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THE MINIMUM EDGE COVERING ENERGY OF A GRAPH
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ABSTRACT. In this paper, we introduce a new kind of graph energy, the minimum
edge covering energy, Fc, (G). It depends both on the underlying graph G, and on
its particular minimum edge covering C'g. Upper and lower bounds for Ec,(G) are
established. The minimum edge covering energy and some of the coefficients of the
polynomial of well-known families of graphs like Star, Path and Cycle Graphs are
computed.

1. INTRODUCTION

In the study of spectral graph theory, we use the spectra of the certain matrix
associated with the graph, such as the adjacency matrix, the Laplacian matrix, and
other related matrices. Some useful information about the graph can be obtained
from the spectra of these various matrices. Let G be a simple graph and let its vertex
set be V(G) = {v1,ve,...,v,}. The adjacency matrix A(G) of the graph G is a
square matrix of order n whose (4, j)-entry is equal to unity if the vertices v; and v,
are adjacent and it is equal to zero otherwise. The eigenvalues A\i, A, ..., A, of A(G),
assumed in nonincreasing order, are the eigenvalues of the graph GG. The concept of
energy of a graph was introduced by I. Gutman [1] in the year 1978 as the sum of the
absolute values of its eigenvalues:

E(G) —iw.

One of the remarkable chemical applications of spectral graph theory is based on the
close correspondence between the graph eigenvalues and the molecular orbital energy
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levels of m-electron in conjugated hydrocarbons. An interesting quantity in Huckel
theory is the sum of the energies of all the electrons in a molecule, so-called total
m-electron energy E. For more details on the mathematical aspects of the theory of
graph energy see [2-5]. The basic properties including various upper and lower bounds
for energy of a graph have been established [6,7], and it has found remarkable chemical
applications in the molecular orbital theory of conjugated molecules [8]. Recently
C. Adiga et al. [8] defined the minimum covering energy, Ec(G) of a graph which
depends on its particular minimum cover C. Further, incidence energy, matching
energy, minimum dominating energy, Laplacian minimum dominating energy and
minimum dominating distance energy of a graph G can be found in [9-16]. Motivated
by these papers, we study the minimum edge covering E¢,, of a graph G. We compute
some properties of the characteristic polynomial of a minimum edge covering matrix of
a graph G. Upper and lower bounds for E¢,, (G) are established. It is possible that the
minimum edge covering energy that we are considering in this paper may have some
applications in chemistry as well as in other areas. Let G = (V, E) be a simple finite
graph that is has no loops no multiple and directed edges. Graph G has n vertices, m
edges with vertex set V(G) = {v1,v9,...,v,} and edge set E(G) = {e1,ea,...,em}.

Definition 1.1. A subset C of V is called a covering set of G if every edge of G is
incident to at least one vertex of C'. Any covering set with minimum cardinality is
called a minimum covering set.

Definition 1.2. A subset of F is called an edge covering set of GG if every vertex of G is
incident to at least one edge of it. Any edge covering set with minimum cardinality is
called a minimum edge covering set. Let C'r be a minimum edge covering set of a graph
G. The minimum edge covering matrix of G is a m x m matrix Ac, (G) = (€i;)mxm.
where

1, if e;, e are adjacent,

e;j =14 1, ifi=jande; € Cpg,
0, otherwise.

The characteristic polynomial of A, (G) is denoted by f,,(G,\) = det(A] —
Ao, (G)) = coA™ + N1+ A2 + -+ + ¢,,. The matrix Ac,(G) is real and
symmetric. Then the eigenvalues of Ac,(G) are real numbers and are labeled in
non-increasing order A\; > Ay > --- > \,;. The minimum edge covering energy of G is

defined as

Ecy(G) =>_|Ail.
i=1

2. PROBLEM FORMULATION AND SOME BASIC PROPERTIES OF MINIMUM EDGE
COVERING ENERGY

Following theorem obtains the coefficients of polynomial without applying determi-
nant expansion.
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Theorem 2.1. Let G be a graph with vertex set V', edge set E, and the minimum edge
covering set Cg. Let fr, (G, N) = det( A — A, (Q)) = co A"+ N 4+ A™ 2+ - tcpy
be the characteristic polynomial of G. Then

(i) co=1;
(ii) c1 = —|Cg|;
1 m
(i) ¢ = (‘CE’) - (Zdegw),
2 23
: CE| 1 & .
(iv) ¢5 = — 3 +|Ckgl| 5 > deg(e;) | — > deg(e;) —2(K1 3+ Cs), where Cs is
i=1 ieC
the number of triangles and K 3 is the nurgber of star graphs with four vertices
inG.

Proof. (i) Directly from the definition of f,,,(G, \), it follows that ¢y = 1.

(ii) Since the sum of diagonal elements of Ac,(G) is equal to |Cg|, sum of deter-
minants of all 1 x 1 principal submatrices of A, (G) is the trace of Ac,(G) which
evidently equal to |Cg|. Thus, (—1)'¢; = |Cg|.

