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HYPERSTRUCTURAL COMPLETENESS: HYPERMODULES WITH
SUPPLEMENTS IN EVERY EXTENSION

BURCU NİŞANCI TÜRKMEN

Abstract. In this work, we introduce and investigate the concept of Krasner hy-
permodules that have the properties (E) and (EE). The motivation for this study
stems from the fundamental observation that the concept of Krasner hypermodule
is closed under direct summand and extension. So, we establish several fundamen-
tal results concerning Krasner hypermodules have the properties (E) and (EE).
Furthermore, we provide a characterization for a linearly compact Krasner hyper-
module, the Noetherian property is equivalent to the vanishing of all its radical
subhypermodules, thereby characterizing the Noetherian hypermodule in terms of
radical. These results not only generalize classical module theory concepts to the
hypermodule theory but also deepen the understanding of the interplay between
normal injectivity, extension, and semisimplicity in hypercompositional algebra.

1. Introduction

For a clearer exposition, we begin by recalling several fundamental definitions from
hypercompositional algebra, as presented in survey articles. Let H be a nonempty set
and let P(H) denote the power set of H. The pair (H, ◦) is called a hypergroupoid if
the hyperoperation on H is a function ◦ : H ×H → P(H). For any subsets X and Y
of H, one defines X ◦ Y = ∪x∈X, y∈Y x ◦ y. We simply write a ◦X and X ◦ a instead
of {a} ◦X and X ◦ {a}, respectively, for any a ∈ H and any nonempty subset X of
H [12]. A hypergroupoid (H, ◦) is called a semihypergroup if the hyperoperation ◦ is
associative, i.e., for every a, b, c ∈ H, we have a ◦ (b ◦ c) = (a ◦ b) ◦ c.
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A hypergroupoid (H, ◦) is called a quasihypergroup if the reproduction law holds,
i.e., for every x ∈ H, x ◦ H = H = H ◦ x. If the hypergroupoid (H, ◦) is a semi-
hypergroup and a quasihypergroup, then it is called a hypergroup. A nonempty
subset S of a hypergroup (H, ◦) is called a subhypergroup of H if, for every a ∈ S,
a ◦ S = S = S ◦ a [12]. A canonical hypergroup is a hypergroup (H, ◦) satisfying the
following conditions:

(i) it is commutative, i.e., for every a, b ∈ H, a ◦ b = b ◦ a;
(ii) there exists e ∈ H such that {a} = (a ◦ e) ∩ (e ◦ a) for every a ∈ H (such an

element e is called an identity of the hypergroup);
(iii) for every a ∈ H there exists a unique a−1 ∈ H such that e ∈ a ◦ a−1 (the

element a−1 is called the inverse of a);
(iv) for every a, b, c ∈ H, if c ∈ a ◦ b, then a ∈ c ◦ b−1 and b ∈ a−1 ◦ c [5].
In, [11] an algebraic system (R,+, ·) is called a Krasner hyperring, if
(i) (R,+) is a canonical hypergroup;
(ii) (R, ·) is a semigroup having zero as a bilaterally absorbing element, i.e., a · 0 =

0 = 0 · a for any a ∈ R;
(iii) the multiplication distributes over the addition on both sides, i.e., for any

a, b, c ∈ R, a · (b+ c) = a · b+ a · c and (b+ c) · a = b · a+ c · a.
A hyperring R is called commutative, if it is commutative with respect to the

multiplication. If a ∈ a · 1R for every a ∈ R, then the element 1R is called a unit
(identity) element of the hyperring R [6].

