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CUBIC DECOMPOSITIONS OF THE ¢-APPELL POLYNOMIAL
SEQUENCES

MOHAMED KHALFALLAH! AND H. M. SRIVASTAVA?2:3:4:5:6.7

ABSTRACT. In this paper, we delve into a comprehensive examination of a specific
type of lowering operator denoted as A4. This operator is defined as a finite sum of
lowering operators and can be formulated in various configurations. Our focus lies in
characterizing polynomial sequences that adhere to an Appell relation with respect
to A4. Through a detailed exploration of a concrete cubic decomposition of a simple
g-Appell sequence, we establish that the polynomial component sequences exhibit
Ags-Appell properties, with Ags defined as previously, albeit through a three-term
sum.

1. INTRODUCTION AND MOTIVATION

Let P be the vector space of polynomials with complex coefficients. Let O be a
lowering operator, that is, a linear operator that decreases in one unit the degree of
a polynomial and such that O(1) = 0, i.e., an operator that satisfies the following
conditions

OP)=P, 0(1)=0 and deg{O(z")}=n—-1, neN,
where, and in what follows, N denotes, as usual, the set of natural numbers and

Ny :=NuU{0}, N:={1,2,3,...}.
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Given a MPS {B,}, cy,, We construct another MPS

{BL”(';O) = pn;(o)

where p,;1(0) # 0 is such that O (z"") = p,;1(0)w,(x) where w,(x) is a monic
polynomial such that degw, = n, for any integer n € Nj.

0(B()|

n€Ng

Definition 1.1 ([6,7]). A MPS {B,}, .y, is called an Appell sequence with respect to
a lowering (annihilating) operator O or simply O-Appell sequence if BU(-, 0) = B,(-)
for every n € Ny.

This expands upon the concept initially introduced by Appell [4]. When O is a
lowering operator such that @, (z) = 2", a sequence {B,}, .y, is termed an O-Appell
sequence if and only if the sequence {B,} has as a generating function

AWBLt) = X Bux) oy

where A(t) = 3,50 ﬁant”,B(t) = Y n>0 ﬁt” and (p,)! = p1pa---pn for n € N
with the conventions ag = 1 and (pg)! = 1. The polynomials having this property are
known as Brenke-type polynomials [12].

Hahn has delineated the assembly of orthogonal polynomial sequences { B, },, .y that
share the characteristic of the derivative sequence {B)}, .y is orthogonal, commonly
referred to as classical sequences (see [3], [24] and [31]). However, one might inquire
about the common properties among all orthogonal sequences {B,},.y such that
the novel sequence {OB,,(+)},cy, Where O represents either a lowering operator or a
(linear) isomorphism in P, is also an orthogonal sequence. In other words, with the
introduction of an operator O mapping P into itself, possessing a certain number of
necessary properties, we are, in Hahn'’s sense, seeking all the O-classical sequences.
Regarding their significance, a more formal description follows.

Definition 1.2. A MOPS {B,}, .y is said to be an O-classical sequence whenever
the MPS {B,[L”(g O)} oy, I8 also orthogonal.
neNg

The origins of this problem trace back to 1949, when Hahn [13] unveiled notable

properties shared by what are now known as £, -classical sequences. Here, £, is
defined as L, f(z) = %, with complex numbers ¢,w, and for any f € P.
This inquiry has given rise to various questions, particularly in the realm of classical
g-analog polynomial sequences, a domain that has been extensively explored.

The O-classical sequences, specifically when O = £, or L,0, are thoroughly
elucidated in the works [1] and [15], respectively. Recent research has delved into
Dunkl-classical polynomial sequences, which are classical sequences with respect to
the Dunkl (resp. ¢-Dunkl) operator defined as ), = D+pH_; (resp. Ty, = Hy+0H_4).

Noteworthy contributions in this area include the works [8,21,36]. Recently, a further
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lowering operator to treat analogous questions was considered (see [22,23,30]). These
examples underscore the importance of studying classical sequences in a broader sense,
as it unveils desirable properties of certain orthogonal sequences.

On the other hand, the study of the quadratic and the cubic decomposition of an
orthogonal polynomial sequence (OPS) is a subject that received special attention
along the last decades (see [9-11,16-19,25,29]).

This work deals with Appell sequences with respect to lowering (or annihilating)
operators involving the Hahn’s operator, often called Jackson’s g-derivative operator,
here denoted as H,:

flgz) — f(z)

(¢—Dz ~ e

(Hyf) () =
where ¢ belongs to the set C := C — Uneng Un, where

{0}, n =0,
{zreC:2"=1}, neN.

n

The g-Appell sequences have been extensively investigated [2,15,34,37]. Notably, the
existence of orthogonal ¢g-Appell polynomial sequences is well-documented and has
been approached from various perspectives. These sequences are equivalent to the
Al-Salam and Carlitz polynomial sequence [2,15], albeit under a linear transformation.
For a more in-depth exploration, refer to Ismail’s book [14, Chap. 18].

