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COUNTING FUZZY SUBGROUPS OF CERTAIN FINITE GROUPS
BY AUTOMORPHISMS

LEILI KAMALI ARDEKANT!

ABSTRACT. One of the main interests in fuzzy group theory is the classification
and enumeration of distinct fuzzy subgroups of finite groups. The main purpose of
this paper is to count the distinct fuzzy subgroups of specific classes of finite groups
with respect to an equivalence relation. Exactly, the number of fuzzy subgroups
of semi-dihedral group SDg, and two groups Us, and Vg(2,_1), where n € N, is
determined by an equivalence relation based on automorphism group. According to
the used equivalence relation, the number of fuzzy subgroups of a group G is equal
to the number of non-isomorphic chains of subgroups of G that terminate in G. In
this regard, first maximal subgroups and automorphism group of SDsg,, Us, and
Vg(2n—1) are studied. Then, by inclusion-exclusion principle, recurrence relations
are obtained which solving of them enables us to count the distinct fuzzy subgroups
for three mentioned classes of non-abelian groups.

1. INTRODUCTION

In 1965, Zadeh introduced the concept of fuzzy subset as a function mapping a
non-empty set to a closed unit interval [22]. The theory of fuzzy sets subsequently
underwent extensive development and found diverse applications across various fields.
In [14], Rosenfeld utilized this concept to introduce the theory of fuzzy groups. Since
the notion of fuzzy group is a generalization of the notion of group, many fundamental
properties of groups carry over to fuzzy groups. However, not all results from classical
group theory have counterparts in the fuzzy context. In [8], the authors discussed some
group theoretic facts that do not generally extend to fuzzy settings. Moreover, certain
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straightforward results of classical group theory when extended to fuzzy setting, often
have complicated proofs.

The notion of level subsets, introduced in [22], is a useful tool for developing results
in fuzzy set theory and their applications. Using this concept, Das defined the notion
of level subgroup of a given fuzzy group and proved that the family of level subgroups
forms a chain [4]. This result contributes to the development of the theory of fuzzy
groups within the framework of classical group theory.

The classification of fuzzy subgroups of finite groups has emerged as a fundamental
and remarkable problem in recent years. Since without any equivalence relation,
the number of fuzzy subgroups of a finite group is infinite, researchers treated the
classification of the fuzzy subgroups of groups with respect to various equivalence
relations. In fact, this discussion originates from the paper [23], where Zhang and Zou
investigated the number of equivalence classes of fuzzy subgroups of a group G. In [13],
Murali and Makamba employed the equivalence relation ~,; on the set of all fuzzy
subgroups of G. They explored the conditions under which the equivalence relation of
fuzzy subgroups can be equivalently described by level subgroups. Afterwards, Volf
develops the equivalence relation ~,; by introducing the natural relation ~ on the
set of all fuzzy subgroups of G as follows [21]: for two fuzzy subgroups p and 7 of
G, u ~ n if and only if for all z,y € G, pu(z) > u(y) if and only if n(x) > n(y).
According to this equivalence relation, counting all distinct fuzzy subgroups of G' with
respect to ~ is equivalent to finding the number of all chains of subgroups of G that
terminate in G. The above equivalence relation has been used to some remarkable
classes of finite groups, including cyclic groups, elementary abelian p-groups, dihedral
groups, symmetric groups, hamiltonian groups, finite p-groups having a cyclic maximal
subgroup, dicyclic groups and non-abelian groups of order p* and 24 in [1,2,5-7,16-19].

In [20], Tarnduceanu has treated the problem of classifying the fuzzy subgroups
of a finite group by a new equivalence relation ~. In this equivalence relation, the
corresponding equivalence classes of fuzzy subgroups of a group G are closely connected
to the automorphism group and the chains of subgroups of G. The equivalence relation
~ was successfully used to count the number of distinct fuzzy subgroups for various
finite groups, including symmetric groups, dihedral groups, dicyclic groups and non-
abelian groups of order p* [10-12,20].

In the present paper, we will extend the above studies by determining the number
of fuzzy subgroups with respect to ~ for the finite semi-dihedral group SDsg,,, and two
groups Us, and Vg(,—1), introduced in [9]. In this regard, a clear understanding of
the subgroup structure and properties of these groups is required. Their fundamental
structural properties are discussed in [3] and [9]. Moreover, the subgroup lattice of Us,
has been extensively investigated in [12]. Additionally, several numerical invariants
related to the subgroup lattice have been studied for these groups. In particular, in
[15], the authors compute various subgroup-theoretic parameters for several families of
these groups. Their results highlight the importance of determining explicit counting
formulas for subgroup-related structures.
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This paper is organized as follows. Section 2 reviews some preliminary definitions
and necessary results on fuzzy subgroups. It also introduces the technique for classi-
fying the fuzzy subgroups of finite groups by the new equivalence relation . Section
3 focuses on determining the number of distinct fuzzy subgroups of S Dy, Uy, and
Vs(2n—1) With respect to ~. In the final section, some conclusions and further research
directions are indicated.

2. PRELIMINARIES

In this section, we recall some preliminary definitions and necessary results on
fuzzy subgroups, which we will need in the next section, for more details, see [14,20].
Throughout this section, G denotes a finite group and most of our notations are
standard and will usually not be repeated here.

Definition 2.1 ([14]). A fuzzy subset p of G is called a fuzzy subgroup if for all
x,y € G,

min{p(z), w(y)} < plry) and  p(z) < pla™).

The set F'L(G) consisting of all fuzzy subgroups of G forms a lattice with respect
to fuzzy set inclusion.

For all t € [0, 1], the level subgroup corresponding to ¢ is defined as U(u,t) = {z €
G | p(x) > t} [4]. The non-empty level subgroups of a fuzzy subgroup of G are
subgroups of GG in the ordinary sense. Exactly, suppose that p is a fuzzy subgroup of

G such that u(G) = {ay, g, ..., .}, where @y > ag > -+ > .. Then p determines
the following chain of subgroups of G which ends in G:
(21) U(ﬂval) - U(:u7052) c---C U(/JH ar) =G.

For classification of fuzzy subgroups of G, consider the equivalence relation =
on FL(G) which is described with chains of subgroups of G as follows [20]: Let
u,n € FL(G) and define pu(G) = {1, a9,...,a,} such that a1 > ag > -+ > a,
n(G) = {p1, B2, ..., Bm} such that By > By > -+ > f3,,. Then, p and n determine the
following chains of type (2.1):

C.:U(p,aq)C---CU(pan) =G and C,:U(n,f)C---CUm, By =G.

