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SOME APPLICATIONS RELATED TO ADMISSIBLE FUNCTIONS
FOR HIGHER-ORDER DERIVATIVES OF MEROMORPHIC
MULTIVALENT FUNCTIONS

ABBAS KAREEM WANAS! AND ZAINAB SWAYEH GHALI?

ABSTRACT. In the present manuscript, we obtain some differential subordination
and superordination results for higher-order derivatives of meromorphic multivalent
functions in the punctured unit disk by investigating appropriate families of admis-
sible functions. These results are applied to obtain differential sandwich results.

1. INTRODUCTION

We denote by X, the family of all functions f of the form:
(1) fE) =7+ Y ans (peN={L2..})
n=p

which are analytic and multivalent in the punctured unit disk
Ur={z€C:0<|z| <1}.
A function f € ¥, is meromorphic multivalent starlike if f(z) # 0 and

“Re {Zf/(z>} >0 (zeU"),

f(z)
and f € ¥, is meromorphic multivalent convex if f'(z) # 0 and
zf”(z)}
—Re {1+ >0 (zeU").
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Upon differentiating both sides of (1.1) j—times with respect to z, we obtain

f(j)(z):( Di(p+j—1)! 5P J+Z

an?"7 (p,j €N;p>j).
(p—1)! (n—j)! ( )

Let H(U) be the collection of analytic functions in the open unit disk U =
{z € C: |z| < 1}. For a positive integer n and a € C, let H [a,n] be the sub-collection
of H(U) consisting of functions of the form:

f(2) =a+an2" + anp12" ™+

with H = H[1, 1].

Let f and g be members of H(U). The function f is said to be subordinate to g, or
(equivalently) g is said to be superordinate to f, if there exists a Schwarz function w
which is analytic in U with w (0) = 0 and |w(z)| < 1, z € U, such that f(z) = g(w(z)).
In such a case, we write f < g or f(z) < g(z), z € U. Further, if the function g is
univalent in U, then we have the following equivalence (see [5])

f(z2) < g(2) & f(0) = g(0) and f(U) C g(U).

Definition 1.1 ([6]). Let F,h € H(U) and ¢ : C3> x U — C. If F is analytic in U
and satisfies the following (second-order) differential subordination:

(1.2) ¢ (F(2),2F(2), °F"(2); 2) < h(2),

then F' is called a solution of the differential subordination (1.2). The univalent
function ¢ is called a dominant of the solutions of the differential subordination or
more simply a dominant if F'(z) < ¢(z) for all F satisfying (1.2). A dominant ¢ that
satisfies ¢(z) < ¢(z) for all dominants ¢ of (1.2) is said to be the best dominant.

Definition 1.2 ([7]). Let F,h € H(U) and ¢ : C* x U — C. If F and
6 (F(2),2F'(2), 2 F"(2); 2)

are univalent in U for ¢ € U and satisfy the following (second-order) differential
superordination:

(1.3) h(z) < ¢ (F(z),zF'(z),z2F"(z); z) :

then F' is called a solution of the differential superordination (1.3). An analytic
function g is called a subordinant of the solutions of the differential superordination
or more simply a subordinant if ¢(z) < F(z) for all F satisfying (1.3). A univalent
subordinant ¢ that satisfies ¢(z) < ¢(z) for all subordinants ¢ of (1.3) is said to be
the best subordinant.

Definition 1.3 ([6]). Denote by @ the set consisting of all functions ¢ that are
analytic and injective on U\ E(q), where

Blg) = {€ € 0U s T g(z) = oo},
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and are such that ¢/(§) # 0 for £ € U\ E(q).
Further, let the subclass of @ for which ¢(0) = a be denoted by Q(a), Q(0) = Qo

and Q(1) = Q.

Definition 1.4 ([6]). Let Q be a set in C, ¢ € @ and n € N. The family of admissible
functions ¥, [€2, ¢ consists of those functions ¢ : C*x U — C that satisfy the following
admissibility condition: ¥(r, s,t; z) ¢ €2, whenever

r=q(&), s=k(((€) and Re {Z + 1} > kRe {55//;(5) + 1} ,
z€eU, &€ 0U\E(q) and k > n.
We simply write Wy [, ¢] = ¥ [, q].

Definition 1.5 ([6]). Let 2 be a set in C and ¢ € 3 [a, n] with ¢/(z) # 0. The family
of admissible functions W’ [, q] consists of those functions ¢ : C* x U — C that
satisfy the following admissibility condition: i (r, s, t;£) € Q, whenever

r=gq(z), s= zq;iz) and Re {z + 1} < ;Re {Z(j,/;iz)) + 1}7

zeU,&€0Uand m>n>1.
In particular, we write W/ [Q, q] = ¥/ [, ¢].

