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SOME MATRIX AND COMPACT OPERATORS OF THE
ABSOLUTE FIBONACCI SERIES SPACES

FADIME GOKCE! AND MEHMET ALI SARIGOL!

ABSTRACT. In the present paper, we introduce the absolute Fibonacci space |F,|,,
give some inclusion relations and investigate topological and algebraic structure
such as BK-space, a-, 8-, v- duals and Schauder basis. Further, we characterize
certain matrix and compact operators on these spaces, also determine their norms
and Hausdroff meausures of noncompactness.

1. INTRODUCTION

Let w be the set of all sequences of complex numbers. We write ¢, {4, ¢, by and
lr, k > 1, for the sequence space of all convergent, bounded sequences; for the spaces
of all convergent, bounded, k-absolutely convergent series, respectively. Let X and
Y be two subspaces of w and A = (a,,) be an arbitrary infinite matrix of complex
numbers. If the series

An('r> = Z ApyZy,
v=0

converges for all n € N = {0,1,2,...}, then, by A(x) = (A,(x)), we denote the A-
transform of the sequence = = (x,). Also, we say that A defines a matrix transforma-
tion from X into Y, and denote it by A € (X,Y)or A: X —» Y if Az = (A, (x)) €Y
for every x € X. The a-, (-, v- duals of X and the domain of the matrix A in X are
defined by

X*={ecw: (euxy) € lforallxe X},
XP={ecw: (eu,) €Ecsforallz € X},
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X' ={ecw: (x,) €bsforallz e X}

and
(1.1) Xa={r=(z,) cw: Ax) € X},

respectively. Further, X is said to be a BK-space if it is a complete normed space
with continuous coordinates p,, : X — C defined by p,(x) = z,, for all n € N. If there
exists unique sequence of coefficients (xy) such that, for each x € X

m
Tr — Z l’kbk
k=0

then, the sequence (by) is called the Schauder basis (or briefly basis) for a normed
sequence space X, and in this case we write x = > 7~ z1by. For instance, the sequence
(1)) is the Schauder basis of the space £;, where el) is the sequence whose only non-
zero term is 1 in jth place for each j € N.

Now take > x, as an infinite series with nth partial sum s, and let (u,) be a
sequence of positive terms. Then, the series )z, is said to be summable |A, u,|,,
k> 1, if (see [32])

— 0, m — oo,

> up A (s)]F < oo,
n=0
where AA,(s) = An(s) — An-1(s), A_1(s) = 0.
Note that this method includes some well known methods. For example, if A is
the matrix of weighted mean (N ,pn) (resp. u, = P,/pn), then it reduces to the

summability ‘N s Dns un‘k [36] (the summability ’N , pn’k [10]). Also if we take A as the
matrix of Cesaro mean of order o > —1 and u,, = n, then we get summability |C, o],
in Flett’s notation [11].

A large literature has recently grown up, concerned with producing sequence spaces
by means of matrix domain of a special limitation method and studying their algebraic,
topological structure and matrix transformations (see [1-7,15-18,25]). Also, some
series spaces have been derived and studied by absolute summability methods from a
different point of view (see [9-14,23-26,28-34,36]). The aim of this paper is to define
the space |F,|, combining absolute summability and Fibonacci matrix given by Kara
[15], investigate some inclusion relation, construct their a-, 5-, - duals, basis and
characterize some matrix operators related to that space, and also determine their
norms and Hausdroff measures of noncompactness.

Firstly, we mention some properties of Fibonacci numbers as follows: the sequence
(fn) of Fibonacci numbers is given by the relations

fo=/fi=1andf, = fa_1+ fup for n>2
that is, each term is equal to the sum of the previous two terms. The sequences of
Fibonacci numbers have been important for artist, architects, physicists and mathe-

maticians since the old. The ratio of Fibonacci numbers converges to the golden ratio
which is one of the most interesting irrationals having an important role in number
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theory, algorithms, network theory, etc. Also, Fibonacci numbers have the following
properties [19]:

1
—— converges,
27,

feit fafoa = fi= (1" n>1,
T for1 1+ V5
111 =

n—00 fn

Fibonacci matrix F' = (f,,) has recently been defined by Kara [15] as follows:

= 1.61803398875....