The equivalence relation ~ on F'L(G) is defined by p ~ n if and only if there exists
f € Aut(G) such that f(C,) = C,. More precisely, u ~ 7 if and only if m = n and
there exists f € Aut(G) such that for all 1 <i < n, f(U(p, ;) = U(u, B;). In fact, in
the equivalence relation =z, the image of p and 7 is not necessarily equal, but certainly
there is a bijection between Im (1) and Im (7).

Now, we describe how to determine the number of fuzzy subgroups of G with respect
to ~. In other words, we aim to find the number of distinct equivalence classes of
FL(G) modulo ~ which is denoted by N(G). Let @ represent the set consisting of all
chains of subgroups of G that terminate in G. Since every level subgroup of G is a
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subgroup in the ordinary sense, the equivalence relation ~ can be constructed in the
following manner [20]: for two chains

612H1CH2C“'CH =G and 62 K1CK2 CKn:G

of @, we put G ~ €, if and only if m = n and there exists f € Aut(G) such
that f(H;) = K, for all 1 < i < n. Then, N(G) is equal to the number of all
non-isomorphic chains of subgroups of G' that terminate in G. It is important to
note that ~ generalizes the natural equivalence relation ~ defined in [21]. In fact,
these two equivalence relations coincide for a group G if and only if G is cyclic [20].
Therefore, since the number of fuzzy subgroups of finite cyclic groups with respect ~
is determined in [16], we have the following theorem.

Theorem 2.1. If G is a finite cyclic group of order n and n = p"'py? - - p* is the
decomposition of n as a product of prime factors, then the number of all distinct fuzzy
subgroups of G with respect to =~ is given by the equality:

S me M2 M3 S i S + S — 9
NG 25" 35S ) I () (™ P Zﬁ)),
12=013=0 1s=0 a=2 la me

and the above iterated sums are equal to 1 for s = 1.

In particular, the number of all distinct fuzzy subgroups of the finite cyclic group
G of order p" is 2" and of order p"¢™ (p, q primes) is given by the equality:

N(G) = 27t 2(1 /27 (Z) (T)

Next, we concentrate on determining the number of distinct fuzzy subgroups of the
finite non-cyclic group G with respect to ~, that is the number of distinct equivalence
classes of € modulo ~. For this purpose, we will prove the following theorem which
is similar to what has been presented in [17] for counting fuzzy subgroups under the
natural equivalence relation ~. Suppose that H is a subgroup of a non-cyclic group G.
According to the notation used in this paper, N(H) denotes the number of distinct
equivalence classes of H under =, or in other words, the number of non-isomorphic
chains of subgroups of H that terminate in H with respect to the automorphisms
of H. Subsequently, we denote by Ng(H), the number of non-isomorphic chains of
subgroups of H that terminate in H under the automorphisms of GG. It is obvious that
N(H) < Ng(H) and if every automorphism of H can be extended to an automorphism
of G, then N¢(H) = N(H).

Theorem 2.2. Let My, M, ..., M, be non-isomorphic maximal subgroups of a non-
cyclic group G. Then, the number of all distinct fuzzy subgroups with respect to ~ of
G is given by the following equality:

G) =2 (Z; Na(M;) = > Ne(My 0 M) +---+ (=1)"'Ng (ﬁ MZ)) .

1<i1<ia<k i=1
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Proof. For 1 <1i <k, suppose that C; is the set of non-equivalent chains of subgroups
of G which are contained in M;, of type H; C Hy C --- H, # G. Hence, N(G) =

i|. By applying inclusion-exclusion principle, we get

k k
(22) NG =1+X|&l~ ¥ N[ENCy|+ ot (-

1<ii<i2<k

i=1

Clearly, for every 1 < [ < kand 1 < i1 < i < -+ < 4y < k, the set ﬂé-:l(i
consists of all chains which are contained in Q;, = ﬂézl M;,. 1f Dy, is the set of
non-equivalent chains of subgroups of );, with respect to automorphisms of G of

type H; C Hy C --- C H, = Q;,, then |D;,| = N¢ (Q;,) and ‘ﬂé_l C

Therefore,

T

l l
ﬂ | =2Ng(Q;,) — 1 =2Ng (ﬂ MZ»].) —1.
j=1

Then, by (2.2), N(G ) is given by the following equality:

N(G) =1 + i N(M;) —1)— 5 (2Ng(M;, N M,,) — 1)

1<iy <ia<k

4o (=) (QNG (ﬁ Mi> — 1)
=2 (zk: Ne(M;) — >0 Ne(My, N M)+ -+ (=1)" 'Ng ((k) M))

i=1 1<iy <ia<k

(D= 3 D+ 3 D=+ (DT,

1<iy<ia<k 1<iy <ig<iz<k

On the other hand,

43D - X (Dt X (Dt (DN

1<iy <ia<k 1<y <ig<izg<k
K\ | (k k N AN AN
A1)+ ()= () () -y () o
Therefore,
k k
N(G) =2 (Z Ng(M;) — Z Ng(M;;, " M,) +---+ (—1)k_1NG (ﬂ M,)) )
i=1 1<iy <ia<k i=1

Therefore, one can calculate N(G) for any finite group G whose subgroup lattice,
maximal subgroups, and automorphism group are known. The above theorem plays an
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essential role in this paper in solving the counting problem for the finite semi-dihedral
group SDg, and two groups Uy, and Vg, which have the following presentation:

SDg, =(z,y | 2" = y* = e, yzy = 2*")

Usn =(z,y | 2™ = y* = e, yzy = 1),
Vap =(z,y | 2™ =y* = e,ayz =y 2y o =y).

These groups are supersolvable, that is, they have an invariant normal series where all
the factors are cyclic groups. The numbers of their maximal, normal maximal, self-
normalizing maximal, maximal normal, and minimal normal subgroups are computed
in [15]. In this paper, we aim to determine the number of fuzzy subgroups of these
groups with respect to &~. For this purpose, we first recall the definition of dihedral
and dicyclic groups, along with their principal properties.

It is well-known that the finite dihedral group Ds,, n > 2, can be described by the
presentation Dy, = (z,y | 2" = y* = e,y 'zy = x7'). Note that D, is isomorphic to
the direct product of two cyclic groups of order 2.

