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FINITE SUMS AND SOME PROPERTIES OF GENERALIZED
FRAMES FOR OPERATORS IN HILBERT C*-MODULES

MORTEZA MIRZAEE AZANDARYANI! AND FATEMEH ZAMANI MIRARKOULAEI?

ABSTRACT. Let K be an adjointable operator on a countably or finitely generated
Hilbert C*-module. In this paper, some new results concerning the construction of K-
g-frames via finite sums and the action of adjointable operators are obtained. First,
an equivalent condition for a sequence of adjointable operators to constitute a K-g-
frame for the underlying Hilbert C*-module is stated and then, using this equivalence,
we get some properties of K-g-frames. Moreover, some sufficient conditions under
which the sum of two sequences forms a K-g-frame are presented.

1. INTRODUCTION

Hilbert space frames as a generalization of orthonormal bases were first introduced
by Duffin and Schaeffer in 1952 in [6] (see also [5]). A finite or countable subset of
a Hilbert space H like F = { f; }ier is called a frame for I if there exist two positive
numbers Ay and By such that
(1.1) Ag ||zl <32 [ {a, £2) P < By ||z]|”,

i€l
for each x in H. If F satisfies the right-hand inequality, it is called a Bessel sequence.

A necessary and sufficient condition for a Bessel sequence F = { f; };e1 to be a frame
is the existence of a Bessel sequence § = {g;}ic1 such that
(1-2) T = Z <$7gi> fi= Z <1'7fz'> Gi,

i€l i€l
for every x in H. The Bessel sequence § = {g; }ier is called a dual for F = {f;}ier.
In fact, (1.2) means that every z in H can be represented in terms of the frame and
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its dual. Hence, if a Bessel sequence is not a frame, i.e., it does not satisfy the first
inequality in (1.1), then the stated reconstruction formulas in (1.2) would fail. But
under certain circumstances, a Bessel sequence can be used for the reconstruction of
every element in a proper subset of the underlying Hilbert space. One of the best
choices for such subsets is the range of a bounded operator on the Hilbert space which
is not necessarily surjective. Hence, the concept of K-frames was proposed in [9].

Definition 1.1. Let K be a bounded operator on a Hilbert space H. A finite or
countable subset F = { f; }icr in H is called a K-frame for 3 if there exist two positive
numbers Ay and By such that

Ag | K7x|” < 30|, fi) I < By |2,

i€l
for each z in K.

Obviously, a frame is a special case of a K-frame with K = Idy. As we can see, a
K-frame (so a frame) is a sequence consisting of the elements in the underlying Hilbert
space. But these elements can be considered as bounded operators using the inner
product. This consideration caused the appearance of some important generalizations
for frames such as g-frames and K-g-frames ([12,21,26]) that have been studied widely,
mainly their finite sums have been studied, see [1,2,4,9-11,13,14,17,20, 25].

In [8], Frank and Larson presented a general approach to the frame theory in Hilbert
C*-modules. Afterwards, g-frames, K-frames and K-g-frames in Hilbert C*-modules
were introduced in [15,19,23], respectively, and investigated in [18,22,24]. It is worth
noting that due to the complexity of C*-algebras and the absence of some useful
properties of Hilbert spaces and the operators defined on them, the generalization of
frame theory from Hilbert spaces to Hilbert C*-modules is not trivial. As we know, a
closed subspace of a Hilbert space is orthogonally complemented, so if H and K are
Hilbert spaces and T : H — X is a bounded operator, then Rng(7T") (Rng(7") denotes
the range of T') is orthogonally complemented in K. The conclusion does not hold for
bounded operators on Hilbert C*-modules, it is not valid even for adjointable ones.
Indeed, there are abundant adjointable operators on Hilbert C*-modules such that the
closures of their ranges are not orthogonally complemented. Since a K-g-frame in a
Hilbert C*-module is a sequence of adjointable operators, the ranges of the operators
and also the range of the operator K play an important role to study K-g-frames and
their properties and also make the situation different from the Hilbert space setting.
To see the importance of the ranges of adjointable operators in this paper, we refer
to Theorems 3.1, 3.2 and the obtained results via them.

Since K-g-frames in Hilbert C*-modules cover many of the frame generalizations,
both in Hilbert spaces and Hilbert C*-modules, the obtained results of this paper
are presented for this concept. These results also hold for frames, g-frames and most
of their generalizations in Hilbert spaces and Hilbert C*-modules such as K-frames,
K-g-frames, fusion frames and K-fusion frames.
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In the present article, we mainly focus on some general ways to construct new K-g-
frames in Hilbert C*-modules via finite sums and the action of adjointable operators.
Indeed, it is shown that, under some conditions, the sum of two sequences is a K-g-
frame. In order to get more general results, two sequences of adjointable operators
with some special properties will appear.

