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GENERALIZED CAPUTO PROPORTIONAL BOUNDARY VALUE
LANGEVIN FRACTIONAL DIFFERENTIAL EQUATIONS VIA
KURATOWSKI MEASURE OF NONCOMPACTNESS

SAMIRA ZERBIB!, KHALID HILAL!, AND AHMED KAJOUNTI!

ABSTRACT. This manuscript aims to discuss the existence of solutions for nonlinear
boundary value Langevin fractional differential equations involving the generalized
Caputo proportional fractional derivative via Kuratowski measure of noncompact-
ness in an arbitrary Banach space. Using the measure of noncompactness approach
and Monch’s fixed point theorem, we demonstrate the existence result. An illustra-
tive example is provided as an application to illustrate our main results.

1. INTRODUCTION

The concept of fractional calculus has enormous potential to change the way we see
and model the nature around us. With a particular attention of physicists as well as
engineers, remarkable research activities has been devoted to fractional calculus. They
claimed that the use of fractional derivative and integration operators are desirable for
describing the properties of several materials. Indeed, we discovered that a number
of theoretical and experimental investigations demonstrate that differential equations
with fractional derivatives govern specific thermal systems (heat diffusion) [1], physical
systems (electricity) [2], and reological systems (viscoelasticity) [3]. For additional
information regarding fractional differential equations (see [4,5,22-25]). Recently,
particular attention has been focused on the study of Langevin fractional differential
equations. The Langevin equation, which describes the evolution of physical events in
fluctuating environments, was first proposed by Langevin in 1908 and is a key theory
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of Brownian motion [6,7]. A more flexible fractional model for simulating fractal
processes is the Langevin equation’s fractional model, which is a generalization of the
classical one and yields a fractional Gaussian process parametrized by two indices
[8,9]. In [10], the authors established the existence of solutions for nonlinear Langevin
equations with multistrip boundary and nonlocal multipoint conditions. The authors
of [11], studied an antiperiodic boundary value problem for the Langevin equation with
two fractional orders. For more details on Langevin fractional differential equations,
we recommend reading [15-17].

Inspired by the previously stated research, we address the existence of solutions
for the following nonlinear boundary value Langevin fractional differential equation
involving the generalized Caputo proportional fractional derivative
(1.1)

S (§DJ + x) (w(t) = K(t,2(t)) = L(t,x(1)), t€ A= [a,b],
(z(t) — K(t,2(1)),—, = (x(t) K(t, 2(t)),—,, = 0,
SO (a(t) = K(ta(t) oy = 1§D () = K(t,2(t)),oy = v pyv €R,

where A = [a, b] be a finite interval of R with (a > 0), 1 <a<2,0< 3 <1, §Dg(-)
is the generalized Caputo proportional fractional derivative of order «, y € R*, and
K,L € C(A x E,E) are given functions checking certain assumptions that will be
defined later and £ is a Banach space with the norm || - ||.

To the best of our knowledge, this is the first time that the nonlinear boundary value
Langevin fractional differential equation involving the generalized Caputo proportional
fractional derivative (1.1) is being studied.

2. PRELIMINAIRES

Some definitions and properties of the generalized Caputo proportional fractional
derivative and the Kuratowski measure of noncompactness are the focus of this section.

e The Banach space of continuous functions with the norm ||A||. = sup{||h(t)] :
t € A} is denoted as C'(A, E).

e We say that the function f : A x F — FE satisfies the Caratheodory conditions if:

(7) f(t,x) is measurable with respect to ¢ for every x € E;

(#7) f(t,z) is continuous with respect to x € E for every t € A.

e Throughout this paper we consider that the function g : A — R is a strictly
positive increasing differentiable function.

Definition 2.1 ([12,13]). Let 0 < §d < 1, a > 0, ® € L'([a,b], F). The left-sided
generalized proportional fractional integral with respect to g of order « of the function
® is given by:

1

aﬁfﬂﬂZ5@«@A%%“@ﬂ@w@xmw—mﬁw*@@ma

where I'(a) = [ e "t dr, a > 0, is the Euler gamma function.
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Definition 2.2 ([12,13]). Let 0 < 0 < 1, (,p : [0,1] x R — [0,400) be continu-
ous functions such that lims_,o+ ((d,t) = 0, lims ;- (6,t) = 1, lims_,o+ p(d,t) = 1,
lims ;- p(d,t) = 0, and ((d,t) # 0, p(d,t) # 0 for each § € [0,1], ¢ € R. Then, the
proportional derivative of order ¢ with respect to g of the function ® is given by