In [11], a left R-hypermodule is defined as an algebraic system (H,+, ·) endowed
with an external multivalued operation ·, i.e., ◦ : R×H → P(H) such that, for every
x, y ∈ R and a, b ∈ H, the following statements hold:

(i) x ◦ (a+ b) = x ◦ a+ x ◦ b;
(ii) (x+ y) ◦ a = x ◦ a+ y ◦ a;
(iii) (x · y) ◦ a = x ◦ (y ◦ a);
(iv) a ∈ 1R ◦ a.
Similarly, the concept of right R-hypermodule is defined and we say that (H,+, ◦)

is an R-hypermodule if it is a left and right one. Some authors call this hypercomposi-
tional structure a general hypermodule. A nonempty subset N of an R-hypermodule
H is called a subhypermodule of H, if N is an R-hypermodule under the same hyper-
operations of H and we denote this as N ≤ H. In other words, N is a subhypermodule
of H if and only if x ◦ a ⊆ N and a− b ∈ N for every x ∈ R and a, b ∈ N [11]. If we
consider a Krasner hyperring R, then we may endow a canonical hypergroup (H,+)
with an external operation · : R ×H → H defined as (r, a) 7→ r · a ∈ H. If, for every
x, y ∈ R and a, b ∈ H, the following statements hold:

(i) x · (a+ b) = x · a+ x · b;
(ii) (x+ y) · a = x · a+ y · a;
(iii) (x · y) · a = x · (y · a);
(iv) a = 1R · a;
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(v) x · 0=0R;

then H is called a Krasner left R-hypermodule [14].
It is well known that a module M is injective if and only if it is a direct summand

of every extension N of M . Since every direct summand is a supplement, Zöschinger
studied in [24] modules that have a supplement in every extension and termed these
modules the property (E) as a generalization of injective modules. In particular, he
proved in [24, Lemma 1.2] that every submodule of a module M has the property
(E) if and only if M has ample supplements in every extension, namely the property
(EE). It is obvious that the class of modules with the property (EE) contains properly
artinian modules. Now we generalize this concept to Krasner hypermodules.

In the study unless otherwise stated, we denote as R, a Krasner hyperring with
the identity element 1R. A nonempty subset J of a commutative hyperring R is
called a hyperideal, if x − y ⊆ J and a · x ∈ J for every a ∈ R and x, y ∈ J . It
is well known that every hyperideal J of a hyperring R is a subhypermodule of the
R-hypermodule R. Let H be a left Krasner hypermodule over a Krasner hyperring
R and K be a subhypermodule of H. Consider the set H

K
= { a + K | a ∈ H }.

Then H
K

is a left Krasner hypermodule over R under the hyperoperation defined
as + : H

K
× H

K
→ P(H

K
) and the external operation ◦ : R × H

K
→ H

K
defined as

(a + K) + (a′ + K) = { b + K | b ∈ a + a
′ } and x ◦ (a + K) = { b + K | b ∈ x · a }

for every a, a′
, b ∈ H and x ∈ R. The hypermodule H

K
is called the quotient (factor)

hypermodule of the hypermodule H. Note that a+K = K if and only if a ∈ K [8].
A nonzero R-hypermodule H is called simple, if the only subhypermodules of H are
{0H} and H itself in [22]. We denote by Soc(H) the set of all simple subhypermodules
of the R-hypermodule H. Let H and H

′ be two left Krasner R-hypermodules. A
function f : H → H

′ is called a homomorphism if for every a, b ∈ H and r ∈ R, it holds
f(a+b) ⊆ f(a)+f(b) and f(r◦a) = r◦f(a), while it is called a normal homomorphism
if f(a+ b) = f(a) + f(b) and f(r ◦ a) = r ◦ f(a). For any subhypermodule N of a left
Krasner R-hypermodule H, the image f(N) is a subhypermodule of H ′ and the kernel
ker(f) = { a ∈ H | f(a) = 0H′ } is a subhypermodule of H [9]. Two subhypermodules
N and N ′ of a left Krasner R-hypermodule H are called independent, if N∩N ′ = {0H}
and in this case their sumN+N ′ is denoted byN⊕N ′ and called direct sum. Moreover,
a subhypermodule N of H is called a direct summand of H if H = N ⊕K for some
subhypermodule K of H [20]. A subhypermodule N of a left Krasner R-hypermodule
H is called a small subhypermodule of H and denoted by N ≪ H, if N + L ̸= H for
every proper subhypermodule L of H. We refer the reader to [20] for basic properties
related to small subhypermodules.

