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CUBIC DECOMPOSITIONS OF THE q-APPELL POLYNOMIAL
SEQUENCES

MOHAMED KHALFALLAH1 AND H. M. SRIVASTAVA2,3,4,5,6,7

Abstract. In this paper, we delve into a comprehensive examination of a specific
type of lowering operator denoted as Λq. This operator is defined as a finite sum of
lowering operators and can be formulated in various configurations. Our focus lies in
characterizing polynomial sequences that adhere to an Appell relation with respect
to Λq. Through a detailed exploration of a concrete cubic decomposition of a simple
q-Appell sequence, we establish that the polynomial component sequences exhibit
Λq3-Appell properties, with Λq3 defined as previously, albeit through a three-term
sum.

1. Introduction and Motivation

Let P be the vector space of polynomials with complex coefficients. Let O be a
lowering operator, that is, a linear operator that decreases in one unit the degree of
a polynomial and such that O(1) = 0, i.e., an operator that satisfies the following
conditions

O(P) = P, O(1) = 0 and deg{O (xn)} = n − 1, n ∈ N,

where, and in what follows, N denotes, as usual, the set of natural numbers and

N0 := N ∪ {0}, N := {1, 2, 3, . . . }.

Key words and phrases. Appell sequences, Lowering operators, q-Stirling numbers,
q-derivative, Hahn’s operator, Cubic decomposition.
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Given a MPS {Bn}n∈N0
, we construct another MPS{

B[1]
n (·;O) := 1

ρn+1(O)O (Bn+1(·))
}

n∈N0

,

where ρn+1(O) ̸= 0 is such that O (xn+1) = ρn+1(O)ϖn(x) where ϖn(x) is a monic
polynomial such that deg ϖn = n, for any integer n ∈ N0.

Definition 1.1 ([6,7]). A MPS {Bn}n∈N0
is called an Appell sequence with respect to

a lowering (annihilating) operator O or simply O-Appell sequence if B[1]
n (·,O) = Bn(·)

for every n ∈ N0.

This expands upon the concept initially introduced by Appell [4]. When O is a
lowering operator such that ϖn(x) = xn, a sequence {Bn}n∈N0

is termed an O-Appell
sequence if and only if the sequence {Bn}n∈N0

has as a generating function

A(t)B(xt) =
∑
n≥0

Bn(x) tn

(ρn)! ,

where A(t) = ∑
n≥0

1
(ρn)!antn, B(t) = ∑

n≥0
1

(ρn)!t
n and (ρn)! = ρ1ρ2 · · · ρn for n ∈ N,

with the conventions a0 = 1 and (ρ0)! = 1. The polynomials having this property are
known as Brenke-type polynomials [12].

Hahn has delineated the assembly of orthogonal polynomial sequences {Bn}n∈N that
share the characteristic of the derivative sequence {B′

n}n∈N is orthogonal, commonly
referred to as classical sequences (see [3], [24] and [31]). However, one might inquire
about the common properties among all orthogonal sequences {Bn}n∈N such that
the novel sequence {OBn(·)}n∈N, where O represents either a lowering operator or a
(linear) isomorphism in P, is also an orthogonal sequence. In other words, with the
introduction of an operator O mapping P into itself, possessing a certain number of
necessary properties, we are, in Hahn’s sense, seeking all the O-classical sequences.
Regarding their significance, a more formal description follows.

Definition 1.2. A MOPS {Bn}n∈N is said to be an O-classical sequence whenever
the MPS

{
B[1]

n (·;O)
}

n∈N0
is also orthogonal.

The origins of this problem trace back to 1949, when Hahn [13] unveiled notable
properties shared by what are now known as Lq,ω-classical sequences. Here, Lq,ω is
defined as Lq,ωf(x) := f(qx+ω)−f(x)

(q−1)x+ω
, with complex numbers q, ω, and for any f ∈ P.

This inquiry has given rise to various questions, particularly in the realm of classical
q-analog polynomial sequences, a domain that has been extensively explored.

The O-classical sequences, specifically when O = L1,ω or Lq,0, are thoroughly
elucidated in the works [1] and [15], respectively. Recent research has delved into
Dunkl-classical polynomial sequences, which are classical sequences with respect to
the Dunkl (resp. q-Dunkl) operator defined as Tµ = D+µH−1 (resp. Tθ,q = Hq +θH−1).
Noteworthy contributions in this area include the works [8,21,36]. Recently, a further
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lowering operator to treat analogous questions was considered (see [22,23,30]). These
examples underscore the importance of studying classical sequences in a broader sense,
as it unveils desirable properties of certain orthogonal sequences.

On the other hand, the study of the quadratic and the cubic decomposition of an
orthogonal polynomial sequence (OPS) is a subject that received special attention
along the last decades (see [9–11,16–19,25,29]).

This work deals with Appell sequences with respect to lowering (or annihilating)
operators involving the Hahn’s operator, often called Jackson’s q-derivative operator,
here denoted as Hq:

(Hqf) (x) := f(qx) − f(x)
(q − 1)x , f ∈ P,

where q belongs to the set C̃ := C − ⋃
n∈N0 Un, where

Un =

{0}, n = 0,

{z ∈ C : zn = 1} , n ∈ N.

The q-Appell sequences have been extensively investigated [2,15,34,37]. Notably, the
existence of orthogonal q-Appell polynomial sequences is well-documented and has
been approached from various perspectives. These sequences are equivalent to the
Al-Salam and Carlitz polynomial sequence [2,15], albeit under a linear transformation.
For a more in-depth exploration, refer to Ismail’s book [14, Chap. 18].