2. PRELIMINARIES

In this section, some basic concepts related to Hilbert C*-modules, frames and
g-frames in Hilbert C*-modules are recalled. The main reference for Hilbert C*-
modules is the book [16] and the paper [8] is used for the presentation of some facts
about frames in Hilbert C*-modules (see also [3]). The paper [15] is considered for
generalized frames or g-frames in Hilbert C*-modules.

Suppose that A is a unital C*-algebra and H is a left A-module, such that the
linear structures of A and J are compatible. I is a pre-Hilbert A-module if I is
equipped with an A-valued inner product (-, -): H x H — A such that

(i) {ax + Py, z) = alx, z) + By, 2), for all a, f € C and z,y, z € H;
(i) (az,y) = a{zx,y), for each a € A and z,y € K;

(iii) (z,y) = (y,z)*, for all x,y € H;

(iv) (x,x) >0, for each z € H and if (z,z) = 0, then x = 0.

For every f in H, we define || f]| := ||{/f, f>\|% If H is complete with || - ||, it is called
a Hilbert A-module or a Hilbert C*-module over A.

A Hilbert A-module H is finitely generated if there exists a finite set {xy,...,2,} C
H such that every element x € H can be expressed as an A-linear combination
x =>4 a;, a €A A Hilbert A-module J{ is countably generated if there exists
a countable set {z;};c1 € H such that H equals the norm-closure of A-linear hull of
{i}ier

We define || := (z,z)2, for each € H. The center of A is denoted by Z(A) and
is defined by

Z(A)={a € A:ab=ba, forall bec A}.

We note that Z(A) is a commutative C*-subalgebra of A.

Let H and X be two Hilbert A-modules. Then, a map T: H — X is said to be
adjointable if there exists a map T*: K — H such that (Tz,y)4 = (x, T*y)4 for all
re€Hand y € K.

The notation £(H, K) is used for the set of all adjointable operators from H into K
and £(H,H) is abbreviated to £(H). It is easy to see that every adjointable operator
is bounded. We use the notations Rng(T) and ker(T) for the range and the kernel of
T € £(H, XK), respectively.

We recall the following definition from [§].
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Definition 2.1. Let H be a Hilbert A-module. A family {f;};cr in H is a frame for
H, if there exist two positive constants A and B such that for all f € K,

(2.1) AL, Fa <D fiyalfis F)a < B{f, [)a.

i€l
The numbers A and B are called the lower and upper bounds of the frame, respectively.
If the sum in the middle of (2.1) is convergent in norm, the frame is called standard.
The sequence {f;}icr is called a Bessel sequence with bound B if the right-hand
inequality in (2.1) holds for every f € H.

Generalized frames or g-frames in Hilbert spaces were introduced in [21] and gener-
alized to Hilbert C*-modules in [15].

Let {H;}icr be a sequence of Hilbert A-modules. A = {A; € £(H,H;): i € T}
is called a g-frame for H with respect to {H;: i € I} if there exist real constants
Ap, Bpy > 0 such that for each z € K,

Ap(z,z) < Nz, Nizyq < Balz, ).
i€l
Ap and B, are g-frame bounds of A. In this case, we call it an (Ay, By)-g-frame.
The g-frame is standard if for each x € JH, the sum converges in norm. If only the
right-hand inequality is required, A is called a g-Bessel sequence. If Ay = By, the
g-frame is called tight and if Ay = By = 1, the g-frame is called Parseval.
If {IH;: i € I} is a sequence of Hilbert A-modules, then

Dic1H; = {x = {z;}ier - x; € H; and Z(:cz, x;) is norm convergent in A},
i€l
is a Hilbert A-module with pointwise operations and A-valued inner product
(@,y) =D _(zi,41),
il
where 7 = {2;}ier and y = {¥i }ier-

For a standard g-Bessel sequence A, the operator Ty : ;e H; — H which is defined
by Ta({g:i}ier) = Yier Afg; is called the synthesis operator of A. Ty is adjointable and
Ti(z) = {Aiz}icr. The operator 8, : H — H which is defined by Syz = ThT} (z) =
St AfA;(x), is called the operator of A. If A is a standard (Ay, By)-g-frame, then
Ap - Idy < 8y < By - Idg. For more results about g-frames in Hilbert C*-modules,
see [15,24].

Here, all C*-algebras are unital and all Hilbert C*-modules are finitely or countably
generated (all C*-algebras and Hilbert C*-modules are supposed to be non-trivial,
i.e., they are not {0}). All g-Bessel sequences are assumed to be standard.