—?n—i—l’ U:n_l’
~ n
Frw = ffn, v =n,
n+1
0, v>nor 0<v<n-—1,

where f, be the nth Fibonacci number for every n € N. Note that if we take the
Fibonacci matrix instead of A, then |A,u,|, summability reduces to the absolute
Fibonacci summability. On the other hand, since (s,) is a sequence of partial sum of
the series Y x,,, we get

n n n n—1
An(S) = Z fm}sv = Z-Tj Z fm; = mnfnn + Z(fnn + fn,nfl)xj
v=0 =0 wv=j J=0

and so,

fn (_1>n fn+1> 2 nfn—l + fn+1
AA,(s) =z, . _ _qypdnmt e
(S> ! fn—H T (fnfn-‘rl fn * ]go( 1> fn—lfnfn+1 xj

n
= Z Onjdy,
Jj=0
where

Jn

Jrs1
CD fu
Onj = fnfn-H fn ’

n— + n+1 .
()", 0<j<n-2,
fn—lfnfn—l—l

0, J>n.
Now, we introduce the absolute Fibonacci space as follows:

n k
Z Onjxs

J=0

Jj=mn,

j:n_17

oo
F, = r€w: > ul! < 00

n=0

Also, it may be written that
(1.2) (E® o T)y(2) = /™ (Tulx) — Toa(2)),



276 F. GOKCE AND M. A. SARIGOL

where
Jn v=n
fn+17 )
_ 2 _ f2
tm}* fn n+17 OSUSn—l,
fnfn+1
0, v >n,
u711/k:*’ v=mn,
egfj}) = —ul/F v =n—1,
0, v#En,n-—1,

and k* is the conjugate of k, i.e., 1/k+ 1/k* =1 for k > 1, and 1/k* = 0 for k = 1.
With these matrices T = (t,,) and E® = (e/)) according to the notation (1.1), it
is obvious that |F,|, = ({x) gwop. Further, since every triangle matrix has a unique
inverse which also is a triangle [37], T and E® have a unique inverse T = (£,,) and

E®) = (é,,) given by

fn+1 V=N
fn Y Y
;o 2 g2
(13) tny = n+1 n7 0<v<n-1,
fva-H
0, v >,
—1/k* 0< <
k) ) Uy , <wv<n,
(1.4) Ep { 0 v >,

respectively.
Before the main theorems, we point out some well known lemmas which are needed
in the proofs of theorems.

Lemma 1.1 ([35]). Let 1 <k < co. Then, A € ({x,0) if and only if

N ey 1k
Al gy, :]SVUP{Z > } ,

€ v=0 In=0
where § denotes the collection of all finite subsets of N.

Lemma 1.1 exposes a rather difficult condition to apply in applications. So the
following lemma is more useful in many cases, which gives equivalent norm.

Lemma 1.2 ([29]). Let 1 < k < 0o. Then, A € (y,¥) if and only if

. o ) 1/k*
HAH(Z;C,K) = {Z (Z ’anv|> } < 0.

v=0 \n=0
Moreover, since
Al g0y < Al e ey < 411 All g, 0 5

there exists 1 < & < 4 such that HAH/(&C,E) =& 1Al g, 00-
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Lemma 1.3 ([20]). Let 1 <k < oo. Then, A € (¢,4y) if and only if

1
o0 &
k
Al =sup{z auo] } |
v n=0

Lemma 1.4 ([35]).

(a) Ae (Lc) < (1) lim ap, exists for v =0, (73) sup |an,| < oo;

(b) A € (€,0s) & (ii) holds; v

(c) If 1 <k < oo, then, A € (U, c) < (i) holds, (iii) sup % | [F < 00;
(A) If 1 < k < oo, then, A € (04, £.0) <> (idd) holds.

2. THE HAUSDORFF MEASURE OF NONCOMPACTNESS

If S and H are subsets of a metric space (X, d) and, for every h € H, there exists
an s € S such that d(h,s) < e then, S is called an e-net of H; if S is finite, then the
e-net S of H is called a finite e-net of H. Let X and Y be Banach spaces. A linear
operator L : X — Y is called compact if its domain is all of X and, for every bounded
sequence (z,) in X, the sequence (L(z,)) has a convergent subsequence in Y. We
denote the class of such operators by C(X,Y). If @ is a bounded subset of the metric
space X, then the Hausdorff measure of noncompactness of () is defined by

X (Q) =inf{e>0:Q has a finite ¢ — net in X},

and y is called the Hausdorff measure of noncompactness.
The following lemma is very important to calculate the Hausdorff measure of
noncompactness of a bounded subset of the space /.

Lemma 2.1 ([27]). Let Q) be a bounded subset of the normed space X where X = {y
for 1 <k <ooorX =c¢. If P, : X — X is the operator defined by P,(z) =
(xo,T1,...,2n,0,0,...) for all x € X, then

v (Q) = lim (225 11— Py <x>||) .