Our aim is to explore the cubic decomposition (CD) of these q-Appell sequences.
In fact, while investigating the cubic decomposition of a q-Appell sequence, we
came across polynomial sequences that satisfy a similar identity: ΛqBn+1(x) =
ρn,qBn(x), n ∈ N0, where Λq is a certain lowering operator, and ρn,q are normal-
ization constants. The specific lowering operators arising from the context of the
cubic decomposition take the form of either Hq3

(
q[3]qxHq3 + IP

)(
q2[3]qxHq3 + [2]qIP

)
,(

q[3]qxHq3 + IP
)
Hq3

(
q2[3]qxHq3 + [2]qIP

)
or
(
q[3]qxHq3 + IP

)(
q2[3]qxHq3 + [2]qIP

)
Hq3 ,

which can be expressed as Λq3 = a0,q3Hq3 + a1,q3Hq3xHq3 + a2,q3(Hq3x)2Hq3 , with
constant coefficients a0,q3 , a1,q3 , and a2,q3 .

The various configurations mentioned are easy to elucidate and can be readily
identified for a straightforward verification. However, the analysis of these operators,
typically expressed with k factors or terms, does not entail a substantial effort and
streamlines the comparison of the presented results with subsequent contributions,
especially in contexts involving highly specific q-differential operators. Consequently,
we establish a concise list of three approaches to present these operators-without
imposing particular restrictions-and highlight the relationships among their constant
coefficients. Moreover, different versions of these operators (when q → 1) appear
often in the study of special functions, for instance, with regard to the monomiality
principle (see, for example, [33]).
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The manuscript follows this organization. Section 2 presents the fundamental
definitions and necessary tools, as well as the definition and characterization of the
so-called O-Appell polynomial sequences (for some annihilating operator O) will be
recalled. Section 3 is devoted to the study of the operator Λq = ∑k

i=0 ai,q(Hqx)iHq,
where k is a positive integer and ak,q ̸= 0, and to a characterization of the sequences
herein called Λq-Appell. To recap, the first two sections set the essential foundation
for the upcoming results. In Section 4, we consider a cubic decomposition of a q-
Appell sequence and it is indicated what kind of Appell behavior have the respective
component sequences. Indeed, the primary objective of this section is to acquire
insights into the cubic decomposition of the q-Appell sequences. This is equivalent to
characterize the nine polynomial sequences linked to terms of order 3n, 3n + 1, and
3n + 2 in a q-Appell sequence. This cubic decomposition leads to the emergence of
Appell sequences with respect to a new operator, which is of second order in Hq3 .

2. Notations, Definitions and Preliminaries

2.1. Basic tools. Let P denote the vector space of polynomials with coefficients in C
and let P′ be its dual. We indicate by ⟨u, f⟩ the action of the form or linear functional
u ∈ P′ on f ∈ P and we denote by (u)n := ⟨u, xn⟩ , n ∈ N0, the moments of u. A form
u is equivalent to the numerical sequence {(u)n}n∈N0

.
A linear operator T : P → P has a transpose tT : P′ → P′ defined by

(2.1)
〈

tT (u), f
〉

= ⟨u, T (f)⟩, u ∈ P′, f ∈ P.

Given ϖ ∈ P and u ∈ P′, the form ϖu, called the left-multiplication of u by the
polynomial ϖ, is defined by

(2.2) ⟨ϖu, p⟩ = ⟨u, ϖp⟩, for all p ∈ P.

For f ∈ P and u ∈ P′, the product uf is the polynomial (uf)(x) :=
〈
u, xf(x)−ζf(ζ)

x−ζ

〉
.

This allows us to define the Cauchy product of two forms

⟨vu, f⟩ := ⟨v, uf⟩, u ∈ P′, f ∈ P.

The above product is commutative, associative and distributive with respect to the
sum of forms.

We define the operator σϖ : P′ → P′ by

⟨σϖ(u), f⟩ := ⟨u, σϖ(f)⟩, u ∈ P′, f ∈ P,

where the linear operator σϖ : P → P is defined by σϖ(f)(x) := f(x3) for every f ∈ P.
Consequently, this yields (

σϖ(u)
)

n
= (u)3n, n ∈ N0.
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We define the operator Hq, also known as Jackson operator, by

(Hqf)(x) = f(x) − f(qx)
(1 − q)x , f ∈ P,

where q belongs to the set C̃. This operator is a particular case of a (p, q)-derivative
operator [5].

This linear operator Hq has a transpose tHq, from P′ into P′, defined by duality
according to (2.1) and we have the operator Hq on P′ as minus the transpose of the
q-derivative operator on P, that is, tHq := −Hq, so that

(2.3) ⟨Hqu, f⟩ := − ⟨u, Hqf⟩ , f ∈ P, u ∈ P′.

In particular, this yields
(Hqu)n = −[n]q(u)n−1,

with the convention (u)−1 = 0 and

[n]q := qn − 1
q − 1 , for n ∈ N0.

In the sequel, we will call polynomial sequence (PS) to any sequence {Bn}n∈N0
such

that deg Bn = n for all n ∈ N0. We will also call monic polynomial sequence (MPS)
a PS so that all polynomials have leading coefficient equal to one. Notice that if
⟨u, Bn⟩ = 0, for all n ∈ N0, then u = 0. Given a MPS {Bn}n∈N0

, there are complex
sequences, {βn}n∈N0

and {χn,v}0≤v≤n,n∈N0
, such that

B0(x) = 1, B1(x) = x − β0,

Bn+2(x) = (x − βn+1) Bn+1(x) −
n∑

ν=0
χn,vBv(x).

This relation is called the structure relation of {Bn}n∈N0
, and {χn,v}0≤ν≤n,n∈N0

,
{βn}n∈N0

are called the structure coefficients. Moreover, there exists a unique sequence
{un}n∈N0

, un ∈ P′, called the dual sequence of {Bn}n∈N0
, such that

⟨un, Bm⟩ = δn,m, n, m ∈ N0,

where δn,m denotes the Kronecker symbol. Let us remark that, if p is a polynomial
and ⟨un, p⟩ = 0 for all n ∈ N0, then p = 0. Besides, it is well known that [27]

βn = ⟨un, xBn(x)⟩ , n ∈ N0,

χn,v = ⟨uv, xBn+1(x)⟩ , 0 ≤ v ≤ n, n ∈ N0.