3. SOME PROPERTIES OF STANDARD K-G-FRAMES

In this section, some properties of standard K-g-frames are obtained. First, we
recall the definition of a K-g-frame from [23].
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Definition 3.1. Let K € £(H) and let A = {A; € £(H, H;)}ier be a sequence of
operators. Then, A is called a K-g-frame for H with respect to {H;: i € I} if there
exist real constants Ay, By > 0 such that for each z € K,

Ap(K*(z), K*(2)) <> (Niw, Ajz)a < Balz,z).
iel
The K-g-frame is called standard if for each z € H, the sum converges in norm.

If K = Idy, the definition reduces to a g-frame.
We recall the following result from [7].

Theorem 3.1. Suppose that Hy, Hy and Hs are three Hilbert C*-modules, and let
T € £(Hy,Hs) and S € £(Hq, Hs). The following statements are equivalent.

(i) There is some A > 0 with SS* < XT'T*.

(ii) There exists some p > 0 such that ||S*(x)|| < p||T*(x)||, for any x € Hs.

In [23, Theorem 3.8], using the assumption that Rng(7") is orthogonally comple-
mented, where T'(f) = {A;f}ic1, an equivalent condition for a sequence of adjointable
operators to be a K-g-frame is obtained. Now, we use Theorem 3.1 to get the equiv-
alent condition without taking into account Rng(T") is orthogonally complemented.
We mention that this result will be used repeatedly in what follows.

Theorem 3.2. Let K € £(H). Then A = {A; € £(H, H,;) }ier s a standard K-g-frame

if and only if there exist two positive numbers Ay and By such that

SN L

1€l

(3.1) AP < < BalIfII,

for every f in JH.

Proof. Observe that if (3.1) holds, then the operator T: @;e; H; — H defined by
T{ fitia) = Zicr Af fi is adjointable with T*(f) = {A;f }ier and
AN P < ITOI7 < Bal Tdse()] -
Now, Theorem 3.1 implies the existence of two positive numbers A; and A\, with
i€l
for each f in H. Consequently, A is a K-g-frame. Trivially, if A is a standard
K-g-frame, then (3.1) holds. O

Ezample 3.1. Let {H;} % be a sequence of Hilbert C*-modules. Define the operator
K on H = &fFH; by K({fi}%) = {9:} 5, where g; = fi, for i = 2k and ¢g; = 0,
for i = 2k — 1. Tt is easy to verify that K is a self-adjoint operator. Now, assume that
P; is the coordinate operator on H. Then, for A; := P,K and f in H, we have

+oo

S A Az-f>H K = R,

=1
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so A := {A;}/ % is a standard K-g-frame. But A is not a standard g-frame because
if x is a non-zero element in H;, then for f := {f;} >, where fi = z and f; = 0,
for i > 1, we get A;f = 0, for every i € N and ||f||> = ||=||?, so there is no positive
number to satisfy the lower bound condition of a standard g-frame.

Theorem 3.3. Let K € £(H) and let A = {A;}ier be a K-g-frame.  Then, the
following statements hold.

(i) For every adjointable operator T on H, A is a KT-g-frame.
(ii) For every adjointable operator S on H, which commutes with K, A is an
SK-g-frame.
(iii) If A is a U-g-frame, for some adjointable operator U, then A is a (K + U)-g-
frame.

Proof. (i) It is obvious for T'= 0, so let T # 0. Then, for each f in H, we have

A KT fIP < TP An I FIP < 17701

1€l

Consequently,

A 2
. STIAF| < By |1

I
7= iel

(ii) The result follows from part (i) since SK = KS.
(iii) Let Ay be a lower bound for A (as a U-g-frame). For every f in H, we get

G+ W FI” < I FI7+ I+ 2 K F) - £

D

(KT)"f|” <

1 1 2
<|l—+—+———
N (AA Au \/AAAu>

i€l
Thus,
11 2\ ! )
(G ) W < S| < Bl
and the result follows. O

Corollary 3.1. Let A = {A;}ier be a g-Bessel sequence and assume that Ky is the set
of all adjointable operators on H, like K, for which A is a K-g-frame. The following
statements hold.

(i) If A; =0, for each i € I, then 8y = {0}.

(ii) If A; # 0, for some i € I, then {0} is a proper subset of K.

(iii) KRp s a right ideal of £(F).

(iv) Ra is equal to £(H) if and only if A is a g-frame, i.e., Idy belongs to K.

(v) Ra is a Z(L(H))-module, where Z(L(H)) is the center of the C*-algebra £(H).
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Proof. Trivially K = 0 belongs to K5. For each f € H, we obtain that
2
| > 18]

il
1 1
so A is an 83-g-frame. Thus, 83 belongs to Ky, consequently 8y # {0}, when A; # 0,
for at least one i € I. Now, the result follows from Theorem 3.3. 0

2

SiJ < BrlIfI,

4. THE CONSTRUCTION OF K-G-FRAMES VIA FINITE SUMS

The purpose of this section is to present some conditions under which the sum of
two sequences of adjointable operators gives a K-g-frame.