By the structure of maximal subgroups characterized in [17], the subgroup lattice
of Ds, exhibits the following property: for every divisor r of n, Ds, contains the
subgroup Hy" = (2/") = Z, and n/r subgroups of form H;" = (z™/" 2"~ ly) = D,,,
where 1 < ¢ < n/r. The automorphism group of Dy, is the set Aut(Ds,) = {fa 5|0 <
o, <n—1and (a,n) = 1}, where f, 5(x) = 2 and f, 5(y) = 27y [20]. By Aut(Ds,),
for every 1 < 4,5 < n/r, two subgroups H," = (z/" 2'"1y) and H;" = (z™/", 27~ 1y)
are isomorphic by the automorphism f; ;_;.

Utilizing the above statements, the number of fuzzy subgroups of dihedral groups
with respect to = is determined as follows.

Theorem 2.3 ([10]). The number of all distinct fuzzy subgroups of the group Da,,
n > 2, under the equivalence relation ~ is determined by the equality

N(Dsy) = 2N(Z,) +2+ > N(Ds,).
T;Tn

Now, we recall the dicyclic group Ty,, also called the binary dihedral group with
parameter n > 3, as any group having the presentation Ty, = (z,y | 2*" = e,y? =
",y lry = x71). Note that T, and Ty are considered as groups isomorphic to Z
and the quaternion group Q)g, respectively. It is well known that the if the prime
factorization of n is p"™ py™? - - - pI*¢, then the structure of the subgroup lattice of 7}, is
as follows: for every divisor r of 2n, T}, possesses a subgroup isomorphic to Z,, namely
Hy = (xQTn) and for every divisor s of n, Ty, possesses n/s subgroups isomorphic to
Ty, namely H;* = (2%, 2'"'y), where 1 < i < n/s.

The automorphism group of Ty, denoted by Aut(7},) is the set {fa 5|0 <a,f <
2n — 1 and («,2n) = 1}, where f, 5(z) = 2 and f, 5(y) = 2%y. By f1,_i, we have
H;® = H;*. The number of fuzzy subgroups of T}, under ~ is determined in the next
theorem as follows.
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TABLE 1. The number of distinct fuzzy subgroups of some groups under ~

|G N(G) | G NG | G NG |
Ligm 2™ Loym 2™ (m + 2) Lapm 2™ (m? +Tm + 8)
Zs, 40 Zopg 26 Zipg 88
Tg 12 T16 32 T32 80
Tea 192 T, 16 Ty 52
Ty 152 Ty 416 Tg, 64, (p#2)
Tipg 88 Doy 6 Dy 16
Doy 40 Dy 96 Dopy 26
Dy 88, (p#2)| Dap 264, (p#£2)| Dy 736, (p#2)
D8p 887 (p 7é 2) D4pq 1507 (p 7& 2)

Theorem 2.4 ([11]). The number of all distinct fuzzy subgroups of the group Ty,
n > 2, under the equivalence relation ~ is determined by the equality

N(Tyn) = 2N(Zop) + 4 + Z N(Ty.).
i
For more details of Theorems 2.3 and 2.4, we refer the reader to [10] and [11],
respectively. For the mentioned groups, according to Theorems 2.1, 2.3, and 2.4, the
specific values of N in some required cases in the next section are listed in Table 1.

3. THE NUMBER OF Fuzzy SUBGROUPS OF THE GROUPS SDsg,, Us,, AND Vg,

In this section, we classify the fuzzy subgroups of the groups SDsg,,, Ug, and Vg, with
respect to ~. In this regard, first we study maximal subgroups and automorphism
group of them.

3.1. The number of fuzzy subgroups of the semi-dihedral group SDg,. Con-
sider the semi-dihedral group SDsg,, having the following presentation:

2n71>

SDSn:<l’,y|x4n:y2:e>yxy:l* 7122

Y

In fact, for n = 1 we have SDg = Zy X Zy. According to the presentation of S Dy, we
get 2y = yx'®= D o(x*y) = 2 and o(z**'y) = 4. The group SDs, is supersolvable
and its maximal subgroups are of prime index. Let n = 2™p"pl*2 ... p" be the
decomposition of n as a product of prime factors. Then, SDg, possesses maximal
subgroups My = (x) & Zy,,, My = (2?,y) = Dy,, M3 = (2* zy) = T}, and p; maximal
subgroups of type SDsa, namely, M;; = (2P, 2207 V) j=1,... ., p;andi=1,... k.

By the properties of lautomorphism group and the order of elements of SDg,, we
find that Aut(SDsg,) ={fap |0 <5 <2n—1,0 <a <4n—1and (o,4n) = 1}, where
fap(r) = 2% and f, 3(y) = 2*’y. This implies that |Aut(SDs,)| = 2n¢(4n), where ¢
is Euler’s Totient function. By Aut(SDsg,), it is clear that for every 1 < i < k, two
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subgroups M;, = (xPi, 22Dy} and M;, = (zP, 22~Dy) are isomorphic by
T — 7z,
fl,s—t = { 2

y — 2267y,
Therefore, non-isomorphic maximal subgroups of SDg, are
My = (z) ={a' | 1 <t <dn} = Ly,
My = (z%,y) = {2, 2%y | 1 <t < 2n} = Dy,
My = (2%, zy) = {2*, 2%y | 1 <t <2n} 2Ty,

in
M3 = M; = (2P, y) = {:cp"t,a:pity |1<t< } ~ SDsn, wherel <i<k.
i Pi
Consequently, an arbitrary intersection of the non-isomorphic maximal subgroups of

SDsg,, is as follows, where 1 <r <k, i, € {4,...,k+ 3},
MlmMg :MlﬂMg :MgmMgleﬂMgmMgz <ZE2> gZQn,
MlﬂMilﬁMi2ﬁ~'-ﬂMiT:<xpi1pi2"'p”>%Z in R
Piy Pig " Piy
Mo M, WM, N -~ N M, = (z?PiaPie™Pir 9\ 2 D 4
Piy Pig " Piy.
M3 N Mil N Mig N---N Mir — <x2pilpi2---pw7xpilpi2---17iry> ~ T in ,
Piq Py Piy
MlﬂMgﬂMilﬂMiZf‘l---ﬂMiT:(xzmlpi?"pﬂgz 2n ;
PiqPig " Pip
M1 N M3 N Mil N MiQ MN---N Mir = <x2p¢1pi2~-~pir> =7 2n R
Piy Pig Piy
MzﬂMgﬂMilﬂMhﬂ---ﬂMiT:(xzpi1pi2“'piT>%Z 2n ,
PiqPig " "Pip
M1 N M2 N M3 N Mi1 N MZ‘Q NN Mir — <x2pi1pi2”'l)ir> = Z’i% 9
Piy Pig " Piy
Mi1 N Miz n---N Mir = <xp¢1p1-2-~pir’y> =~ SD 8n .
PiyPiy  Piy