In our investigations we shall need the following lemmas.

Lemma 1.1 ([6]). Let ¢ € V,, [, q], with ¢(0) = a. If F € H[a,n] satisfies
v (F(z),zF’(z), 2F"(2); z) €,
then F(z) < q(2).
Lemma 1.2 ([6]). Let ¢ € V! [, q] with ¢(0) =a. If F € Q(a) and
0 (F(z), 2F'(2), 22 F"(2); z)
is univalent in U, then
0 C {zp (F(z),zF’(z),zQF”(z);z> czeUCe U}

implies q(z) < F(z).

In recent years, several authors obtained many interesting results in differential
subordination and superordination, such as Seoudy [12], Wanas and Srivastava [19],
Lupas and Catas [4] and others (see, for example, [1-3,8-11,13-18,20]). In this inves-
tigation, we consider certain suitable families of admissible functions and derive some
differential subordination and superordination properties for higher-order derivatives
of meromorphic multivalent functions.
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2. SUBORDINATION RESULTS

Definition 2.1. Let Q2 be a set in C' and g € Q1NJH. The class of admissible functions
P, (2, q] consists of those functions ¢ : C* x U — C that satisfy the admissibility
condition: ¢(u, v, w; z) ¢ €, whenever

- U_qu/@) o o w + v? o £q"(€)
u=l€), v=" s € £0 and R{ ’ }2“‘ {q'@) “}’

where z € U, £ € OU\E(q) and k > 1.

Theorem 2.1. Let ¢ € ©; [, q]. If f € ¥, satisfies

(= D100 (z) 2fU(2)
(2.1) {¢ < (_1>j71(p +4 - 2)! ’ f(jfl)(Z)

20D (2) 2 f0)(2) 2fU0)(2) 2‘ '
FD(2) +ﬂ%%@_<ﬂﬁW@>’%’Z€U}CQ

then
(p— 11271 {00 (2)
(=1t p+j—2)
Proof. Define the function F' by

< q(z).

(p — 1=+ £60(z)

(=17 p+j—2)
Then, the function F' is analytic in U. After some calculation, we have
2F'(z) _ 2f9(2)
F(z) ~ o 0(z)
Further computations show that

2 o / 120 2 () /

20 s - G =g e

20 2f90:)  (2f9()
TG T fu) <f(j—1)(z)> '

Now, we define the transforms from C? to C by

(2.2) F(z) =

(2.3) +p+j—L

s r(t+s) — s?
u=r, v=-, w=-—"t——.

Let

(2.5) U (r, s,t; 2) :¢(u,v,w;z):¢<r,,;z> )
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The proof will make use of Lemma 1.1. Using equations (2.2), (2.3) and (2.4), it
follows from (2.5) that

(2.6)

N 2 (p = 1)IPHfUD(z) 2f0)(2)
P (F(z),zF (2),2°F (Z);Z) = 925( p(_ Yilp+j—2)l  fG-D(z)

1
(+1) S £G) (5 SF@ () \ 2
2f ()+f()_<ff(>>;z)_

oG TG ()

Therefore, (2.1) becomes ¢ (F(z), 2F'(2), 22F"(2); z) € Q.

To complete the proof, we next show that the admissibility condition for ¢ € ®; [€2, ]
is equivalent to the admissibility condition for ¢ as given in Definition 1.4.

Note that

t w + v?
Tyl = :
s

and hence 1) € ¥[Q),¢|. By Lemma 1.1, F(z) < ¢(z) or equivalently

(p— 1)!zp+j—1f(j—l)(z)
(D)7 (p+j - 2)

< q(z). O

We consider the special situation when €2 # C is a simply connected domain. In this
case 2 = h(U), for some conformal mapping h of U onto (2 and the class ®; [h(U), q] is
written as @, [k, g]. The following result is an immediate consequence of Theorem 2.1.

Theorem 2.2. Let ¢ € ®;[h,q|. If f € ¥, satisfies

o) ) <<p — DI 2 f0(2)

1t g 2) f“ ) TP

2f(J+1 (z)  zfU(z) <zf(j)(z) )2. )
+ = — . 12| < h(z),

)
D(z)  fUD(z) \fU0V(2)
then
(0 — )1z f60(2)
7+ - 2)!

By taking ¢(u,v,w;z) = u+ Fury B,v € C, in Theorem 2.2, we state the following
corollary.

< q(2).