In [17], using the upper bounds of the synthesis operators, some conditions under
which the sum of two g-Bessel sequences for a Hilbert space is a g-frame are derived.
Now, we use the synthesis operators to obtain some conditions under which the sum
of two standard g-Bessel sequences in a Hilbert C*-module gives a K-g-frame. Of
course, the approach is different from the Hilbert space case since some inequalities
for the elements of Hilbert spaces are not valid in Hilbert C*-modules, moreover,
the adjointable operator K plays an important role here (the operator K is equal
to the identity operator in the g-frame inequalities). Also, we use two sequences of
adjointable operators ({7} }icr, {Si }ier) with some special properties to achieve more
general results.

Theorem 4.1. Let K € £(H). Suppose that A = {A; € L(H,H;) bier and T' = {I'; €
L(H, H;) }ier are two g-Bessel sequences with A - KK* < 8y < B+ KK* and 8r <
C - KK*, where A and B are two positive numbers and C' is a non-negative number.
Assume that {T; € £(3(;)}ier and {S; € £(3;)}iar are two sequences of invertible
operators with infeg ‘ T[lH_l ,infieq ‘ Si_lH_l > 0 and sup; || T3] 5 super ||Si]| < +oc.
Then, {T;\; + SiT; }ier is a K-g-frame if

. 112
iTeep A (ke |7 7) — 2VBC (supias IT) (spicr 1)
<

2

xeH\ker K*

N

Proof. First, we show that {T;A;+S;I'; }ser is a standard g-Bessel sequence via Theorem
3.1 in [24] and then, using the assumptions, we obtain a lower bound and finally apply
Theorem 3.2 to show that the sequence is a standard K-g-frame.

It follows from the inequality (7;°7;)"" < || (T7T;) " || - Idse, = ||T;7Y|? - Idse, that
| T H||72 - Idse, < T¢T;, for each i € 1. Similarly, we get ||.S; 1|72 - Idy, < SiS;. Now,
the inequality

> TN + STl < +

i€l

1€l

Z <S;Sirix; Fﬂ)

1€l
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2

i€l

i€l

2
< (VE(swlmt ) + Ve (sup i) ) P el

and Theorem 3.1 in [24] imply that {T;A; + S;'; }ie1 is a standard g-Bessel sequence.
Also, for every = € H, we obtain that

STUTA + ST )

i€l

i€l i€l

1€l i€l

(mf ’T1H2> AR, K7o) +inf |71 7

i€l

2|

2

2

-2

> (inf
i€l

- 2VBC (sup 7 ) (sup 511 12
1€ 1€

i€l

i€l

7| ) Al - (in 7 el

Therefore, for every positive number R with
, N
el _ A (w77 7) - 2VBC Gupics I (upis 11

2
K*$ | ’ infz‘e]l ‘

x€H \ker K*

;) )
S._IH
i

we have

Z (TN + SiTy)x, (TiA; + SiTy)x)

> (inf jsiIHQ) (D= R)||K*2||?,

iel tel
where
, )
A(infier |77 ) = 2VBC (supics IT:1) (supics 1l
D = ) )
and the result follows from Theorem 3.2. O

Corollary 4.1. Suppose that A = {A; € L(H,H;) }ier is a g-frame and I’ = {T'; €
L(H,H;) }ier is a g-Bessel sequence. Let {T; € £(H;)} ier and {S; € L£(H;)} e

TZ»_IH_1 Si_lH_l > 0 and

be two sequences of invertible operators with infie]l‘ ,infieu‘
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super || 3|, supier [|Sil| < 4o00. Then, {T;A; + Sil'i}ier is a g-frame if

. 412
Ax <mfien |77 ) — 2/BaBr (swpiex | T) (supyer |1 Sil)

9 .
-1
S

2 2
[Tl = [1Tp[" <

inf;cr ‘

Proof. The result follows from Theorem 4.1 by considering K := Idg, A = Ay,
B := B, and C := Br since we have
|5

Tr|* = |93 = .
1Tel” = 177 Kool

xeH \ker K*

O

Corollary 4.2. Let K € £(H). Suppose that A = {A\; € L(H,H;)}ier and T =
{T; € £(H,H,;)}ier are two g-Bessel sequences with A - KK* < 8y < B- KK* and
Sr < C - KK*, where A and B are two positive numbers and C' is non-negative.