By Theorem 2.2, we get
N(SDsg,)

=2 (NSD(Z4n) + Nsp(Dan) + Nsp(Tun) — 2Nsp(Zay)

— ZNSD Z4n> + NSD(D4n) + NSD(T4n) — 2NSD(ZQn) NSD(SD%@>

i=1
k-1 k

+ Z Z NSD Z 4n )+NSD(DP4n )+NSD(T 4n ) — QNSD(Z 2n ) NSD(SDsin)
i=1 ] i+1 iPj PiPj PiPj PiPj
k—2 k—1

— Z Z Z <NS’D Zp A;npl ) + NSD(DP'?'LPZ ) + NSD(TPIA;T?Z)Z ) - 2NSD(ZP‘27'1P[ )

i=1 j=i1+11=j+1
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- NSD(SDsn))

PiP;Py

+...+(—J)k(NSD(Z)+‘NSD(D)%—NSD(Tﬁ,)——2%&D(Zm1}

4n 4n 4
P11 Pk P11 Pk P11 Pk P11 Pk

_ NSD(SDSWQ).

TEET
By rewriting the above formula, we obtain the following theorem.

Theorem 3.1. Let n = 2mp" p5'? - - - p™* be the decomposition of n as a product of
prime factors and n > 2. Then, the number of all distinct fuzzy subgroups of the
group S Dg,, with respect to = is given by the equality

N(SDs,) =2 (NSD(Z4n) + Nsp(Dun) + Nsp(Tan) — 2Nsp(Zay)

k k—r+1 k—r+2 k—r43 k
+ Z ( Z Z Z T Z (_1)TNP1'1P1'2"'P¢T>) 7
r=1

i1=1 ig=i1+1iz=iz+1 tr=tp—1+1

where
Npilpz‘Q"'piT INSD(Z 4n ) -+ NSD(D an ) + NSD(T 4n )
PiiPiy Pir PiyPiy Pir PirPiy Pir
Pi; Pig Piy Piy Py Piy

and the above iterated sum is equal to 0 for k = 0.

In Theorem 3.1, Ngp(Zan) = N(Zsy), Nsp(Z__an ) =N(Z_an ) and these

two values can be calculated by Theorem 2.1. For1 célcurlation of otlhezr Varulues of Ngp,
suppose that H, = (%", y) = Dan, K, = (¥, 2"y) = Tan, and L, = (z",y) = SDsn,
where 7 is an odd divisor of n and r # n. If f € Aut(Hr), g € Aut(K,) and
h € Aut(L,), then they are as

{33”—)332”“, 1<a<? (a,2) =1,

y—a?hy, 1<p<

=

{ :1:2”—>x2m, 1§04§27n7(a727n):17
9

aty — PPy 1< g <
.TT—>$TOC, 1§Oé§47n7(a747n):17
y— 2Py, 1<p <2

h

which can be extended to an automorphism of SDyg, as

fy o T — %, _ T — v, I xr — x°,
E— Yy — $2Tﬂy, 9 = y — l.2rﬂfra+ry’ E= y — :v2"5y.
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Therefore, Ngp(SDsn) = N(SDsn) and values of NSD(D4n) and Ngp(Tan) in The-
orem 3.1 are equal to N(D ) and N(T4n), which can be calculated by "Theorems
2.3 and 2.4, respectively. Note that NSD(SDg) = Nsp(Zy x Zs) = 20, Ngp(D,) =
NSD(ZQ X Zz) = 6, and NSD(T4) = NSD(Z4) =4.

Now, we consider Theorem 3.1 in more detail for some particular cases. By putting
k =0 (i.e., n =2™) in Theorem 3.1, we get

N(SD2m+3) = Q(NSD (Zgnz+2) + NSD(D2m+2) + NSD(T2m+2) - 2NSD (ZQm-H)).
By Table 1, Ngp(Zym) = N(Zym) = 2™ and consequently
(3.1) N(8Dgn+s) = 2(Ngp(Damsz) + Nop(Tyms2)),

where the values of Ngp(Dam+2) and Ngp(Tom+2), for m > 1, can be calculated using
Theorems 2.3 and 2.4.
By putting £ =1 (i.e., n = p™ or n = 2"p™) in Theorem 3.1, we get

N(SDs,,) =2 (NSD(Z4n) + Nsp(Dan) + Nsp(Tun) — 2Nsp(Zan)

~ Nsp(Zan) — Nsp(Din) ~ Nsp(Tn) + Nsp (22 )+NSD(SD;)>.

Therefore,
(32)  N(SDgym) =2(Nso(Zipn) + Nop(Dayn) + Np(Tipn)
— 2Nsp(Zapm) = Nsp(Zapm-1) = Nsp(Daym-1)
— Nep(Typn-1) + 2Nep(Zoym-1) + NSD(SDgpm1)>
and
(3.3) N(SDymysiym) =2 (NSD(Z2mO+z ) + Nsp(Dymoszm)
+ Nop(Tymaszgn) — Nsp(Zympsim)
— Nsp(Zamoszyn 1) — Nsp(Dymoszym 1)
— Nsp(Tomo+2ym-1) + 2Ngp(Zigmo+1,m-1)
+ Nsp (S Dymo+aym- 1))

Using Table 1 and Theorems 2.3 and 2.4, the relations (3.2) and (3.3) transformed
into solvable recurrence relations.
Also, in Theorem 3.1, if m; =mo=---=my =1, i.e., n = p1po - - - pg, then

(3.4) N(SDg,) =2 (NSD(Z4n) + Nsp(Dyn) + Nep(Tun) — 2Nsp(Zay,)

+ rz_:kl(—l)T <I;j> (NSD(ZM) + Nsp(D__n__) + Ngp(T

pP1P2 Pr pP1pP2 Pr pP1pP2 Pr
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—ONep(Z ) — Nep(SD_sn )))
p1pP2 " Pr pP1pP2 Pr
3.2. The number of fuzzy subgroups of the group Usg,. In this section, consider
the group Us,, where n > 2 which has the following presentation:

Usn = (x,y|x2n:y3:e,yxy:x>, n > 2.

In fact, for n = 1 we have Ug = Dg. According to the presentation of Us,, we get
2%y = ya? and 2?*tly = y22?*!. The group Uy, is metacyclic, that is, it has a
cyclic normal subgroup N such that the quotient Us, /N is also cyclic. Therefore, it
is supersolvable, and consequently, all maximal subgroups of Us, have prime index.
These maximal subgroups are either of type (zy') = Zs, or of type (xP,y), where
0 < i< 2and pis a prime divisor of 2n. In particular, the number of all maximal
subgroups of U, is ¢(2n) + 3 [15]. The distinct fuzzy subgroups of Uy, with respect
to the natural equivalence relation ~ are enumerated in [12]. In the following, we aim
to count the fuzzy subgroups of Uy, with respect to &.

