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ON THE q-BESSEL TRANSFORM OF LIPSCHITZ AND
DINI-LIPSCHITZ FUNCTIONS ON WEIGHTED SPACE Lp

q,ν(R+
q )

OTHMAN TYR1 AND RADOUAN DAHER1

Abstract. E. C. Titchmarsh proved some theorems (Theorems 84 and 85) on
the classical Fourier transform of functions satisfying conditions related to the
Cauchy-Lipschitz conditions in the one-dimensional case. In this paper, we obtain
a generalization of those theorems for the q-Bessel transform of a set of functions
satisfying the q-Bessel-Lipschitz condition of certain order in suitable weighted spaces
Lp

q,ν(R+
q ), where 1 < p ≤ 2. In addition, we introduce the q-Bessel-Dini-Lipschitz

condition and we obtain analogous of Titchmarsh’s theorems in this occurrence.

1. Introduction

By definition, a function f = f(t) on R belong to the Lipschitz class Lip(α, p;R),
0 < α ≤ 1, p ∈ [1,+∞), if f ∈ Lp(R) and

(1.1)
(∫

R
|f(t+ h) − f(t)|pdt

)1/p

= O(hα),

as h → 0. It was first considered by Lipschitz in 1864 while studying the convergence
of the Fourier series of a periodic function f . He proved that the inequality (1.1) is
sufficient to have that the Fourier series of f converges everywhere to the value of
f . A strengthening criterion was introduced by Dini in 1872 whose conclusion states
that the convergence is in addition uniform.

A first classical result of Titchmarsh [19, Theorem 84] says that if 0 < α ≤ 1,
1 < p ≤ 2, and

f ∈ Lip(α, p;R),
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then the classical Fourier transform f̂ belongs to Lβ(R), for
p

p+ αp− 1 < β ≤ p = p

p− 1 .

On the other hand, Younis in [21] studied the same phenomena for the wider Dini-
Lipschitz class as well as for some other allied classes of functions. More precisely, he
proved that if f ∈ Lp(R) with 1 < p ≤ 2, is such that(∫

R
|f(t+ h) − f(t)|pdt

)1/p

= O

(
hα

(log 1
h
)γ

)
,

as h → 0, where 0 < α ≤ 1, then its Fourier transform f̂ belongs to Lβ(R), for
p

p+ αp− 1 < β ≤ p = p

p− 1 and 1
β
< γ.

A second result of Titchmarch [19, Theorem 85] characterized the set of functions in
L2(R) satisfying the Cauchy Lipschitz condition by means of an asymptotic estimate
growth of the norm of their Fourier transform. He proved that if α ∈ (0, 1), then the
following statement

f ∈ Lip(α, 2;R),
is equivalent to the statement∫

|λ|≥N
|f̂(λ)|2dλ = O(N−2α) as N → +∞.

An extension of these theorems to functions of several variables on Rn and on the
torus group Tn was studied by Younis [20,21], and has also been generalized to general
compact Lie groups [22]. Recently, it has also been extended to the case of compact
groups [3]. Later, analogous results were given, where considering generalized Fourier
transforms: Bessel, Dunkl, q-Dunkl, Jacobi, . . . One can cite [2, 4–7,11,14].

One may naturally ask what are the analogous results for the q-Bessel transform of
Titchmarsh theorems? As far as we know, this question has not been answered yet.
In this paper, we try to explore the validity of those theorems in case of the q-Bessel
transform in the space Lp

q,ν(R+
q , t

2ν+1dqt), where 1 < p ≤ 2. For this generalization,
we use a generalized q-Bessel translation operator.

This paper is arranged as follows. In Section 2, we state some basic notions and
results from q-harmonic analysis related to the q-Bessel transform Fq,ν that will be
needed throughout this paper. Section 3 is devoted to proving Titchmarsh’s theorem
[19, Theorem 84] for the q-Bessel transform for functions satisfying the q-Bessel-
Lipschitz condition in the weighted space Lp

q,ν(R+
q ), where 1 < p ≤ 2, and we extend

this theorem to functions satisfying the q-Bessel-Dini-Lipschitz condition. In the last
section, we obtain a generalization of Titchmarsh’s theorem [19, Theorem 85] on
the image under the q-Bessel transform of a class functions satisfying a generalized
Lipschitz and Dini-Lipschitz condition in the Sobolev space Wm

q,2,ν(R+
q ).
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2. Harmonic Analysis Associated with the q-Bessel Operator

Throughout this paper we consider 0 < q < 1 and ν > −1/2. We refer to [15]
and [17] for the definitions, notations and properties of the q-shifted factorials, the
q-hypergeometric functions, the Jackson’s q-derivative and the Jackson’s q-integrals.
The references [8–10,13,18] are devoted to the q-Bessel Fourier analysis.