(i) Let {a;}icr and {b;}icr be two sequences of invertible elements in the center of

A with infie; j* infier |6
|di|| = sup{||diz|| : € 30, [|=|| < 1},
for d; = a, a;l, b;, b;l. Then, {a;\; + b;T'; }ier is a K-g-frame if
—2
) = 2VBC (supics sl (supics 14])

"~ |

-1
a;’! ‘ > 0 and sup;¢y ||ail| , sup;ep [|b:]| < 400, where

a;

|Tral? A (i“f@

2
K*:CH infie]l

zeH \ker K*

bt

(ii) Assume that a and b are invertible elements in the center of A such that
ldll = sup{l|dz| : = € H;, [Jof] < 1},
ford:=a,a™,b,b7" and i € I. Then, the sequence {al\; + 0L }ic1 is a K-g-frame if
* —11—2
sup [T _ Alla™[ " =2V BC fla] - [1B]
vettiker K+ || K* ]| =T
(iii) If H; is non-trivial, i.e., H; # {0}, for each i € I and

Trz|?
”KF‘”""Q < A-2VBC,
*x

z€H\ker K*
then {A; + T';}icr s a K-g-frame.

Proof. (i) Since a; and b; are invertible and belong to the center of the C*-algebra, for
each i € I, the operators T;(z) = a;,x and S;(z) = b;x are adjointable and invertible
on 3G with |Ti|| = [lail|, [1Sill = [|b]l and T (2) = a;'w, S7'(x) = b’z with
|7 S| =
(ii) The result follows from part (i) using a; := a and b; := b, for each i € L.

(iii) The result follows from part (ii) using a,b := 14. O

a; 1H and ‘ b; 1H . Now, the result follows from Theorem 4.1.
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Proposition 4.1. Let K € £(H). Suppose that A = {A;}ic1 is an (An, Ba)-K-g-frame
and T' = {T'; }se1 is a g-Bessel sequence.
(i) If a and b are invertible elements in the center of the C*-algebra A such

that ab*JrT} + ba*‘J’A‘Tl’i > «a- KK*, for some real number o and we have

Tra Ap a7+ .
SUD 0\ ker K+ HK*xII < A||||Z*1|‘||—2 2 then {al; + bT;Yier is a K-g-frame.

(ii) Ifa and b are invertible elements in the center of A such that ab*TrTx+ba* Ty Tf
* 2 — 2
Tie| A (HZi”) , then {aA; + 0L }ier is a

ESTE

is positive and SUp,ese er i+
K-g-frame.
(iil) If TpATf 4+ TpT3 > a KK*, for some real number o and we have the inequality

Supxeﬂf\kerK* H|[{J;* ”2 < AA + a, then {A + I }ZEH s a K- gfmme

w 2

(iv) If SUP e\ ker K* ”’;x'lz < Ap and TpTf + Tr T} is positive, then {A; + T }ier s
a K-g-frame.

(v) If a and b are invertible elements in the center of A such that TyTf = 0 and

fJ"* 671 2 )
Supzef}(\kerK* | K> |l < AA <Ha_1”> then {CLA + bP}ieH 15 a K—g—f’r‘ame

*

«
Tix

(Vi) If SUP,eseer k- ”K*IIL < Ap and TaTE =0, then {A; + I'; }ier is a K-g-frame.

Proof. (i) It is easy to see that {aA; 4+ bI'; };er is a g-Bessel sequence. Now, the result
follows from the relation

Z | (aA; + 0T;) x|2

i€l

=lla*a>  (Niz, Nz) + 0> (Dyz, Diz) + ((ab* T Ty + ba*TaT)z, )

i€l i€l
> (AA

1|2 (12 —1)|72 * (|12
a7+ a) 1&a? = o 7.
(ii) It follows from part (i) using o = 0.
(iii) The result is an immediate consequence of part (i) with a,b:= 14.
(iv) We can obtain the result by considering o = 0 in part (iii).
(
(

v) The result is a consequence of part (ii).
vi) The result follows from part (iv). O

The next proposition gives a condition (without the assumption of the invertibility
for S;s ) under which {T;A; + S;T'; }ier is a K-g-frame.