Lemma 2.1 ([27]). For each u ∈ P′ and each m ∈ N, the two following statements
are equivalent.

(a) ⟨u, Bm−1⟩ ≠ 0, ⟨u, Bn⟩ = 0, n ≥ m.
(b) Exists λv ∈ C, 0 ≤ v ≤ m − 1, λm−1 ≠ 0, such that u = ∑m−1

v=0 λvuv, with
λv = ⟨u, Bv⟩.
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Definition 2.1 ([26,28]). A PS {Bn}n∈N0
is regularly orthogonal with respect to the

form u if and only if it fulfils
⟨u, BnBm⟩ = 0, n ̸= m, n, m ∈ N0,(2.4) 〈
u, B2

n

〉
̸= 0, n ∈ N0.(2.5)

Then, the form u is said to be regular (or quasi-definite) and {Bn}n∈N0
is an orthog-

onal polynomial sequence (OPS). The conditions (2.4) are called the orthogonality
conditions and the conditions (2.5) are called the regularity conditions.

We can normalize {Bn}n∈N0
in order that it becomes monic; then it is unique and

we note it as a MOPS. If {un}n∈N0
is the corresponding dual sequence, then u = λu0,

with λ = (u)0 ̸= 0.

2.2. Lowering operators and q-Appell sequences. A q-Appell (or Hq-Appell)
sequence {Bn}n∈N0

is usually defined by the condition [15,32]

B[1]
n (x; Hq) := 1

[n + 1]q
(HqBn+1)(x) = Bn(x), n ∈ N0.

The q-differential operator Hq is an example of an usually called lowering operator,
i.e., is a linear mapping O : P → P such that

O(1) = 0 and deg (O (xn)) = n − 1, n ∈ N.

More generally, for any lowering operator O, we can construct the polynomial
sequence

{
B[1]

n (·;O)n

}
n∈N0

, defined by

B[1]
n (x;O) = ρ−1

n (OBn+1) (x), n ∈ N0,

where ρn ∈ C\{0} is chosen in order to make B[1]
n (x;O) monic.

Definition 2.2 ([6,7]). A MPS {Bn}n∈N0
is called an O-Appell sequence with respect

to a lowering operator O if Bn(·) = B[1]
n (·;O) for every n ∈ N0.

In an upcoming section, it will be crucial to comprehend the utilization of a lowering
operator on a sequence of polynomials {gn}n∈N0

that may not satisfy all of the MPS
attributes, for example, when deg gn < n for certain values of n. In such cases, by
imposing certain hypotheses, we can ensure a specific structure for these sequences,
as indicated in the following straightforward results.

Lemma 2.2. Let O be a lowering operator and f ∈ P. If deg(f) > 0, then
deg(O(f)) = deg(f) − 1.

Proposition 2.1. Let O be a lowering operator and let {fn}n∈N0
be a sequence in

P such that ρnfn = O (fn+1), with ρn ∈ C\{0}. Then, either fn = 0, n ∈ N0,
or there is n0 ∈ N0 such that fn0 ̸= 0, fi = 0, 0 ≤ i ≤ n0 − 1, if n0 ≥ 1, and
deg (fn+1) = deg (fn) + 1, n ≥ n0.
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Let us now fix a non-negative integer k and some constants ai,q ∈ C, i = 0, . . . , k,
and let us set

Λq =
k∑

i=0
ai,q(Hqx)iHq.

Taking into account that xn is an eigenvector of xHq with eigenvalue equal to [n]q,
we get the following lemma.

Lemma 2.3. The following identity holds, for any positive integer n,

(2.6) Λq(xn) =
[n]q

k∑
i=0

ai,q

(
[n]q

)i

xn−1.

As a consequence, we have the following.

Proposition 2.2. (i) For any positive integer k, Λq = 0 if and only if ai,q = 0
i = 0, . . . , k.

(ii) Suppose ak,q ̸= 0, then the operator Λq is a lowering operator if and only if the
polynomial f(x) = ∑k

i=0 ai,qx
i has no roots in the form [n]q.

Proof. (i) Suppose Λq = 0, that is, Λq(f) = 0 for any f ∈ P. In particular,

0 = Λq(xn) =
(

[n]q
k∑

i=0
ai,q

(
[n]q

)i
)

xn−1.

Therefore, ∑k
i=0 ai,q

(
[n]q

)i
= 0, for all positive integer n, which implies ai,q = 0, i =

0, . . . , k.
(ii) Since ak,q ̸= 0, the polynomial f(x) = ∑k

i=0 ai,qx
i is not identically zero and

Λq ̸= 0. Moreover, from (2.6) we get the indicated result. □

3. The Λq Operator

3.1. Further definitions and the transpose operator. The form employed in
defining the operator Λq may appear restrictive; however, as we will see later on, this
q-differential operator can be expressed in various configurations. In particular, the
next results clarify that a Λq operator (for all non-negative integer k) can be expressed
as a product of simpler operators or as a linear combination of operators of the form
xiH i+1

q , with i = 0, . . . , k. The first Lemma is a simple case of the problem of normal
ordering of words in Hq and x, where the q-Stirling numbers play a significant role.

With regard to the operators x and Hq, it will be useful later on to recall that

(Hqx)Hq = Hq + qxH2
q

or

(3.1) xH2
q = q−1HqxHq − q−1Hq.
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Lemma 3.1. For all non-negative integer i, it holds

(3.2) (Hqx)iHq =
i∑

m=0
S(i + 1, m + 1)qq

(m+1
2 )xmHm+1

q ,

where S(n, k)q are the q-Stirling numbers of second kind. Conversely,

(3.3) xiH i+1
q = q−(i+1

2 )
i∑

m=0
s(i + 1, m + 1)q(Hqx)mHq,

where s(n, k)q are the q-Stirling numbers of first kind.