Our aim is to explore the cubic decomposition (CD) of these g-Appell sequences.
In fact, while investigating the cubic decomposition of a g-Appell sequence, we
came across polynomial sequences that satisfy a similar identity: A,B,41(z) =
PngBn(z), n € Ny, where A, is a certain lowering operator, and p,, are normal-
ization constants. The specific lowering operators arising from the context of the
cubic decomposition take the form of either Hs (q[3]quqs + Igp) (q2 [3]qxH s + [2]qlg>>,
(q[?’]quqS + I?)Hq3 (qz[g]quq?’ + mqjﬂ’) or (q[3]quq3 + I?) (q2[3]q37Hq3 + [2]qIT)Hq37
which can be expressed as Ap = agpHp + a1 g HpxHp + agp3(Hpx)*Hyp, with
constant coefficients ag 43, a; 43, and ag 4.

The various configurations mentioned are easy to elucidate and can be readily
identified for a straightforward verification. However, the analysis of these operators,
typically expressed with k factors or terms, does not entail a substantial effort and
streamlines the comparison of the presented results with subsequent contributions,
especially in contexts involving highly specific g-differential operators. Consequently,
we establish a concise list of three approaches to present these operators-without
imposing particular restrictions-and highlight the relationships among their constant
coefficients. Moreover, different versions of these operators (when ¢ — 1) appear
often in the study of special functions, for instance, with regard to the monomiality
principle (see, for example, [33]).
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The manuscript follows this organization. Section 2 presents the fundamental
definitions and necessary tools, as well as the definition and characterization of the
so-called O-Appell polynomial sequences (for some annihilating operator O) will be
recalled. Section 3 is devoted to the study of the operator A, = S5 a; ,(H,x) H,,
where k is a positive integer and a, # 0, and to a characterization of the sequences
herein called A,-Appell. To recap, the first two sections set the essential foundation
for the upcoming results. In Section 4, we consider a cubic decomposition of a ¢-
Appell sequence and it is indicated what kind of Appell behavior have the respective
component sequences. Indeed, the primary objective of this section is to acquire
insights into the cubic decomposition of the ¢-Appell sequences. This is equivalent to
characterize the nine polynomial sequences linked to terms of order 3n, 3n + 1, and
3n + 2 in a ¢-Appell sequence. This cubic decomposition leads to the emergence of
Appell sequences with respect to a new operator, which is of second order in H .

2. NOTATIONS, DEFINITIONS AND PRELIMINARIES

2.1. Basic tools. Let P denote the vector space of polynomials with coefficients in C
and let P’ be its dual. We indicate by (u, f) the action of the form or linear functional
u € P on f € P and we denote by (u), := (u,z"),n € Ny, the moments of u. A form
u is equivalent to the numerical sequence {(u)n},cn, -

A linear operator T': P — P has a transpose T : P’ — P’ defined by

(2.1) ("T(u), f) = (W, T(f)), uwe? feP.

Given w € P and u € P, the form wu, called the left-multiplication of u by the
polynomial w, is defined by

(2.2) (wu, p) = (u,wp), forall pe P.

For f € P and u € P, the product uf is the polynomial (uf)(x) := <u, %:gf@w )
This allows us to define the Cauchy product of two forms

(vu, f) == (v,uf), weP, feP.

The above product is commutative, associative and distributive with respect to the
sum of forms.
We define the operator o : P — P by

<0w(u)’f> = <U’UW(f>>> (UAS :P/mf € {P>

where the linear operator o, : P — P is defined by o (f)(z) := f(z?) for every f € P.
Consequently, this yields

((Iw(u))n = (u)3n, n € Np.
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We define the operator H,, also known as Jackson operator, by

f(x) — flgz)

H,f)(x) = —————,

where ¢ belongs to the set C. This operator is a particular case of a (p, ¢)-derivative
operator [5].

This linear operator H, has a transpose 'H,, from P’ into P, defined by duality

according to (2.1) and we have the operator H, on P" as minus the transpose of the
g-derivative operator on P, that is, "H, := —H,, so that

(2.3) (Hyu, f) = —(u,H,f), [fe€Pue?P.
In particular, this yields

fe?,

(Hqu),, = —[nlg(u)n-1,
with the convention (u)_; = 0 and
q -1
qg—1"

In the sequel, we will call polynomial sequence (PS) to any sequence { B}, .y, such
that deg B,, = n for all n € Ny. We will also call monic polynomial sequence (MPS)
a PS so that all polynomials have leading coefficient equal to one. Notice that if
(u, By) = 0, for all n € Ny, then u = 0. Given a MPS {B,} there are complex
sequences, {8, },cn, a0d {Xn0}ocy<pnen, Such that

By(z) =1, Bi(z)=x— b,

Bn+2(x) = (.CL' - BnJrl n+1 Z Xn'u v

[n], = for n € Ny.

n€eNg?