Proposition 4.2. Let K € £(H). Suppose that A = {A;}icr and T' = {T';}ie1 are
two g-Bessel sequences with A - KK* < 8y < B- KK* and 8r < C - KK*, where
A and B are two positive numbers and C is a non-negative number. Assume that

N

{T; € L£(H;)}ier is a sequence of invertible operators such that infig‘
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sup;er || 1i]] < 400 and {S; € £(H;) }ier @5 a sequence with sup; ||Si|| < +o00. Then,
{T:A; + Sil'i }ier is a K-g-frame if

. _ —2
Tl A (f |77 ) — 2VBC (supyy | T3])) (supscy [ S:])
<
K*al® supycy [[9:17

xeH\ker K*

Proof. The result can be obtained similar to the proof of Theorem 4.1 and using the
following inequality

>

i€l

S (TFTiNz, Ay)

i€l

> (SFSTx, Tix)

i€l

i€l i€l

. 1|72 * *
> A (inf 7747 12 ? — sup i1 1770
? i€l

- 2VBC (sup 1) (sup 1511 12
1€ 1€

O

Remark 4.1. (i) We mention that the obtained inequality in Proposition 4.2 yields
the other conditions for the cases that {b;}ic is a sequence of elements in the center
of A and b is an element in the center of the C*-algebra (b;s and b are not necessarily

invertible). Indeed, in Corollary 4.2 and Proposition 4.1, inf;¢y bZ-_1H_2 and [b=)

2 2 .

are replaced by sup,¢; ||b;]]” and ||b]|”, respectively.
(ii) In the case that the sequence {S;};c1 consists of invertible operators, the inequal-
ity in Theorem 4.1 provides a better condition than the one stated in Proposition

4.2 since for each 7 € I, we have ”SI.HQ < HSjH,Q. In fact, when the invertibility

of every S; is assumed, Proposition 4.2 will be a consequence of Theorem 4.1. The

same conclusion holds for the sequence {b;};c1 and the element b in the center of the
C*-algebra.

In Remark 4.1, we talked about "a better condition®. It is worth noting that it is
common in frame theory to find optimal values in inequalities, in particular, finding
optimal lower and upper bounds is so important in applications, see [8].

Observe that if K* is left-invertible, then a K-g-frame is a g-frame, so Corollary 4.1
gives a condition under which the stated sum is a g-frame. The precise condition,
using a left inverse, is stated in the following example.

FExample 4.1. With the assumptions of Theorem 4.1, we have the following.
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(i) If K* is left-invertible with a left inverse (K*)', then {T;A; + SiT;}icr is a
K-g-frame if

A <infie]1 ‘

-2
7™ ~ 2VBC (supyes I3 ) (supic 151

Iy (infuee 557 )

|| : A2 2 ||/ et
;< swp G = 17w | ()

K*x|| z€H\ker K*

(ii) If K is co-isometric, then {T;A; + S;T'; }icr is a K-g-frame if

-2
A(infiee |77 7) = 2VBC (super IT:1) (supse 111

2
19" <

since

« L

Ir

I

]

zeH \ker K*

17o]I* < =

7|

(iii) If K is the left-shift operator on ¢*(N), i.e., K ({ai ;;Of) = {;};/%, then K is
co-isometric.

(iv) Consider A as a left Hilbert A-module and let a and b be two elements in A
such that a*b = 14. Then, it is easy to see that the operator K defined on A by
K(z) = za is adjointable with K*(x) = za*. Hence, L, defined by L,(z) = zb is a
left inverse of K* with ||Ly|| = ||b]| -

(v) Let A := B(C?) and let a := [ L O], b= [1 1]. Then, a*b = 14 with

-1 1 0 1
_ . /3+V5
bl = /=57
Theorem 4.2. Let K € £(H). Suppose that A and T' are two g-Bessel sequences
such that Ay - KK* < 8§y < By - KK* and Ay - KK* < 8¢ < By - KK*, for
positive numbers Ay, By and non-negative numbers Ay, Bs. Assume that {T; €

L(H;) bier and {S; € L£(H;) bier are two sequences of invertible operators such that
1 1
inf;ep ‘ TZ-_IH ,infier ’ Si_lH > 0 and sup;e; [| T3l sup;er |15 < 4+o00. If

(A1 (mf Tiluz) + A, (mf sﬁHQ)) > BlBQ<Sup il ) (Sup 15 )
i€l i€l icl icl
then {T;\; + S;I'; }icr is a K-g-frame.

Proof. Similar to the proof of Theorem 4.1, we first show that {T;A; + S;I'; }ier is
a standard g-Bessel sequence and then, we obtain a lower bound to show that the
sequence is a standard K-g-frame.

For each z € I, we get

2
< (VB (sup 1 ) + B (supsil) ) 1

i€l
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On the other hand, we have

STHTA; + SiTy) || >

1€l

S AT TN, M) + > (S;SiTiw, i)

i€l i€l

Y (Tikix, SiTix) + Y (SiTix, TiAx)

i€l i€l
-2
-1
s7))

2 . -1 -2 .
> || K x| (A1 (mf ‘ T, H ) + Ay (mf’
i€l i€l
= 2/BiBy(sup T3 ) (sup 1S:) ) 157 ”
il il
Therefore, {T;A; + S;I'; }ier is a K-g-frame. O

Corollary 4.3. Let K € £(H). Suppose that A = {A;}ier and ' = {T'; }ier are two
g-Bessel sequences with A1 - KK* <8y < By - KK* and Ay - KK* < 8r < By- KK*,
where A1, By are two positive numbers and As, By are non-negative numbers.