We introduce the following set

R+
q = {qn : n ∈ Z}.

We notice that in q-calculus all functions are assumed to have R+
q as a domain of

definition.
For a ∈ C, the q-shifted factorials are defined by:

(a; q)0 =1, (a; q)n =
n−1∏
l=0

(1 − aql), n = 1, 2, . . . ,(2.1)

(a; q)∞ = lim
n→+∞

(a; q)n =
+∞∏
l=0

(1 − aql).

We also denote
[x]q = 1 − qx

1 − q
, x ∈ C,

and
[n]q! = [1]q × [2]q × · · · × [n]q = (q; q)n

(1 − q)n
, n = 0, 1, 2, . . .

The q-gamma function is given by (see [1])

Γq(x) = (q, q)∞

(qx, q)∞
(1 − q)1−x, x ̸= 0,−1,−2, . . .

It satisfies the following relations

Γq(x+ 1) = [x]qΓq(x), Γq(1) = 1,
lim

q→1−
Γq(x) = Γ(x), Re(x) > 0.

The q-derivative Dqf of a function f is given by

Dqf(x) = f(x) − f(qx)
(1 − q)x , if x ̸= 0.

Dqf(0) = f
′(0) provided f

′(0) exists.
The q-Jackson integrals are defined by (see [16])∫ a

0
f(t)dqt = (1 − q)a

+∞∑
n=0

qnf(aqn),

∫ b

a
f(t)dqt = (1 − q)

+∞∑
n=0

qn [bf(bqn) − af(aqn)] ,
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∫ +∞

0
f(t)dqt = (1 − q)

+∞∑
n=−∞

qnf(qn),

provided the sums converge absolutely. In particular, for a ∈ R+
q ,∫ +∞

a
f(t)dqt = (1 − q)a

−1∑
n=−∞

qnf(aqn).

Note that

(2.2) Dq

(∫ a

x
f(t)dqt

)
= −f(x)

and ∫ b

a
Dqf(t)dqt = f(b) − f(a).

The q-integration by parts formula is given by

(2.3)
∫ b

a
g(t)Dqf(t)dqt = [f(b)g(b) − f(a)g(a)] −

∫ b

a
f(qt)Dqg(t)dqt.

The q-analogue of the integration theorem by a change of variable can be stated as
follows ∫ b

a
f

(
λ

s

)
λ2ν+1dqλ = s2ν+2

∫ b
s

a
s

f(t)t2ν+1dqt, for all s ∈ R+
q .

Let ν ≥ −1/2. The normalized third Jackson q-Bessel function of order ν is defined
by (see [1])

(2.4) jν(x, q2) =
+∞∑
n=0

(−1)n Γq2(ν + 1)qn(n+1)

Γq2(ν + n+ 1)Γq2(n+ 1)

(
x

1 + q

)2n

.

For λ ∈ C, the function x 7→ jν(λx, q2) is a solution of the following q-differential
equation {

∆q,νf(x) = −λ2f(x),
f(0) = 1,

where ∆q,ν is the q-Bessel operator defined by

∆q,νf(x) = 1
x2

[
f(q−1x) − (1 + q2ν)f(x) + q2νf(qx)

]
, x ∈ R+

q .

Lemma 2.1. i) The following inequalities are valid for a q-Bessel function:
jν(t, q2) = O(1), if t ≥ 0 and t ∈ R+

q ,(2.5)
1 − jν(t, q2) = O(1), if t ≥ 1 and t ∈ R+

q ,

1 − jν(t, q2) = O(t2), if t ≤ 1 and t ∈ R+
q .(2.6)

ii) The inequality
(2.7) |1 − jν(t, q2)| ≥ c

is true with t ≥ 1, t ∈ R+
q , where c > 0 is a certain constant.
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Proof. See [12, Lemma 3.1]. □

Moreover, by the relation (2.4), a simple calculation yields

(2.8) lim
t→0

1 − jν(t, q2)
t2

= 1
[ν + 1]q2

(
q

q + 1

)2

̸= 0,

hence, there exist c′ > 0 and η > 0 satisfying

(2.9) |t| < η ⇒ |1 − jν(t, q2)| ≥ c′t2.