Proof. Identity (3.2) can be established through induction and by using relation
S(n, k)q = S(n − 1, k − 1)q + [k]qS(n − 1, k)q.

The orthogonal relation ∑
S(n, k)qs(k, m)q = δn,m

shows that each of the relations above implies the other. □

Remark 3.1. Notice that for i = 2, (3.2) and (3.3) read as
(Hqx)2Hq = Hq + q(2 + q)xH2

q + q3x2H3
q

and
x2H3

q = q−3(1 + q)Hq − q−3(2 + q)HqxHq + q−3(Hqx)2Hq.

As a straightforward consequence, we may write the next identities
k∑

i=0
ai,q(Hqx)iHq =

k∑
m=0

(
k∑

i=m

ai,qS(i + 1, m + 1)
)

q(m+1
2 )xmHm+1

q ,

k∑
i=0

ai,qx
iH i+1

q =
k∑

m=0

(
k∑

i=m

ai,qs(i + 1, m + 1)q−(i+1
2 )
)

(Hqx)mHq.

In the special case where k = 2, it is essential to highlight that
a0,qHq + a1,q(Hqx)Hq + a2,q(Hqx)2Hq

= (a0,q + a1,q + a2,q) Hq + q (a1,q + (2 + q)a2,q) xH2
q + a2,qq

3x2H3
q .(3.4)

Lastly, we would like to put in evidence a product form for the operator Λq that
appears dealing with a cubic decomposition of a q-Appell sequence. The next Lemma
is self-explanatory being mainly justified by previous identities, as for example (3.1),
and by the complete factorization of any element of P.

Lemma 3.2. For any two non-negative integers l and t and any set of constants
αi,q, βi,q ∈ C, i = −l, . . . , t, with α0,q = 1, β0,q = 0, let us consider the operator

Sl,t =
0∏

−l

(αi,qIP + βi,qxHq) Hq

t∏
0

(αi,qIP + βi,qxHq) ,
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where IP denotes the identity operator on P. Then, for some constants ai,q ∈ C,
i = 0, . . . , l + t, we have

Sl,t
q =

l+t∑
i=0

ai,q(Hqx)iHq.

Conversely, an operator Λq = ∑k
i=0 ai,q(Hqx)iHq = ∑k

i=0 ai,qHq(xHq)i can be written
as

Λq = S0,k
q = Hq

k∏
0

(αi,qIP + βi,qxHq) ,

where coefficients αi,q and βi,q are obtained through the factorization of the polynomial
f(x) = ∑k

i=0 ai,qx
i, that is, ∏k

0 (αi,q + βi,qx) = ∑k
i=0 ai,qx

i.

In this way, we have confirmed that the three operators:
k∑

i=0
ai,q(Hqx)iHq,

k∑
i=0

ãi,qx
iH i+1

q

and

Sl,t =
0∏

−l

(αi,qIP + βi,qxHq) Hq

t∏
0

(αi,qIP + βi,qxHq) ,

represent the same category of operators. As a result, we are able to opt for the
most appropriate form at each stage of our analysis. Taking into account the initially
suggested configuration, we subsequently present its transposed expression.

Lemma 3.3. The transpose operator tΛq : P′ → P′ is expressed by

(3.5) tΛq =
k∑

i=0
ai,q(−1)i+1(Hqx)iHq.

Proof. Drawing upon equations (2.2) and (2.3), it is straightforward to observe that
the transpose of (Hqx)iHq is (−1)i+1 times itself, resulting in the indicated sum. □

3.2. Λq-Appell sequences. Let us suppose that the fixed operator

Λq =
k∑

i=0
ai,q(Hq3x)iHq3

is a lowering operator according to Proposition 2.2. Taking into account

(ΛqBn+1)(x) = Λq(xn+1 + · · · ) = [n + 1]q

 k∑
i=0

ai,q

(
[n + 1]q

)i

xn + Λq(· · · ),

and recalling that ∑k
i=0 ai,q

(
[n + 1]q

)i
̸= 0, we have

B[1]
n (x; Λq) = [n + 1]−1

q

 k∑
i=0

ai,q

(
[n + 1]q

)i

−1

(ΛqBn+1)(x).
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Denoting by {u[1]
n (Λq)}n∈N0 the dual sequence of {B[1]

n (·; Λq)}n∈N0 we have the next
result.

Proposition 3.1.

(3.6) tΛq

(
u[1]

n (Λq)
)

= ρn,qun+1,

where tΛq is detailed in (3.5) and ρn,q = [n + 1]q
(∑k

i=0 ai,q ([n + 1]q)i
)
.

Proof. We have 〈
u[1]

n (Λq), B[1]
m (x; Λq)

〉
= δn,m, n, m ∈ N0.

That is, 〈
u[1]

n (Λq), ΛqBm+1(x)
〉

= ρm,qδn,m

or 〈
tΛq(u[1]

n (Λq)), Bm+1(x)
〉

= ρm,qδn,m.

In particular,
〈
tΛq(u[1]

n (Λq)), Bm+1(x)
〉

= 0, m ≥ n + 1, n ∈ N0. So, by Lemma 2.1,
we get

tΛq

(
u[1]

n (Λq)
)

=
n+1∑
ν=0

λn,νuν , n ∈ N0,

with λn,ν =
〈
tΛq

(
u[1]

n (Λq)
)

, Bν(x)
〉

, 0 ≤ ν ≤ n + 1. Notice that

λn,0 =
〈
tΛq

(
u[1]

n (Λq)
)

, B0(x)
〉

=
k∑

i=0
ai,q(−1)i+1

〈
(Hq3x)iHq3

(
u[1]

n (Λq)
)

, 1
〉

= 0.

