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TOPOLOGICAL ANALYSIS OF TERNARY CYCLOTOMIC
POLYNOMIALS

ALEKSANDRA KOSTIC MATIJEVIC!, NELA MILOSEVIC2, AND ZORAN Z. PETROVIC!

ABSTRACT. A valuable way of studying the cyclotomic polynomial ®,, is by studying
topology of its associated simplicial complex. In [7], Musiker and Rainer introduced
this type of simplicial complex and showed that, in most cases, its homotopy type
gives us complete information about the coefficients of the cyclotomic polynomial.
The only exceptions are cyclotomic polynomials ®,, when n is a product of three
different prime numbers (ternary cyclotomic polynomials), which we study in this

paper.

1. INTRODUCTION

Cyclotomic polynomials are very important and extensively studied classes of poly-
nomials that have an important role in many branches of mathematics. For a positive
integer n, the n-th cyclotomic polynomial is defined as the minimal polynomial over
Q for any primitive n'® root of unity ¢ in C. It is monic and irreducible with the
degree given by the Euler phi function ¢, and is given by

()= [ (z—0).
JE(Z/nZ)>
Additionally, the coefficients of the cyclotomic polynomial ®,, lie in Z. Although these
coefficients are well-studied, there are still a lot of open questions about them.
Inspired by the works of Bolker [2], Kalai [3] and Adin [1], in [7] Musiker and Reiner
give a topological interpretation of the coefficients of the cyclotomic polynomial by
associating the corresponding simplicial complex to each coefficient. It turns out that
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such complexes associated to the cyclotomic polynomial ®,, have very nice properties
for all natural numbers n = pyps - - - pg, where p1, pa, ..., pg are distinct prime numbers
and d # 3. Namely, in cases when d # 3 the homotopy type of the associated simplicial
complex gives complete information about the magnitude of the relevant coefficient
of the polynomial ®,,. However, this is not always the case when d = 3.

If n = p{' - p3', where p; are primes, e; > 1, it follows that ®, = ®,, ., (x"/P1"Pd),

thus it is sufficient to interpret the coefficients of the cyclotomic polynomial for
squarefree n. Fix such a squarefree n = p; -- - py and let

K

p1ypa = Bpy *0 e x Ky

denote the simplicial join of K, ,..., K,,, where K, is a 0-dimensional abstract
simplicial complex with p; vertices labeled by the residues

{0 mod p;, 1 mod p;, ..., (p; — 1) mod p;}.

The facets of K,, . ,, are labeled by sequence of residues [j; mod py, ..., js mod p4l,
and by the Chinese Remainder Theorem, they can be denoted by residue j mod n (we
call this facets Fjmoan). For A C {0,1,...,¢(n)} let K4 denote the subcomplex of
K,, . p, which is generated by facets Fj noq » where j runs through the set of following
residues

AU{o(n)+1,¢6(n)+2,....,n—2,n—1}.

Ezample 1.1. Consider the previously defined complexes for n =5 7. Complex Kj 7
whose geometric realization is given in Figure 1, is a complete bipartite graph. The

77777

0 2 4 1 3 mod 5

FIGURE 1. Simplicial complex K357

The subcomplex Kj is generated by facets F}j moa 35, where j € {¢(n) + 1,¢(n) +
2,...,n—1} ={25,26,...,34}. That is, Kj is a bipartite graph with a set of edges
{F} mod 35} je(25,....313. The geometric realization of the subcomplex Kj can be seen in
Figure 2.

The subcomplexes K4, A C {0,1,...,24}, are obtained by adding the facets (edges)
{Fj modn}jea to subcomplex Ky. To illustrate this, geometric realizations of the
complex K 4 for some specific sets A are shown in Figure 3.
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1 3 mod 5

mod 7

FIGURE 2. Subcomplex Kj associated to polynomial ®3;

1 3 modb 1 3 modb
0 mod?7 2 0 mod?7
Subcomplex K{g} Subcomplex K{&QO}

Ficure 3. Examples of subcomplexes K4 associated to the polynomial ®35

In [7] Musiker and Reiner proved that the subcomplexes Ky and Ky, where
j €10,...,6(n)}, have an interesting topology, which we restate below.

Let [2) modn) = O[Fj modn| denote the (d — 2)-cycle which is its image under the
simplical boundary map 0.