By the properties of automorphism group and the order of elements of Us,, we
find that Aut(Us,) = {fas, |0 <a <2n—1and (a,2n) =1, =0,1,2,7 = 1,2},
where f,5~(z) = 2*y” and fop,(y) = y7. This implies that |Aut(Us,)| = 6¢(2n).
By Aut(Us,), it is clear that three subgroups My; = (xy’) = Zs,, where 0 < i < 2,
are isomorphic by

T — T, 1 r — xy?,
fl,l,q/ = - an f1,2,'y = "y

Therefore, the number of non-isomorphic maximal subgroups of Us, is ¢(2n)+ 1 which
are My = (x) = Zs, and (aP,y), where p is a prime divisor of 2n.

Let n = 2*13%p"'py" - .- p** be the decomposition of n as a product of prime
factors. For counting N(Us,,), we consider two cases:

Case 1: ay = 0.
Thenv n= 2a1pT1p;n2 o pznk

My = {(x) ={a" |1 <t < 2n} = Zy,,
My = (22, y) = (2%y) = {a*, 2™y, 2®y* | 1 <t <n} =Ly,

and non-isomorphic maximal subgroups of Uy, are

2
Mo = (2P y) = {xpit,xpity,xpitﬁ |1<t< n} >~ Usn, wherel <i<k.
bi Pi

Therefore, an arbitrary intersection of the non-isomorphic maximal subgroups of U,
is as follows, where 1 <r <k, i, € {3,...,k+ 2},
M1 N M2 = <l’2> = Zn,
M1ﬂMi1ﬂMi2ﬂ---ﬂMir:<£Bpi1pi2mp”>%'Z on

Piq Pig  Pip

My My, N My O O M, = (@P0PePory) 27 o

Piy Piy Piy

?
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My O My N Mg, 0 M, N ---0 M, = (g?PaPiz Pir) 27,

Piq Pig  Piy !
]\L.1 N ]\42.2 N---N Mi,» — <mpi1pi2"'piv'7y> =U 6n
pilpiQ'”pir
By Theorem 2.2, we get
(3.5)
(U6n
( ZQn + NU (ZSn) NU<Zn)
- (ZQn)+NU(ZBn) NU<Z£) —NU(U%)
+Z Z NUZZn)+NU<Z Bn) NU(ZL)—NU(UGi)
=1 j=it1 PiPj PiPj pPiPj PiPj
k—2 k—1
_Z Z ZNUZ 2nl +NU(Z 3nl)_NU(Z Jl)_NU(U 6nl)
PiPjP PiPjP PiP;P PiP;P

i=1 j=1+11=5+1

+...+(—1)k<NU(Z2n)—|—NU(Z3n) —NU(Z%) —NU(U 6 )))
P1P2 Pk P1P2 Pk p1pP2 P P1P2 Pk

For every cyclic subgroup Z,, of Us,, Ny (Z,,) = N(Z,,). Every non-cyclic subgroup
of Usy, is of type H, = (2", y) = Uss, where 7 is an odd divisor of n [15]. Every
f € Aut(H,) is of type

" — z7yb, 1§04§2” (v, —) 1,=0,1,2,
y—w v=12,

which can be extended to an automorphism of Us, as fz(r) = 2%y” and fr(y) = 3".
Consequently, Ny (H,) = N(H,) and Ny(Us) = N(Dg) = 6. Now, by rewriting the
formula (3.5), we obtain the following theorem.

Theorem 3.2. Let n = 2*'p" py*2 - p™* be the prime factorization of n, where 3
does not divide n. Then, the number of all distinct fuzzy subgroups of the group Usg,,
n > 2, with respect to =~ is given by the equality

N(U6n> =2 (N(ZZTL) + N(Z3n) - N(Zn)

i1=1 do=t1+1i3=i2+1 Tp=1pr_1+1

+§:<k§1 S S (—1)7’Npi1pi2~--mr>)’
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where

Npilpig'”pir — N(Z 2n ) + N(Z 3n ) - N(Z n ) — N(U 6n ),

Piq Pig Pip Piq Pig ' Piy Piy Pig " Pip Py Pig  Pip

and the above iterated sum is equal to 0 for k = 0.
For studying Theorem 3.2 in detail, put £ =0 (i.e., n = 2"). Then,
N(Usgm) = 2(N(ng+1) + N(Zsom) — N(Z2m))-
By Table 1, we get
(3.6) N(Ugagm) = 2™1(3 4+ m).
By putting £ =1 (i.e., n = p™ or n = 2"°p™) in Theorem 3.2, we get

2 )—N(ZB )—i—N(Z%) —l—N(UfsprL)).

an 20
p P

N(Usn) = 2(N(Zan) + N(Zan) = N(Z) = N(Z
In particular,
N(Uspm) =2(N(Zaym) + N(Zgpm) = N(Zpm) = N(Zoyn-1) = N(Zgym1)
+ N(Zynr) + N(Ugpn) ).

By Table 1, we obtain N(Ugpym ) = 2™ (2m+5)+2N(Ugpm-1). By solving this recurrence
relation, we obtain

m—1

(3.7)  N(Ugpm) =2 > (2(m — i) +5) 4+ 2"N(Dg) = 2™(m* + 6m + 6).
i=0
Ifmi=mo=---=mp=1,1e.,n=2%ppy---ps, then

(38)  N(Uo) =2 <N(Zgn) § N(Za) — N(Z)

+§kj(_1y<f>(3\r(zzn)+N(Zsﬂ)—N(Z )

) P1P2" ' Pr P1P2" " Pr p1pP2 " Pr

<

Case 2: ay # 0.

Then, n = 2*3*2p"p5*2 ... p/"* and non-isomorphic maximal subgroups of Us,
are My = (z) = Zo,, My = (2% y) = Z,, x L3, M3 = (23,y) = U%n and M; 3 =
(xPiy) =2 U o, where 1 < ¢ < k. According to the structure of maximal subgroups,
every non—cylclic subgroup of Us, is of type H, = (x",y), where r is a divisor of 2n
[15]. Similar to Case 1, if r # 3 then every automorphism of H, can be extended to
an automorphism of Uy, and Ny (H,.) = N(H,).