This relation is called the structure relation of {B,}, oy, and {Xnw}ge, < ,

n&elNo ) <v<n,neNp

{Bn}nen, are called the structure coefficients. Moreover, there exists a unique sequence
{tn}nen,> Un € P, called the dual sequence of {B,} such that

n S neNy?
(U, Bm) = 6pm, n,m € N,
where 0, ,,, denotes the Kronecker symbol. Let us remark that, if p is a polynomial
and (u,,p) = 0 for all n € Ny, then p = 0. Besides, it is well known that [27]
Bn = (Un,xBp(z)), mn € Ny,
Xnw = (Up, 2Bpi1(x)), 0<wv<n,neN.

Lemma 2.1 ([27]). For each u € P' and each m € N, the two following statements
are equivalent.

(a)<uBm1>7é0< , Bn)
(b) Exists A, € C, 0 <
Ao = (u, By).

n>m.
-1, A

§ m_1 7 0, such that u = Y™ Nu,, with
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Definition 2.1 ([26,28]). A PS {B,}
form u if and only if it fulfils

(2.4) (u, BpyBpn) =0, n#m,n,m & Ny,
(2.5) <u Bg> £0, neN,.

nen, 18 regularly orthogonal with respect to the

Then, the form u is said to be regular (or quasi-definite) and { By}, .y, is an orthog-
onal polynomial sequence (OPS). The conditions (2.4) are called the orthogonality
conditions and the conditions (2.5) are called the regularity conditions.

We can normalize {B,}, oy, in order that it becomes monic; then it is unique and
we note it as a MOPS. If {un}neNO is the corresponding dual sequence, then u = Auy,

2.2. Lowering operators and ¢-Appell sequences. A g-Appell (or H,-Appell)
sequence { B}, cy, is usually defined by the condition [15,32]

1
[n+ 1]

The g¢-differential operator H, is an example of an usually called lowering operator,
i.e., is a linear mapping O : P — P such that

O(1)=0 and deg(O(2"))=n—-1, neN.

BT[LI}@; Hy) = (HyBp1)(x) = Bu(z), n € No.

More generally, for any lowering operator O, we can construct the polynomial
sequence {B,[}](-; O)n} o defined by
n 0

BY(z;0) = p7 (OB, 11) (x), n €N,

where p, € C\{0} is chosen in order to make BY(z; ©) monic.

Definition 2.2 ([6,7]). A MPS {B,}, oy, is called an O-Appell sequence with respect
to a lowering operator O if B,(-) = BI(-; 0) for every n € Ny.

In an upcoming section, it will be crucial to comprehend the utilization of a lowering
operator on a sequence of polynomials { gn}neNO that may not satisfy all of the MPS
attributes, for example, when deg g, < n for certain values of n. In such cases, by
imposing certain hypotheses, we can ensure a specific structure for these sequences,
as indicated in the following straightforward results.

Lemma 2.2. Let O be a lowering operator and f € P. If deg(f) > 0, then
deg(O(f)) = deg(f) — 1.

Proposition 2.1. Let O be a lowering operator and let {fn}neNo be a sequence in
P such that ppf, = O(fns1), with p, € C\{0}. Then, either f, = 0, n € Ny,
or there is ng € Ny such that f,, # 0, fi = 0,0 <7 <ny—1, if ngp > 1, and
deg (fn-i—l) = deg (fn) +1, n > ny.
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Let us now fix a non-negative integer k£ and some constants a;, € C, 7 =0,...,k,
and let us set

k
Ay = Z aiq(Hyx) Hy.
i=0

Taking into account that =" is an eigenvector of # H, with eigenvalue equal to [n],,
we get the following lemma.

Lemma 2.3. The following identity holds, for any positive integer n,

(2.6) Ag(2") = ([n]qgai,q([n]q)i) "l

As a consequence, we have the following.

Proposition 2.2. (i) For any positive integer k, A, = 0 if and only if a;q; = 0
1=0,...,k.

(1) Suppose ay 4 # 0, then the operator A, is a lowering operator if and only if the
polynomial f(x) = Y% a; . has no roots in the form [n),.

Proof. (i) Suppose A, = 0, that is, A,(f) = 0 for any f € P. In particular,
k .
0= Ay(a) = (Inly D asg([nly) )"
i=0

Therefore, Zf:o ai7q([n]q)l = 0, for all positive integer n, which implies a;, = 0, i =
0,...,k.