If f : H → H
′ is a normal epimorphism and ker(f) ≪ H, then f is called a small

normal epimorphism. Rad(H) is defined as the sum of all small subhypermodules
of the left Krasner R-hypermodule H, i.e., Rad(H) = ∑

L≪H L. If H has no small
subhypermodules of H, then it is denoted by Rad(H) = H. Notice that Rad(H) is
always a subhypermodule of the left Krasner R-hypermodule H and H is local if and
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only if H is hollow and Rad(H) ̸= H [8]. A Krasner R-hypermodule H is called
normal projective if for every normal epimorphism g : T → K and every normal
homomorphism f : H → K there exists ψ : H → T such that g ◦ ψ = f . A Krasner
R-hypermodule H is called normal injective if for every normal monomorphism g :
T → K and every f : T → K and every f : T → H, there exists ϕ : K → H such that
ϕ◦g = f [2]. Let H be a left Krasner R-hypermodule and U, V be subhypermodules of
H. V is called a supplement of U in H, if it is a minimal element in the set {L ≤ H |
U + L = H}, equivalently U + V = H and U ∩ V ≪ V .
H is called supplemented if every subhypermodule of H has a supplement in H [8].
A subhypermodule U of a left Krasner R-hypermodule H has ample supplements

in H if every subhypermodule V such that U + V = H contains a supplement of U
in H.

The left Krasner R-hypermodule H is called ample supplemented if every subhy-
permodule of H has ample supplements in H.

These notions were first introduced for general hypermodules in [8], where several
illustrative examples can also be found.

2. Krasner Hypermodules Satisfying Properties (E) and (EE)

The aim of the present paper is to investigate several generalizations of injective
hypermodules formulated in terms of the existence of supplements in every exten-
sion. These generalizations arise naturally within the category theory of canonical
hypergroups and Krasner hypermodules, which was established in [1]. The notion
of supplements, as well as that of ample supplemented Krasner hypermodules, was
introduced and systematically studied in [8]. Furthermore, the concepts of normal pro-
jective and normal injective Krasner hypermodules were characterized in detail in [3].
More recently, the interplay between supplement (and ample supplement) conditions
and normal π-projective Krasner hypermodules has been examined in [18]. Building
upon these foundational results, the present work aims to extend and unify these
approaches, thereby providing a broader perspective on normal injectivity properties
in the theory of Krasner hypermodules. The categorical framework of canonical hyper-
groups and Krasner hypermodules was first systematically established in [1], providing
a foundation of a hyperstructure for the study of hypercompositional algebra. Within
the notion of supplements and ample supplements for Krasner hypermodules was intro-
duced in [8], extending classical module theory to hypermodule theory. Subsequently,
the notions of normal projective and normal injective Krasner hypermodules were
thoroughly investigated and characterized in [3], highlighting their homological signif-
icance and structural properties. More recently, the interaction between supplement
(and ample supplement) conditions and normal π-projective Krasner hypermodules
has been explored in [18], revealing deep connections between supplement notion and
π-projectivity in Krasner hypermodules. These developments collectively form the
theoretical foundation upon which the present study is built.
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Now consider a minimal element in the following partially ordered set: {U | U ⊂
H, U + V = H }.

A Krasner hypermodule H is said to be Artinian (respectively, Noetherian) if it
satisfies either of the following equivalent conditions.

(i) Every nonempty family of subhypermodules of H contains a minimal (respec-
tively, maximal) element with respect to set inclusion.

(ii) Every descending (respectively, ascending) chain of subhypermodules of H
stabilizes.

Moreover, a Krasner hypermodule H is Artinian (respectively, Noetherian) if and
only if it is Artinian (respectively, Noetherian) when regarded as a hypermodule over
its Krasner hyperring. The notion of a Noetherian hyperring and its fundamental
properties have been further investigated in [4].

For Artinian Krasner hypermodule V , it is even stronger: if X+V = H, then there
is a supplement (minimal element which satisfy the equality X + V = H) of V in H
that is contained in X, i.e., V has ample supplements in H.