(i) Assume that {a;};cr and {b;}ic1 are two sequences of invertible elements in the

-1
center of A such that inf;cy b;!

) infie]l
+o0. If
)_2) Ay (i.nf
i€l

-1
a;

bt

21
> 0 and s o] e ] <

: -1

(41 (igf e

—2
| )) > 2./B, B, (SupHaiH> (sup“biﬂ),
i€l iel
then {a;\; + b;T; Vel is a K-g-frame.

(ii) Assume that a and b are invertible elements in the center of A. Then, the
sequence {al; + bI; }ier is a K-g-frame if

(Al Ha_lH_2 + A, Hb—lu‘Q) - 2\/@”@‘ bl
(iii) If (A1 + As) > 2y/Bi B, then {A; + T }icy is a K-g-frame.

Proof. (i) The operators T;(x) = a;x and S;(x) = bz are adjointable and invertible
on 3; with |Ti]| < flail|, [Sill < [|b:]] and T;7(2) = a;'w, 7' (z) = b 'z with

‘Ti_IH <a;* ‘ and ‘S[lH < bt ’ Therefore,
A, (mf | TilHQ) + A, (mf SﬁHQ) > A (i.nf o ]2) + A (mf bt \2)
i€l i€l i€l i€l

> 2/Bu (sup o ) (sup o] )
i€l i€l

> 2/Bi5;(sup 3] ) (sup 151 )
i€l 1€l

Then, by Theorem 4.2, {T;A; + S;['; }icr is a K-g-frame which is equivalent to say that
{aiAi + bll—‘z},eﬂ is a K—g—frame.
Parts (ii)-(iii) follow from (i). O
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Theorem 4.3. Let K € £(H) and assume that W and T belong to £(H) such that
they commute with K* and there exist a positive number Ay and a real number A with
(U(x),U(z)) > Ay (z,x) and (T(x),T(z)) > Ar{(z,x), for each x € H. If A and T
are two g-Bessel sequences with A;- KK* <8y < B1-KK" and Ay- KK* < 8p < By-
KK*, where Ay, By > 0 and Ay, By > 0, such that A; Ay+ AsAr > 2/ B B ||U||- || T,
then {A; U+ T, T}ier is a K-g-frame.

Proof. For each x in H, we get

D1 AU+TIT) 2’| < (31 P + Ba I + 2/ BuBs U] ||T||> I el

i€l

so {A;U+ I[';T}er is a standard g-Bessel sequence. Moreover, we obtain that

iel
>N |A1-U(:L’)|2 +> \FiT(:c)|2 — D (AUW(=), T T (2)) + > (1T (), Azu(x)>||
i€l i€l i€l i€l
> (Avdu+ Asdr =2/ BB U T ) 1K
Therefore, {A;U + I';T}ier is a K-g-frame. O

The next result can be obtained using the proof of Theorem 4.3 and Proposition 4.1.

Proposition 4.3. Let K € £(H). Suppose that A = {A;}icr is an (Ay, By)-K-g-
frame and T' = {T'; };c1 is a g-Bessel sequence with Ay - KK* < 8p < By - Idy, where
Ay, By >0, (for example T is an (Ag, By)-K-g-frame, i.e., As, By > 0).

(i) Suppose that W and T belong to £(H) such that they commute with K* and there
exist a positive number Ay and a non-negative number Ar such that (U(x),U(z)) >
Ay (x,x), (T'(x),T(x)) > Arp(z,x), for each x € H, and T*TrTU + WT\TFT >
a- KK*, for some a € R. If AjAy + AsAr + a > 0, then {A,U + T, T} er is a K-g-
frame. In the special case if T*TpTiU + W TATFT is a positive operator, for example,
when TpTy = 0, then the sequence {A;U + I';T}ier is a K-g-frame (since o = 0 and
the inequality Ay Ay + AsAr > 0 automatically holds).

(ii) If @ and b are invertible elements in the center of A such that b*aTrTx +
a*bT\Tp > a - KK*, for some a € R, and Ay |la™|| >+ Ay b2 7> + o > 0, then
{al; + 0T }icr is a K-g-frame. In the special case if b*aTrTx + a*bT T} is a positive
operator, for example, when TrTx = 0, then {aA; + b }ier is a K-g-frame.

(iii) If TrTx + TaTf > a - KK*, for some a € R, and A; + Ay + o > 0, then
{A; + T }iar is a K-g-frame. In the special case if TrTx + TpaT} is a positive operator,
for example, when TrTy =0, then {A; + T';}ier is a K-g-frame.