Theorem 1.1 (Theorem 7.1. in [7]). Let n = py---pg be squarefree.
(i) One has a homology isomorphism H,(Ky) = H.(S*2), with Hy_o(Ky) = 7Z
generated by the cycle [Zp(n) mod n)-
(ii) If ®, Z] 0 cjx] then fOT’j =0,1,...,0(n), one has
[Zj mod n] =Cj [Z¢(n) mod n]a mn f{d—Q(K@) =7
and a homology isomorphism H,(K(;)) = H.(B4' Uy, S472), where deg(f;) =
Cj.
Stronger version of this theorem (using the same notation and assumptions) is the
following.

Theorem 1.2 (Theorem 7.5. in [7]). For d > 4 and every A C {0,1,...,¢(n)}, the
complex K 4 is simply-connected. Consequently, for d # 3, one has the following.

(i) The complex Ky is homotopy equivalent to S*~2, and contains [24(n) mod n) S a
fundamental (d — 2)-cycle.

(ii) For j=0,1,...,¢(n), the cyclotomic polynomial coefficient c; gives the degree
of the attaching map from the oriented boundary [2j modn| of the facet Fjmodn
into the homotopy (d — 2)-sphere Ky, with respect to the choice of [24(n) mod n)
as the fundamental cycle.
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(iii) In particular, the complex K, is homotopy equivalent to Sd-2 Uy, B!, where
deg(f;) = ¢;.

However, the homotopy type of Ky and Ky;; when d = 3 remains an open question.
In particular, in Question 7.6. Musiker and Rainer ask the following.

1) Is Ky homotopy equivalent to the circle S'?
2) Is K{;; homotopy equivalent to B*Uy, S, where deg(f;) = ¢;, j = 0,1,...,¢(n)?
By giving a counter-example, the authors show in [4] that Theorem 1.2 does not
hold for d = 3. More precisely, in case when n = 3 -5 -7, the authors show that
the complex Kj is not homotopy equivalent to the circle S' and Ky, when j =7 is
not homotopy equivalent to B* Uy, S'. Additionally, in paper [5], Theorem 1.4, the
author shows that Kj is not homotopy equivalent to the circle S' in all cases when
n=3-5-pand p = k(mod 15) where k € {4,7,8,11}. Furthermore, the author shows
that Theorem 1.2 holds for certain classes of prime p modulo 15.
In this paper, we analyze in detail the structure of the simplicial complexes Kj
and K associated to ®,, for wide classes of n = pgr. In Theorem 5.1 we show that
Theorem 1.2 holds for all n = pgr, where p < ¢ < r, such that r = £1(mod pq).

2. DEFINITIONS AND NOTATIONS

The purpose of this section is to restate some definitions and notation of the terms
concerning simplicial complexes. For more details, we refer the reader to [6].

An abstract simplicial compler K is a finite collection of finite nonempty sets such
that if « € K and 8 C «, then f € K. If @ € K contains n + 1 elements, then we say
that a has dimension n, or alternatively, that « is an n-simplex. The dimension of
the simplicial complex K is the dimension of its largest simplex.

A nonempty subset 5 of a in K is called a face of «, and it is a proper face if
B < a. The boundary of o, denoted as bd(«), is the set of all proper faces of «. Those
simplices that are not faces of any other simplex in K are called mazimal faces or
facets. A face of K is called free if it is a face of only one facet. We can notice that
every abstract simplicial complex is completely determined by its facets.

If L is a subcollection of a simplicial complex K that contains all faces of its
elements, then L is another abstract simplicial complex called a simplicial subcomplex.
A particular subcomplex K@ = {a € K | dima < d} is the d-skeleton consisting
of all simplices of dimension d or less. The 0-skeleton K(? is also referred to as the
vertex set, denoted as Vert K.

