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ON STATISTICAL CONVERGENCE OF BOCHNER SUMMABLE
FUNCTIONS AND KOROVKIN TYPE APPROXIMATION

THEOREM

HEMANTA KALITA1,∗, BIPAN HAZARIKA2, AND EKREM SAVAS3

Abstract. In this manuscript, we introduce the summability theory of Bochner
integrable functions. Also, statistical convergence in Bochner spaces is considered.
A criterion for statistical convergence is given. Several properties of Bochner summa-
bility, and statistical convergence in the sense of Bochner summable functions are
discussed here. Finally, we prove Korovkin type approximation theorem via statisti-
cal Bochner summable functions in a Bochner space.

1. Introduction and Preliminaries

Summability theory deals with the generalisation of the concept of limit of a se-
quence or series, which is typically impacted by an auxiliary sequence of linear means
of the given sequences or series. The original sequence or series may be divergent,
but the linear mean sequence must converge. It is known that Zygmund [17] first
proposed the concept of statistical convergence in his well-known work “Trigonometric
series” in 1935. The notion was formally established by Fast [4] and Steinhaus. The
notion of convergence of an infinite series was first resolved satisfactorily by the French
mathematician A. L. Cauchy. One can see [5,14] and their references for recent trends
of statistical convergence and their related works.

Bilalov and Nazarova [1] introduced the idea of the statistical convergence in
Lebesgue spaces Lp. One can see [8–11] and references therein for several works
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of statistical convergence. In the same works, the concept of statistical fundamen-
tality in Lp was discussed and its equivalence to statistical convergence was proved.
A. D. Gadjiev et al. [6] discussed the Korovkin type approximation theorem for a
sequence of positive linear operators acting on Lp([a, b]). See also [14] for Korovkin-
type approximation theorems with algebraic test functions for sequences of statistical
Riemann and statistical Lebesgue integrable functions.

Bochner spaces, named after the mathematician Salomon Bochner, are a general-
ization of Lp spaces to functions lying in a Banach space which is not necessarily the
space R or C. Let (T, Σ, µ) be a measure space, where T = [a, b]. The Bochner space
Lp(T,X) or simply Lp(X) consists of equivalence classes of all Bochner measurable
functions with values in the Banach space X whose norm ∥f∥X belongs to the standard
Lp space. A. Caushi et al. proposed Bochner integration in the context of statistical
convergence in [3].

The work in [1] motivated us to study statistical convergence in Bochner spaces.
The structure of the manuscript is as follows. In Section 1, we recall several

definitions and results that are useful for the following section. In Section 2, we
discuss Bochner summability and several results related to the Bochner summability.
In Section 3, we introduce statistical convergence of Bochner summable functions in
Bochner spaces. Further, we establish a Korovkin type approximation theorem via
statistical Bochner summable functions in Bochner spaces.

Let A be a subset of bounded natural number N. The density of A is δ(A) =
limn→+∞

n(An)
n

where An = {k < n : k ∈ A} and n(A) denotes the cardinality of A. It
is clear that density of a finite set is zero and δ(Ac) = 1 − δ(A), where Ac = N \ A.

Definition 1.1. A sequence of x = (xk) is statistically convergent to a vector L of
normed space X if for each ϵ > 0, limn→+∞

1
n

|{k ≤ n : ∥xk − L∥ ≥ ϵ}| = 0. We denote
this by st-lim xk = L.

Definition 1.2. A sequence x = (xk) is a statistically Cauchy sequence if for every
ϵ > 0, there exists a number N = N(ϵ) such that

lim
n→+∞

1
n

|{k ≤ n : ∥xk − xN∥ ≥ ϵ}| = 0.

Let (fk) be a sequence of functions taking values in a normed space.

Definition 1.3. A sequence of functions (fk(x)) is said to be statistically convergent
to f if for every ϵ > 0, limn→+∞

1
n

|{k ≤ n : ∥fk(x) − f(x)∥ ≥ ϵ}| = 0 for all x.

Recall statistical convergence in Lp as below.

Definition 1.4 ([1]). Let (fk) ⊂ Lp([a, b]). A sequence (fk) is said to be statistically
convergent to some given function f in Lp([a, b]) if st- limn→+∞

∫ b
a |fk(x) − f(x)|pdx =

0, 1 ≤ p < +∞.