’

@ (t)
g(t)
In particular, if {(d,t) = 0 and p(d,t) = 1 — 0, then we have
o'(t)
g'(t)
Definition 2.3 ([12,13]). Let § € (0,1]. The left-sided generalized Caputo propor-
tional fractional derivative of order n — 1 < a < n is defined by

sDIB(t) = p(5, ) B(t) + C(5,1)

sDI®(t) = (1—0)P(t)+ 9

@ 1 ! o=l —g(s ! n—o— n
5§ Dyd(t) = (;n_aF(n_a)/a e5 W9 g (5)(g(t) — g(5))" "> (sD™IP)(s)ds,
where n = [a] + 1 and s§D™9 = ;DJD? - - -5 DY.
—_—
n—times

Lemma 2.1 ([12,13]). Let t € A, § € (0,1], o,0 > 0, and ® € L'(A, E) then we
have

ST GITID()) =5 102 (19 (E)) =5 I 9D(1).

Throughout this paper, as a simplification, we set

(2.1) Qz(t, a) = e%(g(t)—g(a»(g(t) — g(a))".
Lemma 2.2 ([12,13]). Let « >0, 6 > 0, and 6 € (0,1]. Then, we have
(i) (s Ijige%l 99 (g(7) — g(a))’~1)(t) = = Fr((j)+ e)e%m(t)_g(a))( g() — gla))e+o-1:
(i1) § D2Fe5 D=9 (g(r) — g(a))*1)(t) = g?er_(i))e%(g(t)—g(a))(g(t) — g(a))P-ot.

Lemma 2.3 ([12,13]). Let a > 0, § € (0,1], and ® € L'(A,E). Then, we have
limy_q (s 1,7 ®(t)) = 0.

Lemma 2.4 ([14]). Let 6 € (0,1], n — 1 < a <n, n=[a] + 1. Then, we have
o« (6D")(0)

sIZE(§DIED(t)) = (1) — kz_: STk 1) ot a).

Next, we give some definitions and properties concerning the Kuratowski measure
of noncompactness.
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Definition 2.4 ([18]). Let E be a Banach space and F' be a bounded subset of E. We
define the Kuratowski measure of noncompactness by the mapping A : F' — [0, +00)
defined as follows

A(A) =inf{o > 0/A C U A; and diam(A4;) < o}.

Lemma 2.5 ([18]). Let N and G be two bounded subset of the Banach space E, then
we have the following properties:

(1) NC G = A(N) <AG);

(2) AN +G) < A(N) + A(G);

(3) A(aN) = |a|A(N), a € R;

(4) A(N) =0« N is relatively compact in E;

(5) AINUG) = max{A(N),A(G)};

(6) A(N) = A(N) = A(convN), where N and conv N denote the closure and the

convex hull of N, respectively.

Definition 2.5 ([21]). Let T : F' — E be a continuous bounded operator. Then, T
is A-Lipschitz if there exists a constant ¢ > 0, such that for all N C F we have
A(T(N)) < OA(N).

Lemma 2.6 ([19]). Consider that N € C(A,E) is a bounded and equicontinuous
subset. Then, the function t — A(N(t)) is continuous on A and

A (/abx(s)ds> < /abA(N(s))ds,
where N(s) ={z(s):x € N}, s € A.

Theorem 2.1 (Monch’s fixed point theorem [20]). Let W be a closed, bounded and
convex subset in a Banach space E such that 0 € E and let J : W — W be a
continuous mapping satisfying:

(2.2) U=cowvJ(U) or U=JU)U{0} = AU)=0, foralUcCW.
Then, the mapping J has a fixed point.
3. AUXILIARY RESULTS

In this section, we prove the equivalence between an integral equation and our
problem (1.1), and we give an existence theorem of the solution to the nonlinear
boundary value Langevin fractional differential equation (1.1).