(ii) Since a4 # 0, the polynomial f(x) = ¥ ;42" is not identically zero and
A, # 0. Moreover, from (2.6) we get the indicated result. O

3. THE A, OPERATOR

3.1. Further definitions and the transpose operator. The form employed in
defining the operator A, may appear restrictive; however, as we will see later on, this
g-differential operator can be expressed in various configurations. In particular, the
next results clarify that a A, operator (for all non-negative integer k) can be expressed
as a product of simpler operators or as a linear combination of operators of the form
'H with i = 0,..., k. The first Lemma is a simple case of the problem of normal
ordering of words in H, and x, where the ¢-Stirling numbers play a significant role.
With regard to the operators x and H,, it will be useful later on to recall that

(Hyo)Hy = Hy + quH}?
or

(3.1) :10Hq2 =q 'HaH,—q "H,.
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Lemma 3.1. For all non-negative integer i, it holds

(3.2) (Hya)'Hy = 3 S(i+1,m+ 1)yq("2 Dam Hr

m=0
where S(n, k), are the q-Stirling numbers of second kind. Conversely,
(3.3) PH = ¢ (3) ST s(i 4 1,m+ 1), (Hyz)™ H,,

m=0

where s(n, k), are the q-Stirling numbers of first kind.
Proof. Identity (3.2) can be established through induction and by using relation
S(”? k)q - S(” —1, k— 1)q + [k]qs<n -1, k)q

The orthogonal relation
> S(n,k)gs(k,m)q = Opm

shows that each of the relations above implies the other. O

Remark 3.1. Notice that for i = 2, (3.2) and (3.3) read as
(Hyx)*H, = Hy + q(2+ q)xH] + ¢’ 2*H}

and
x2H§’ =q¢ 31+ QH, - g2+ qH,oH, + q_?’(qu)QHq.

As a straightforward consequence, we may write the next identities

k k k .
S g (Hy)iHy = Y (Z ;o S(i+1,m + 1)) (") gm

=0 m=0 \i=m
k o k k -
Zai,qsz;H =2 (Z @igs(i +1,m + l)q_( i )> (Hqx)™H,.
=0 m=0 \i=m

In the special case where k = 2, it is essential to highlight that
aogHy + arq(Hew)Hy + a2,q(qu)2Hq
(3.4) = (ao,q + a1, + az,q) Hy + q (a1,4 + (2 + Q)agq) H, + asqq° x> H, .
Lastly, we would like to put in evidence a product form for the operator A, that
appears dealing with a cubic decomposition of a ¢g-Appell sequence. The next Lemma

is self-explanatory being mainly justified by previous identities, as for example (3.1),
and by the complete factorization of any element of P.

Lemma 3.2. For any two non-negative integers | and t and any set of constants
Qig,Biqg € C,i=—l,...,t, with agg =1, Boq =0, let us consider the operator

0 t
Sl,t = H (Oéi,q]”_]> + 5i,q$Hq) Hq H (&i,qIT + B’i,quQ) )
0

-l
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where Iy denotes the identity operator on P. Then, for some constants a;, € C,
1=0,...,l+t, we have
I+t

Stlz’t = Z ai,q<Hq$)in
i=0

Conversely, an operator Ny = % a; o(Hyx) ' Hy = S8 a; Hy(vH,)" can be written
as

A, —SOk qH (iglp + BigxH,),
where coefficients o, , and B; 4 are obtamed through the factorization of the polynomial
f(2) = S8 g ai 20, that is, TTh (qig + BigT) = Sk i g7’
In this way, we have confirmed that the three operators:
k k
i - igritl
> aig(Hex)' Hyy Y i H*
= =0

and
0

¢
St = H (qviglp + BigrHy) Hy H (qigle + BigrHy),
0

-1

represent the same category of operators. As a result, we are able to opt for the
most appropriate form at each stage of our analysis. Taking into account the initially
suggested configuration, we subsequently present its transposed expression.

Lemma 3.3. The transpose operator ty, : P" — P is expressed by
(3.5) Zalq )" (H,x)'H,.

Proof. Drawing upon equations (2.2) and (2.3), it is straightforward to observe that
the transpose of (H,x)'H, is (—1)"*! times itself, resulting in the indicated sum. O

3.2. Aj-Appell sequences. Let us suppose that the fixed operator
k

= Z ai’q(Hq3$)in3
i=0

is a lowering operator according to Proposition 2.2. Taking into account
(AyBni1)(z) = Ag(2" ™ + ) = [n+ 1] (Zalq(n—i—l )):c +Ay(--),

and recalling that Y% ai,q([n + 1]q>Z # 0, we have

B (z;A,) = (Zalq(TH— )i) (AgBui1) ().
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Denoting by {ulll(A,)},en, the dual sequence of {BM(-; A,)}nen, We have the next
result.