Let K and L be simplicial complexes, and let 7: Vert K — Vert L be a map such
that a € K implies m(«) € L. The map 7 is then called the simplicial map. Addition-
ally, if 7 is bijection and 7! is a simplicial map, then 7 is simplicial isomorphism.
Note that 7= is not necessarily a simplicial map. For example, if K = {{0}, {1}},
L = {{a},{b},{a,b}} and m: Vert K — Vert L given by n(0) = a, m(1) = b, then
clearly 7 is a simplicial map, while 7! is not, since the image of the simplex {a, b}
of L under 7~ is not a simplex in K.
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Let K be an abstract simplicial complex such that [Vert K| = n and consider an
injective mapping f: Vert K — R". Let us denote by conv(P) the convex hull of
the point set P C R". We say that |K| is a geometric realization of K in R™ if |K|
is a geometric simplicial complex, such that for any face o € K, the set f(«a) is a
set of affinely independent points of R™ and conv(f(«)) is a corresponding geometric
simplex in |K|. In addition to that, for all faces « and § of K, we must have that
conv(f(a))Neconv(f(5)) = conv(f(a)N f(B)). We remark that a geometric realization
is unique up to homeomorphism.

Definition 2.1. Suppose that a and § are two simplicies of an abstract simplicial
complex K such that « is a free face and # O « is a maximal face of K. A simplicial
collapse, denoted as K |“, is the removal of all v such that a« C v C 8. A collapse is
elementary if dima = dim g — 1.

[t is important to point out that the spaces | K| and |K |* | are homotopy equivalent,
thus by a series of simplicial collapses we can get a simpler complex of the same
homotopy type.

Definition 2.2. Let K be any abstract simplicial complex and let a be any face of K.
The star of «, denoted by Sty («), is the subcomplex of K consisting of all simplices
[ containing « and of all faces of 3, i.e.,

Stg(a) = {s € K | there exists § € K such that « C $ and s C §}.

Definition 2.3. The link of « in K, denoted by Lkg(«), is the subcomplex of K
consisting of all faces in St («) that do not intersect a, i.e.,

Lkg(a) ={p € K|S € Stg(a) and aN g = 0}.

In order to simplify notation, if & = {v}, where v is a vertex, we write Sty (v)
instead of St ({v}) and Lkg(v) instead of Lkg({v}). Also, we denote the union
Ui=y St(vi) by Str(vs, ..., vx), and UL, Lk(v;) by Lkg (o1, ..., op).

3. COMPLEX Kjj ASSOCIATED TO POLYNOMIAL ®,,,

In this section, we investigate the structure of the complex Kj associated to the
polynomial ®,,,., where p < ¢ < r are odd primes. Let n := pgr. Simplicial complex
K, 4 has p + q + r vertices:

Omodp, 1modp, ..., (p—1)modp,
Omod g, lmodg, ..., (¢—1)modg,
Omodr, lmodr, ..., (r—1)modr,

which we shortly denote by O0,...,.p—1,p,....p+q¢—1,p+q,....p+q+71r —1,
respectively.

This subcomplex Kj is a two-dimensional simplicial complex consisting of facets
F; mod n, for each j € {¢p(n) +1,...,n — 1}. Therefore, the complex Ky has pg + pr +
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qr — p — q — r facets. Note that if r > pg — p — ¢, we will show that the number of
facets of Ky can be reduced by a series of elementary collapses.

Namely, when r > pg — p — q then gr > pr = pr4+r —r > pr+pqg —p —
qg—r. Now for all j € {¢(n) +pg+pr—p—q—r+1,...,0(n) + qr}, l-simplex
jmod ¢gr = (j mod ¢,j mod r) is a face of facet Fjmodn, but cannot be a face of
any other facet in Ky because j — qr < é(n) + qr — qr = ¢(n) and j + qr >
¢(n)+pg+pr—p—q—r+1+qr =n. Therefore, 1-simplex j mod gr is a free
face of facet Fjmodn, for all j € {¢p(n) +pg+pr—p—qg—r+1,...,0(n)+ qr}.
According to this, there exists a sequence of elementary collapses Ky |1 ™49} wwhere
je{on)+pg+pr—p—q—r+1,...,0(n) + qr}. Denote by

(3.1) Ky:=KylVmdrh  je{pn)+pg+pr—p—qg-—r+1,...,6(n)+q}

the complex obtained from Ky by these elementary collapses. Complex K@ consists
of disjoint sets

