. Thus, γveR(T ) ≤ 2(γ′(T )− 2) + 3 < 2γ′(T ).

Assume that u4 is adjacent to a path P2 = pq. Let D be a γ′(T )-set. To dominate
the edges u1u2 and pq, the edges u2u3, pu4 is in D. Define a function f on V (G) by
assigning weight one to the vertices in V (〈D〉) \ {u4, u3, p}, assigning weight two to
u4 and zero to all other vertices. It is easy to observe that f is a veR-dominating
function of T . Thus, γveR(T ) ≤ 2(γ′(T )− 2) + 3 < 2γ′(T ).

Assume that u4 is a support vertex. Let y be the leaf adjacent to u4. Let dT (u4) = 2.
We have T is G1, where G1 is obtained from P5 by attaching a leaf adjacent to vertex
of P5 with minimum eccentricity. We have γveR(G1) = 2 < 4 = 2γ′(G1). Assume
dT (u4) ≥ 3. Let d be a vertex adjacent to u4 other than u3 and y. Let D be a
γ′(T )-set. To dominate the edges u2u1 and u4y, the edges u3u2, du4 is in D. Define
a function f on V (G) by assigning weight one to the vertices in V (〈D〉) \ {u3, u4, d},
assigning weight two to u4 and zero to all other vertices. It is easy to observe that f
is a veR-dominating function of G. Thus, γveR(T ) ≤ 2(γ′(T )− 2) + 3 < 2γ′(T ).

Assume that u4 is adjacent to P4 = pqrs with q adjacent to u4. Let T ′ = T − Tq.
Let D be a γ′(T )-set. To dominate the edges u2u1 and rs, the edges u3u2, qr ∈ D′. It
is easy to verify that D \ {qr} is an EDS of the graph T ′. Thus, γ′(T ′) ≤ γ′(T )− 1.
Let f be a γveR-function of T . To dominate the edges u1u2, u2u3 and u3x, the vertex
u is assigned with weight two. Define a function f1 on V (T ) as

f1(a) =


f(a), if a ∈ V (T ′),
2, if a = q,
0, if a = p, r, s.

Clearly, f1 is a veR-dominating function of H. Thus, γveR(T ) ≤ γveR(T ′) + 2. We get
γveR(T ) ≤ γveR(T ′)+2 ≤ 2γ′(T ′)+2 ≤ 2(γ′(T )−1)+2 = 2γ′(T ). If γveR(T ) = 2γ′(T ),
then γveR(T ′) = 2γ′(T ′). By inductive hypothesis T ′ ∈ F. The tree T is obtained
from T ′ by operation O6. Thus, T ∈ F.

Assume dT (u4) = 2. Let dT (u5) ≥ 3. Let T ′ = T − Tu4 . Let D be a γ′(T )-set.
To dominate the edges u4u3, u3x and u2u1, the edge u3u2 is in D. It is obvious that
D \ {u3v2} is an EDS of graph G. Thus, γ′(T ′) ≤ γ′(T ) − 1. Let f be a γveR(T ′)-
dominating function. Define f1 on V (T ) as

f1(a) =


f(a), if a ∈ V (T ′),
2, if a = u3,
0, otherwise.

Clearly, f1 is a veR-dominating function of H. Thus, γveR(T ) ≤ γveR(T ′) + 2. We get
γveR(T ) ≤ γveR(T ′)+2 ≤ 2γ′(T ′)+2 ≤ 2(γ′(T )−1)+2 = 2γ′(T ). If γveR(T ) = 2γ′(T ),
then γveR(T ′) = 2γ′(T ′). By inductive hypothesis T ′ ∈ F. The tree T is obtained
from T ′ by operation O7. Thus, T ∈ F.

Assume dT (u5) = 2. Let D be a γ′(T )-set. To dominate the edges u2u1 and
u5u4, the edges u2u3, u5u6 is in D. Define a function f on V (G) by assigning weight
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one to the vertices in V (〈D〉) \ {u2, u3, u5}, assigning weight two to u3 and zero
to all other vertices. It is clear that f is a veR-dominating function of T . Thus,
γveR(G) ≤ 2(γ′(T )− 2) + 3 < 2γ′(T ).

Now, assume dT (u3) = 2. Assume the vertex u4 is adjacent to path P3 = pqr. Let D
be a γ′(T )-set. To dominate the edges u2u1 and rq, the edges u2u3, pq is in D. Define
a function f on V (G) by assigning weight one to the vertices in V (〈D〉) \ {u3, u2, p},
assigning weight two to u3 and zero to all other vertices. It is easy to observe that f
is a veR-dominating function of T . Thus, γveR(T ) ≤ 2(γ′(T )− 2) + 3 < 2γ′(T ).

Assume the vertex u4 is adjacent to path P2 = pq. Let D be a γ′(T )-set. To
dominate the edges u2u1 and pq, the edges u3u2, pu4 is in D. Define a function f on
V (G) by assigning weight one to the vertices in V (〈D〉) \ {u3, u4, p}, assigning weight
two to u4 and zero to all other vertices. It is clear that f is a veR-dominating function
of G. Thus, γveR(T ) ≤ 2(γ′(T )− 2) + 3 < 2γ′(T ).

Assume the vertex u4 is a support vertex. Let x be the leaf adjacent to u4. Assume
that dT (u4) = 2. We have T = P5 and γveR(T ) = 2 < 4 = 2γ′(T ). Now assume
dT (u4) ≥ 3. Let D be a γ′(T )-set. To dominate the edges u1u2 and xu4, the edges
u3u2 and an edge incident with u4, say u4d, other than u4u3 and u4x is in D. Define
a function f on V (G) by assigning weight one to the vertices in V (〈D〉) \ {u3, u4, d},
assigning weight two to u4 and zero to all other vertices. It is easy to see that f is a
veR-dominating function of T . Thus, γveR(T ) ≤ 2(γ′(T )− 2) + 3 < 2γ′(T ).

Now, dT (u4) = 2. Let dG(u5) = 1. Then T is P5. We have γveR(T ) = 2 < 4 = 2γ′(T ).
Assume dT (u5) ≥ 2. Let D be a γ′(T )-set. To dominate the edges u1u2 and u4u5,
the edges u3u2, u4u6 is in D. Define a function f on V (T ) by assigning weight one to
the vertices in V (〈D〉) \ {u3, u5, u6}, assigning weight two to the vertex u5 and zero
to all other vertices. It is obvious that f is a veR-dominating function of T . Thus,
γveR(T ) ≤ 2(γ′(T )− 2) + 3 < 2γ′(T ). �
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