Also, if 1 ≤ ν ≤ n, then

λn,ν =
〈
tΛq

(
u[1]

n (Λq)
)

, Bν(x)
〉

= [ν]q
(

k∑
i=0

ai,q ([ν]q)i

)
δn,ν−1 = 0

and
λn,n+1 =

〈
tΛq

(
u[1]

n (Λq)
)

, Bn+1(x)
〉

= ρn,q ̸= 0.

Thus, tΛq

(
u[1]

n (Λq)
)

= λn,n+1un+1. □

Proposition 3.2. Given a MPS {Bn}n∈N0, the following statements are equivalent.
(a) {Bn}n∈N0 is Λq-Appell, that is, B[1]

n (x; Λq) = Bn(x).
(b) tΛq(un) = ρn,qun+1, where ρn,q = [n + 1]q

(∑k
i=0 ai,q

(
[n + 1]q

)i
)

.

(c) un =
(
[n]q!

)−1
(∏n

s=1

(∑k
i=0 ai,q

(
[s]q

)i
))−1 (

tΛq

)n
(u0),

where the symbol [z]q! = [z]q[z − 1]q · · · [1]q represents the q-factorial of the integer z.
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Proof. If {Bn}n∈N0 is Λq-Appell, then un = u[1]
n (Λq) From (3.6), we obtain

tΛq(un) = ρn,qun+1 or un+1 = ρ−1
n,qtΛq(un).

Recursively, we get that un = ∏n−1
j=0 ρ−1

j,q

(
tΛq

)n
(u0). Since

n−1∏
j=0

ρ−1
j,q = ([n]q!)−1

(
n∏

s=1

(
k∑

i=0
ai,q

(
[s]q

)i
))−1

we obtain (c).
Conversely, if we suppose the identity of item (b), then, from (3.6), we conclude

that
tΛq

(
u[1]

n (Λq)
)

= tΛq(un).
Similarly, based on the identity in item (c), we can derive the relation un+1 =
ρ−1

n,qtΛq(un), as the following calculations elucidate. Furthermore, in light of (3.6),
we deduce tΛq

(
u[1]

n (Λq)
)

= tΛq(un)

un+1 =
(
[n + 1]q!

)−1
(

n+1∏
s=1

(
k∑

i=0
ai,q[s]iq

))−1 (
tΛq

)n+1
u0

= [n + 1]−1
q

(
k∑

i=0
ai,q[n + 1]iq

)−1 (
tΛq

) (
[n]q!

)−1
(

n∏
s=1

(
k∑

i=0
ai,q[s]iq

))−1 (
tΛq

)n
u0

= [n + 1]−1
q

(
k∑

i=0
ai,q[n + 1]iq

)−1

Λq (un) .

For any lowering operator O, we can assure that tO : P′ → P′ is a one-to-one operator,
and thus, in both situations, we conclude that u[1]

n (Λq) = un proving that {Bn}n∈N0 is
Λq-Appell. □

4. A Cubic Decomposition of a q-Appell MPS

For any MPS {Wn}n∈N0 there are three MPSs {Pn}n∈N0 , {Qn}n∈N0 and {Rn}n∈N0 ,
so that

W3n(x) = Pn(x3) + xa1
n−1(x3) + x2a2

n−1(x3),(4.1)
W3n+1(x) = b1

n(x3) + xQn(x3) + x2b2
n−1(x3),(4.2)

W3n+2(x) = c1
n(x3) + xc2

n(x3) + x2R2
n(x3),(4.3)

with deg a1
n−1 ≤ n − 1, deg a2

n−1 ≤ n − 1, deg b1
n ≤ n, deg b2

n−1 ≤ n − 1, deg c1
n ≤ n,

deg c2
n ≤ n and a1

−1(x) = a2
−1(x) = b2

−1(x) = 0. This is a particular case of the general
cubic decomposition of any MPS presented in [29], where all the parameters involved
are considered zero. In this cubic decomposition (CD) (4.1)–(4.3) of {Wn}n∈N0 , the
sequences:

• {Pn}n∈N0 , {Qn}n∈N0 , {Rn}n∈N0 are called the principal components;
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• {a1
n−1}n∈N0 , {a2

n−1}n∈N0 , {b1
n}n∈N0 , {b2

n−1}n∈N0 , {c1
n}n∈N0 , {c2

n}n∈N0 are called
the secondary components, since they are sequences of polynomials although
not necessarily bases for the vector space of polynomials P.

The nine component sequences are assembled in the following matrix [29].

(4.4) Mn(x) =


Pn(x) a1

n−1(x) a2
n−1(x)

b1
n(x) Qn(x) b2

n−1(x)

c1
n(x) c2

n(x) Rn(x)

 .

Lemma 4.1 ([29]). Let P (x), Q(x) and R(x) be three polynomials. P (x3) + xQ(x3) +
x2R(x3) = 0 implies P (x) = Q(x) = R(x) = 0.
Proposition 4.1. A q-Appell MPS {Wn}n∈N0 admits the CD (4.1)–(4.3) if and only
if the following relations are fulfilled for n ∈ N0,(

q[3]qxHq3 + IP
)
Qn(x) = [3n + 1]qPn(x),(4.5) (

q2[3]qxHq3 + [2]qIP
)
b2

n−1(x) = [3n + 1]qa1
n−1(x),(4.6)

[3]qHq3b1
n(x) = [3n + 1]qa2

n−1(x),(4.7) (
q[3]qxHq3 + IP

)
c2

n(x) = [3n + 2]qb1
n(x),(4.8) (

q2[3]qxHq3 + [2]qIP
)
Rn(x) = [3n + 2]qQn(x),(4.9)

[3]qHq3c1
n(x) = [3n + 2]qb2

n−1(x),(4.10) (
q[3]qxHq3 + IP

)
a1

n(x) = [3n + 3]qc1
n(x),(4.11) (

q2[3]qxHq3 + [2]qIP
)
a2

n(x) = [3n + 3]qc2
n(x),(4.12)

[3]qHq3Pn+1(x) = [3n + 3]qRn(x),(4.13)
where IP denotes the identity operator on P.