Recall the Bochner integral and the statistical Bochner integrable functions from
[3,13] as below.
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Definition 1.5 ([13]). A function f : T → X is called Bochner integrable if there
exist a sequence of functions (fk) such that

(a) ∑+∞
k=1

∫ b
a ∥fk(x)∥dµ < +∞;

(b) f(x) = ∑+∞
k=1 fk(x) at the points x ∈ T , where ∑+∞

k=1 ∥fk(x)∥ < +∞.

Definition 1.6 ([3]). A function f : T = [a, b] → X is called statistical Bochner
integrable if there exists a st-Cauchy sequence of simple functions (fk) such that

(a) it is statistically convergent a.e. by µ to the function f ;
(b) st-limk

∫
T ∥fk(t) − f(t)∥dµ = 0 a.e.

The limit st-limk

∫
T fk(t)dµ is called statistical Bochner integral and denoted by

(Bs)
∫

T f(t)dµ.

Theorem 1.1 ([3]). If the function f is st-Bochner integrable, then the function ∥f∥
is also st-Bochner integrable.

Lemma 1.1 (Fatou Lemma [3]). Let (fk(t)) be the sequence of st-measurable func-
tions statistically convergent a.e. to the function f(t). If ∥fk(t)∥ ≤ ∥fk+1(t)∥, then
st- limk

∫
T ∥fk∥dµ = (Bs)

∫
T ∥f(t)∥dµ.

2. Bochner Summability

It is well known that the existence of the improper integral does not guarantee
absolute integrability or simple summability, regardless of whether we are dealing with
Riemann-integrable or Lebesgue-integrable functions. As an example, we can consider
the nature of

∫ +∞
0

sin x
x

dx. It is known that the Bochner integral is a generalized
Lebesgue integral. In this section, we discuss the vector-valued summands of the
Lebesgue integral. Several important results are discussed here. We begin the section
with the following definition.

Definition 2.1. A vector-valued function f , which is integrable in the sense of
Bochner on the interval (1, +∞) is said to be Bochner summable if there exists a
sequence of simple functions (fn), fn : (1, +∞) → X such that limn→+∞fn(x) = f(x)
a.e. in (1, +∞) and

lim
n→+∞

∫ n

1
∥fn − f∥X dµ = 0.

If for all n ≥ 1, fn = L, then we say that f is Bochner summable to L. It is clear
from the above definition that all Bochner summable functions are Bochner integrable
but all Bochner integrable functions may not be Bochner summable.

Example 2.1. Let X be an infinite dimensional Banach space. Let {In
k : n =

0, 1, . . . ; k = 1, 2, . . . , 2n} be the dyadic intervals on [0, 1]. That is In
k =

[
k−1
2n , k

2n

)
.

Let En be a 2n-dimensional subspace of X. Consider Tn : l2n

2 → En such that
{en

k : k = 1, 2, . . . , 2n} be image under Tn of the standard unit vectors {un
k : k =
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1, 2, . . . , 2n} of l2n

2 . Let us consider a sequence fn : T → X by fn(t) = ∑2n

k=1 en
kχIn

k
(t).

Then,

∥fn∥ =
2n∑

k=1

∫
In

k

∥en
k∥dµ = 2−n

2n∑
k=1

∥en
k∥.

Since 1 ≤ ∥en
k∥ ≤ 2, so 1 ≤ ∥fn∥ ≤ 2. Clearly, (fn) is a sequence of Bochner summable

respectively Bochner integrable. Let us construct with minor variation as below. Fix
0 < β < 1

2 and αn = 2nβ. Define gn : T → X by gn = αnfn. Clearly, ∥gn∥ → +∞ at
the rate of αn. Then, (gn) is still Bochner integrable but not Bochner summable.

Theorem 2.1. If f : (1, +∞) → X is such that f(t) = 0 a.e. in (1, +∞), then f is
Bochner summable to 0.

Proof. Let fn : (1, +∞) → X be such that fn = 0 for all n ≥ 1. Then, there exists a
sequence of simple functions such that limn→+∞fn(x) = f(x) a.e. in (1, +∞). Now,
since (fn) is a Lp-Cauchy sequence so, we have

lim
n→+∞

∫ n

1
∥f∥X dµ = 0.

So, f is Bochner summable to 0. □

Theorem 2.2. Let f, g : (1, +∞) → X be two Bochner summable functions and
α ∈ R. Then, f + g and αf are Bochner summable.