Proposition 3.1.
(36) tAq (ULH (Aq)) = Pn,qUn41,
where ty, is detailed in (3.5) and p,q = [n + 1], (Zf:o aiq([n+ l]q)i).
Proof. We have
<u£l” (A,), BU (z; Aq)> =0pm, n,m € Ny
That is,
<u7[11] (Aq); Mg B (x>> = Pmi,qOn,m
or
(ta, (N(A0)), Brusr(2)) = prngrm-

In particular, <tAq (ul(A,)), Bm+1(x)> =0, m>n+1 néeNy So, by Lemma 2.1,
we get
n+1

ta, (ug] (Aq)) = Z Ay, 1 € Ny,
v=0

n

with A\, , = <tAq (u 1](Aq)) ,B,,(x)>, 0 <v <n+ 1. Notice that

Ao = (ta, (ull(Ay)) , Bo(x)) = Zo Qi g(— 1) ((Hpa) Hyp (ull/(A,)) 1) = 0.

Also, if 1 < v <n, then

k .
Ay = <tAq (UL”(Aq)) ,B,,(x)> = [V, (Zo Qiq ([V]q)l> Onp—1 =10
and
)‘n,nJrl = <tAq (unl] (Aq>) 7Bn+1 ($)> = Png 7é 0.
Thus, ty, (ug](/\q)) = M1 Unt1- O

Proposition 3.2. Given a MPS {B, }nen,, the following statements are equivalent.
(2) {Bn}nen, s Ng-Appell, that is, Bl (x; A,) = B,(z).
(b) ta,(un) = prqUnt1, where ppq=[n+ 1], (Z?:O ai,q([n + 1](1) )

(© = (o)™ (1T (Stoa(5h))) (1) (00

where the symbol [2],! = [2],[z — 1], - - - [1], represents the g-factorial of the integer z.
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Proof. If {B,}nen, is Ag-Appell, then u, = ulll(A,) From (3.6), we obtain
ta,(Un) = Prgling1  OF  Unp1 = Py ota, (Un).

Recursively, we get that u, = [];Z 01,0]_; (tAq) (ug). Since

Hﬂ (H (ZCM )))

s=1

-1

we obtain (c).
Conversely, if we suppose the identity of item (b), then, from (3.6), we conclude
that

ta, (Wb (Ag)) = ta, (un).
Similarly, based on the identity in item (c), we can derive the relation wu,,; =
Ppata, (Un), as the following calculations elucidate. Furthermore, in light of (3.6),

we deduce 25, (u,[}] (Aq)> = tp,(un)

o ( () 007
:[n+1]q_1< _ A

-1

aw[nﬂ]) (') () (H(Z )) (A) "

1 <§amn+ q) Ay () -

For any lowering operator O, we can assure that to P’ — P’ is a one-to-one operator,
and thus, in both situations, we conclude that ul!l(A,) = u, proving that { B, },en, is
Ag-Appell. O]

w.
(=)

4. A CuBic DECOMPOSITION OF A ¢-APPELL MPS

For any MPS {W,, },en, there are three MPSs { P, }reng, {@n tnen, and { Ry, }nengs
so that

(4.1) Wan(z) = Po(2®) + za,_,(2*) + 2%a®_,(2%),
(4.2) Wani1(2) = by (¢°) + 2Qn(2”) + 2°0]_, (27),
(4.3) Wani2(2) = ¢ (¢7) + xci(2°) + 2°R2 (2),

with degal ;| <n—1,dega? | <n—1, degh. < n, degh? , <n—1, degc. < n,
degc? < n and a',(z) = a*,(z) = b*,(x) = 0. This is a particular case of the general
cubic decomposition of any MPS presented in [29], where all the parameters involved
are considered zero. In this cubic decomposition (CD) (4.1)—(4.3) of {W,, }nen,, the
sequences:

o {P.}rengs {@ntneng, {Bnlnen, are called the principal components;
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i {a;fl}néNm {angl}nGNm {bh}nGNm {b?hl}nENoa {C;}WGNO7 {CZ}HGNO are called
the secondary components, since they are sequences of polynomials although
not necessarily bases for the vector space of polynomials P.

The nine component sequences are assembled in the following matrix [29].
Po(x) ay (7)) a;(z)
(4.4) My(z) = | bp(z)  Qu(x) by (2)

cn(r)  c(x)  Rn(z)
Lemma 4.1 ([29]). Let P(x), Q(z) and R(x) be three polynomials. P(z*)+xQ(z%) +
2?R(z?) = 0 implies P(z) = Q(x) = R(x) = 0.