Lemma 3.1. Let A = [a,b] and K,L € C(A x E,E). Then, x is a solution of
problem (1.1) if and only if

w(t) =513 “L(t (1)) — xs L0 (w(t) — K (t,2(t)) + p(sI00)e 7 @09l
(3.1) + T 9 —9(a N(g(t) — g(a))P* + K(t, z(t)),
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where

(3 2) H — ( UV —¢ [jigL(b,l'(b)) — IueéjTl(g(b)fg(a)) )

OL(B +2)e’T OO (g(b) - g(a))
Proof. Consider that x(t) is a solution of the nonlinear boundary value Langevin
fractional differential equation (1.1). Applying the operator sI757(-) on both sides of
the problem (1.1) and using Lemma 2.4, we get

§ DI (w(t) = K(t,2(t)) =sI{ L(t, 2(t)) — x ((t) = K(t,2(t)) + Coe 5 009D
e 5 (9(t)—g(a)

(3.3) + O (g(t) — g(a)).

Now, applying the operator 5[6849 (+) on both sides of the integral equation (3.3) and
using Lemma 2.4, we get

x(t) — K(t,x(t))
=sI°FPIL(, (1)) — XxsI%8 (x(t) — K (t, 2(t)) + Co(sI79)e"s (90)-9(a)
=L (g(t)—g(a))

(34)  + (I (e 5

(9() - g(a») + Cye 7 000(@),

with Cy, C7 and C5 € R.
Using Lemma 2.2 (i), the integral equation (3.4) becomes

(t) — K(t,z(t))
=5 I5PIL(t, 2 (1)) — xsIPF (2(t) — K (1, 2(t)) + Co(sI0)e s 9-9(@)
o35t (9(H)—g(a))
SPHD(5 +2)

Next, let’s determine the constants Cy, Cy, and Cy. In the integral equation (3.5),
putting ¢t = a, using the Lemma 2.3, and the initial condition (z(t) — K(¢, z(t)),_, = 0,
then we have

(3.5) +C (g(t) — g(a))P*! + Che’T0=9(a)

Cy = ((t) — K(t, x(t)),_, = 0.
Now we proceed to determine Cj, by applying the operator (?Df’f’() on both sides
of the integral equation (3.5) with Cy = 0 and using Lemma 2.2 (iz), we get the
integral equation (3.3), putting ¢ = a in this equation, using Lemma 2.3, and the
initial condition (;Cfo (x(t) — K(t,z(t)),_, = p, we get
Co =5 DY (x(t) = K(t.2(t))—y =
This time, putting t = b in the integral equation (3.3) with (Cy = p) and using the
initial condition § DY (x(t) — K (t,z(t)),_, = v, we get

§ D () = K (t,2(t)),y =L Lt (1)) o=y — x (2(t) = K (8, 2(1)) -,
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. 55 (9(b)~g(a))
+ pes s +le(g(b) —g(a)),

this implies that
e 55+ (9(b)—g(a))

4]

DY L. I49L(b, 2(b)) — pe’s @®)—9(@)
b ¢S GD-90) (g(b) — g(a)) :
Substituting Cy, Cy, and C5 in (3.5) we obtain

x(t) — K (t, 2(1))
=5 LML (1)) = xs L (@(t) = K (ta(0)) + ps L )e's 000l
v = I3 L(b (b)) = e’ @
BIT(B +2)e’s @9 (g(b) — g(a))
This implies that

o) =S5O L (0) = xall? (o) = Ktalt) + psIi)e s (ot ste)
T P (GRS 9D (g(t) — g(a))* T + K(t, z(t)),

where II is given by (3.2).
The opposite follows by direct computation. 0

v =5 I°9L(b, (b)) + pe’s =9 4 ¢y

therefore

Next, we introduce the following conditions.

(C4) The functions L, K € C(A x E, E) satisfy the Carathéodory conditions.

(Cy) The function K : A x E — E is A-Lipschitz, i.e., there exists a constant 6 > 0,
such that for all N C E we have

A(K(t,N)) <OA(N).
(C3) There exists a constant & such that for each x € C(A, E) and ¢t € A, we have
(o) < €l

(Cy4) There exist w € C(A,RT) and ¢ € C(R*,R") such that ) being nondecreasing.
Then, for all t € A and x € E, we have:

IL(t 2) [} < w@)p(f[z])-
(Cs) For every bounded subset N C F and for each t € A, we have:
A(L(t,N)) < w(t)A(N).
Let x € C(A,E) and t € A, then we define the operator ¥ as follows:
(Sa)(t) =[P L(E (1) = xa I (2(t) — K (1, 2(2)) + p(s120)e™s @09l
+ 1065 0O (g(t) - g(a))*! + K (¢, (1)),
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where II is given by (3.2).