T—00

Let X and Y be Banach space and x; and y, be Hausdorff measures on X and Y,
the linear operator L : X — Y is said to be (x1, x2)- bounded if L(Q) is a bounded
subset of Y and there exists a positive constant M such that y2 (L(Q)) < Mx1 (L(Q))
for every bounded subset @ of X. If an operator L is (1, x2)- bounded, then the
number

Ly o) = IE{M > 02 x2 (L(Q)) < My (L(Q)) for all bounded set @ C X'}

is called the (1, x2)-measure noncompactness of L. In particular, if y; = x2 = x
then we write || L[|, ., = [IL]], -
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Lemma 2.2 ([22]). Let X and Y be Banach spaces and L € B(X,Y). Also S, =
{r € X :||z|| < 1} be the unit sphere in X. Then,

IL]l, = x (L (Sz))
and

Le€X,Y) s |L],=0.

Lemma 2.3 ([21]). Let X be a normed sequence space, T = (t,,) be an infinite triangle
matriz, xp and x denote the Hausdroff measures of noncompactness on My, and My,
the collections of all bounded sets in X and X, respectively. Then, xr(Q) = x(T(Q))
for all Q € Mx,.

3. ABSOLUTE FIBONACCI SPACE |F,|,

In this section, we investigate some inclusion relations, topological and algebraic
structures of the space |F,|,. Also we characterize some classes of compact matrix
operators on that space and compute their norms and Hausdroff measure of noncom-
pactness.

Firstly, since |F,|, is generated from ¢, to explain a relation between the spaces
lr and |F,|,, we begin with the following theorem.

Theorem 3.1. Let u = (uy,) € los and 1 < k < co. Then, {; C |F,[,.
Proof. To prove the inclusion ¢, C |F,|,, it is sufficient to show that
1]z, < O [l2lly, ,

for all z € £;,. The proof is clear for the case k = 1, and so it is omitted. Let k > 1.
Then, since the series > fi is convergent and (fi) is decreasing sequence, it follows
n n n

from Abel’'s Theorem, 7 — 0 as n — oo, i |ony| = O(1) and io: |onu| = O(1). Now
" v=0 n=v
applying Holder’s inequality, we get
k}l/k

- k
-1
||$|||Fu|k = Z Up,
n=0
< {Z uﬁ_l Z |Unv| |$v|k (Z |0nv|> }
n=0 v=0

v=0

n
2:(ﬂwmv
v=0

UIIETDS ram\}w

=0

[e.9]

~0(1) {Z |xv|k}1/k = O) [y, .

v=0

which completes the proof. 0J
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Theorem 3.2. Let 1 < k < g < oco. If there is a constant M > 0 such that u, < M
for alln €N, then [F,[, C|F,],.

Proof. Take x € |F,|,. Since ¢, C {,, then (uq’{ ;L:O anjxj> € {, and also, since
u, < M for all n € N,

n q

1 n

qT 1/k*

Un Zamx] un/ Zanjxj
=0

where k* and ¢* are the conJugate of exponent of k and ¢, respectively. So this gives
that = € |F,| 4+ Which completes the proof. O

e
k: qg* S

Y

Theorem 3.3. Let 1 <k < oco. Then, |F,|, is BK-space with respect to the norm
_ (k)
ey, = |E® o T(&)],

Also, the sequence b9 = (b)) is a Schauder basis for the space |F,|,, where

* «n—1 2

. ’ fn r=j frfr—l-l ’
bg) = —1/k* fo1 ;
Un —0, J=n
In
0, j>n.

Proof. We note that ¢}, is a BK-space for 1 < k < oo. Further, since E®) o T is
a triangle matrix, it follows from Theorem 4.3.2 of [37], |F,|, = (¢x) gwor is & BK-
space. Since the sequence (e7)) is the Schauder basis of the space /y, it can be written
from Theorem 2.3 in [14] that &) = (T,,(E®(e1)))) is a Schauder basis of the space

Theorem 3.4. Let 1 < k < oo. Then, the space |F,|, is isomorphic to the space
that is, |Fy|, = .