In what follows, we introduce and investigate the following external supplement
properties for a Krasner hypermodule V :

(i) has a supplement in every extension;
(ii) has ample supplements in every extension.

Definition 2.1. Let V be a Krasner hypermodule. We call V that satisfies the first
property is said to satisfy property (E), while a hypermodule that satisfies the second
property is said to satisfy property (EE).

In discrete topology, the notion of a linearly compact module over a topological ring
plays a fundamental role in module theory and topological algebra. More precisely,
a module is said to be linearly compact if it is a Hausdorff module endowed with a
linear topology, meaning that it possesses a neighborhood basis of the zero element
consisting entirely of open submodules. In addition to this topological structure,
the defining feature of linear compactness is a compactness condition: every family
of closed cosets that satisfies the finite intersection property namely, every finite
subfamily has a nonempty intersection must itself have a nonempty intersection. This
condition ensures a strong form of completeness and allows linear compact modules
to be viewed as a natural generalization of compactness in the context of modules
equipped with linear topologies.

The classical notion of linear compactness for modules over topological rings relies
essentially on the interaction between algebraic structure and linear topology. In order
to extend this concept to the setting of hypermodules, where the underlying operations
are multivalued, a careful methodological adaptation is required. The key idea is to
replace single valued algebraic operations with their hyperstructural counterparts
while preserving extension properties that underlie linear compactness. In particular,
open submodules are naturally generalized to open subhypermodules, and cosets
are interpreted in the sense of hyperadditive translations. The finite intersection
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property, which characterizes compactness type behavior, remains meaningful in this
broader context when formulated in terms of inverse families of subhypermodules.
Consequently, linear compactness for Krasner hypermodules is defined by requiring
that intersections of inverse systems of subhypermodules commute with hyperadditive
extensions. This approach ensures that the hypermodule analogue retains the essential
completeness and minimality properties of the classical theory, thereby providing a
coherent and robust framework for extending supplement and normal injectivity
concepts to hypercompositional algebra.

Example 2.1. Let R = {0, 1, 2}. Define the hyperoperation ”+“ and the multiplication
”·“ by the following tables:

+ 0 1 2
0 {0} {1} {2}
1 {1} {1} R
2 {2} R {2}

and

· 0 1 2
0 0 0 0
1 0 1 2
2 0 1 2

.

Then, A = {0, 1} and C = {0, 2} are only proper subhypermodules of the R-
hypermodule R. Therefore, A ⊕ C = R and so, by [21, Theorem 3], every left
R-hypermodule is (ample) supplementing.

Definition 2.2. Let V be a Krasner hypermodule over a hyperring R with identity
element 1R. The hypermodule V is said to be linearly compact if, whenever V ⊆ H
and {Hi | i ∈ I} is an inverse family of subhypermodules of H, the equality(⋂

i∈I

Hi

)
+ V =

⋂
i∈I

(Hi + V )

holds. In particular, for every subhypermodule X satisfying X + V = H, the set
{T | T ⊆ X, T + V = H }

is inductive. Hence, by Zorn’s Lemma, it admits a minimal element.

Remark 2.1. Every linearly compact Krasner hypermodule has the property (EE).

Example 2.2. (See [10, Example 3.4]) Consider the normal injective N-hypermodule
Np∞ . Since Np∞ is artinian, then it is linearly compact. By Remark 2.1, Np∞ has the
property (EE).

It is clear that every hypermodule satisfying the property (EE) has the property
(E). However, the converse does not hold in general; in particular, a hypermodule
satisfying the property (E) need not be normal injective.

Lemma 2.1. Every simple Krasner hypermodule has the property (E).