{F(¢>(n)+dr+i)modn:d€ {Oa7p_1}U{Q7ap+q_1}al€ {Lapq_p_Q}}

and

{F(¢(n)+dr+i)m0dn rde {Ovap_Q}U{q77p+q_2}7Z € {pq_p—q+177r}}

It follows that

¢p(n) +dr+i=(p—-1)(¢—1)(r—1)+dr+i

=pgr—qr—pr+7r—pg+q+p—1+dr+i
=(g—qg—p+1+dr+i—(pg—q—r+1),

and, consequently,

—(pg—q—p+1), ie{l,....pg—p—
(6(n)+dr+ i) modr =" 1 (P —g—p+1), 1€{l....pg—p—d},

i—(pg—q—p+1), i€{pg—p—q+1,....r}

According to the previous, if i € {1,...,pg — p — ¢}, then every facet from the set of

facets {F(¢(n)+dr+i) modn :d€{0,....p—1}U{q,...,p+q— 1}}7 contains the vertex

(r+i—(pqg—q—p+1)) mod r, which is labeled by r + 2p + 2¢ — pg + i — 1. Sim-

ilarly, for i € {pg —p—q+1,...,r}, the vertex (i — (pg — g — p+ 1)) mod r, which

is labeled by 2p + 2¢ — pqg + 7 — 1, belongs to each facet from the set ofoacets

{F(¢(n)+dT+i) modn A €{0,....,p—=2YyU{q,....,p+q— 2}} As every facet of Ky con-

tains exactly one vertex from the set of vertices {p+gq,...,p+q+r —1}, we conclude
that
N p+g+r—1
Ky= Stz, (1).
t=p+q

For simplicity, we introuduce following notation:

Fogr ={p+aq,...,7 +2p+2q—pqg— 1},
Spqr ={r+2p+2q¢—pq,...,p+q+r—1}.
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As facet Fly(n)+dr+i) modn contains the vertex ¢ = 2p + 2 — pg + 7 — 1, when
ie{pg—p—q+1,...,r},de{0,...,p—2}U{q,...,p+ q— 2}, it follows that

(32) Stf(@ (t> - {-F(qS(n)—l—dr—&-t—2p—2q—‘,—pq-|—1)modn:dE {07 Y 2}U{Q7 Y 2 2}} )
fort € F, ..

On the other hand, wheni € {1,...,p¢g—p—q},d € {0,...,p—1}U{q,...,p+q—1},
every facet F(y(n)4dr+i) mod n contains the vertex t = r + 2p + 2g — pg +1 — 1, and
consequently it follows that

(33) Stf(m (t) = {F(¢(n)+dr+t77"72p72q+pq+1)mod n: de {07 Y 2 1}U{Qﬂ P N 1}} )
fort € Sy 40
Next, we consider subcomplexes St %Q(Sp,q,r) for different primes r and the relations

between them. Let 7 and r’ be two distinct prime numbers such that r,r" > pg—p—q.

We denote by Ky and Kj the associated complexes for n = pgr and n' = pgr’,

respectively. Let us consider subcomplexes Stf(@<spvq77‘) and Stz (Spg.). Complex
0

Stf{w

{F¢(n)+dr+i:d€ {0a7p_1}U{Q7vp+q_1}vl € {Lapq_p_Q}}v
while Stz (Sp,q,) is generated by the set of facets
0

(Sp.qr) is generated by the set of facets

{F¢(n’)+dr’+i:d€ {O,,p—l}U{q,,p—i—q—l},ZE {Lupq_p_Q}}
Notice that Stz (Spgr) and St 7 (Sp.qr) have the same cardinality. Additionally,
under some conditions, these two complexes are isomorphics.

Namely, if r =7’ (mod pq), then

d(n)+dr+i=¢(n')+dr'+i (mod pq),
foralld € {0,...,p—1}U{q,...,p+qg—1}and alli € {1,...,pg—p—q}. Hence, we
can define a simplicial map 7 : Vert(St g@(Sp7q7r)) — Vert(Stz, (Sp,q,)) which is given
0

as follows 7(¢(n) +dr+i) = ¢(n')+dr'+i, foralld € {0,...,p—1}U{q,...,p+q—1}
and all i € {1,...,pqg — p — q}.