Proof. To prove the theorem, we should show that there exists a linear bijection
between the spaces |F,|, and ¢, where 1 < k < co. Let consider the transformations
T |Ful, = () g E® 2 (6) poy — Ck given in (1.3) and (1.4). Since the matrices
corresponding these transformations are triangles, it can be easily seen that 7" and
E®) are linear bijections. So, the composite function E*) o T is a linear bijective
operator. Furthermore,

I#ll, = [E® o 7).

i.e., it preserves the norm. So the proof is completed. 0

In the following theorems, for the simplicity of presentation we take

fv—H 2 = 1
(e )

j=r
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and define
Z &€, exists for all r}

v=r+1

piefees
oeeep (-
e
oy

J 21 e
= mi + Z €r s + Z fvrev <X,
fm r=0 Yr fr v=r+1
Jmt f r41 ) }
= :8up | [€m + fw% )
m,r ( Jm fr v ;1

fr+1

ZU<ZHmw+
r=0 T \v=r+l
D5 = {6 € w:sup ( Z |§U7’€v| +

r v=r+1

) .
f;?)@o}'

Theorem 3.5. Let 1 < k < 0o and u = (u,) be a sequence of positive numbers. Then,
(i) {|FU|}a = Ds, {|Fu|k;}a = Dy;
(it) {|Ful}” = Dy N Dy, {|F.}" = Dy 0 Dy;
(iif) {[Ful}" = Ds, {[Fuly}” = D2

Proof. (i) Let’s recall that e € {|F,|,}” if and only if ex = (e z,) € ¢, for all z € |F,|,.
By (1.3) and (1.4), it can be seen immediately that

m v—1 .
Z €Ty =€0To + Z v (f}:l Yo + ( v+l fg) Z 7 )

€

j=0 fjfjJrl
m m f - v—1 1
— Zu;l/k* Z v+1 2z Z ( Z U+1 f2) Z ) ufl/k 2
r=0 f’” r=0 \v=r+1 j=r f]-f]+1
— ferl = — * fr+1 =
=U,, 1/k* €Em Zm + Z U, 1/k ( + Z 61}51}7”) Zr
fm r=0 f”’ v=r+1

:imMT@:TwﬂzﬂWm

where H = (hp,,) is defined by

fr v=r+1

hmr = —1/k* ferl =
u, VR e r=m

uﬂ’”( frv | 5 evfw>, 0<r<m-—1,

0, r > m.
Therefore, € € {|Fu|k}ﬁ if and only if H € (¢x,c). Applying Lemma 1.4 to the matrix
H, we get {|Fu|k}5 = D; N Dy, which completes the proof.
The proofs of other parts can similarly be proved, so we omit. O
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Theorem 3.6. Let 1 < k < 0o, A= (an,) be an infinite matriz of complex numbers
for each n,v € N and define the matrizc B™ = (bg’fﬁ) by

fo+1 + Z anvgvra 0 S r S m — 17
r v=r+1
bggz - Lm“a r=m
fm nm» )
0, r>m.

Further, let B = (by,) be a matriz given by by, = lim b and B= E® oToB. Then,
A e (|F,],|Fy,) if and only if

(3.1) Z Eurny exists for all r
v=r+1
(32) Sup{ Anm, fm+1 + |a fT+1 + Z gvrafnv } o0,
m,r fm fr v=r41
> ~ ik
(3.3) sup y_ — ‘bnr < 0,
T n=0 Uy

If Ae (|F,|,|Ful,), then A is a bounded linear operator,

||A||(\Fu| \Puly) — HBHU,M

and )
%
[All, = lim {sup > ’ } .
n= v+1

Proof. A € (|F,|,|F.|,) if and only if (a,,)22, € {|F.|}’ and A(z) € |F,|, for all
z € |F,|. Now, it can be easily seen from Theorem 3.5, (a,,)°%, € {|F,|}” if and only
if (3.1) and (3.2) hold. On the other hand, if a matrix R = (r,) € ({,c), then the
series R, (z) = Y02 rnp®y converges uniformly in n, because, the remaining term of
the series tends to zero uniformly in n, since

o0
< sup |7y | Z |z, | >0, m — oc.
v =m

So we obtain

(3.4) lim R, Z lm 7,2,

v=0
Using (1.3), (1.4) and (3.4) it can be written that

m m o0
T T (Tl) _ 7
x) = hrgl];)a”kxk = hnrln z;)bwzr = z%bsz.
= r= r=
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Besides, according to Theorem 3.4, since |F,|, = ¢ for 1 < k < oo, it follows that
A(z) € |F,|, for all x € |F,| if and only if B € (¢, |F,|,), or equivalently, since
|Ful, = (k) gwyors B e (¢,4;). Also, it is clear that the terms of matrix B can be
expressed as

2 f2

n n—1
bnr = tm)l_)vr = bnr + bl bm“y
Z fn—l—l Z fnfn+1

v=0 v=0
5nr _ul/k* (Bnr - bn—l,r) , N > 1 and bOr = BOT‘

Hence, applying Lemma 1.3 to the matrix B, we have (3.3), which completes the
first part of the proof.