Proof. Since f, g : (1, +∞) → X are Bochner summable functions, there exist two
sequences of simple functions (fn) and (gn) and two measurable subsets E, F in
(1, +∞) such that limn→+∞fn(x) = f(x) for all x ∈ E and limn→+∞gn(y) = g(y) for all
y ∈ F , with µ(Ec) = 0 and µ(F c) = 0. So, µ((E ∩F )c) = 0 and limn→+∞(fn +gn)(t) =
(f + g)(t) for all t ∈ E ∩ F. Now,∫ n

1
|(fn + gn) − (f + g)|X dµ ≤

∫ n

1
∥fn − f∥X dµ +

∫ n

1
∥gn − g∥X dµ → 0,

as n → +∞. So, f + g is Bochner summable. Similarly, we can show that αf is
Bochner summable. □

Theorem 2.3. If f : (1, +∞) → X is Bochner summable and g : (1, +∞) → X is
such that f = g a.e. in (1, +∞), then g is Bochner summable.

Theorem 2.4. Let f : (1, +∞) → X be a countable valued measurable function with
f(t) = ∑+∞

i=1 yiχEi
(t) where Ei ⊂ (1, +∞) are measurable and Em ∩En = ∅ for m ̸= n,

ym ∈ X for all m ≥ 1. If the series ∑
m≥1 ∥ym∥ µ(Em) is convergent, then f is Bochner

summable.

Proof. Let us define a sequence (fn)n∈N, by

fn =
n∑

i=1
yiχEi

, n ≥ 1.
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Then, (fn) is a sequence of simple functions and limn→+∞fn(t) = f(t) for all t ∈
(1, +∞). Now,∫ n

1
∥fn − f∥X dµ =

∫ n

1

∥∥∥∥∥
+∞∑

m=n+1
ymχEm

∥∥∥∥∥
X

dµ

≤
∫

(1,+∞)

∥∥∥∥∥
+∞∑

m=n+1
ymχEm

∥∥∥∥∥
X

dµ

=
+∞∑

m=n+1
∥ym∥X µ(Em) → 0, as n → +∞.

This shows that f is Bochner summable. □

Corollary 2.1. A countable valued measurable function f : T → X, such that
∥f(t)∥X ≤ g(t) a.e. in T , with g Bochner summable, is Bochner summable.
Lemma 2.1. A measurable function f : T → X is Bochner summable if and only if
∥f∥X : T → R is Bochner summable.
Proof. Let f : T → X be Bochner summable. By definition ∥f∥X is Bochner summable.

Conversely, let ∥f∥X be Bochner summable. By definition,

lim
n→+∞

∥fn − f∥X = lim
n→+∞

∫
T

∥fn − f∥Xdµ = 0.

Also, since f is measurable, for every k ∈ N there is a countable valued measurable
sequence of functions fk of the form fk(t) = ∑+∞

m=1 yk,mχEk,m
(t), t ∈ T , where Ek,m ⊂

T, m ∈ N is measurable, Ek,m ∩ Ek,l = ∅ for m ̸= l, yk,m ∈ X, m ∈ N and fk has the
following property: there exists J ⊂ T, µ(J) = 0 such that for every k ∈ N we have

(2.1)
∥∥∥f(t) − fk(t)

∥∥∥
X

<
ϵ

µ(T ) , for t ∈ T \ J.

Hence,

∥fk(t)∥X ≤ ∥f(t)∥X + ∥f(t) − fk(t)∥X < ∥f(t)∥X + ϵ

µ(T ) .

By Corollary 2.1, fk is Bochner summable and∫
T

∥fk∥Xdµ =
+∞∑
n=1

∥yk,m∥Xµ(Ek,m) < +∞.

Let rk ∈ N be such that ∑+∞
n=rk+1 ∥yk,m∥Xµ(Ek,m) < ϵ. Since ∥f − fk∥X is measurable

and (2.1) holds, the function ∥f −fk∥X is summable and
∫

T ∥f −fk∥Xdµ < ϵ. Let gk =∑rk
n=1 yk,mχEk,m

. Then, gk is a sequence of simple functions, fk = gk+∑+∞
n=rk+1 yk,mχEk,m

and ∫
T

∥f − gk∥Xdµ ≤
∫

T
∥f − fk∥Xdµ +

∫
T

∥fk − gk∥Xdµ

<
ϵ

2 +
+∞∑

n=rk+1
∥yk,m∥Xµ(Ek,m) <

ϵ

2 + ϵ

2 = ϵ.
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So, f is Bochner summable function. □

Lemma 2.2. Let f : T → X be a measurable function of the form f = g+∑+∞
n=1 xnχEn

where g : T → X is measurable and bounded, En are pairwise disjoint measurable
subsets of T, xn ∈ X, n ∈ N. Then, f is Bochner summable if and only if xn and
En, n ∈ N, can be chosen such that the series ∑+∞

n=1 xnµ(En) converges absolutely
in X.