Proof. Let V be a simple Krasner hypermodule and let H be an arbitrary extension
of V . Since V is simple, either V ≪ H or there exists a subhypermodule K of H such
that H = V ⊕ K. If V ≪ H, then H itself is a supplement of V in H. Otherwise,
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K is a supplement of V in H. In both cases, V has a supplement in every extension,
and hence V has the property (E). □

Example 2.3 (See [10]). Let N denote the set of all non-negative integers. Let + and ·
denote the usual addition and multiplication in N. As in [21, Construction], we define
the hyperoperation ”⊕“ on N as follows: for any m, n ∈ N,

m⊕ n = {m+ n, k | min{m, n} + k = max{m, n} for some k ∈ N}.
Thus the hyperstructure (N, ⊕, ·) is a principal hyperideal domain. It follows from
[21] that the hyperring (N, ⊕, ·), considered as an N-hypermodule and the factor
hypermodule N

pN is simple for all p ∈ P. By [21], N
pN has the property (EE).

Proposition 2.1. Every direct summand of a Krasner hypermodule has the property
(E) has itself the property (E).
Proof. Let H be a Krasner hypermodule satisfying the property (E) and A be a direct
summand of H. Suppose that

H = A⊕B

is a direct sum decomposition of hypermodules and assume that H is supplementing.
We show that A has the property (E).

Let N be any extension of A, i.e., A ⊆ N . Consider the hypermodule
E = N ⊕B.

Since H = A⊕B, we may regard H as a subhypermodule of E.
Because H has the property (E) and E is an extension of H, there exists a subhy-

permodule T ≤ E such that
E = H + T and H ∩ T ≪ T.

Let π : E = N ⊕B → N be the canonical projection and L = π(T ) ≤ N .
(1) N = A+ L. Let n ∈ N . Then, (n, 0) ∈ E = H + T . Hence, there exist a ∈ A,

b ∈ B, and t ∈ T such that (n, 0) ∈ (a, b) + t. Applying π, we obtain n ∈ a + π(t).
Thus, n ∈ A+ L, and therefore N = A+ L.

(2) A ∩ L ≪ L. Since H ∩ T ≪ T and π is a normal epimorphism, smallness is
preserved under projection. Hence, A ∩ L ≪ L. Therefore, L is a supplement of A in
N . Since N was arbitrary, A has the property (E). Thus, every direct summand of a
hypermodule has the property (E) has the property (E). □

The next result shows that the class of Krasner hypermodules satisfying the property
(EE) is closed under extensions.
Theorem 2.1. Let T ⊆ H be Krasner hypermodules. If both T and H

T
have the

property (EE), then H has the property (EE).
Proof. Let K be an arbitrary extension of H. Since T ⊆ H ⊆ K, we have the normal
isomorphism

K

H
∼=

K
T
H
T

,



882 B. NİŞANCI TÜRKMEN

which shows that K
T

is an extension of H
T

.
By hypothesis, the subhypermodule H

T
has a supplement, say L

T
, in K

T
. Thus,

H

T
+ L

T
= K

T
and H

T
∩ L

T
= H ∩ L

T
≪ L

T
,

and consequently K = H + L.
Furthermore,

L/H

(H ∩ L)/H
∼=

L

H ∩ L
∼=
H + L

H
= K

H
.

Since T has the property (EE), there exists a subhypermodule T ′ ⊆ L such that

T + T
′ = L and T ∩ T

′ ≪ T
′
.

Hence,
K = H + L = H + (T + T

′) = H + T
′
.

Suppose that H + T
′′ = K for some subhypermodule T ′′ ⊆ T

′ . Then, T + T
′′ ⊆ L.

Since L
T

is a supplement of H
T

in K
T

, it follows that T + T
′′ = L. By the minimality of

T
′ , we obtain T

′′ = T
′ . Therefore, H has the property (EE). □

As a direct consequence of Theorem 2.1, every finitely generated semisimple Krasner
hypermodule has the property (EE).

Corollary 2.1. Let H be a Krasner hypermodule and let T be a maximal subhy-
permodule of H. If T has the property (EE), then H has the property (EE). In
particular, any Krasner hypermodule containing a simple maximal subhypermodule
has the property (EE).

Proof. Let T be Krasner hypermodule satisfying the property (EE). Since simple
Krasner hypermodules have the property (EE), the factor hypermodule H

T
has also

the property (EE). The assertion now follows directly from Theorem 2.1. □

Now, we show that the class of Krasner hypermodules satisfying the property (EE)
is closed under finite direct sums.