Corollary 2.1. Let 5,7 € C and let h be convez in U, with h(0) =1, and

Re {Bh(z) +~} > 0.
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If f € ¥, satisfies
(p— DI fUD(z)
(=1 p+j—2)!
(1P (p+j — 2 [s79 () + (p+ § — 15 (2)]
3o — 1)l (F0-(2)) 4 4 (—1pHp+ j — 2 0-0(2)

< h(z),

then
(0~ 11U (2)
(=1 'p+j—2)
The next result is an extension of Theorem 2.1 to the case where the behavior of ¢
on QU is not known.

=< q(2).

Corollary 2.2. Let Q € C and q be univalent in U with q(0) = 1. Let ¢ € ®; [h, q,)
for some p € (0,1), where q,(2) = q(pz). If f € ¥, satisfies

o(Cmnisty S0
DG -2 FI()
2f() | 2f9(k) (Zf(j)(z) )22) .

FOU(z) G0\ FoD(z)
then
(p _ 1)!Zp+j—1f(j—1)(z)
(=1t (p+j—2)

< q(z).

Proof. Theorem 2.1 yields
(p— 1)l2PHi=1 fU=1(2)
(=17~ p+j—2)!
The result is now deduced from the fact that g,(z) < ¢(2). O

< qp(2).

Theorem 2.3. Let h and q be univalent in U with q(0) = 1 and set q,(z) = q(pz)
and hy(z) = h(pz). Let ¢ : C* x U — C satisfy one of the following conditions:
(1) ¢ € @, [h,q,] for some p € (0,1);
(2) there exists py € (0,1) such that ¢ € ®;[h,,q,] for all p € (po,1).
If f € 3, satisfies (2.7), then
(p — 1190
(=1 p+j—2)!
Proof. Case (1). By applying Theorem 2.1, we obtain
(p— 1)I2PHi=1 U1 (2)
(1)~ p+J —2)!

< q(2).

=< qp(2).
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Since g,(z) < ¢(z), we deduce
(o~ 11790
(1t~ 2)

< q(2).

Case (2). Let
p— 1)lzpti=1 fU-1)(2)
DT+ 2)

F(z) = ( and F,(z) = F(pz).

Then,
6 (Fp(2), 2F)(2), 22 F})(2); p2) = & (F(pz), 2F'(p2), 2F"(p2); p2, ) € hy(U).
By using Theorem 2.1 and the comment associated with
¢ (F(2),2F'(2), 22 F"(2);w(2)) € Q,

where w is any function mapping U into U, with w(z) = pz, we obtain Fj,(z) < ¢,(2)
for p € (po,1). By letting p — 17, we get F(z) < ¢q(z). Therefore,

(p = D100 ()

(=17 (p+j—2)!

The next result gives the best dominant of the differential subordination (2.7).

< q(2). O

Theorem 2.4. Let h be univalent in U and ¢ : C2 x U — C. Suppose that the
differential equation

W) 240G @) () L
28 ¢(q<z>’ R e e e e R ) ")

has a solution q, with q(0) = 1, and satisfies one of the following conditions:

(1) g € Q1 and ¢ € ®;[h, q];
(2) q is univalent in U and ¢ € ®; [h,q,] for some p € (0,1);
(3) q is univalent in U and there exists py € (0,1) such that ¢ € ®;[h,,q,] for all

p € (po;1).
If f € 3, satisfies (2.7), then
(p — DPH=1 =D (2)
(=1 p+j—2)!

<q(2)
and q is the best dominant.

Proof. 1t follows from Theorems 2.2 and 2.3, that ¢ is a dominant of (2.7). Since ¢
satisfies (2.8), it is also a solution of (2.7), then ¢ will be dominated by all dominants.
Thus, ¢ is the best dominant of (2.7). O

In the particular case q(z) = 1+ Mz, M > 0, and in view of Definition 2.1, the
family of admissible functions ®, [, g] denoted by ®, [€2, M] can be expressed in the
following form.
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Definition 2.2. Let Q be a set in C and M > 0. The family of admissible functions
®, [, M] consists of those functions ¢ : C* x U — C such that

kM kM + Le ¥ kM2
2.9 1+ M : SR S —— 0
29) ¢( et B () ¢)¢ ,

whenever z € U, § € R, Re{Le *} > k(k — 1)M for all § and k > 1.
Corollary 2.3. Let ¢ € ®; [, M|. If f € X, satisfies

s ((p — DIPHU(E) 2 f0)(2)
(=17 p+j—2)! " fUD(z)

2f0(2)  zfU(2) (zf(j)(z>>2‘z) o

FU-D(z2) +f(j—1)(z) -\ fUD(2)
then

+ 1| < M.

