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THE MINIMUM EDGE COVERING ENERGY OF A GRAPH

SAMIRA SABETI1, AKRAM BANIHASHEMI DEHKORDI1,
AND SAEED MOHAMMADIAN SEMNANI1

Abstract. In this paper, we introduce a new kind of graph energy, the minimum
edge covering energy, ECE

(G). It depends both on the underlying graph G, and on
its particular minimum edge covering CE . Upper and lower bounds for ECE

(G) are
established. The minimum edge covering energy and some of the coefficients of the
polynomial of well-known families of graphs like Star, Path and Cycle Graphs are
computed.

1. Introduction

In the study of spectral graph theory, we use the spectra of the certain matrix
associated with the graph, such as the adjacency matrix, the Laplacian matrix, and
other related matrices. Some useful information about the graph can be obtained
from the spectra of these various matrices. Let G be a simple graph and let its vertex
set be V (G) = {v1, v2, . . . , vn}. The adjacency matrix A(G) of the graph G is a
square matrix of order n whose (i, j)-entry is equal to unity if the vertices vi and vj

are adjacent and it is equal to zero otherwise. The eigenvalues λ1, λ2, . . . , λn of A(G),
assumed in nonincreasing order, are the eigenvalues of the graph G. The concept of
energy of a graph was introduced by I. Gutman [1] in the year 1978 as the sum of the
absolute values of its eigenvalues:

E(G) =
n∑

i=1
|λi|.

One of the remarkable chemical applications of spectral graph theory is based on the
close correspondence between the graph eigenvalues and the molecular orbital energy
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levels of π-electron in conjugated hydrocarbons. An interesting quantity in Huckel
theory is the sum of the energies of all the electrons in a molecule, so-called total
π-electron energy E. For more details on the mathematical aspects of the theory of
graph energy see [2–5]. The basic properties including various upper and lower bounds
for energy of a graph have been established [6,7], and it has found remarkable chemical
applications in the molecular orbital theory of conjugated molecules [8]. Recently
C. Adiga et al. [8] defined the minimum covering energy, EC(G) of a graph which
depends on its particular minimum cover C. Further, incidence energy, matching
energy, minimum dominating energy, Laplacian minimum dominating energy and
minimum dominating distance energy of a graph G can be found in [9–16]. Motivated
by these papers, we study the minimum edge covering ECE

of a graph G. We compute
some properties of the characteristic polynomial of a minimum edge covering matrix of
a graph G. Upper and lower bounds for ECE

(G) are established. It is possible that the
minimum edge covering energy that we are considering in this paper may have some
applications in chemistry as well as in other areas. Let G = (V,E) be a simple finite
graph that is has no loops no multiple and directed edges. Graph G has n vertices, m
edges with vertex set V (G) = {v1, v2, . . . , vn} and edge set E(G) = {e1, e2, . . . , em}.

Definition 1.1. A subset C of V is called a covering set of G if every edge of G is
incident to at least one vertex of C. Any covering set with minimum cardinality is
called a minimum covering set.

Definition 1.2. A subset of E is called an edge covering set of G if every vertex of G is
incident to at least one edge of it. Any edge covering set with minimum cardinality is
called a minimum edge covering set. Let CE be a minimum edge covering set of a graph
G. The minimum edge covering matrix of G is a m×m matrix ACE

(G) = (eij)m×m,
where

eij =


1, if ei, ej are adjacent,
1, if i = j and ei ∈ CE,
0, otherwise.

The characteristic polynomial of ACE
(G) is denoted by fm(G, λ) = det(λI −

ACE
(G)) = c0λ

m + c1λ
m−1 + c2λ

m−2 + · · · + cm. The matrix ACE
(G) is real and

symmetric. Then the eigenvalues of ACE
(G) are real numbers and are labeled in

non-increasing order λ1 ≥ λ2 ≥ · · · ≥ λm. The minimum edge covering energy of G is
defined as

ECE
(G) =

m∑
i=1
|λi|.

2. Problem Formulation and some Basic Properties of Minimum Edge
Covering Energy

Following theorem obtains the coefficients of polynomial without applying determi-
nant expansion.
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Theorem 2.1. Let G be a graph with vertex set V , edge set E, and the minimum edge
covering set CE. Let fm(G, λ) = det(λI−ACE

(G)) = c0λ
m+c1λ

m−1+c2λ
m−2+· · ·+cm

be the characteristic polynomial of G. Then
(i) c0 = 1;
(ii) c1 = −|CE|;

(iii) c2 =
(
|CE|

2

)
−
(

1
2

m∑
i=1

deg(ei)
)

;

(iv) c3 = −
(
|CE|

3

)
+ |CE|

(
1
2

m∑
i=1

deg(ei)
)
−
∑

i∈CE

deg(ei)−2(K1,3 +C3), where C3 is

the number of triangles and K1,3 is the number of star graphs with four vertices
in G.