For 1 ≤ p < +∞, we denote by Lp
q,ν(R+

q ) the set of all real functions on R+
q for which

∥f∥q,p,ν =
(∫ +∞

0
|f(t)|pt2ν+1dqt

)1/p

< +∞,

and Cq,0(R+
q ), for the space of functions defined on R+

q tending to 0 as t → +∞ and
continuous at 0. The space Cq,0(R+

q ), when equipped with the topology of uniform
convergence, is a complete normed linear space with norm

∥f∥q,∞ = sup
t∈R+

q

|f(t)|.

The q-Bessel Fourier transform Fq,ν associated with the q-Bessel operator ∆q,ν is
defined for every function f in L1

q,ν(R+
q ) by

Fq,ν(f)(λ) = Cq,ν

∫ +∞

0
f(x)jν(λx, q2)x2ν+1dqx, for all λ ∈ R+

q ,

where
Cq,ν = (1 + q)−ν

Γq2(ν + 1) .

Moreover, it was shown in [8, 13], that q-Bessel Fourier transform Fq,ν satisfies the
following properties.

(i) Riemann-Lebesgue lemma. Let f ∈ L1
q,ν(R+

q ), then Fq,ν(f) ∈ Cq,0(R+
q ) and we

have
∥Fq,ν(f)∥q,∞ ≤ Bq,ν∥f∥q,1,ν ,

where
Bq,ν = 1

1 − q
· (−q2; q2)∞(−q2ν+2; q2)∞

(q2; q2)∞
.

(ii) q-Inversion formula. If f ∈ L1
q,ν(R+

q ) such that Fq,νf ∈ L1
q,ν(R+

q ), then for all
x ∈ R+, we have

f(x) = Cq,ν

∫ +∞

0
Fq,ν(f)(λ)jν(λx, q2)λ2ν+1dqλ, for all λ ∈ R+

q .

(iii) q-Plancherel formula. The q-Bessel transform Fq,ν can be uniquely extended
to an isometric isomorphism on L2

q,ν(R+
q ) with

(2.10) ∥Fq,ν(f)∥q,2,ν = ∥f∥q,2,ν .
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(iv) q-Hausdorff-Young inequality. Let 1 < p ≤ 2. If f ∈ Lp
q,ν(R+

q ), then Fq,ν(f) ∈
Lp

q,ν(R+
q ) and

(2.11) ∥Fq,ν(f)∥q,p,ν ≤ B
2
p

−1
q,ν ∥f∥q,p,ν ,

where the numbers p and p above are conjugate exponents:
1
p

+ 1
p

= 1.

The q-generalized translation operator associated with the q-Bessel transform T ν
q,h,

h ∈ R+
q was introduced in [13] and rectified in [8], where it is defined by the use of

Jackson’s q-integral and the q-shifted factorial as

T ν
q,hf(x) =

∫ +∞

0
f(t)Kq,ν(h, x, t)t2ν+1dqt,

where
Kq,ν(h, x, y) = C2

q,ν

∫ +∞

0
jν(ht, q2)jν(xt, q2)jν(yt, q2)t2ν+1dqt.

In particular the product formula
T ν

q,hjν(x, q2) = jν(h, q2)jν(x, q2)
holds.

Lemma 2.2. For f ∈ Lp
q,ν(R+

q ), p ≥ 1, we have T ν
q,hf ∈ Lp

q,ν(R+
q ) and

∥T ν
q,hf∥q,p,ν ≤ ∥f∥q,p,ν .

Let Wm
q,p,ν(R+

q ), 1 < p ≤ 2, be the Sobolev space constructed by the q-Bessel
operator ∆q,ν , that is,

Wm
q,p,ν(R+

q ) := {f ∈ Lp
q,ν(R+

q ) : ∆j
q,νf ∈ Lp

q,ν(R+
q ), j = 1, 2, . . . ,m},

where
∆0

q,νf = f, ∆j
q,νf = ∆q,ν(∆j−1

q,ν f), j = 1, 2, . . . ,m.

Lemma 2.3. For Lp
q,ν(R+

q ), 1 < p ≤ 2, we have

(2.12) Fq,ν(T ν
q,hf)(λ) = jν(λh, q2)Fq,ν(f)(λ),

and if f ∈ Wm
q,p,ν(R+

q ), we get

Fq,ν(∆m
q,νf)(λ) = (−1)mλ2mFq,ν(f)(λ).