(0~ )51 (2)
D2+ - 2)
When 2 = q(U) = {w : |lw— 1| < M}, the family ®,[2, M] is simply denoted by
®; [M], then Corollary 2.3 takes the following form.

Corollary 2.4. Let ¢ € ®; [M]. If f € ¥, satisfies
p— DIPH=1f0-0(2)  2f0)(2) .
P( ey = R ASES
2fU)  2f9G)  (29¢)\
POz Oy <f(j—1)(z)> 2] - < M.
Then,
(p = 1)PH1fUD(2)
’(—nf%p+j—m!'*l<ﬂl
Ezample 2.1. If M > 0 and f € ¥, satisfies
2 fUHD () 2fU)(2) '
o) ‘(ﬂfU@Q IR
then ( -1 1))
p— D)= U (2
SV I

This implication follows from Corollary 2.4 by taking ¢(u, v, w;z) = w —v + 1.
Ezample 2.2. If M > 0 and f € ¥, satisfies

2f9(2)

f(J 1)( )+p+j—2

M+1
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then

(p — D100 ()
(=172(p+j —2)!

This implication follows from Corollary 2.3 by taking ¢(u, v, w; z) = v and Q = h(U)

where h(z) = M_HZ M > 0. To apply Corollary 2.3, we need to show that ¢ €

®; [Q, M], that is the admissibility condition (2.9) is satisfied follows from

kM kM + Le M2 kM M
1+ Me® : _ _| = >
‘¢( T e Mt e <M+e’9> ! ) M+1=M+1
forzeU,f0eRand k> 1.

+ 1| < M.

3. SUPERORDINATION RESULTS

In this section, we derive differential superordination. For this purpose the family
of admissible functions given in the following definition will be required.

Definition 3.1. Let €2 be a set in C and ¢ € H. The class of admissible functions
@’ [€2, q] consists of those functions ¢ : C3? x U — C that satisfy the admissibility
condition: ¢(u, v, w;&) € Q, whenever

! 2 1 1"
u = q(z), UZZQ(z),q(Z)%O and Re{w+v }SRe{Zq/ (2>+1}’
mq(z) v m ¢(2)
where z € U, £ € U and m > 1.

Theorem 3.1. Let ¢ € O [Q,q]. If f € %),

(p— 1)lerH-1fGD(2)
(1) (p+j —2)!

€@

and

¢<(p—1)'2p“1f(j 1(2) V() +p+j—1,

(1 p+j—2)! 7 fO(z)
2f(]+1)( ) | 2fV(%)  (2f9() 2.2
() () (f“—”@)) ’ )

is univalent in U, then

(3.1) Qc {¢ ((p— D=L D (2) 2 f0)(2) a1

CD -2 fOG)

20D (2) 2 f0)(2) B 2fU)(2) 2.Z .
POy ez (f‘j”(Z)) | ) EU}

implies
(p — )P =1 ()
(=1) "t p+j—2)!

q(z) <
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Proof. Let F defined by (2.2) and ¢ (F(2), 2zF'(2), 22F"(z); z) defined by (2.6). Since
¢ € 9716, g], from (2.6) and (3.1), we have

Qc{¢(F(2),2F(2), 2F'(2);2) 1 2 € U}

From (2.5), we see that the admissibility condition for ¢ € @’ [Q, ¢ is equivalent to
the admissibility condition for ¢ as given in Definition 1.5. Hence, ¢ € ¥’ [Q, g] and
by Lemma 1.2, ¢(z) < F(z) or equivalently

(p — 1)12PH=1 =1 ()
(=17 p+j—2)!
We consider the special situation when €2 # C is a simply connected domain. In this

case 2 = h(U), for some conformal mapping h of U onto 2 and the class ®; [n(U), q] is
written as ®’ [k, g]. The following result is an immediate consequence of Theorem 3.1.

O

q(z) <

Theorem 3.2. Let ¢ € ®)[h,q], ¢ € H and h be analytic in U. If f € X,
AP o g

(=1)=L(p45-2)!
(p— 1)1 fU- 1<z> 0)(2)
¢<< Fp 12 fun(z)

1)
zf(j+1)( ) 2fW (2) B zf(j)(z) 2.2
) () (fW’(Z)) | )

+p+7—1,

is univalent in U, then

Dl ti=1 =0 (2) 2 f0)(2)

(3.2) h@)<¢<@ +p+j—1,

(=17 p+j =2t " fD(z)

)
f(J“)(z) zf(j)(z) B (zf(j)(z) )2.2
] 1)(2) )(Z) f(j—l)(z) )

implies
(b~ DI+ 00 ()

(1) Hp+j—2)!