Note that if the operator X has a fixed point, then this implies that the nonlinear
Langevin fractional differential equation (1.1) has a solution in C'(A, E).

It is now appropriate for us to provide the main result of this paper, which is the
existence theorem of problem (1.1).

Theorem 3.1. Assume that all conditions (C1)—~(Cs) hold. Then, the nonlinear
boundary value Langevin fractional differential equation (1.1) has at least a solution
on A provided that the following inequality is satisfied:

_ wi(gb) —g(@)*  Ixl(g(b) — g(a))’(1+0)

Pl (a+ B+ 1) SPT (B + 1) o<1

(3.6)

Proof. Let ¥ : C(A,E) — C(A, E). Then we consider the set B, defined as:
B, ={z e C(A E) : ||zl < p},

@ .
where p > ;" with

o W*@Z)(p) a+
O = Tt 5T 1)(9(6) — g(a))**?
37) S g 00 ~ @)’ + T(o(8) ~ 9(a))**,

where w* = sup,cp{w(t)}, and

X (L+9)
= Sr(a s o0 — 9@ +&

It is easy to see that B, is a convex, closed, and bounded subset of the Banach space
C(AE).

The proof is given in the several steps.

Step 1. X(B,) C B,.

Let z € B, and t € A, then by using the fact that "5 (90)=90) < 1 we have

(3.8) O,

(X))l
1 b oo g(t)—g(s)) ./ a+p-1
S(WféT(oz—l—B)/a es o) ())9 (s)(g(t) —g(s)) ’ I L(s,z(s))l|ds
+;¥%%l%*“@ﬁ@wwxmw—mﬁﬁ*w@mw
F s TG0 - o6 ) s
+ 5ﬂ¥t(|ﬁ) /at e’ 7 W09 g/ (5)(g(t) — g(s)) e T W9 g

n He%(g(t)—g(a))(g(t) — g(a)"™ + | K (¢, z(t)) ||
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wP(p)
S(Sawr(a +6+1)
b e~ g e
1]
ST(B+ 1)

w*P(p)
_5a+ﬁr(a+5+1>(9( ) —

b S a0) ~ @)’ + ) - gl

o ( BREE 00 - gt +¢)
=0, + pO, < p,

(90) = 9@ + SS90 - @)’

+ (g(b) — g(a))® + T(g(b) — g(a))*** + &p

where ©; and O, are given by (3.7) and (3.8), respectively.

Therefore, > maps B, into itself.

Step 2. The operator ¥ is continuous.

Let (z,,)nen be a sequence of B, such that x,, — = as n — +o0 in B,. Then, we
have

1(Bn)(t) — (Bx) (@)
5Lt LE 2 (1) — L{t ()] + X612 lza(t) — 2 (1)
XL Kt (t) — K (t ()] + | K (1 wa(t) = K (8 2(1))]]

by using the fact that the functions L and K satisfy the Carathéodory conditions,
and by Lebesgue dominated convergence theorem, from the above inequality, we get:

|(Zx,)(t) — (Zx)(t)|| = 0 as n — +oc.

This implies that the operator X is continuous.
Step 3. The operator X is equicontinuous.
Let t1,t2 € A, t; < t9, and x € B,. Then, we have

1(B2)(t2) = (B) (8]

S&wqéﬁﬁﬂﬁ“cﬁwl@%@—afﬁ%ua»d@muaagmm

]_ t2 ’
F g, O 0 ()1 2(5)) s

+[x] [55;(5) /atl (2 (t2,0) = )7 (t1,0) ) g (5)][(2(s) — K (s,(5)))|ds
+W&mﬂfﬁ*%ﬂM@Wﬂ@—K@ﬂ@wﬁl
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!

! " - - =L (g(s)—g(a
+ [ul [551“(@/ (207 (t2, ) — " (t1,0)) g ()¢ "T-OO 9 g
1

to , y
0°T(B) / Qg_l(t% a)g (S)egé(g(s)—g(a))ds‘|
t1

+ 11 (Qg“(tg, a) — Qg“(h, a)) + | K (2, 2(t2)) — K(t1, x(t1))][

+

where QU)(t,a) is given by (2.1).

By using the continuity of the functions Qg)(t, a), K, and by Lebesgue dominated
convergence theorem, from the above inequality, we get |(Xx)(t2) — (Xz)(t1)| — 0 as
t1 — .