Intersection of maximal subgroups of Uy, is as follows, where 1 < r < k, i, €
{3,...,k+3},

M, N M, = (2% 2 7Z,,
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MlﬂMilﬂMQﬂ"'ﬁMir:<$pi1pi2mp”>gz 2n ,

PiyPiyPiy

MQﬂMllﬂMmﬂlir = <$2pi1pi2mp”’y> gZ n XZg,

PiyPig " Piy.

MsN M, N"M;,N---NM,; = <x3pi1pi2'-~Pir’y> 22U en

3P Pig Pip
MyNnMyNn M, "M, N---NM; = <x2pi1pig---pw> o~ Zp_ e —"
i1 Pig " "Pip
My N Ms O Mg, 0 M, N ---0 M, = (gPPiPiz” Pir) o Z__on__,
Piy Piy  Piy
M1 N M2 N M3 N Mi1 N Mig N---N M’ir = <x6p¢1p¢2---pir> = Z#,

3Piq Pig Pip

leﬂMmﬂﬂMlT = <xpi1p¢2'"pir’y> =U 6n ,

Piy Pig Piy

(xby) = Z,, if ap =1,
MQ N M3 - .
<g;6,y> = Z% X L, if ap > 2,
<x6pilpi2“‘piry> = Zﬁ’ if Qg = 1,
. o .. - et Zl 12 o
M2 N M3 N le N N Mzr <x6pi1pi2--~pir’y> ~ Zﬁ X Z37 if Qg > 2.
L Piy Piy

Similar to Case 1, by using Theorem 2.2, we get the following theorem.

Theorem 3.3. Let n = 2*13%“2p"'py"? - - - p"* be the decomposition of n as a product
of prime factors and ag # 0. Then, the number of all distinct fuzzy subgroups of the
group Us, with respect to =~ is given by the equality

N 0) =2 N ar) + N (B ) + N (Zg) + NolUp)

n
3

— Nu(Zn) = Ny(Zz) — Ny(A)

r=1 i1=1 to=t1+113=t2+1 Gr=tr—1+1

where the above iterated sum is equal to 0 for k =0,

Lo, if ag =1,
A f oo
Z%XZ& Z.fa2227

and

N.

Diq PigDiy

:NU(Z 2n ) + NU(Z n__ X Zg) -+ NU(Z n ) + NU(U 6n

pilmpi'r‘ pilmplr SPil”'pir Bpil'”pir

~Ng(Zn )= Np(Z_22 ) = Ny(U_s) — Nu(B),

pil”‘pir pil'npir

Piq " Piy
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{Zp p"p s if()égzl,
with B ={ "2 7

7 n X Zg, Zf (e%)) Z 2.

3P Pig " Pip

In the following, by using Theorem 3.3, we will focus on determining N(Ug.3m ),
where m > 1. First, suppose that m = 1. By putting n = 3 in Theorem 3.3 (i.e.,
a; =k=0, as =1), we get

(3.9)  N(Uis) = 2(Nu(Zs) + Nu(Zs x Zs) + Nu(Us) — 2Nu(Zs) — Niy(Zo) +1).

Based on Table 1, Ny(Zg) = 6, Ny(Zs) = Ny(Zy) = 2 and Ny (Us) = N(Dg) = 6.
By the presentation (z,y | 2% = 3® = e, yry = x) and automorphisms of Uyg, non-
isomorphic chains of subgroups of (2% y) = Z3 X Z3 terminating in (2% y) are as
follows:

@), @ C b L) C )
) C (@ y), {e} C (22, y), . {e} C (%) C (2*,),
{e} C (%) C (@*y), {e} C (y) C (2*,m),
which imply Ny (Zs x Z3) = 8. Hence, N(Ug) = 30.
For n = 3™, m > 2, by Theorem 3.3, we have
N(Us.3m) =2 (NU(ZZS’”) + Ny (Zsm x Z3) — Ny (Zzm) — Ny (Zy.zm-1)
- NU(ng—l X Zg) + NU(ng—l) + NU(U@.gm—l)).
Using Table 1,
N(Uﬁ.gm) = Qm(m + 2) + QNU<Z3m X Z3) — QNU(Z37n—1 X Zg) + 2NU<U6~3W*1>‘
By solving the above recurrence relation, we get

N(Uﬁ.gm) :2m_1NU(U18) + 2NU(ng X Zg) — Qm_lNU(Zg X Zg)
m—2
+ 27N m? +5m — 6) + > 2Ny (Zgm-i X Zs).
i=1
Since Ny (Uss) = N(Uss) = 30 and Ny (Zs x Zs) = 8, hence
m—2

(3.10) N(Ugzm) = 2™ H(m® +5m + 16) + 2Ny (Zgm x Zz) + Y 2'Ny(Zam—i x Zs).

i=1
For determining Ny (Zsm X Zs), consider the subgroup (x?,y) = Zgm X Zs3 of Ug.zm.
Non-isomorphic chains relative to automorphisms of Ug.gm are one of the following

types:
C: HC---CH,, CH, ={z% C (2 y),
C: K1 C---C K, CK,={z%)C (a®y),
C3: Ly C---C Ly CL= (2% y) C (2% ),
Cy: Ly C---C Ly C{z%y).



678 L. K. ARDEKANI

In fact, every chain in €4 obtains by deleting (z°, y) of a chain of Cs. Since (2?) = Zzm,
(22y) = Zsm and (2°,y) = Zsm—1 X Zs, hence |C1| = |Cy| = Ny(Zsm) = N(Z3m) and
€3] = |C4| = Ny (Zsm-1 x Zs3). On the other hand, Ny (Zgm x Z3) = Si, |C;], which
leads to Ny (Zgm X Z3) = 2™ + 2Ny (Zsm-1 x Z3). By solving the obtained recurrence
relation, we get Ny (Zzm x Zs3) = (m — 1) (2mT2 — 2m+1) 4 2m=INy,(Z3 x Z3). Since
Nu(Zs x Zs) = 8, then Ny (Zam x Zg) = 2™+ (m + 1),

Now, by putting Ny (Zsm x Z3) in (3.10), we find

m—2
(3.11)  N(Usam) =2 (m* +5m +16) + 2" (m + 1) + >_ 2™ (m —i+1)
=1
=271 (3m? + 15m + 12).

3.3. The number of fuzzy subgroups of the group V4,. Consider the group Vs,
where n > 2 having the following presentation:

Van = (z,y|2® =y  =e,ayr =y Loy la=y), n>2

In fact, for n = 1 we have V3 = Dg. The group Vg, was presented for first time in
[9] in the case that n is odd. For the main properties of the group Vg,, when n is an
even natural number, we refer reader to [3].