Proof. See [9]. □

For every f ∈ Lp
q,ν(R+

q ), 1 < p ≤ 2, we define the differences Zm
h f of order m,

m = 1, 2, . . ., with step h > 0, h ∈ R+
q by:

Z1
hf(x) = Zhf(x) := T ν

q,hf(x) − f(x),
Zm

h f(x) = Zh(Zm−1
h f(x)), for m ≥ 2.
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Also, we can write that
Zm

h f(x) = (T ν
q,h − I)mf(x),

where I is the identity operator in Lp
q,ν(R+

q ).

3. Lipschitz and Dini-Lipschitz Condition in the q-Bessel Setting on
the Space Lp

q,ν(R+
q )

In this section, we prove Titchmarsh’s theorem [19, Theorem 84] for the q-Bessel
transform for functions satisfying the q-Bessel-Lipschitz condition and Younis’s theo-
rem [21, Theorem 3.3] on the image under the q-Bessel transform of a class of functions
satisfying the q-Bessel-Dini-Lipschitz condition in the space Lp

q,ν(R+
q , t

2ν+1dqt), where
1 < p ≤ 2. We begin with auxiliary results interesting in themselves.

Lemma 3.1. Let f ∈ Lp
q,ν(R+

q ), 1 < p ≤ 2 and h > 0 with h ∈ R+
q , then

(3.1)
∫ +∞

0
|1 − jν(λh, q2)|mp|Fq,ν(f)(λ)|pλ2ν+1dqλ ≤ K∥Zm

h f∥p
q,p,ν ,

where K is a positive constant and m = 0, 1, 2, . . .

Proof. By formula (2.12), we obtain

Fq,ν(Zhf)(λ) = Fq,ν(T ν
q,hf)(λ) − Fq,ν(f)(λ)

= jν(λh, q2)Fq,ν(f)(λ) − Fq,ν(f)(λ)
= (jν(λh, q2) − 1)Fq,ν(f)(λ).

Using the proof of recurrence for m, we have

Fq,ν(Zm
h f)(λ) = (jν(λh, q2) − 1)mFq,ν(f)(λ), for all h ∈ R+

q .

Now by q-Hausdorff-Young inequality (2.11), we have the result. □

Remark 3.1. If f ∈ Wm
q,p,ν(R+

q ), from (3.1) we get

(3.2)
∫ +∞

0
λ2kp|1 − jν(λh, q2)|mp|Fq,ν(f)(λ)|pλ2ν+1dqλ ≤ K∥Zm

h (∆k
q,νf)∥p

q,p,ν ,

where k = 0, 1, . . . ,m.

Definition 3.1. Let 0 < α < 1. A function f ∈ Lp
q,ν(R+

q ), 1 < p ≤ 2 is said to be in
the q-Bessel-Lipschitz class, denoted by q-Lip(α; p, ν), if

∥Zhf∥q,p,ν = O(hα) as h → 0.

Lipschitz classes have been constantly employed in Fourier analysis, although they
appear in the realm of trigonometric series, more than they occur in Fourier transforms.
Now, we are going to give some results associated with Lipschitz functions in the space
Lp

q,ν(R+
q ), 1 < p ≤ 2 for q-Bessel transform. We here prove the following theorem.
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Theorem 3.1. Let f belong to Lp
q,ν(R+

q ), 1 < p ≤ 2 and let f also belong to q-
Lip(α; p, ν). Then, Fq,ν(f) belongs to Lβ

q,ν(R+
q ), where

(3.3) 2pν + 2p
2p+ 2ν(p− 1) + αp− 2 < β ≤ p = p

p− 1 .

Proof. By using the Hausdorff-Young formula (2.11), we note that the theorem is
proved in the case where β = p.

Indeed, we have Fq,ν(f) ∈ Lp
q,ν(R+

q ) and for ν > −1/2, 0 < α < 1, we get

1 + αp

2ν + 2 > 1 ⇒ p− 1
p

· 2ν + 2 + αp

2ν + 2 >
p− 1
p

⇒ (2ν + 2)(p− 1) + αp

p(2ν + 2) >
1
p

⇒ p(2ν + 2)
(2ν + 2)(p− 1) + αp

< β = p = p

p− 1 .

Then, we get
2pν + 2p

2p+ 2ν(p− 1) + αp− 2 < β = p = p

p− 1 .