By taking ¢(u,v,w;z) = u+ it B,v € C, in Theorem 3.2, we state the following
corollary.

q(z) <

Corollary 3.1. Let 3,7 € C and let h be convex in U with h(0) = 1. Suppose that

the differential equation q(z) + Bz‘(] ()Z = h(2) has univalent solution q that satisfies

q(0) =1 and q(z) < h(2). If f € %,,

(p = 112760 (e)
)7+ —2)

eHN,
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and
(p — 1)lzpri=1£G=1(2) (17 p+j =2 [2fD(2) + (p+ 5 — 1) fU(z)]

(D75 =2 fp— et (JO0() + (-1 o+ — 26D (:)
is univalent in U, then
(= 1P (2)

(=17 p+j—2)!

()7 (p+j = 2)! [2fD(2) + (p+ 5 — IV (2)]
Blp— D1t (f0-0()) +7(=1p-(p+ ] — 210D (z)

h(z) <

implies
(p — 1)1PH=1 =1 (2)
(=1) ' p+j—2)!

The next result gives the best subordinant of the differential superordination (3.2).

q(z) <

Theorem 3.3. Let h be analytic in U and ¢ : C> x U — C. Suppose that the
differential equation

¢ (Q(z), Zq/(z), Z0(2) + () <qu(z)>2 ;z) = h(z)

9(z) "~ alz)  ql2) q(2)

has a solution q € Q. If ¢ € P [h,q], f €%, (p (1)i§f+f(plf;] 21) “ €@y and

¢<(p DI U () 2f9(2)
(=17 p+j—2)! " fD(z)

) f
2f00(2)  2fU(z) 2fV(2) 2.2
i) T <f<j‘”(Z)> | )

+p+7—1,

fUN(z) fUD(z)
is univalent in U, then
<o S e
2P0 () 2 f0)(z) 29 (2) \?
FO0GE) T EG) (f“”(z)) )
implies

(p— DlPH1fU(z)
(=17 p+J—2)

q(z) <
and q is the best subordinant.

Proof. The proof is similar to that of Theorem 2.4 and is omitted. O
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4. SANDWICH RESULTS

By combining Theorem 2.2 and Theorem 3.2, we obtain the following sandwich
result.

Theorem 4.1. Let hy and q, be analytic functions in U, he be univalent in U, qo € Q1
with ql(O) = QQ<O) =1 and gb S CI)j [hQ,QQ] N CI); [hl,ql]. Iff € Ep,

(p— Dl fU ()
(=17t p+j—2)!

eHNO

and

¢<(p 1)1 2P ti= lf(J 1) (z) ( ) i1

( 1)] (p—}—j—Q)' ’f ()
2f0D(2)  2fU(z) B 2f9(2) 2.2
FG-1) (z) - f(j—l)(z) <f(j_1)(z)> 7 )

1s univalent in U, then

(p— D171 U0 () 2f0(z)
h1<2) '<¢< (—1)j—1(p+j _ 2)! ’ f(j-U(Z)

2P0 0 (zf(j)(z) )2;Z)

FO0E) )\ ()
<ha(2)
implies
(p — 1l fU70(2)
(=17 p+J—2)

By combining Corollary 2.1 and Corollary 3.1, we obtain the following sandwich
result.

q1(z) < < qa2(2).

Corollary 4.1. Let 5,y € C and let hy, hy be convex in U with hy(0) = hQ(O) = 1.
Suppose that the differential equations qi(z)+ qu(l = hi(2), ¢2(2)+ qu(Z) = ha(2)
have a univalent solutions q; and qo, Tespectively, that satisfies q1(0) = q2(0) =1 and

q1(2) = h1(2), qa(2) = ha(2). If f € 3,

(p— 112?60 (2)
7+ —2)

eHN

and

(p — D)1ePHi=1fU-D(z) (17 Y p+j =2 [2fD(2) + (p+j — 1) fU(z)]
(=177 p+7 =20 Blp— D1 (fOD(2))" + (=1~ (p +j — 2)!f0-D(2)
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is univalent in U, then
(p — DI (e)

M) T o)
(17 p+j =2 [2fD(2) + (p+5 — 1)fU(z)]
Blp = D=1 (f00(2))" 4 5 (= 1)1 (p +j = 2L UD(2)
<ha(2)
implies

(p— D1 -1 (z)
(1) p+Jj—2)!
Acknowledgements. The authors would like to thank the referee(s) for their careful

reading and helpful comments.

q1(z) < < q2(2).
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