According to the presentation of Vg, we get z'y? = y?z* and

{ oy =yt aty® = P, 1 1s even,

iy = y3x~ piyd =y~ o7t s odd.

Since Vg, is supersolvable, hence all maximal subgroups of V4, have prime index
and they are of type (x,vy?) or (zP,y? z'y), where p is a prime divisor of 2n and
0 <i < p—1. In particular, the number of all maximal subgroups of Vg, is 1+ v(2n),
where v(2n) is the sum of prime divisors of 2n [15].

By the properties of automorphism group and the order of elements of Vg,,, we find
that Aut(Vs,) is the set {fo 5|0 <a <2n—1and (o,2n) =1,0 < 5 <n—1} of the
size 4np(2n), where

; T — % or x>,
w y — 228y or 2283,

Let n = 2™0p{"'py'? - - pi'* be the decomposition of n as a product of prime factors.
First, we show that for 0 < r, s < p; — 1, two maximal subgroups H, = (zPi, y* z"y)
and H, = {(xPi y* x®y) are isomorphic. If r and s are both even or both odd, and
additionally r)s, then r — s is even and two subgroups H, and K are isomorphic by

T —x,
fl,?"*S = r—s

If r is even and s is odd, then one can easily prove that

+s

(P, y?, 2°y) = (a7, ¥, 2" Foy).
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Since p; + s is even, an argument similar to the previous case shows that the subgroups
H, = (aPi y? 2PiT5y) and H, are isomorphic.
Therefore, there are k + 3 non-isomorphic maximal subgroups that are

Ml = <xay2> = ZQn X Z27 M2 - <$2,y2,y> = <$2927?J>7 M3 - <x27y2’$y>
Mi+3 = <$pia92,y> = <xpiy2ay> = VS—"a where 1 < < k.
Pg

In the group Vg, the number of fuzzy subgroups of M;, 1 <i < 3, under = is known
only in the case where n is odd. Therefore, we proceed in the following to count the
number of fuzzy subgroups of Vg, under ~, where n is odd. If n is even, determining
N(Vg,) involves complex computations and will be the subject of further research.

Now, let the prime factorization of n be pi"'py'?---pi'*, where pi,ps,...,py are
distinct odd primes. As mentioned earlier, the non-isomorphic maximal subgroups of
Vs, are

My = (x,y*) = {2, 2" | 1 <t < 2n} ¥ Zy, X 7o,
M2 = (332?/27 y> = {$2t7$2tya thy27$2ty3 ’ 1 S t S n} = T4na
M3 — (a;2,y2,xy> — (x2y2,:r;y) — {th’x2ty2’x2t+ly’x2t+1y3 ’ 1<t< n} ~ D4na

. , . . , 2n )
i Pi
Therefore, an arbitrary intersection of the non-isomorphic maximal subgroups of Vg,
is as follows, where 1 <r <k, i, € {4,...,k+ 3},

M1 mMg = MlﬂMg = MQﬂMg = M1 mMgﬂMg = <$27y2> = <I2y2> gZQTL,
M0 My N My O M, = (aPaPePie y®Y 27 o X Lo,

PiyPig  Piy
My 0 My, OV My (-2 VM, = (PP Piry? gy TW’
M3 A Mh N Mz’Q AN Mir _ <:B2p¢1pi2~-.piry2’$pi1pi2.‘.pwy> ™~ DW’
My 0 My N My, N M, NN M, = (a?PiaPiPirg?) o Zﬁ’

i1 Pig " Piy
My 0 M3 0 My, 0 M, N -0 M, = (@7PPi Piey?) o Z%piin%’
Mo 0 M3 0\ My, N M, NN M, = (a?PiaPiPiry?) o Zﬁ’

i1 Pig " Piy
My N My Ms O My, O My, NN M, = (@7PnPie i) Zﬁ’

i1 Pig " Piy

Miy N Miy (- N My, = (aPaPie P g2 y) = (aPaPe P2 g) 2V s,

pil pi2 D

By Theorem 2.2, we get

N(‘/Bn) =2 (NV(Z2n X Zg) + NV(T4n) + NV(D4n) — 2Nv(Z2n)
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k
— ZNv(Zij X Zg) + N\/(T%> + N\/(D%> — QN\/(Z%) — NV(V%L)

i=1
k-1 k

+Z Z Nv(Zﬂ X Zg)+Nv(T47n)+Nv(D47n) —QNv(Zﬂ)
i=1 j=i+1 PiPj PiP;j PiP; Pipj

k—2 k-1 k

NV ) - T Y <NV(Z2n X Z) + N (T _sn )

i=1 j=i+1l=j+1 HCAL HCAL

Ny (Din ) — 2N (Z_n )_vasn))

PiP;P| PiP;P| P;iP;jP|

++(—1)k(NV(Z2n X Z2)+NV(T47n)+NV<D dn

P1P2 Pk P1P2 Pk P1P2 Pk

P1P2 D) P1P2 Pk

CONY(Z o) = N (Vs )))

By rewriting the above formula, we obtain the following theorem.

Theorem 3.4. Let n = p{"'py?---pp* be the decomposition of n as a product of
prime factors, where py,pa, ..., pr are distinct odd prime numbers. Then, the number
of all distinct fuzzy subgroups of the group Vg,, n > 2, with respect to = is given by
the equality

N(Vg,) =2 <NV(Z% X Z3) + Ny (Tyn) + Ny (D) — 2Ny (Zay,)
k k—r+1 k—r+2 k—r+3 k
15535 SID IEEED W i

= i1=1 dg=i1+1ig=ia+1 ip=ip_1+1

where

Npilpig'"pi»,- :NV (Z 2n X ZQ) + NV (T 4n ) + NV(D 4n

Piy Piy iy Piy PiyPiy PiyPiy " Piy
—ONY(Z_ 2 )= Ny(V__s ),
Piy Piy*Piy Piy Piy Piy

and the above iterated sum is equal to 0 for k = 0.