In case when r = —r’ (mod pgq), it follows that

dn)+dr+i=¢(n')+dr'+pg—p—q—1i (mod pg),
foralld € {0,...,p—1}U{q,...,p+q—1} andi € {1,...,pg—p—q}. The simplicial
map 7 : St (Spqr) = Stis (Spgr), such that
0
m(d(n) +dr+1i) = o(n') +dr' + pg—p—q —1,

foralld € {0,...,p—1}U{q,...,p+q—1},71 € {1,...,pg—p—q}, shows isomorphism
between Stl?@(Sp,q,,n) and St§6(5p7q7r,).

Therefore, for fixed prime numbers p, g, there are only finitely many non-isomorphic
subcomplexes Stz (Sp.qr)-
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3.1. Subcomplex St 7, (t). To understand the structure of complex f(/@ we investigate

in detail the structure of its subcomplexes Stz (t), t € F, 4, Sy, Let us introduce
@ bh- 5 bh- 5l

the following notation

. {(¢(n) +(—r+t—2p—2¢+pg+1) mod p, fort € F, .,

a’ = ,
J (o) + (G —)r+t—r—2p—29+pg+1)modp, fortesS,,,,
and
. ((p(n)+ (j—1)r+t—2p—2¢+pg+ 1) mod q) + p, for t € F, .,
J ((p(n)+ (G —)r+t—r—2p—2¢+pg+1)modq)+p, fortesS,,,.

In other words, aé are labels for vertices mod p in facets where vertex mod r is de-
noted by t. Similarly, b; are labels for vertices modg. Based on the previous, we have
2-simplices

VR

[CLt- bt t} _ F(qﬁ(n)—l—(j—l)r+t—2p—2q+pq+1) mod n» for t € Fp,q,ra
F(¢(n)+(jfl)r+tfr72p72q+pq+1) mod ns for t € Sp,q,r‘-

For example, for n = 165 = 3-5-11, let us consider facets Fyg mod 165 and F101 mod 165-
For facet Fog mod 165 We have ¢(n)+dr+i = ¢(165)+d-11+i = 90, for d = 0, = 10 and
this facet contains vertex denoted as t = 2p+2q—pq+i—1 = 2-3+2-5—3-5+10—1 = 10.
As 90 = ¢(165)+(1—1)-114+10—2-3—2-5+3-5+1, the remaining two vertices are labeled
by al® = 0 and b!0 = 3. Similarly, 101 = ¢(165)+ (2—1)-11+10—2-3—2-5+3-5+1,
facet o1 mod 165 has vertices labeled by ai® = 2, bl° = 4 and ¢ = 10.

According to (3.2) and (3.3), it is clear that

(34) St () ={lah bt j € {L...p— 1} Ufg+ L...p+q— 11},
fort € F,,,, and
(3:5) St,(t) ={[aj, 0}, 1] - j € {1,....py U{g+1,....p+q}},

for t € Sp g
Let [ : N — {1,...,p} and k: N — {1,..., ¢} be functions defined as

() = ¢ mod p, ?pr?, and K(i) = 7 mod g, %fq)(z',
p if p i, q if ¢ [ 1.

If [af, 0},t] = Fymodn, for d € {¢(n) +1,...,n — 1}, observe that [aj,;, b}, ;,t] =

Flatjr) mod n- Namely, we have that d = d + jr (mod p), when p | j. Analogously, if
q | j, we have that d = d + jr (mod p). Therefore, we obtain that

Consider the facets [af, b}, t] and [af,;, b}, ;,t] in subcomplex St;(@(t), t € F,qr

The numbers p and r are coprime, thus the vertices labeled by af, a5, ..., a, € K, are
pairwise distinct. Also, vertices labeled by 0f,b5,...,b, € K, are pairwise distinct,

because ¢ and r are coprime as well.



TOPOLOGICAL ANALYSIS OF TERNARY CYCLOTOMIC POLYNOMIALS 1329

Based on previous considerations, we can conclude that

St[?q)(t) = {[atlabtlat]a[agab;)t]w- [ p 1ab§; 1 ]7
[af(q+1)7bivt]v[af(q+2)7b§7 ]7"‘7[al(p+q 1) b; 1> ]}7

fort € Fp,q,.

The following simple observations give us detailed insight into the structure of the
subcomplex Stz (t), fort € F, 4.

Indices {l(¢+1),l(g+2),...,l(p+q—1)} C{1,2,...,p} are pairwise distinct and
lq) € {l(g+1),l(g+1),...,l(p+ ¢q—1)}. Additionally, as p 1 ¢, we have I(q) # p,
and consequently, I(¢) € {1,...,p—1}. Thus, p € {{(¢g+1),l(g+1),....l(p+q—1)}.