Assume now that β < p. If f belong to q-Lip(α; p, ν), then we have

∥Zhf∥q,p,ν = O(hα) as h → 0.

It follows from the formula (3.1) that∫ +∞

0
|1 − jν(λh, q2)|p|Fq,ν(f)(λ)|pλ2ν+1dqλ ≤ K∥Zhf∥p

q,p,ν ≤ K ′hαp,

where K ′ is a positive constant, being the last inequality valid for sufficiently small
values of h.

If 0 ≤ λ ≤ η
h
, then 0 ≤ λh ≤ η and inequality (2.9) imply that

|1 − jν(λh, q2)| ≥ c′λ2h2.

From this, we get ∫ η/h

0
h2pλ2p|Fq,ν(f)(λ)|pλ2ν+1dqλ = O(hαp).

Then ∫ η/h

0
λ2p|Fq,ν(f)(λ)|pλ2ν+1dqλ = O(h(α−2)p) as h → 0.

Thus, ∫ ξ

0
λ2p|Fq,ν(f)(λ)|pλ2ν+1dqλ = O(ξ(2−α)p) as ξ → +∞.

We consider the function ψ defined by

ψ(ξ) =
∫ ξ

1
|λ2Fq,ν(f)(λ)|βλ(2ν+1) β

p dqλ.
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Then, by Hölder inequality we obtain

ψ(ξ) ≤
(∫ ξ

1
|λ2Fq,ν(f)(λ)|pλ2ν+1dqλ

)β/p (∫ ξ

1
dqλ

)(p−β)/p

= O

(
ξ(2−α)p β

p ξ
p−β

p

)
= O

(
ξ2β−αβ+1− β

p

)
.

Furthermore, by (2.2), we can see that

(3.4) Dqψ(λ) =
(
|λ2Fq,ν(f)(λ)|β

)
λ(2ν+1) β

p .

According to the q-integration by parts formula (2.3), we get∫ ξ

1
|Fq,ν(f)(λ)|βλ2ν+1dqλ =

∫ ξ

1
λ−2β−(2ν+1) β

pλ2ν+1Dqψ(λ)dqλ

=ξ−2β−(2ν+1) β
p

+2ν+1ψ(ξ) −
∫ ξ

1
ψ(qλ)Dq(λ−2β−(2ν+1) β

p
+2ν+1)dqλ

=O

(
ξ−2β−(2ν+1) β

p
+2ν+2−αβ+β( p+1

p
)
)

− [−2β − (2ν + 1)β/p+ 2ν + 1]q

×
∫ ξ

1
ψ(qλ)λ−2β−(2ν+1) β

p
+2νdqλ

=O

(
ξ−2β−(2ν+1) β

p
+2ν+2−αβ+β( p+1

p
)
)

+ O

(∫ ξ

1
λ1−αβ+β( p+1

p
)λ−2β−(2ν+1) β

p
+2νdqλ

)

=O

(
ξ−2β−(2ν+1) β

p
+2ν+2−αβ+β( p+1

p
)
)

and this is bounded as ξ → +∞ if

−2β − (2ν + 1)β
p

+ 2ν + 2 − αβ + β

(
p+ 1
p

)
< 0,

that is

β >
2pν + 2p

2p+ 2ν(p− 1) + αp− 2 .

We do the same proof for the integral over (−ξ,−1), this proves Theorem 3.1. □

We now generalize Theorem 3.1 as follows.

Corollary 3.1. Let f belong to Lp
q,ν(R+

q ), 1 < p ≤ 2 and if

∥Zm
h f∥q,p,ν = O(hα), 0 < α < m as h → 0,

then Fq,ν(f) belongs to Lβ
q,ν(R+

q ), where (3.3) holds.
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Remark 3.2. The condition (3.3) can be written in a simple and easier to understand
way when it is replaced by(

p− 1
p

+ α

2(ν + 1)

)−1

< β ≤ p = p

p− 1 .

This also shows directly that the width of the interval for β shrinks as ν increases.

In 1986, Younis studied the same phenomena ”Younis’s thoerem [21, Theorem
84]“ for the wider Dini-Lipschitz class, he replaced O(hα) by Younes Dini-Lipschitz
condition O

(
hα(log( 1

|h|))
−γ
)
, γ ≥ 0 as h → 0. We now show that Theorem 3.1 could

be extended. We begin to define the q-Bessel-Dini Lipschitz class.