Proposition 4.1. A ¢-Appell MPS {W,}nen, admits the CD (4.1)~(4.3) if and only
if the following relations are fulfilled for n € Ny,

(4.5) (qBlgzHyp + I5) Qu(x) = [3n + 1], Pu(x),
(4.6) (¢*BlowHys + [2g19) b2 (x) = [3n + 1gan_, (),
(4.7) [3]¢Hosby () = [3n + 1gar,_y (2),
(4.8) (q[BlgzHyp + Ip) 2 (x) = [3n+ 2,b)(x),
(4.9) (¢*BlowHys + [2g1p) Ru(x) = [3n + 2],Qn(x),
(4.10) 3], Hypsch(x) = [3n + 2,02, (),
(4.11) (qBBlgzHy + Ip)ay(x) = [3n + 3]y} (@),
(4.12) (¢*BlyzHys + [2]yIp)al(x) = [3n + 3,cl(2),
(4.13) 3], H s Poyi () = [3n + 3], R (),

where Ip denotes the identity operator on P.

The proof of this proposition will follow immediately once the following lemma is
established.

Lemma 4.2. Representing by o, : P — P the linear operator defined by (05 f)(x) :=
f(@®), for any f € P,

(4.14
4.15

H, o004, = [3],2°04 0 Hp,

Hyx = qeH, + Ip,

4.16 Hyt 0 00 = 0 (3]0 Hys + I),

4.17 H* = ¢?2*H, + [2),21p,

4.18) anc2 00y = T04 (q2[3]quq3 + [Q]q[(])>.

)
(4.15)
(4.16)
(4.17)
(
Proof. The proof of this lemma is straightforward from the definitions of the operators
H, and o, and will be omitted. O
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Proof of Proposition 4.1. Representing by {W,, }.en, a ¢-Appell sequence, we proceed
to its cubic decomposition in accordance with (4.1)—(4.3). Operating with H, on
both sides of (4.1), with n replaced by n + 1, and on (4.2) and (4.3), then, under the
assumptions, we, respectively, obtain

[3n + 3]q{cil(x3) + e (2°) + 2’ R2 ( }

(419)  =(H,Poir(&)) (@) + (Heap(6))) (x) + (HE%a%(Y)) (x), n € No,
[3n + 20, {b},(+%) + 2Qu(2?) + 222 _, («%)}

(4.20)  =(Hyeh(69)(x) + (Hyc2(€%)) () + (Ho€* Ru(€))) (), n €Ny,
[3n + 1o {Pu(a?) + wa)_, (%) + 2%a_, (2*)}

(4.21)  =(Hpbp(&")(2) + (He€Qn(€%)) (@) + (HpE%1(€%)) (), n € No.

Based on (4.14), (4.16) and (4.18) the relations (4.19)—(4.21) become, respectively, as
follows

[3n + 3y { owen () + 2052 (2) + 20, R2(2) }

(8]0 (0 © Hys ) [Pusa] () + 0 (q[3]quq3 4 1?) (a](z)
+ 205 (¢ [BlgrHp + (215 [02)(z), n € No,
[3n + 2y {owbp(x) + 202Qn(x) + 220b? (1)}

=[3),2 (0 0 Hyp ) [e3] () + 0 (q[3lgzHys + Iy )[2] ()
+ 2o, (q2[3]quq3 + [2]q1?> (R,](z), n €Ny,
Bn + {0 Pu(x) + 200a)_, (2) + 2°0a)_y(z) |

=[3]4” (0 © Hys ) (B3] (%) + 0 (a[3lg Hgs + I ) (@] ()
+ 205 (@Bl Hyp + [211p) b2 _1)(x), n € No.

Applying Lemma 4.1, we get (4.5)(4.13). O

Remark 4.1. Let us remark that the nine conditions of Proposition 4.1 can be written
using matrix identities, as follows

(4.22)
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(4.23)
a;_y () [3n], 0 0 ¢y 1 ()
(q2[3]quq3 + [2]q1?> b1 (7) | = 0 [3n + 1], 0 a, ()|,
R, (x) 0 0 [3n + 2], Qn(z)
by, () [Bn+ 1], 0 0 ap_y(2)
(4.24) Bl;Hp | ch(z) | = 0 [3n + 2], 0 b2 ()
Poi(x) 0 0 [3n + 3], R, ()

The assumption of the g-Appell character of the MPS {B,.}, .y, actually implies the
Appell character, but with respect to another linear operator, of the some associated
sequences; because of the importance of this, we formally state the result as a lemma.