Note that there are exactly two 2- simplices whose face is [b;, t], forallj € {1,...,p
1}. These simplices are [a},b%,?] and [aj, ;)05 ¢]. As l(q) € {1,...,p — 1} and
lq) € {l(g+1),l(g+1),...,Up+gqg—1)}, 1-simplex [, ?] is a face of exactly one 2-
simplex [al (@) bl (@ - Similarly, asp € {l(p+1),...,l(p+qg—1)}andp £ {1,...,p—1},
the only 2-simplex that has 1-simplex [a},t] as a face is [ay, bj,_,),t]. Each of the
remaining 1-simplices [a},t], j € {1,...,p — 1} \ {l(¢)}, is a face of exactly two
2-simplices, [a}, b%,t] and [af, bj ;. t]-

@595
Figure 4 shows the geometric realization of the subcomplex St 7, (t), t € F,qr. As
p1q, it is easy to see that {l(¢),1(2q),...,l((p—1)q)} ={1,2,...,p—1}.
t
" Yi(2q) by

t
Y(3q)

t
Ai((p-2)q)
QA(pg) = a;

1
bi(p-1)9) .

Bi((p-1)q)

t
@ (p—-1)q)

FIGURE 4. Subcomplex Stz (1), t € Foq,
In case when t € S, ., it follows by (3.5) and (3.6) that
Stf(@(t) = {[(li, bﬁ?ﬂ? [CLé? bé?ﬂ? 3 [ ap_1, b; 1s ] [afw b;ntL
[a;(qul)? bi? t], [a;(q+2)7 bé? ]7 R [a;/(pﬂ]fl)? bé)fla t]a [af(erq ) b;, ]}

It is straightforward to see that {l(¢ + 1),...,l(¢ +p)} = {1,...,p}. Therefore,

cach of 1-simplices [a},t] and [b}, 1], t € {1,...,p}, is a face of exactly two 2-simplices.
Simplex [af, t] is a face of 2-simplices [a}, V%, t] and [a], bj;_,,t], and simplex [b5, #] is

a face of 2-simplices [af, b5, 1] and [aj,, ;), b}, t].
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The geometric realization of the subcomplex Sty (£), ¢ € Sp.q,, is given in Figure

5. Since p 1 q, it follows that {i(q),l(2q),...,l(pq)} = {1,2,...,p}. Generally, the
subcomplex StK@( ), for t € Sy 4, is an (2p) -gon.

t
1(2q)

'3
bitg)

Qi(q+p) = a;(q)

a§(3q)
bt
P
t
((p-2)q)
Qi(pg) = Qp
t
Bi((p-1)q)

FIGURE 5. Subcomplex Stz (1), t € Spgr

Ezxample 3.1. To illustrate what has been shown concerning star subcomplexes, let

us consider the complex E@ associated to the cyclotomic polynomial ®35.1;. This
complex is generated by the facets:

0,4,12], [1,5,13], [2,6,14], [0,7,15], [1,3,16], [2,4,17], 0,5, 18], [1,6,8], [2,7,9], [0, 3, 10],

1,4,11], [2,5,12], [0,6,13], [1,7,14], [2,3,15], [0,4, 16], [1,5,17], [2,6,18], [0,7,8], [1,3,9],
4,10, [0,5,11], [1,6,12], [2,7,13], [0,3,14], [1,4, 15], [2,5,16], [0,6,17], [1,7, 18],

1,4,12], [2,5,13], [0,6,14], [1,7,15], [2,3,16], [0,4,17], [1,5, 18], [2,6,8], [0,7,9], [1,3, 10],

4,11], [0,5,12], [1,6,13], [2,7,14], [0,3,15], [1,4, 16], [2,5,17], 0,6, 18], [1,7,8], [2,3,9],
I b b J, [1,3,14], [2,4,15], [0,5,16], [1,6,17], [2,7,18].