The proof of this proposition will follow immediately once the following lemma is
established.
Lemma 4.2. Representing by σϖ : P → P the linear operator defined by (σϖf)(x) :=
f(x3), for any f ∈ P,

Hq ◦ σϖ = [3]qx2σϖ ◦ Hq3 ,(4.14)
Hqx = qxHq + IP,(4.15)

Hqx ◦ σϖ = σϖ

(
q[3]qxHq3 + IP

)
,(4.16)

Hqx
2 = q2x2Hq + [2]qxIP,(4.17)

Hqx
2 ◦ σϖ = xσϖ

(
q2[3]qxHq3 + [2]qIP

)
.(4.18)

Proof. The proof of this lemma is straightforward from the definitions of the operators
Hq and σϖ and will be omitted. □
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Proof of Proposition 4.1. Representing by {Wn}n∈N0 a q-Appell sequence, we proceed
to its cubic decomposition in accordance with (4.1)–(4.3). Operating with Hq on
both sides of (4.1), with n replaced by n + 1, and on (4.2) and (4.3), then, under the
assumptions, we, respectively, obtain

[3n + 3]q
{
c1

n(x3) + xc2
n(x3) + x2R2

n(x3)
}

=
(
HqPn+1(ξ3)

)
(x) +

(
Hqξa1

n(ξ3)
)
(x) +

(
Hqξ

2a2
n(ξ3)

)
(x), n ∈ N0,(4.19)

[3n + 2]q{b1
n(x3) + xQn(x3) + x2b2

n−1(x3)}

=
(
Hqc

1
n(ξ3)

)
(x) +

(
Hqξc2

n(ξ3)
)
(x) +

(
Hqξ

2Rn(ξ3)
)
(x), n ∈ N0,(4.20)

[3n + 1]q{Pn(x3) + xa1
n−1(x3) + x2a2

n−1(x3)}

=
(
Hqb

1
n(ξ3)

)
(x) +

(
HqξQn(ξ3)

)
(x) +

(
Hqξ

2b2
n−1(ξ3)

)
(x), n ∈ N0.(4.21)

Based on (4.14), (4.16) and (4.18) the relations (4.19)–(4.21) become, respectively, as
follows

[3n + 3]q
{
σϖc1

n(x) + xσϖc2
n(x) + x2σϖR2

n(x)
}

=[3]qx2
(
σϖ ◦ Hq3

)
[Pn+1](x) + σϖ

(
q[3]qxHq3 + IP

)
[a1

n](x)

+ xσϖ

(
q2[3]qxHq3 + [2]qIP

)
[a2

n](x), n ∈ N0,

[3n + 2]q
{
σϖb1

n(x) + xσϖQn(x) + x2σϖb2
n−1(x)

}
=[3]qx2

(
σϖ ◦ Hq3

)
[c1

n](x) + σϖ

(
q[3]qxHq3 + IP

)
[c2

n](x)

+ xσϖ

(
q2[3]qxHq3 + [2]qIP

)
[Rn](x), n ∈ N0,

[3n + 1]q
{
σϖPn(x) + xσϖa1

n−1(x) + x2σϖa2
n−1(x)

}
=[3]qx2

(
σϖ ◦ Hq3

)
[b1

n](x) + σϖ

(
q[3]qxHq3 + IP

)
[Qn](x)

+ xσϖ

(
q2[3]qxHq3 + [2]qIP

)
[b2

n−1](x), n ∈ N0.

Applying Lemma 4.1, we get (4.5)–(4.13). □

Remark 4.1. Let us remark that the nine conditions of Proposition 4.1 can be written
using matrix identities, as follows

(
q[3]qxHq3 + IP

)
c2

n−1(x)
a1

n−1(x)
Qn(x)

 =


[3n − 1]p 0 0

0 [3n]p 0
0 0 [3n + 1]p




b1
n−1(x)

c1
n−1(x)
Pn(x)

 ,

(4.22)
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(
q2[3]qxHq3 + [2]qIP

)
a2

n−1(x)
b2

n−1(x)
Rn(x)

 =


[3n]p 0 0

0 [3n + 1]p 0
0 0 [3n + 2]p




c2
n−1(x)

a1
n−1(x)
Qn(x)

 ,

(4.23)

[3]qHq3


b1

n(x)
c1

n(x)
Pn+1(x)

 =


[3n + 1]p 0 0

0 [3n + 2]p 0
0 0 [3n + 3]p




a2
n−1(x)

b2
n−1(x)
Rn(x)

 .(4.24)

The assumption of the q-Appell character of the MPS {Bn}n∈N0
actually implies the

Appell character, but with respect to another linear operator, of the some associated
sequences; because of the importance of this, we formally state the result as a lemma.

Lemma 4.3. Let us consider a q-Appell MPS {Wn}n∈N0 and the correspondent CD
(4.1)–(4.3). Then, for n ∈ N, we have

a2
n−1(x) = [3]q

(
[3n + 1]q[3n + 2]q[3n + 3]q

)−1
Λq3,1a

2
n(x),

b2
n−1(x) = [3]q

(
[3n + 2]q[3n + 3]q[3n + 4]q

)−1
Λq3,1b

2
n(x),

Rn(x) = [3]q
(
[3n + 3]q[3n + 4]q[3n + 5]q

)−1
Λq3,1Rn+1(x),

a1
n−1(x) = [3]q

(
[3n + 1]q[3n + 2]q[3n + 3]q

)−1
Λq3,2a

1
n(x),

Qn(x) = [3]q
(
[3n + 2]q[3n + 3]q[3n + 4]q

)−1
Λq3,2Qn+1(x),

c2
n−1(x) = [3]q

(
[3n]q[3n + 1]q[3n + 2]q

)−1
Λq3,2c

2
n(x),

Pn(x) = [3]q
(
[3n + 1]q[3n + 2]q[3n + 3]q

)−1
Λq3,3Pn+1(x),

b1
n−1(x) = [3]q

(
[3n − 1]q[3n]q[3n + 1]q

)−1
Λq3,3b

1
n(x),

c1
n−1(x) = [3]q

(
[3n]q[3n + 1]q[3n + 2]q

)−1
Λq3,3c

1
n(x),

where

Λq3,1 = Hq3

(
q[3]qxHq3 + IP

)(
q2[3]qxHq3 + [2]qIP

)
,

Λq3,2 =
(
q2[3]qxHq3 + [2]qIP

)
Hq3

(
q[3]qxHq3 + IP

)
,

Λq3,3 =
(
q[3]qxHq3 + IP

)(
q2[3]qxHq3 + [2]qIP

)
Hq3 .