Lemma 4.3. Let us consider a q-Appell MPS {W, },en, and the correspondent CD
(4.1)~(4.3). Then, for n € N, we have

1

ai,l(x) [3]q([3n + 1g[3n + 2g[3n + 3]y)  Ags1a2(

2 (@) = 3]([3n + 204030 + 3Jg[Bn +4],) " Agsabi(
Ro(z) = (3], (13n + 3J,[3n + 4]g[3n + 5],) " Agsi Rusa (@
al | (x) = q(Sn—i- [3n + 2], 3n—|—3q) A 2200 (
Qul@) = [3l([3n + 2y[3n + 3,30+ 4],) qa,QQnH(a:),

2 (@) = (3], (1BnlolBn + 1y3n+2],) A aci(),
Pu(x) = [3), (130 + 1],[3n + 2], [3n+3])71Aq373Pn+1(a:),

n1(z) = [38lg([3n — 1y[3nl[3n + 1),) "Ny abl(2),

L (@) = (3], (1Bnlof3n + 1,30 +2],) " A ach(a),

where
Mg = Hop(aB3lyzHp + In) (P [8lgx Hyp + [2)y19),
Apo = (BlgxHyp + [21s) Hys (al3lex Hyp + I,
Aps = (a3 He + I) (@[3 Hyp + [2)yIp) Hyo.
Proof. Let us consider (4.23), with n — n + 1. Applying ¢[3|,2H s + Ip, we have

aifl (z)
(alBlrHgs + Ip) (¢ [BlgrHys + [2]1) | 2_4(2)
R, ("E)
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[3n + 3], 0 0 c2(x)
= 0 [3n +4], 0 (q[?)]quqs + I{p) al(z)
0 0 [3n + 5], Qni1(x).
Attending to identity (4.22), with n — n + 1, we get
a,_(v)
(Q[g]quq‘”’ + IT) <q2 [BlerHys + [2]q1?> b1 ()
Ry (z)
Bn+3, 0 0 Brn+2, 0 0 bl (z)
= 0 [Bn+4, o0 0  [Bn+3, 0 e (z)
0 0 [3n + 5], 0 0 Bn+3],) \Po(x)
Applying [3],H s and using (4.24) we finally obtain
ap ()
BloHy (alBlywHyp + In) (*BloyrHp + 2gls) | V()
Ry ()

[3n +1],[3n + 2],[3n + 3],a2_, ()
= | [3n+ 2],[3n + 3],[3n + 4],b%_(x) |,
[3n + 3],[3n + 4],[3n + 5], R.(2)

which explains the first three announced relations. The remaining six relations can
be obtained in a similar way, considering, in the beginning of the process, identity
(4.22) and identity (4.24), respectively. O

Remark 4.2. In other words, the component sequences of a CD of a ¢-Appell sequence
are also Appell with respect to certain operators. Furthermore, let us note that Ags 1,
A2 and Ags 3 define the operator related to the component sequences of the third,
second and first column of matrix M, (x) (4.4), respectively.

Taking into account identity (3.1) and Lemma 3.2, the operators of Lemma 4.3
have the following alternative expression

Ao = He (q[3lgzHp + In) (¢*[3l,2 Hyp + [2], 1)

= q3[3]2Hq3xHq3xHq3 +q[3]¢(2q + 1) HpxHys + [2]gHyp,
Apz = (@ BlawHe + [2o0) Hp (a3l Hes + I)

= BZHpaHpaHp + [3l(¢ — 1)HpxHgp — ¢ " Hys,
Ao = (aBlicHyp + 1) (¢*[8lgeHyp + 21 15) Hyo

= ¢ BjHpaHpoHp + q7°[3]4(q + 2)HpaHy + q7° (2], Hee.

q
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Assuming that the polynomials
fi(z) =¢’[3]32% + a[3]4(2¢ + 1)z + [2],,
fa(z) =[3]32" + [3]y(¢" — Dz — ¢~
and
fa(x) = a7 (332" + ¢ [3lo(q + 2)z + ¢ (2,
do not have roots of the form [n],, n € Ny, so, by Proposition 2.2 these are lowering
operators. Attending to the following identities given by Lemma 4.3, we conclude

that the principal component sequence {R,, },en, is a Ags ;-Appell sequence, {Q, }nen,
is a A o-Appell sequence and {P, },en, is a Ay 3-Appell sequence

RWY (z; A1) = [3]q ([Sn + 3],[3n + 4],[3n + 5]q> _1Aq371Rn+1(x) = R, (z),
Qg] (z; Aq3,2) = [B]q ([3n + Q]q[3n + 3](1[3” + 4](1) _lAq372Qn+1 (z) = Qn(7),

P (o Ayg) = 3], ([3n 10,030 + 2],[3n + 3]q)1Aq3,3Pn+l(x) — Py(2).

Concerning the secondary components, we arrive at the scenario described by the
following result.

Theorem 4.1. Let us consider the secondary components of the CD (4.1)~(4.3) of a
q-Appell MPS.

e Either the three sequences {a),}, e, » {Ch bnen, @nd {02 },cn, are the zero sequence,
or the aforementioned sequences are nonzero, and in this case there are a positive
integer Kk and three numerical sequences i1 n, fo.n, and i3, so that, for n € Ny,

(4.25) Urin(®) = 1l (2),  @hyo(@) = 12 (0), (@) = p3ntn (@),

where {ap }oengs {80 nen, and {Z)i}neNo are monic polynomial sequences (MPSs).