) ) ) ) ) ) )

[
1,
2,
1,
2,
[0,4,10], [1,5,11], [2,6,12], [0,7,13], [1,3,14],

Therefore, K, ¢ is the union of the star complexes shown in Figure 6.
2

5 0 6 1 7 2 3 0 4 1 5 6 0
/;;/\ /;;\ /;;\ /;;\ /;§\ 17 /(lg\
2 4 0 5 1 6 2 70 3 1 4 2 5

6 1 7 2 3 0 4 1 5 2 6 0 7 1
1 6 2 7 0 3 1 4
8 9
7\/ 2 3\/ 0 4 1 5 2
0 1 2 0

FIGURE 6. The complex K@ associated to the polynomial ®3.5.1;

4. REDUCTION OF THE COMPLEX Kj

In order to determine the homotopy type of the complex }A(/@ we will reduce the
number of 2-simplices in Ky as much as possible. This section is devoted to some
technical results which concern the reduction of the complex Kjp.
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First, we consider the subcomplex Stz (t), for t € F,,,. Notice that this two-
dimensional star subcomplex is homotopy equivalent to the one dimensional com-
plex ka(@ (t). Namely, simplex [a),t] is a free face in Ky, so elementary collapse
Stg, (1) %1 can be performed. Additionally, [0l((p-1)q): ] 18 a free face in Kp\ {[al, t]},
hence, we can continue to simplify subcomplex St 7, (t) (for more details see Figure

7).

t P ! t
tien b By 120 Y

t
bl(2q) 2q)

t
. RI0)
i(3q) *,

t
. %((p-2)a) .
aP al7

b; -1 ¢ bi -1 i
D gl g Ui O dlyy Y

FIGURE 7. Simplicial collapse of Stz (t) on Lkz, (1), t € Fpqr

Now we can proceed to the case of subcomplexes St R, (), t € Spqr If there exists

7]
equivalent to its subcomplex Lk %, (t)\ {[ai, %]} The reasoning for this is similar as in
the case of subcomplexes St 7, (t), t € Fp 4. We can perform a sequence of elementary

collapses starting with the collapse St %, (1) 1) and ending with St %, (t) 41 (see

I-simplex [a},bt] € Lkg@ (t) which is a free face in Ky, then Stf{0 (t) is homotopy

Figure 8). If L is a subcomplex of the complex f(/@, we denote by L L[aﬁ’bz‘]’t the said
sequence of elementary collapses which collapse the subcomplex St %, (t) C L onto its

boundary Lk (t) \ {[a;, b}]} inside the complex L.

t t t t
a; bj a; bj

FIGURE 8. Simplicial collapse of St () on Lk (t)\ {[at,bi]}, t € Spqr

(2]

t t
% b

5. HomoTory TYPE

Based on analysis given in previous sections, in what follows we examine the
homotopy type of the complexes Ky and Ky;, associated to the cyclotomic polynomial
)

pgr:

Theorem 5.1. Let n = pqr, where p,q,r are prime numbers, p < q < r. If r = +1
(mod pq), then the following hold.

(1) The complex Ky is homotopy equivalent to S*.
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(2) If Ppyr(x) = Z?ﬁ%) c;x?, then for j € {0,1,...,¢(n)}, the complex K is
homotopy equivalent to S' Uy, B, where deg(f;) = c;.

Proof. First, notice that if r = £1 (mod pq), then r > pg — 1 > pg — p — ¢, hence we
can observe the complex }A(/@ instead of the complex Kj.

In order to prove that f(/@ ~ S, we will show that f(/@ is homotopy equivalent to
a one-dimensional simplicial complex. Together with the result from Theorem 1.1,
where we have that H 1(?@) = 7Z, it will then follow that the complex Kj is homotopy
equivalent to S*.

Based on the discussion presented in Section 3, it is sufficient to assume that r = 1
(mod pq).

Taking m = |S,| = pg — p — ¢, we denote elements of the set S, by t1,ta,...,tm,
respectively.

Let i" > i, where 4,7 € {1,...,m}. Since 1 < i —i < m = pg —p — ¢, for all
jed{l,....,ptU{qg+1,...,p+q}, it follows that

p(n)+1' 4+ (j —1)r £ ¢(n) +1 (mod pg).