Proof. (i) Directly from the definition of fm(G, λ), it follows that c0 = 1.
(ii) Since the sum of diagonal elements of ACE

(G) is equal to |CE|, sum of deter-
minants of all 1 × 1 principal submatrices of ACE

(G) is the trace of ACE
(G) which

evidently equal to |CE|. Thus, (−1)1c1 = |CE|.
(iii) (−1)2c2 is equal to sum of determinats of all the 2× 2 principal submatrices

of ACE
(G) , that is

c2 =
∑

1≤i<j≤m

∣∣∣∣∣eii eij

eji ejj

∣∣∣∣∣ =
∑

1≤i<j≤m

(eiiejj − eijeji)

=
∑

1≤i<j≤m

eiiejj −
∑

1≤i<j≤m

e2
ij =

(
|CE|

2

)
− 1

2

m∑
i=1

deg(ei).

(iv)

c3 =(−1)3 ∑
1≤i<j<k≤m

∣∣∣∣∣∣∣
eii eij eik

eji ejj ejk

eki ekj ekk

∣∣∣∣∣∣∣
=−

∑
1≤i<j<k≤m

[eii(ejjekk − ekjejk)− eij(ejiekk − ekiejk)

+ eik(ejiekj − ekiejj)]
=−

∑
1≤i<j<k≤m

eiiejjekk +
∑

1≤i<j<k≤m

[eiiejk + ejjeik + ekkeij]

−
∑

1≤i<j<k≤m

eijejkeki −
∑

1≤i<j<k≤m

eikekjeji

=
(
|CE|

3

)
+ |CE|

(
1
2

m∑
i=1

deg(ei)
)
−
∑

i∈CE

deg(ei)− 2(k1,3 + C3).

Thus,

c3 =
(
|CE|

3

)
+ |CE|

(
1
2

m∑
i=1

deg(ei)
)
−
∑

i∈CE

deg(ei)− 2(k1,3 + C3). �
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Corollary 2.1. Let G be a path Pn with n vertices and m edges, then
(i) c0 = 1;
(ii) c1 = −

⌈
m+1

2

⌉
, dxe is the smallest integer number greater than or equals to x;

(iii) c2 =
(⌈

m+1
2

⌉
2

)
− (m− 1);

(iv) c3 =
(⌈

m+1
2

⌉
3

)
+
⌈
m+ 1

2

⌉
(m− 1)−

∑
i∈CE

deg(ei).

Corollary 2.2. Let G be a cycle Cn with n vertices and m edges, then
(i) c0 = 1;
(ii) c1 = −

⌈
m

2

⌉
;

(iii) c2 =
(⌈

m
2

⌉
2

)
−m;

(iv) c3 = −
(⌈

m
2

⌉
3

)
+
⌈
m

2

⌉
(m− 2), m ≥ 4.

Remark 2.1. Let G be a path Pn with n vertices and m edges, then
m∑

i=1
deg(ei) = 2(m− 1).

Theorem 2.2. If λ1, λ2, . . . , λm are eigenvalues of ACE
(G),then

m∑
i=1

λ2
i = |CE|+

m∑
i=1

deg(ei).

Proof. The sum of squares of the eigenvalues of ACE
(G) is just the trace of (ACE

(G))2

Therefore,
m∑

i=1
λ2

i =
m∑

i=1

m∑
j=1

eijeji = 2
∑
i<j

(eij)2 +
m∑

i=1
(eii)2 = |CE|+

m∑
i=1

deg(ei). �

Theorem 2.3 (Parity theorem). Let G be a graph with a minimum edge covering set
CE. If the minimum edge covering energy ECE

(G) of G is a rational number, then
ECE

≡ |CE| (mod 2).(2.1)
Proof. Let λ1, λ2, . . . , λr be positive, and the rest of the minimum edge covering
eigenvalues non-positive. Thus,

ECE
(G) =

m∑
i=1
|λi| = (λ1 + λ2 + · · ·+ λr)− (λr+1 + λr+2 + · · ·+ λm),

implies ECE
(G) = 2(λ1 + λ2 + · · · + λr) − |CE|. Since λ1, λ2, . . . , λr are algebraic

integers, so is their sum. Hence, λ1 + λ2 + · · · + λr must be an integer if ECE
(G) is

rational. �
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3. The Minimum Edge Covering Energy of Some Graphs

Theorem 3.1. The minimum edge covering energy of a star graph K1,n−1 is m for
n ≥ 2. The polynomial of it is λm −mλm−1.