Proof. Let us consider (4.23), with n 7→ n + 1. Applying q[3]qxHq3 + IP, we have

(
q[3]qxHq3 + IP

)(
q2[3]qxHq3 + [2]qIP

)
a2

n−1(x)
b2

n−1(x)
Rn(x)


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=


[3n + 3]p 0 0

0 [3n + 4]p 0
0 0 [3n + 5]p

(q[3]qxHq3 + IP
)

c2
n(x)

a1
n(x)

Qn+1(x).

 .

Attending to identity (4.22), with n 7→ n + 1, we get

(
q[3]qxHq3 + IP

)(
q2[3]qxHq3 + [2]qIP

)
a2

n−1(x)
b2

n−1(x)
Rn(x)



=


[3n + 3]p 0 0

0 [3n + 4]p 0
0 0 [3n + 5]p




[3n + 2]p 0 0
0 [3n + 3]p 0
0 0 [3n + 3]p




b1
n(x)

c1
n(x)

Pn+1(x)

 .

Applying [3]qHq3 and using (4.24) we finally obtain

[3]qHq

(
q[3]qxHq3 + IP

)(
q2[3]qxHq3 + [2]qIP

)
a2

n(x)
b2

n(x)
Rn+1(x)



=


[3n + 1]q[3n + 2]q[3n + 3]qa2

n−1(x)
[3n + 2]q[3n + 3]q[3n + 4]qb2

n−1(x)
[3n + 3]q[3n + 4]q[3n + 5]qRn(x)

 ,

which explains the first three announced relations. The remaining six relations can
be obtained in a similar way, considering, in the beginning of the process, identity
(4.22) and identity (4.24), respectively. □

Remark 4.2. In other words, the component sequences of a CD of a q-Appell sequence
are also Appell with respect to certain operators. Furthermore, let us note that Λq3,1,
Λq3,2 and Λq3,3 define the operator related to the component sequences of the third,
second and first column of matrix Mn(x) (4.4), respectively.

Taking into account identity (3.1) and Lemma 3.2, the operators of Lemma 4.3
have the following alternative expression

Λq3,1 = Hq3

(
q[3]qxHq3 + IP

)(
q2[3]qxHq3 + [2]qIP

)
= q3[3]2qHq3xHq3xHq3 + q[3]q(2q + 1)Hq3xHq3 + [2]qHq3 ,

Λq3,2 =
(
q2[3]qxHq3 + [2]qIP

)
Hq3

(
q[3]qxHq3 + IP

)
= [3]2qHq3xHq3xHq3 + [3]q(q−1 − 1)Hq3xHq3 − q−1Hq3 ,

Λq3,3 =
(
q[3]qxHq3 + IP

)(
q2[3]qxHq3 + [2]qIP

)
Hq3

= q−3[3]2qHq3xHq3xHq3 + q−3[3]q(q + 2)Hq3xHq3 + q−3[2]qHq3 .
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Assuming that the polynomials

f1(x) =q3[3]2qx2 + q[3]q(2q + 1)x + [2]q,
f2(x) =[3]2qx2 + [3]q(q−1 − 1)x − q−1

and
f3(x) = q−3[3]2qx2 + q−3[3]q(q + 2)x + q−3[2]q,

do not have roots of the form [n]q, n ∈ N0, so, by Proposition 2.2 these are lowering
operators. Attending to the following identities given by Lemma 4.3, we conclude
that the principal component sequence {Rn}n∈N0 is a Λq3,1-Appell sequence, {Qn}n∈N0

is a Λq3,2-Appell sequence and {Pn}n∈N0 is a Λq3,3-Appell sequence

R[1]
n (x; Λq3,1) = [3]q

(
[3n + 3]q[3n + 4]q[3n + 5]q

)−1
Λq3,1Rn+1(x) = Rn(x),

Q[1]
n (x; Λq3,2) = [3]q

(
[3n + 2]q[3n + 3]q[3n + 4]q

)−1
Λq3,2Qn+1(x) = Qn(x),

P [1]
n (x; Λq3,3) = [3]q

(
[3n + 1]q[3n + 2]q[3n + 3]q

)−1
Λq3,3Pn+1(x) = Pn(x).

Concerning the secondary components, we arrive at the scenario described by the
following result.

Theorem 4.1. Let us consider the secondary components of the CD (4.1)–(4.3) of a
q-Appell MPS.