Otherwise, we would have i —i = Ipg — (j — 1) for some [ > 0. Aslpg— (7 —1) >
pg—p—q—+1andi —i < pg—p— q, this is not possible. Therefore,

la}i, b] # [af 03],

707
forall € {1,...,p} U{qg+1,...,p+ q}. In other words, it follows that
5] ¢ St (1),

According to the previous, 1-simplex [af!,b]] is a free face in Ky, [ak?, b5 is a free
— t t
face in K U“ll b1']and so on. Thus, there is a sequence of simplicial collapses

Ky Jlat bt 0?62t | laf 0t | lan bt
In other words, ,I?@ is homotopy equivalent to one-dimensional simplicial complex

Ko \ {lat?, 65], a2, 881, .. aty, b ]},

m’m

which proves the first part of Theorem 5.1.

The complex Ky where j € {0,1,...,¢(n)}, is built from its subcomplex Kj by
attaching the facet Fj 04, along its boundary. Let g be a generator of the fundamental
group 71(Kp). Then, it follows that m (K;) = (g | g% = 1), for some d € N. However,
Theorem 1.1 implies that Hy(Ky;y) = Z/c;Z. As Hi(K(;) is abelization of the group
m(Kjy), we can conclude that d = ¢;. Thus, the second assertion of the theorem
holds. 0

FExample 5.1. The following example serves to illustrate the previous theorem. The
subcomplex St %@(55,7771) associated to the cyclotomic polynomial ®5.7.71 is the union
of star complexes shown in Figure 9.
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10 0 5 2
2 8 4 10
5 3 7 0
4 11 1 6
9 1 3
10 2 5 4
4 8 1 10
5 0 7 2
1 11 3 6
9 3 1 0
10 4 5 1
1 8 2 9 3 10
5 2 6 37 4
3 11 4 5 0 6
9 0 10 1 11 2

FIGURE 9. Subcomplex Stf(@ (S5.7.71) associated to the polynomial ®5.7.71

There exists a sequence of elementary collapses
Stf(@ (Ss5.7.11) J11560,60  [2,7),61 ) [3.8],62  [4,9], 63 1 [0,10], 64 | [1,11],65 | [2,5],6 | [3,6], 67 | (4.7, 68
108169 | [1,9],70 | 2,10), 71 [3,11],72 | [45),73 | [0.6], 74 | [1,7),75 | [2.8],76 1 [3,9], 77

¢[4,10], 78\L[0,11],79\L[1,5},80\1/[2,6],81\L[3,7],82

which shows that K| 9 is homotopy equivalent to the one-dimensional simplicial complex
given in Figure 10. It follows that Ky ~ S*.

5 6 7 8 9 10 11

F1GURE 10. The reduction of simplicial complex F@ associated to the
polynomial ®5.7.7;

Ezample 5.2. This example illustrates a case when r = k mod pq, for k # +1. Consider
the complex Kj associated to the cyclotomic polynomial ®3.7.55. It is a union of star
complexes shown in Figure 11.
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5 0 6 1 7 2 8 0
/ ;;; \ / ;;; \ / ;;; \ / ;;; \ / ;;& \ 27/ / ;;; \
1 4 2 5 0 6 1 7 2 8 0 9 1 3

LR @ @ @ @ @

F1GURE 11. The complex f(/@ asssociated to the cyclotomic polynomial ®3.7.03
We have the following sequence of elementary collapses:
Stf% (Ss.r.23) 2831 [1:3):23 061,29 0.5),25 | [1.4],27  [1,9),22 | 2], 32 | [0.4],24 | [1,7],30 | [2:6),26 | [25],28

so we obtain that St %, (S3.7.23) can be collapsed onto one-dimensional simplicial com-

plex.

Finally, we can conclude that ,I?@ is homotopy equivalent to one-dimensional sim-
plicial complex which is given in Figure 12. Therefore, %@ ~ S!'. In view of section
3, it follows that the complex K@ associated to the cyclotomic polynomial ®3.7.,. is
homotopy equivalent to S whenever r = 2 (mod 21).

0 1 2

3 4 5 6 7 8 9

FIGURE 12. Reduction of simplicial complex E@ associated to the poly-
nomial @3.7.23

Motivated by the previous example and results from [5] where it is shown that for
certain classes of primes Kj is not homotopy equivalent to S, we finish this section
by posing the following question:

Question 1. For what j € {1,..., %} we have that for all » = £j mod pq the
complex Kj is homotopy equivalent to S'?
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