Remark 4.2. (i) When (U(z),U(x)) > Ay (x,z), for some positive number Ay and
for all z € H, U is called bounded below by the inner product. It follows from



FINITE SUMS AND SOME PROPERTIES OF GENERALIZED FRAMES FOR OPERATORS 779

Proposition 2.1 in [3] that it is equivalent to say that U is bounded below by the
norm, i.e., ||Uz|| > Allz||, for some positive number A and every x in H. Hence, the
conditions (U(z), U(z)) > Ay (z,z) and (T'z,Tx) > Ar(z,z) in Theorem 4.3 and
Proposition 4.3 can be changed using the concept of bounded below operators by the
norm for the operators U and 7', when Ay and Ap are positive. Also, the conditions
can be replaced by the surjectivity of the adjoint operators (see [3, Proposition 2.1}).

(ii) Note that Proposition 4.3 holds when I' is a g-Bessel sequence (consider Ay = 0).
Now, let A be a K;-g-frame and I' be a Ky-g-frame. Then, under the assumptions of
Proposition 4.3, {A;U + I';T};er is a K;-g-frame, ¢ = 1,2. Now, Theorem 3.3 implies
that {A,U+T,;T}ier (so {aA; +bT; }ier and {A; + T }ier) is a (K7 + K3)-g-frame. Hence,
Corollary 3.3 in [1] is a special case of Proposition 4.3.

(iii) Note that in the proof of Theorem 4.3, the relation

ST IAUz > A (K Uz, K™ Ux) = Ay (UK 2, UK*z) > Ay Ay (K2, K*x)
i€l

is used. Hence, the result is also valid with the weaker condition (Uy, Uy) > Ay (y,y),
y € Rng(K™*). The same conclusion holds for I' and 7. Thus, if there exist two
positive numbers a; and ap with (KU*) (KU*)" > oy - KK* and (KT*) (KT*)* >
as + KK*, then under the assumptions of Theorem 4.3 and Proposition 4.3, the
sequence {A;U + I';T};er is a K-g-frame. Also, Theorem 3.8 and Corollary 3.9 in [1]
can be considered as special cases of Proposition 4.3.

It is mentioned that Remark 4.2 concerns bounded below operators and their
properties. In fact, bounded below operators have a crucial role in frame theory, for
instance a necessary and sufficient condition for a Bessel sequence (in a Hilbert space
or a Hilbert C*-module) to be a frame is that the adjoint of its synthesis operator is
bounded below, see [8]. The bounded below operators or the operators with surjective
adjoints are also helpful to study the sums of g-frames, see [1,17].

Remark 4.3. We can consider a K-frame as a special case of a K-g-frame (where
H; = A, for all i € ). Therefore, the obtained results for K-g-frames yield some
facts for K-frames. Especially, the sequences like {a;f; + b;g;}icr and {af; + bg; }ict
are focused where a, b, a;s and b;s are elements in the underlying C*-algebra that do
not necessarily belong to the center. Indeed, the operator T;: A — A defined by
T;(a) = aa} is adjointable with T} (a) = aa; and if {f;}ic1 is a Bessel sequence (resp.
frame, K-frame), then {A; };c1 is a g-Bessel sequence (resp. g-frame, K-g-frame), where
A (f) = ([, f;). Also, the operator S;: A — A defined by S;(a) = ab} is adjointable
and for a Bessel sequence {g; }ier in H and T;(f) = (f, ¢;), we have

{(TiAi + Siri) f}ie]l = {<f7 a; fi + bi9i>}ie]1-

Thus, the mentioned results for the sequence {T;A; + S;I'; }ier imply some conditions
under which the sequences like {a;f; + b;g; }ier and {af; + bg; }ier are K-frames.

We mention that the sum of the Bessel sequences appeared in Remark 4.3 can be
considered as a generalization of the stated ones in [20] to Hilbert C*-modules.
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5. CONCLUSION

The manuscript investigates the construction and characterization of K-g-frames in
Hilbert C*-modules. Indeed, the paper presents the following main contributions.

e In Theorem 3.2, using the majorization and range-inclusion result of [7], one stated
assumption in [23] for characterizing K-g-frames in Hilbert C*-modules is eliminated
and then some important properties of K-g-frames are obtained via Theorem 3.2.

e Some previously established finite-sum construction results in Hilbert spaces are
extended to Hilbert C*-modules.

e Section 4 provides explicit conditions expressed in terms of operator norms and
the elements in the center of the underlying C*-algebra to make the results practically
applicable.

Acknowledgements. The authors thank the referees for very valuable suggestions
which improved the paper.
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