Definition 3.2. Let 0 < α < 1 and γ ≥ 0, we define the q-Bessel-Dini-Lipschitz
class and we denote q-DLip((α, γ); p, ν), the set of functions f belonging to Lp

q,ν(R+
q )

satisfying

∥Zhf∥q,p,ν = O

(
hα

(log 1
h
)γ

)
as h → 0.

Theorem 3.2. If α > 2, γ ≥ 0 and f belong to q-DLip((α, γ); p, ν), then f is null
almost everywhere on R+

q .

Proof. Assume that f ∈ q-DLip((α, γ); p, ν). Then we have

∥Zhf∥q,p,ν ≤ C
hα

(log 1
h
)γ
, γ ≥ 0.

where C is a positive constant, being the last inequality valid for sufficiently small
values of h.

From the relation (3.1), we get∫ +∞

0
|1 − jν(λh, q2)|p|Fq,ν(f)(λ)|pλ2ν+1dqλ ≤ KCp hαp

(log 1
h
)γp

.

Then
1
h2p

∫ +∞

0
|1 − jν(λh, q2)|p|Fq,ν(f)(λ)|pλ2ν+1dqλ ≤ KCp h(α−2)p

(log 1
h
)γp

.

Since α > 2, we have

lim
h→0

h(α−2)p

(log 1
h
)γp

= 0.

Thus,

lim
h→0

∫ +∞

0
λ2p

(
|1 − jα(λh, q2)|

λ2h2

)p

|Fq,ν(f)(λ)|pλ2ν+1dqλ = 0.

Hence, from relation (2.8), one gets

∥λ2Fq,ν(f)(λ)∥p
q,p,ν =

∫ +∞

0
λ2p|Fq,ν(f)(λ)|pλ2ν+1dqλ = 0.
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Hence λ2Fq,ν(f)(λ) = 0 for all λ ∈ R+
q . The injectivity of the q-Bessel transform

yields to the wanted result. □

Remark 3.3. The same conclusion holds if we consider a function f such that

∥Zm
h f∥q,p,ν = O

(
hα

(log 1
h
)γ

)
as h → 0,

provided that α > 2m, γ ≥ 0 and 1 < p ≤ 2.

Since the same technics previously are available, then we remove details in the
proofs of the theorems below.

Theorem 3.3. Let f belong to q-DLip((α, γ); p, ν), 1 < p ≤ 2. Then Fq,ν(f) belongs
to Lβ

q,ν(R+
q ), where (3.3) holds.

Proof. By analogy with the proof of Theorem 3.1, we can establish the following
result: ∫ η/h

0
λ2p|Fq,ν(f)(λ)|pλ2ν+1dqλ = O

(
h(α−2)p

(log 1
h
)γp

)
,

hence ∫ ξ

0
λ2p|Fq,ν(f)(λ)|pλ2ν+1dqλ = O

(
ξ(2−α)p

(log ξ)γp

)
.

Let
ψ(ξ) =

∫ ξ

1
|λ2Fq,ν(f)(λ)|βλ(2ν+1) β

p dqλ.

Then, if β < p, by Hölder inequality we obtain

ψ(ξ) = O

ξ2β−αβ+1− β
p

(log ξ)γβ

 as ξ → +∞.

By using (3.4), an q-integration by parts yields∫ ξ

1
|Fq,ν(f)(λ)|βλ2ν+1dqλ = O

ξ−2β−(2ν+1) β
p

+2ν+2−αβ+β( p+1
p

)

(log ξ)γβ


and for the right hand of this estimate to be bounded as ξ → +∞ one must have

−2β − (2ν + 1)β
p

+ 2ν + 2 − αβ + β

(
p+ 1
p

)
< 0,

therefore
2pν + 2p

2p+ 2ν(p− 1) + δp− 2 < β ≤ p = p

p− 1 ,

and we do the same proof for the integral over (−ξ,−1), this ends the proof of this
theorem. □

We shall also generalize Theorem 3.3 to the following corollary.
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Corollary 3.2. Let γ ≥ 0 and f belong to Lp
q,ν(R+

q ), 1 < p ≤ 2 such that

∥Zm
h f∥q,p,ν = O

(
hα

(log 1
h
)γ

)
, 0 < α < m as h → 0.

Then, Fq,ν(f) belongs to Lβ
q,ν(R+

q ), where (3.3) holds.