Proposition 2.2. Let {Hi | i = 1, . . . , n} be a finite family of subhypermodules of a
Krasner hypermodule T satisfying the property (EE) and

H = H1 ⊕H2 ⊕ · · · ⊕Hn.

Then, H has the property (EE).

Proof. We proceed by induction on n. For n = 2, let H = H1 ⊕H2. Then, H2 ∼= H
H1

.
By hypothesis and Theorem 2.1, it follows that H has the property (EE). The general
case follows by an obvious induction argument. □

Definition 2.3. A Krasner hypermodule V is called radical (respectively, socle-free)
if Rad(V ) = V (respectively, Soc(V ) = {0}).
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Proposition 2.3. Let V be a linearly compact Krasner hypermodule. Then, V is
Noetherian if and only if every radical subhypermodule of V is zero.

Proof. (⇒) Assume that V is Noetherian. Then every subhypermodule of V is Noe-
therian. Let W be a radical subhypermodule of V . Since Rad(V ) is the intersection of
all maximal subhypermodules of V , and V is Noetherian, it follows that Rad(V ) = 0.
Hence W = 0.

(⇐) Conversely, suppose that V has no nonzero radical subhypermodules. Then,
Rad(V ) ≪ V . Indeed, let W be a supplement of Rad(V ) in V , and let T be a
supplement of W in V . Then, both T and V/W are radical hypermodules. By
hypothesis, this implies T = 0 and hence W = V . Therefore, Rad(V ) is small in V .

Moreover, the factor hypermodule V/Rad(V ) is semisimple and linearly compact,
and hence finitely generated. It follows that V itself is finitely generated. Since every
subhypermodule of V is finitely generated, V is Noetherian. □

Proposition 2.4. Let J be a hyperideal of a hyperring R and set R = R/J . If a
Krasner R-hypermodule V has the property (E) with V · J = {0}, then the Krasner
R-hypermodule V has the property (E).

Proof. By assumption, V · J = {0}, and hence V naturally inherits the structure
of a Krasner R-hypermodule. Let H be any extension of V regarded as a Krasner
R-hypermodule, so that V ⊆ RH.

Since a Krasner R-hypermodule V has the property (E), there exists a subhyper-
module T of H such that V + T = H and V ∩ T ≪ T . It follows immediately that
T , viewed as a R-subhypermodule of H, is a supplement of V in H. Therefore, the
Krasner R-hypermodule V has the property (E). □

3. Conclusion

In this paper, we have introduced and systematically studied the extension of sup-
plement properties (E) and (EE) for Krasner hypermodules as natural generalizations
of injectivity within the framework of hypercompositional algebra. These properties
were formulated in terms of the existence of supplements and ample supplements
in every extension, extending classical results from module theory to the setting of
Krasner hypermodules.

We established several fundamental closure properties of hypermodules satisfying
(EE), showing that this class is stable under direct summands, finite direct sums, and
extensions. In particular, we proved that every linearly compact Krasner hypermodule
satisfies property (EE) and obtained a characterization of Noetherian linearly compact
Krasner hypermodules in terms of the vanishing of their radical subhypermodules.
This result provides a hypermodule theory analogue of classical characterizations of
Noetherian modules via radicals and highlights the structural role played by small
subhypermodules in hypercompositional algebra.
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Furthermore, we demonstrated that simple Krasner hypermodules satisfy property
(E), while property (EE) strictly strengthens (E) in general, thereby clarifying the hi-
erarchy between these notions and normal injectivity. Several examples were provided
to illustrate the theory and to show that the developed concepts are nontrivial and
widely applicable. For future research include the investigation of properties (E) and
(EE) in broader classes of hypermodules, such as π-projective Krasner hypermodules,
as well as their interaction with homological invariants and categorical constructions.
Another promising direction is the study of these properties over noncommutative
hyperrings and their applications to the representation theory of hyperstructures. We
believe that the results obtained here contribute to a deeper understanding of exten-
sion theory and supplement conditions in hypermodule theory and open new avenues
for further developments in hypercompositional algebra.
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