• Either the three sequences {a1
n}n∈N0

, {c1
n}n∈N0

and {b2
n}n∈N0

are the zero sequence,
or the aforementioned sequences are nonzero, and in this case there are a positive
integer κ and three numerical sequences µ1,n, µ2,n and µ3,n so that, for n ∈ N0,

(4.25) b2
n+κ(x) = µ1,nb̂2

n(x), a1
n+κ(x) = µ2,nâ1

n(x), c1
n+κ(x) = µ3,nĉ1

n(x),

where {â1
n}n∈N0

, {ĉ1
n}n∈N0

and
{
b̂2

n

}
n∈N0

are monic polynomial sequences (MPSs).
• Either the three sequences {a2

n}n∈N0
, {c2

n}n∈N0
and {b1

n}n∈N0
are the zero sequence,

or the aforementioned sequences are nonzero, and in this case there are a positive
integer τ and three numerical sequences α1,n, α2,n and α3,n so that, for n ∈ N0,

(4.26) a2
n+τ (x) = α1,nâ2

n(x), c2
n+τ (x) = α2,nĉ2

n(x), b1
n+τ (x) = α3,nb̂1

n(x),

where {â2
n}n∈N0

, {ĉ2
n}n∈N0

and
{
b̂1

n

}
n∈N0

are monic polynomial sequences (MPSs).
Furthermore, there are two nonzero constants b2

κ and a2
τ so that

(4.27) µj,n == [2]q[3n + 3κ + 5 − j]q!
[3n + 3 − j]q![3κ + 4]q!

b2
κ, n ∈ N, j = 1, 2, 3,

and

(4.28) αj,n = [2]q[3n + 3τ + 4 − j]q!
[3n + 3 − j]q![3τ + 3]q!

a2
τ , n ∈ N, j = 1, 2, 3,
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with

µ2,0 = [2]qb2
κ

[3κ + 4]q
, µ3,0 = [2]qb2

κ

[3κ + 3]q[3κ + 4]q
,

α2,0 = [2]qa2
τ

[3τ + 3]q
, α3,0 = [2]qa2

τ

[3τ + 2]q[3τ + 3]q
,

and where the symbol [z]q! = [z]q[z − 1]q · · · [1]q represents the q-factorial of the inte-
ger z.

Proof. Let us suppose that {b2
n}n∈N0

is a nonzero sequence and let κ be the smallest
index such that

b2
κ(x) ̸= 0 and b2

n = 0, 0 ≤ n ≤ κ − 1, if κ ≥ 1.

Thus, due to (4.6), a1
n = 0, 0 ≤ n ≤ κ − 1, and hence by (4.11), c1

n = 0, 0 ≤ n ≤
κ − 1. According to (4.10), c1

κ(x) = c1
κ (constant) and in virtue of (4.11) a1

κ(x) = a1
κ

(constant). Similarly, (4.6) implies b2
κ(x) = b2

κ ̸= 0 (nonzero constant), consequently,
a1

κ ̸= 0 and c1
κ ̸= 0. In particular, {a1

n}n∈N0
and {c1

n}n∈N0
are also nonzero sequences.

Taking into consideration Proposition 2.1 and Lemma 4.3, we conclude (4.25).
Indeed, by virtue of Proposition 4.1, the relevant fact is that if exists a positive

integer n0 such that a1
n0 = 0, then a1

n0−1 = 0 and likewise for {b2
n}n∈N0

and {c1
n}n∈N0

.
The relation (4.26) is explained in the same manner, by supposing the smallest

index τ such that
a2

τ (x) ̸= 0 and a2
n = 0, 0 ≤ n ≤ τ − 1, if τ ≥ 1,

and arguing with (4.7), (4.8) and (4.12).
With regard to the initial conditions and following the indicated notation, we begin

to set
µ1,0 = b2

κ and α1,0 = a2
τ .

Using (4.6) and (4.12), we get

µ2,0 = [2]q
[3κ + 4]q

b2
κ and α2,0 = [2]q

[3τ + 3]q
a2

τ .

From (4.11) and (4.8), we have

µ3,0 = [2]q
[3κ + 3]q[3κ + 4]q

b2
κ and α3,0 = [2]q

[3τ + 2]q[3τ + 3]q
a2

τ .

Inserting the expressions of (4.25) in identities (4.6), (4.10) and (4.11), all three
with an appropriate shift of the index n, and comparing the leading coefficients of
both sides, we obtain the following system(

q2[3]q[n]q3 + q + 1
)

µ1,n = [3n + 3κ + 4]qµ2,n,

[3]q[n + 1]q3µ3,n+1 = [3n + 3κ + 5]qµ1,n,(
q[3]q[n]q3 + 1

)
µ2,n = [3n + 3κ + 3]qµ3,n.
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Therefore, using [3]q[n]q3 = [3n]q, q2[3n]q + q + 1 = [3n + 2]q and q[3n]q + 1 = [3n + 1]q,
respectively (which, in view of the following well-known [x + a]q = [x]q + qx[a]q) [35]),
the last equations become

[3n + 2]qµ1,n = [3n + 3κ + 4]qµ2,n,(4.29)
[3n + 3]qµ3,n+1 = [3n + 3κ + 5]qµ1,n,(4.30)
[3n + 1]qµ2,n = [3n + 3κ + 3]qµ3,n.(4.31)

Its resolution yields

µ3,n+1 = [3n + 3κ + 3]q[3n + 3κ + 4]q[3n + 3κ + 5]q
[3n + 1]q[3n + 2]q[3n + 3]q

µ3,n,

and we get identity

µ3,n =
3n∏
i=1

[3κ + 2 + i]q
[i]q

µ3,0,

without forgetting the initial conditions µ3,0 = [2]qb2
κ

[3κ+3]q [3κ+4]q . Therefore,

(4.32) µ3,n =
3n∏
i=3

[3κ + 2 + i]q
[i]q

b2
κ = [2]q[3n + 3κ + 2]q!

[3n]q![3κ + 4]q!
b2

κ, n ∈ N,

which is exactly the relation (4.27) with j = 3. The expressions for µ1,n and µ2,n can
be computed by revisiting the previous system, specifically considering the relation
(4.31) and (4.29), respectively, and using (4.32). The equality (4.28) is obtained in
an analogous way. □

Remark 4.3. Concerning the proof of Theorem 4.1, we could have proceeded without
using Proposition 2.1, strictly relying on the relations of Proposition 4.1. However,
by choosing this approach, our intention is to emphasize that the underlying feature
can be considered a general characteristic applicable to any sequence that satisfies
the assumptions of Proposition 2.1.
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