4. An Equivalence Theorem for the q-Bessel-Lipschitz Class Functions

In this section, we consider p = 2. We try to put the previous theorem, Theorem
3.1, into form in which it is reversible. More precisely, we will give a generalization of
Titchmarsh’s theorem [19, Theorem 85] on the image under the q-Bessel transform of
a class functions satisfying a generalized Lipschitz condition in the space Wm

q,2,ν(R+
q ).

The q-Hausdorff-Young inequality (2.11) will likewise be replaced by the q-Plancherel
formula (2.10).

We need first to define the q-Bessel-Lipschitz class in the space Wm
q,2,ν(R+

q ).

Definition 4.1. Let 0 < α < m, m ∈ N. A function f ∈ Wm
q,2,ν(R+

q ) is said to be in
the q-Bessel-Lipschitz class, denoted by q-Lip(α; 2,m, ν), if

∥Zm
h (∆k

q,νf)∥q,2,ν = O(hα) as h → 0.

Lemma 4.1. Let f ∈ L2
q,ν(R+

q ) and h > 0 with h ∈ R+
q , then

(4.1) ∥Zm
h f∥2

q,2,ν =
∫ +∞

0
|1 − jν(λh, q2)|2m|Fq,ν(f)(λ)|2λ2ν+1dqλ,

where m = 0, 1, 2, . . .

Proof. The result follows easily by using the q-Plancherel formula (2.10), (2.12) and
an induction on m. □

Remark 4.1. If f ∈ Wm
q,2,ν(R+

q ), from (4.1) we get

(4.2) ∥Zm
h (∆k

q,νf)∥2
q,2,ν =

∫ +∞

0
λ4k|1 − jν(λh, q2)|2m|Fq,ν(f)(λ)|2λ2ν+1dqλ,

where k = 0, 1, . . . ,m.

Theorem 4.1. Let 0 < α < m and assume that f ∈ Wm
q,2,ν(R+

q ). Then the following
statements are equivalent:

(1) f ∈ q-Lip(α; 2,m, ν).
(2)

∫ +∞

N
λ4k|Fq,ν(f)(λ)|2λ2ν+1dqλ = O(N−2α) as N → +∞.

Proof. (1) ⇒ (2) Assume that f ∈ q-Lip(α; 2,m, ν). Then we have:
∥Zm

h (∆k
q,νf)∥q,2,ν = O(hα) as h → 0.

From (4.2), we have

∥Zm
h (∆k

q,νf)∥2
q,2,ν =

∫ ∞

0
λ4k|1 − jν(λh, q2)|2m|Fq,ν(f)(λ)|2λ2ν+1dqλ.
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If 1
h

≤ λ ≤ 2
h
, then λh ≥ 1 and inequality (2.7) implies that

1 ≤ 1
c2m

|1 − jν(λh, q2)|2m.

Then∫ 2
h

1
h

λ4k|Fq,ν(f)(λ)|2λ2ν+1dqλ ≤ 1
c2m

∫ 2
h

1
h

λ4k|1 − jν(λh, q2)|2m|Fq,ν(f)(λ)|2λ2ν+1dqλ

≤ 1
c2m

∫ +∞

0
λ4k|1 − jν(λh, q2)|2m|Fq,ν(f)(λ)|2λ2ν+1dqλ

= 1
c2m

∥Zm
h (∆k

q,νf)∥2
q,2,ν

= O(h2α) as h → 0.
So, we obtain∫ 2N

N
λ4k|Fq,ν(f)(λ)|2λ2ν+1dqλ = O(N−2α) as N → +∞.

Thus there exists C > 0 such that∫ 2N

N
λ4k|Fq,ν(f)(λ)|2λ2ν+1dqλ ≤ CN−2α.

Furthermore, we have∫ +∞

N
λ4k|Fq,ν(f)(λ)|2λ2ν+1dqλ =

+∞∑
l=0

∫ 2l+1N

2lN
λ4k|Fq,ν(f)(λ)|2λ2ν+1dqλ

≤ C
+∞∑
l=0

(2lN)−2α

= CαN
−2α,

where Cα = C(1 − 2−2α)−1. This proves that∫ +∞

N
λ4k|Fq,ν(f)(λ)|2λ2ν+1dqλ = O(N−2α) as N → +∞.

(2) ⇒ (1) Suppose now that∫ +∞

N
λ4k|Fq,ν(f)(λ)|2λ2ν+1dqλ = O(N−2α) as N → +∞,

we have to show that∫ +∞

0
λ4k|1 − jν(λh, q2)|2m|Fq,ν(f)(λ)|2λ2ν+1dqλ = O(h2α) as h → 0.