Also, if A € (|F,|,|F.|,), then, since the spaces |F,|, and |F,| are BK-spaces, it
is a bounded operator. In order to determine the operator norm of A, consider the
isomorphisms 1" : |Fy |, = (£k) pay Q) t () pay — Ly defined as in Theorem 3.4.
Then, it is easy to see that A= T o E® o Bo EM o T and so,

k) o B (1)
4] _gup Al _ |70 E® 0 Bo BV o T,
<|Fu‘ [Ful ) z£0 ”IH|Fu‘ x#0 |’x|||F1L|
E(z
=sup H HBH =EWo T'(z)).
20 HZHe wen'

Finally, assume that (Q is a unique ball in |F,|. Since E® oT o AQ = BoEWoTQ,
we get that

1Al = x(AQ) =x (E® 0 T 0 AQ) = x (B o EW 0 TQ)

i (- (5]

2eED(1(Q))

oo kY F
= lim < sup ‘bm,
V—00 r ne v+1

This completes the proof. 0]

By Theorem 3.6 and Lemma 2.2, the compact operators in this class are character-
ized as follows.

Corollary 3.1. Under the hypothesis of Theorem 3.6

oo kY &
€ (|Ful,|Fuly) is compact if and only if Uli_}rrgo {sup ( ‘bm, ) } =0.

n= v+1

Theorem 3.7. Let 1 < k < oo, A = (an,) be an infinite matriz of complex numbers
for all n,v € N and B™ = (b)) be as in Theorem 3.6. Besides, define H = (hy,)
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by Py = limy, uy V¥ 0 and H = EW o To H. Then, A € (|F,|,,|F.|) if and only if

(3.5) Z Eorln, exist for all r,
v=r+1
1 f mol | fn a
3.6 sup§ — anmLﬂ + — rt Eorlny < 00,
( ) m {Um fm ,;) Uy f vzr—:‘rl

e.9] o . k*
(3.7) 3 (Z [ ) < 0.
r=0 \n=0
Moreover, if A € (|F,,,|Ful), then A is a bounded linear operator,
o~ [

|Ful ool Ful) (Lx,€)

and

1 o0 00 _ E* ’%*
Jal, = g o A3 (5[] F
5 r=0 \n=v+1
where 1 < & < 4.

Proof. A € (|F,|,,|F.|) if and only if A, = (a,,)2% € {|F.|,}” and A(z) € |F,|
where z € |F,|,. By Theorem 3.5, it can be easily seen that A, € {|Fu|k}ﬁ if and
only if (3.5) and (3.6) hold. Also, if any matrix R = (r,,) € (¢, c), then the series
R, (x) = Y02 rnpy, converges uniformly in n. Because, the remaining term of the
series tends to zero uniformly in n, since

o NEm A\
§<Z|Tm,k> <Z|xv|k> —0, m— o
v=m v=m

and so, it can be written that

(3.8) hm R, Z hm TrwTo-

Then, using (3.8), with a few calculations, we get

An(z) = llm Z ATl = hmZu l/k*b(”zzr = Z Py 2
k=0 =
Since |F,|, = ¢, for 1 < k < oo, by the Theorem 3.4, then, A(z) € |F,| for every
z € |F,|, if and only if H(2) € |F,|, i.e., H(z) = EW o T o H(z) € ¢ for every z € {y,
where z = @v’(k) o T'(x). This means that H € (¢x,¢). Thus applying Lemma 1.2 to
the matrix H, we get (3.7). This completes the proof of first part.

Since |F,|, is BK-spaces for every k > 1, A is a bounded operator by Theorem
4.2.8 of [37].
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Additionally, as Theorem 3.4, it can be written that A = To EM o Ho E® o T
and so,

4] o MA@y [H o BO 0T,
(bl ) =ty Mol w0 [E® o T@)I,,
7@, =
—sup e ||
o =, [l

Finally, let @ = Sg,|. Since EMoToAQ = HoE® o TQ, it follows by Lemma
2.1, Lemma 2.3 and Lemma 1.2 that

1A]l, =x (AQ) = x (EW 0 T 0 AQ) = x (H 0 EW 0 TQ)

= lim sup (1= P)(H(2))

70 \2eB® (1(Q) b
L (m g m  A)E
=— lim Z ( Z B > ,
5 Voo r=0 \n=v+1 ‘
which completes the proof. [l

Also, the compact operators can immediately be characterized by Lemma 2.2 and
Theorem 3.7 as follows.

Corollary 3.2. Under the conditions of Theorem 3.7

1
1 ‘ 00 00 _ k*Y) &%
AcC(|F,,|F]) < gvlggo 3 ( 3 \hm) =0.

r=0 \n=v+1
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