(iii) (—1)%cy is equal to sum of determinats of all the 2 x 2 principal submatrices
of Ac,(G) , that is

eAA e..
= > |0 U= ) (eue —eies)
1<i<j<m |79t 79I 1<i<j<m
C 1
= D eig— ), €= <| 2E|> — 52 deg(e).
1<i<j<m 1<i<j<m i1

€ii €ij Cik
cs=(=1)" Y e ey en

Isi<j<ks=m |ep; €k; €k

= - Z [eii(ejjekk - ekjejk) - eij(ejiekk - ekiejk)
1<i<j<k<m

+ ein(€jierj — eri€js)]

= — Z €ii€5jCkk + Z [eiiejk + €;iCik + ekkeij]

1<i<j<k<m 1<i<j<k<m
- Z €ijCjkChi — Z €ikCk;jCji
1<i<j<k<m 1<i<j<k<m
_(|CE| 1 &
=\ 5" |CE 5 Y deg(es) | — Y deg(es) — 2(kis + Cs).
=1 1€Cp

Thus,

¢ — ('C;E'> +(Cl (;ideg(ei)> — S deg(er) — 20k + Cb). 0

1€Cp
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Corollary 2.1. Let G be a path P, with n vertices and m edges, then

(l) Co — 1,’
(i) ¢ = — {m;“lw , [z] is the smallest integer number greater than or equals to x;

m+1

(iii) ¢ = G ; W) — (m—1);
(iv) o5 = UTEID + VL;W (m—1)— 3" deg(e,).

i€Cg
Corollary 2.2. Let G be a cycle C,, with n vertices and m edges, then
(1) Cop = ]_,'

Remark 2.1. Let G be a path P, with n vertices and m edges, then

ideg(ei) =2(m—1).

i=1
Theorem 2.2. If A\, \a, ..., Ay, are eigenvalues of Ac,(G),then

Z/\z2 = ’OE| + Zdeg(ei).
=1

i=1
Proof. The sum of squares of the eigenvalues of Ac, (G) is just the trace of (Ac, (G))?

Therefore,

m m m

i/\? =D > eyei =2 (eg)?+ Y (ew) = |Crl + ideg(ei)' O

i=1j=1 i<j i=1 i=1

Theorem 2.3 (Parity theorem). Let G be a graph with a minimum edge covering set
Cg. If the minimum edge covering energy Ec,(G) of G is a rational number, then
(2.1) Ec, =|Cg| (mod 2).

Proof. Let A1, Ao, ..., A\, be positive, and the rest of the minimum edge covering
eigenvalues non-positive. Thus,

Eopy(G) =Y INl=i4+ X+ -+ X)) = (At + Aga + -+ A,
i=1
implies Ec,(G) = 2(A1 + Ao+ -+ + \.) — |Cg|. Since A\j, Ag, ..., A\, are algebraic
integers, so is their sum. Hence, A\; + Aa + -+ - + A\, must be an integer if F¢,(G) is
rational. 0
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3. THE MiNIMUM EDGE COVERING ENERGY OF SOME GRAPHS

Theorem 3.1. The minimum edge covering energy of a star graph Ki,_1 is m for
n > 2. The polynomial of it is \™ — mA™ 1.

Proof. Let K, be a star graph with vertex set V' = {wvg, v1,v9,...,v,-1} and center
Vg, then
111 1
1 11 1
A, (G) = r1ir1 .- 1]
111 --- 1
that A.,(G) is m x m. Then its characteristic polynomial is
A—1 -1 - =1
-1 Xx=-1 - -1
(31) fm(kl,nfb )\) = det . . .
-1 -1 - A=1

By computing determinant of upper triangular of matrix (3.1) we will have
fm<k17n,1, )\) = )\m — m)\mfl.
Then

0
Spec(k‘lm_l) = (T m— 1) s
Eo (G) =Y || =m. O
i=1

Theorem 3.2. Let G be a path or a cycle graph with a minimum edge covering set
Cg. Then Ec,(G) ~2m — |Cg| or |Ec,(G) — (2m — |Cg|)| < 1.

Proof. Let Ay, Ag, ..., A\ be positive eigenvalues, and the rest of the minimum edge
covering eigenvalues non-positive. Thus,

m

Ecy(G) =D [Nl = M+ Ao+ -+ A) = (At + Aga -+ M),
i=1
implies Ec,(G) = 2(A + Ay + -+ + A.) — |Cg|. Since A1, g, ..., A, are algebraic
integers, so sum (A + A2 + - -+ + A.) =~ m. Hence, E¢,(G) ~ 2m — |Cg|. O

Theorem 3.3 (Upper bound). Let G be a graph with n vertices, m edges, and let Cg
be a minimum edge covering set of G. Then

Fo,(G) < \lm@;deg(ei) + |CE|>.
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Proof. Let Ay > Xy > A3+ -+ > A, be the eigenvalues of A¢, (G). Bearing in mind the

Cauchy-Schwarz inequality

(£0) =(£4)( )

we put a; = 1 and b; = |\;| and we have

(Ee, (G)F = (lew) < m(iw) e m(ideg@ 1Cel

i=1 =1 i=1

Theorem 3.4 (Lower bound). Let G be a graph with n vertices and m edges, and let

Cg be a minimum edge covering set of G. If D = |det Ac,(G)| , then

(3.2) Eey (G2 = 3" deg(es) + [Cal + m(m (HA)

=1

with equality if G is a star of order n.

Proof. We have

(e, (O = (iw) - (iw) (iw) S NS SOV

i=1 i=1 i=1 i=1 i#j

Now, by inequality between the arithmetic mean and geometric mean, we have

o S = (T ™

m(m 175] i#j

Thus,

[&MQVZiMf+Mm—DUDMwDWH)
= i

Z )\ ’2 + m( B 1) ( H |)\i‘2(ml)> m(m—1)

i=1

| V

2
m

Z\)\]2+m

deg(e;) + |Cp| +m(m — 1) D

'Fllﬂg m

s
Il
—

Since in the star graphs the multiplicity of A = 0is m—1, so III* | \; = det A, (G)

=0,

|Cg| =m and 1", deg(e;) = m(m — 1). Then, by placing the above values in (3.2),

equality cases hold

m? = [Eop(Kin D)2 > m(m — 1) +m +m(m —1) 7 (ﬁA)2 o
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