Therefore, the operator X is equicontinuous.

Step 4. Checking for condition (2.2) of Theorem 2.1.

Let W C conv(X%(W) U {0}) be a bounded and equicontinuous subset. Then,
the function J(t) = A(W(t)) is continuous on A. Next, by using Lemma 2.6, the
conditions (C3) and (C5), we obtain:

J() =AW (1)) < A(conv((XW)(#) U{0})) < A(EW)(1))

]. t 6—1 ’
A / (9(1)=9(s))
< {5a+ﬂp(& +B) Ja €’ g (s)

x (g(t) — g(s))***~ L(s, x(s))ds : x € W}

+ A{éﬁlzé(/@) /at e‘s%l(g(t)_g(s))g/(s)(g(t) _ g(S))ﬂ_lx(s)ds re W}

+ A{(Sﬁlz((@) /ateagl(g(t)_g(s))g/(s)(g(t) _ 9(8))5_1K(s,x(s))ds o W}
+ A {p(s ) T 0O79@) ¢ e A}

+ A{Hea%(g(t)*g(a))(g(t) _gla) it e A}

+
-
=
=

w*[J| t
~ 6l (a + B) Ja
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# 2L 1 tate) - oty
# DU [ 61000 = g6 as 01

<|1J] w*(9(b) = 9(a)™”  IXl(9(b) —9(a)"(1+6)
ot (a+ B+ 1) (B +1) ‘
This implies that
[T l[ee < @[ ]loo;
where w is given by (3.6).

According to condition (3.6), we conclude that ||J|| = 0. Therefore, for all t € A,
we have J(t) = 0 which implies that A(W(t)) = 0. Then, W (¢) is relatively compact
in E. Hence, by using Arzela-Ascoli theorem, we conclude that W is relatively compact
in B,. We observe that, all conditions of Theorem 3.1 are satisfied. As a result, there

is a fixed point for the operator X on B, which solves problem (1.1). The proof is
then finished. 0

4. EXAMPLE

An exemplary example to demonstrate the applicability of our results will be covered
in this section.

Let A =1[0,7/2] and E = {z = (21,22,...,Zp,...) : T, — 0} be the Banach space
of real sequences (z,)nen+, such that z,, — 0, with the norm ||z||cc = sup,,en+ |Znl-

We consider the following nonlinear boundary value Langevin fractional differential
equation:

3 1
¢pz! <CDgf + 2) ( (t) — La(t) Cos2(t))
L (m —|——sm z(t)| ), te A=]0,5%],

Comparmg System (4.1) with Problem (1.1).
X = 25, and L, K : A x E — FE, such that:

L(t,z) = ! (xi + 1sin(]a:n|)> , K(t,z) =

2
11+ ¢2 5 T cos™({),

19
with z = {z,,} € E.

Now we check for conditions (C1)-(Cs).

It is easy to see that the functions L and K satisfy the Caratheodory conditions.
We have:

1 1 4
I 2) < 15 llell and (LG @) < 5= (] + 1),
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Then, the conditions (C5) and (C}) hold with w(t) =
and § = %. For each bounded set N C F, we have

wH(t) = {5, ¥(2) = 2+ 1,

—
H‘H

1
11+¢2°

A(L(E NY) < w(®A(N) and A (K(t N)) < —A (N).

Then, the conditions (C5) and (C5) are satisfied with 6 = 5.
Next, checking for the condition (3.6). Then, we have:

W (g(b) = g(a)*?  F(g(b) — g(a))’(1 +0)
B+ B+ 1) WT(B+1)
3,1 1
1 r\2t2 2 (72 1
=X (Z > ly) I+ 5 1
= (3) +25(21) ( 19)+19:0,6684<1.
3)7°TE+3+)  (3)°TG+D
We note that all conditions of Theorem 3.1 hold. Then, the nonlinear boundary value

Langevin fractional differential equation (4.1) has at least one solution on [0, 7].

+6

5. CONCLUSION

The theory of nonlinear boundary value Langevin fractional differential equations
has been developed in this manuscript. We have established the existence of solutions
for a given nonlinear boundary value Langevin fractional differential equation involving
the generalized Caputo proportional fractional derivative in arbitrary Banach space.
Using the measure of noncompactness approach and Moénch’s fixed point theorem,
we were able to demonstrate the existence of solutions. Finally, a suitable example
effectively illustrates our results.
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