. 2 2 1
e Either the three sequences {a; },.cn, » 1Cntnen, 974 {0y, }nen, @re the zero sequence,

or the aforementioned sequences are monzero, and in this case there are a positive

integer T and three numerical sequences oy n, s, and as,, so that, for n € Ny,

A

(4.26) Uy () = a1y (2), (1) = 00nCa(x), byyr(7) = a0l (@),

where {47} engs 160 nen, and {B}L} Ly, @re monic polynomial sequences (MPSs).
neNyp
Furthermore, there are two nonzero constants b and a? so that
2],[3n 4+ 3k + 5 — j],! 2
[3n 43 — j]![Bk + 4], "

(4.27) Wjn == neN,j=1,23,

and

(4.28) g = BN ASTEAZ G s N o123
' M Bn+3 =413+ 3], ’ B
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with
[2]qb% [2]qb%
Moo= 5 75 HM30= )
[3k + 4], [3k + 3],4[3k + 4],
Qg = [Z]qaf Omg = [2]qa72-
’ (3T + 3], ’ 137 +2],[37+ 3],
and where the symbol [z],! = [z],[z — 1], - - - [1], represents the q-factorial of the inte-
q q q q
ger z.

Proof. Let us suppose that {bi}neN0 is a nonzero sequence and let x be the smallest
index such that

2(z)#0 and b2 =0, 0<n<k-—1, ifx>1.
Thus, due to (4.6), al =0, 0 <n < k —1, and hence by (4.11), ¢ =0, 0 <n <

k — 1. According to (4.10), c.(z) = ¢! (constant) and in virtue of (4.11) al(z) = a}
(constant). Similarly, (4.6) implies b?(z) = b # 0 (nonzero constant), consequently,
a; # 0 and ¢} # 0. In particular, {a}}, .y, and {c}}, oy, are also nonzero sequences.
Taking into consideration Proposition 2.1 and Lemma 4.3, we conclude (4.25).

Indeed, by virtue of Proposition 4.1, the relevant fact is that if exists a positive
integer ng such that a,, = 0, then a; = 0 and likewise for {}}, .y, and {c,},cx,-

The relation (4.26) is explained in the same manner, by supposing the smallest
index 7 such that

a2(r) #0 and a2=0, 0<n<71-1,ifr>1,

and arguing with (4.7), (4.8) and (4.12).
With regard to the initial conditions and following the indicated notation, we begin
to set
pio="b> and a;=a’.
Using (4.6) and (4.12), we get

2ly o 2ly o
=—=0 d = —"—a.
H0 = B, M0 0T Brya,
From (4.11) and (4.8), we have
2 2
R P

= a..
H30 = 13 3], [3k + 4], " 37+ 2,37+ 3], "

Inserting the expressions of (4.25) in identities (4.6), (4.10) and (4.11), all three
with an appropriate shift of the index n, and comparing the leading coefficients of
both sides, we obtain the following system

(q2[3}q[n]qg Y+ 1) i = [3n + 35 + 4] fion,
[Blg[n + gz pzn+1 = [3n 4 3K + Blgpin,

(q[g]q[n}qs n 1) lom = 30+ 3k + 3]gftsn.
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Therefore, using [3],[n],2 = [3n],, ¢*[3n],+¢+1 = [3n+2], and ¢[3n],+1 = [3n+1],
respectively (which, in view of the following well-known [z + a], = [z], + ¢"[al,) [35])
the last equations become

Y
Y

(4.29) [3n + 2|01 = [3n + 3K + 4] pt2.n,
(4.30) [3n 4 3]4t3,n+1 = [3n + 3K + B]gpt1 n,
(4.31) [3n + 1o = [3n + 3K + 3|43,

Its resolution yields

[3n + 3k + 3]4[3n + 3k + 4],[3n + 3k + 5],
30 + 1],[3n + 2J,[3n + 3], fom

M3 n+1 =

and we get identity

ﬁ[3K+2+¢]q

U3 n = ; 13,0,
Mq

i=1

without forgetting the initial conditions p3o = I 12]qb%

m . Therefore,

3k 4241, 2430 + 3k + 2], ,
q _ q q

(432) K3 = . Kk K
2‘133 (2] [3n]4![3k + 4]!

which is exactly the relation (4.27) with j = 3. The expressions for ji; , and ps, can
be computed by revisiting the previous system, specifically considering the relation
(4.31) and (4.29), respectively, and using (4.32). The equality (4.28) is obtained in
an analogous way. O

n €N,

Remark 4.3. Concerning the proof of Theorem 4.1, we could have proceeded without
using Proposition 2.1, strictly relying on the relations of Proposition 4.1. However,
by choosing this approach, our intention is to emphasize that the underlying feature
can be considered a general characteristic applicable to any sequence that satisfies
the assumptions of Proposition 2.1.
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