Note that in Theorem 3.4, the value of Ny for a cyclic subgroup Z,, is equal
to N(Z,,) which is determined in Theorem 2.1. For determining the value Ny for
dihedral and dicyclic groups, suppose that H, = {(z*", 3% y) = (2?"y% y) T47n7
K, = (z*,y* 2"y) = (@¥y*,2"y) = Du and L, = (2", 9% y) = ("y*y) = Vi,
where r is a proper divisor of n. If f € Aut(Hr) and g € Aut(K,), then they are as
follows, where 1 < o, 3 < 2 and (a, 22) =1,

{ x2ry2 N (x2ry2)oz’ { eryQ N (xQ'ryQ)a’
= and ¢ =
y = (2*y*)%,

11

xry SN (x2ry2)5xry’
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which can be extended to an automorphism of Vg, as follows:

T — x%, r — %,
Je= and gp =

y — xQT,By’ I2rﬁy3’ y — x2r67ra+r 2rB—ra+r

y,x Yo

Therefore, Ny (H,) = N(H,) and Ny (K,) = N(K,). Note that Ny (H,) = Ny (1) =4

and Ny (K,,) = Ny (Dy) = Ny (Zg X Zs) = 6. Also, every automorphism of K, is of

type

, xry2 N (.’L"Ty2)a, (xry2)ay2’ 1 S a S 2n (Oé 2£) _ 1’
| oy o 2Py, 228y, 1<pg<®

r — 2, %>,

which can be extended to an automorphism of Vg, as hg = and
y — 2%y, 2%y,

so Ny (L,) = N(L,). Note that Ny (L,) = Ny (Vs) = 24.

In light of the above, the value Ny of cyclic, dihedral and dicyclic groups can be
calculated by Theorems 2.1, 2.3 and 2.4, respectively. In the following, according to
the automorphisms of Vg, = (z,y), we treat to the counting the fuzzy subgroups of
H = (x,y*) = Zy, X Zy. Assume that n = p"'p5'? - - p;'* is the decomposition of n as
a product of odd prime factors. Maximal subgroups of H are (z) = Za,, (xy?) = Zs,,
(2%y®) = Loy, and (2P, y*) = Zon X Ly, where 1 < i < k. Two subgroups (z) and
(xy?) are isomorphic by the automorphism f o of Vg,. Therefore, the members of the
non-isomorphic maximal subgroups of H are as follows:

M, = (z) ={z" |1 <t<2n}, M,=(2*y*) = {2* 2%y’ | 1 <t < n},
2
M. o = (xpi,yQ) = {:Bpit,:vp"tyz 1<t < n}’ 1< <k,
i
Consequently, an arbitrary intersection of the non-isomorphic maximal subgroups of
H is as follows, where 1 <r <k, i, € {3,...,k+ 2},
Ml N M2 = (x2> = Zn7
MlﬂM“ﬂMmﬂﬂMzr: <l’pi1pi2".pir>gz 2n

p’ilpig P

M2 N Mil N ]\4—1‘2 Nn---N Mir = <£L'2pilp12"'pir’y2> = <l’2pilpi2'"piry2> =7 2n

pil pi2 D

’

MiNMynN My NM;,N---NM,;, = <x2pi1pi2-~.pir> >~ Zﬁ’
i1 Pig "Pip

Mil N Miz MN---N Mir = <l’pi1pi2mpi’“7’y2> =27 2n X ZQ.

pil PiQ D

By Theorem 2.2, we get

N(H) zz(m%n N () = 3N () — Ny (B) — Ny (B X Z)

=1

PSS (B )~ N (s ) — Ny (B % )

— = PiPj PP} PiDj
i=1 j=i+1 I v
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k=2 k-1 k

=22 > MNy(Z 2 ) = Ny(Z_2_) = Ny(Z_2u_ x Zy)

i=1 j=i+11=j+1 PiPgPl HCAL

+...+(_1)k(2NV(Z on )= Ny(Z_n ) —=Ny(Z__2u XZg))).

P1P2 Pl P1P2 Pk P1P2 Pl

Since every automorphism of subgroups of H can be extended to a automorphism of
H, then by rewriting the above formula, we obtain the following theorem.
Theorem 3.5. Suppose that n = pi{"py?---pi™ > 3 is an odd natural number
and Vg, = (x,y), then the number of all distinct fuzzy subgroups of the subgroup
(2,9?) = Zon X Zy under ~ with respect to automorphisms of Vs, is given by the
equality

NV(Z2n X Zg) =2 <2NV (Zgn) — N\/(Zn)

+Z<i i i Z (_1)TNpi1pi2“'pir>>7

=1 i1=1 i2=i1+1 iz3=izo+1 Gr=tr—1+1
where

N,

Piq Pig " Diy

= QN\/(Z 2n ) — Nv(Zé) — Nv(Z 2n X Zg)

pilpiQN'piT‘ pilpb'”pir pilp’iQ'”pir

4. CONCLUSION

This paper focuses on the enumeration of distinct fuzzy subgroups of the groups
SDgy,, Usy, and Vy(o,,—1) under the equivalence relation ~. The equivalence relation ~
is based on chains of subgroups and automorphisms. Therefore, the subgroup lattice,
the structure of maximal subgroups, and automorphism of the mentioned groups are
studied. By using the inclusion-exclusion principle, recurrence relations for counting
fuzzy subgroups are derived. These relations, presented in Theorems 3.1, 3.2, 3.3, and
3.4, are solvable in some special cases. A summary of the obtained results is described
in Table 2.

Also, in this paper, suitable tools are provided for the counting of fuzzy subgroups
of the group Vg, with respect to ~. The value of N(V4,) is obtained for odd values
of n, while the determination of N(Vj,,) for even values of n remains for future work.
Furthermore, future research directions can involve computation of the number of
fuzzy normal subgroups of SDg,, Us,, and Vg, with respect to ~.
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TABLE 2. The exact number of distinct fuzzy subgroups of SDs,, Us,,
and Vg(a,—1) in some particular cases

| Group G N(G) | Relation Used |
SDqg 56 Equation (3.1)
SD3s 144 Equation (3.1)
SDgy 352 Equation (3.1)
SDg, 112 Equation (3.2)
SDg,2 452 Equation (3.2)
SDg,s 1560 Equation (3.2)
S Dgpa 4896 Equation (3.2)
SDiep 376 Equation (3.3)
S Dgpq 792 Equation (3.4)
Us.om 2 (m + 3) Equation (3.6)
Us.3m 2m=1(3m? + 15m + 12) | Equation (3.11)
Uspm, p # 2,3 2™(m? + 6m + 6) Equation (3.7)
Use 96 Theorem 3.3
Uigp, p # 2,3 88 Equation (3.8)
Uisp, p # 2,3 174 Theorem 3.3
Uspgs P-4 7 2,3 150 Equation (3.8)
Vap, p # 2 136 Theorem 3.4
Vap2, p # 2 552 Theorem 3.4
Vaps, p 7# 2 1912 Theorem 3.4
Vapt, p # 2 6016 Theorem 3.4
Vapg, P2 q # 2 968 Theorem 3.4
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