We write ∫ +∞

0
λ4k|1 − jν(λh, q2)|2m|Fq,ν(f)(λ)|2λ2ν+1dqλ = J1 + J2,

where
J1 =

∫ 1/h

0
λ4k|1 − jν(λh, q2)|2m|Fq,ν(f)(λ)|2λ2ν+1dqλ
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and
J2 =

∫ +∞

1/h
λ4k|1 − jν(λh, q2)|2m|Fq,ν(f)(λ)|2λ2ν+1dqλ.

Let us estimate the summands J1 and J2 from above. From inequality (2.5) of Lemma
2.1, there exists a constant c1 such that

|jν(λh, q2)| ≤ c1.

Hence, from this we conclude that

J2 =
∫ +∞

1/h
λ4k|1 − jν(λh, q2)|2m|Fq,ν(f)(λ)|2λ2ν+1dqλ

≤ (1 + c1)2m
∫ +∞

1/h
λ4k|Fq,ν(f)(λ)|2λ2ν+1dqλ

= O(h2α) as h → 0.(4.3)
Now, let us estimate J1. From inequality (2.6) of Lemma 2.1, there exists a constant
c2 such that

|1 − jν(λh, q2)| ≤ c2λ
2h2.

Then

J1 =
∫ 1/h

0
λ4k|1 − jν(λh, q2)|2m|Fq,ν(f)(λ)|2λ2ν+1dqλ

≤ c2m
2

∫ 1/h

0
h4mλ4mλ4k|Fq,ν(f)(λ)|2λ2ν+1dqλ

≤ c2m
2 h2m

∫ 1/h

0
λ2mλ4k|Fq,ν(f)(λ)|2λ2ν+1dqλ.(4.4)

Now, we need to introduce the function φ defined by

φ(λ) =
∫ +∞

λ
t4k|Fq,ν(f)(t)|2t2ν+1dqt.

Therefore, it follows from (2.2) that
Dqφ(λ) = −λ4k|Fq,ν(f)(λ)|2λ2ν+1.

Now, we apply the q-integration by parts formula (2.3). We obtain∫ 1/h

0
λ2mλ4k|Fq,ν(f)(λ)|2λ2ν+1dqλ =

∫ 1/h

0
−λ2mDqφ(λ)dqλ

= − 1
h2m

φ
(1
h

)
+
∫ 1/h

0
φ(qλ)Dqλ

2mdqλ

≤
∫ 1/h

0
φ(qλ)Dqλ

2mdqλ

=[2m]q
∫ 1/h

0
φ(qλ)λ2m−1dqλ

=[2m]q
∫ 1/h

0
O((qλ)−2α)λ2m−1dqλ
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=O

(∫ 1/h

0
λ2m−2α−1dqλ

)
.

Since ∫ 1/h

0
λ2m−2α−1dqλ =

(
(1 − q)

+∞∑
n=0

q2n(m−α)
)
h2(α−m).

Then, we conclude that

(4.5)
∫ 1/h

0
λ2mλ4k|Fq,ν(f)(λ)|2λ2ν+1dqλ = O(h2(α−m)).

It follows from (4.4) and (4.5) that

J1 = O

(
h2m

∫ 1/h

0
λ2mλ4k|Fq,ν(f)(λ)|2λ2ν+1dqλ

)
= O(h2α) as h → 0.

Finally, from this and (4.3), we deduce that∫ +∞

0
λ4k|1 − jν(λh, q2)|2m|Fq,ν(f)(λ)|2λ2ν+1dqλ = O(h2α) as h → 0,

which completes the proof of this theorem. □

Corollary 4.1. Let f ∈ Wm
q,2,ν(R+

q ) and let f ∈ q-Lip(α; 2,m, ν). Then∫ +∞

N
|Fq,ν(f)(λ)|2λ2ν+1dqλ = O(N−4k−2α) as N → +∞.

We do the same technique of the proof of Theorem 4.1. We get the following
theorem.

Theorem 4.2. Let 0 < α < m, γ ≥ 0 and assume that f ∈ Wm
q,2,ν(R+

q ). Then

∥Zm
h (∆k

q,νf)∥q,2,ν = O

(
hα

(log 1
h
)γ

)
as h → 0

is equivalent to∫ +∞

N
|Fq,ν(f)(λ)|2λ2ν+1dqλ = O

(
N−2α−4k

(logN)2γ

)
as N → +∞.
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