Proof. Let K1,n−1 be a star graph with vertex set V = {v0, v1, v2, . . . , vn−1} and center
v0, then

AcE
(G) =


1 1 1 · · · 1
1 1 1 · · · 1
1 1 1 · · · 1
... ... ... . . . ...
1 1 1 · · · 1

 ,

that AcE
(G) is m×m. Then its characteristic polynomial is

fm(k1,n−1, λ) = det


λ− 1 −1 · · · −1
−1 λ− 1 · · · −1
... ... . . . ...
−1 −1 · · · λ− 1

 .(3.1)

By computing determinant of upper triangular of matrix (3.1) we will have
fm(k1,n−1, λ) = λm −mλm−1.

Then

Spec(k1,n−1) =
(
m 0
1 m− 1

)
,

ECE
(G) =

m∑
i=1
|λi| = m. �

Theorem 3.2. Let G be a path or a cycle graph with a minimum edge covering set
CE. Then ECE

(G) ' 2m− |CE| or |ECE
(G)− (2m− |CE|)| ≤ 1.

Proof. Let λ1, λ2, . . . , λr be positive eigenvalues, and the rest of the minimum edge
covering eigenvalues non-positive. Thus,

ECE
(G) =

m∑
i=1
|λi| = (λ1 + λ2 + · · ·+ λr)− (λr+1 + λr+2 + · · ·+ λm),

implies ECE
(G) = 2(λ1 + λ2 + · · · + λr) − |CE|. Since λ1, λ2, . . . , λr are algebraic

integers, so sum (λ1 + λ2 + · · ·+ λr) ' m. Hence, ECE
(G) ' 2m− |CE|. �

Theorem 3.3 (Upper bound). Let G be a graph with n vertices, m edges, and let CE

be a minimum edge covering set of G. Then

ECE
(G) ≤

√√√√m( m∑
i=1

deg(ei) + |CE|
)
.
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Proof. Let λ1 ≥ λ2 ≥ λ3 · · · ≥ λm be the eigenvalues of ACE
(G). Bearing in mind the

Cauchy-Schwarz inequality m∑
i=1

aibj

2

≤

 m∑
i=1

a2
i

 m∑
i=1

b2
i

,
we put ai = 1 and bi = |λi| and we have

[ECE
(G)]2 =

 m∑
i=1
|λi|

2

≤ m

 m∑
i=1
|λi|2

 = m
m∑

i=1
λ2

i = m

 m∑
i=1

deg(ei) + |CE|

.�
Theorem 3.4 (Lower bound). Let G be a graph with n vertices and m edges, and let
CE be a minimum edge covering set of G. If D = | detACE

(G)| , then

[ECE
(G)]2 ≥

m∑
i=1

deg(ei) + |CE|+m(m− 1) m

√√√√( m∏
i=1

λi

)2
,(3.2)

with equality if G is a star of order n.

Proof. We have

[ECE
(G)]2 =

 m∑
i=1
|λi|

2

=
 m∑

i=1
|λi|

 m∑
i=1
|λi|

 =
m∑

i=1
|λi|2 +

∑
i 6=j

|λi||λj|.

Now, by inequality between the arithmetic mean and geometric mean, we have
1

m(m− 1)
∑
i 6=j

|λi||λj| ≥
(∏

i 6=j

|λi||λj|
) 1

m(m−1)
.

Thus,

[ECE
(G)]2 ≥

m∑
i=1
|λi|2 +m(m− 1)

(∏
i 6=j

|λi||λj|
) 1

m(m−1)

≥
m∑

i=1
|λi|2 +m(m− 1)

( m∏
i=1
|λi|2(m−1)

) 1
m(m−1)

=
m∑

i=1
|λi|2 +m(m− 1)

∣∣∣∣ m∏
i=1

λi

∣∣∣∣ 2
m

=
m∑

i=1
deg(ei) + |CE|+m(m− 1)D 2

m .

Since in the star graphs the multiplicity of λ = 0 ism−1, so Πm
i=1λi = detACE

(G) = 0,
|CE| = m and ∑m

i=1 deg(ei) = m(m− 1). Then, by placing the above values in (3.2),
equality cases hold

m2 = [ECE
(K1,n−1)]2 ≥ m(m− 1) +m+m(m− 1) m

√√√√( m∏
i=1

λi

)2
= m2. �
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