Proof. The proof is analogous to [13, Proposition 1.4.5]. □

Theorem 2.5. Let (xk) be a sequence of elements belonging to X and let us define
the function f : T = [a, b] → X as follows

f =


+∞∑
k=1

χ( 1
2k , 1

2k−1 ]xk, if x ̸= 0,

0, if x = 0.

If
∥∥∥ 1

2k xk

∥∥∥
+∞

< β, β > 1, then f is Bochner summable if and only if ∑+∞
k=1

1
2k xk is

absolutely convergent.

Proof. By Lemma 2.2 this happens if and only if the series ∑+∞
k=1

1
2k xk is absolutely

convergent and the proof is completed. □

Remark 2.1. It is well known that every Bochner integral is Henstock-Kurzweil integral
(see [13]). It is also well known that Kuelbs-Steadman spaces contain Henstock-
Kurzweil integrable functions, and Lebesgue spaces are contained densely in Kuelbs-
Steadman spaces (see [7]). It will be very interesting to find Henstock-Kurzweil
summability in Kuelbs-Steadman spaces. One can also find how Bochner summability
behaves in Kuelbs-Steadman spaces.

3. Statistical Bochner Summable Functions

It is clear from the definition of Bochner integral and statistical Bochner integral
that every Bochner integral is a statistical Bochner integral. The following example
shows that the statistical Bochner integral is not Bochner summable.

Example 3.1 ([3]). Let (fn) ⊂ X be a sequence defined by

fk(x) =
{

(k + 1)(−x)k, for k ∈ [3p, 3p + p), p = 1, 2, . . . ,
0, otherwise.

If x ∈ X \ [−1, 1], then limn→+∞
1
n

|{k ≤ n : fk(x) ̸= 0}| = 0. That is st-limn fn = 0.

On the other hand the usual integral limn→+∞
∫ n

1 (k + 1)(−x)kdµ = (−1)k(nk+1 − 1)
tends to ±∞. So, (fn) is not Bochner summable although it is statistically Bochner
integrable.

This is why we concentrate our study on statistical convergence of Bochner sum-
mable functions in Bochner spaces.
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Definition 3.1. Let fn, f ∈ Lp ((1, +∞),X) . We say fn → f is statistical convergent
if

(3.1) st- lim
n→+∞

∫ +∞

1
∥fn(t) − f(t)∥p

Xdµ(t) = 0, 1 ≤ p < +∞.

If relation (3.1) is true, then there exists K ≡ (nk)k∈N, n1 < n2 < n3 < · · · , δ(K) =
1, limn→+∞

∫ +∞
1 ∥fnk

(t)−f(t)∥p
Xdµ(t) = 0. This shows that there exists a subsequence

(fkn)n∈N of the sequence (fnk
)n∈N such that fkn(t) → f(t) for almost every t ∈ [1, +∞).

Let K = {K ⊂ N : δ(K) = 1}. Then, the following result holds.

Proposition 3.1. Let Kj ∈ K, j = 1, 2. Then, K1 ∩ K2 ∈ K.

The set of statistically convergent sequences in the sense of Bochner is denoted by
[B-s] and we write [B-s]-lim f(t) = L.

Theorem 3.1. Let f and g be vector-valued functions (in the sense of Bochner) in
(1, +∞). Then, the following hold.

(a) If [B-s]-lim f(t) = L and c ∈ R, then [B-s]-lim cf(t) = cL.
(b) If [B-s]-lim f(t) = L1 and [B-s]-lim g(t) = L2, then [B-s]-lim f(t) + g(t) =

L1 + L2.

Next we define a statistically fundamental sequence in the sense of Bochner as
follows.

Definition 3.2. We say (fn)n∈N is statistically fundamental in Lp(X) if for all ϵ > 0,
there exists nϵ ∈ N, δ(∆ϵ) = 0, where

∆ϵ = {n ∈ N : ∥fn − fnϵ∥
p
X ≥ ϵ} and ∥f∥Lp(X) =

(∫ +∞

1
∥f∥p

Xdµ(t)
) 1

p

.

Lemma 3.1. Let (fn)n∈N ⊂ Lp(X) be a sequence. If st-limn→+∞ fn exists, then
(fn)n∈N is st-fundamental in Lp(X).

Proof. Let ϵ > 0 be arbitrary, n ∈ N, and ∆ϵ = {n ∈ N : ∥fn − fnϵ∥
p
X ≥ ϵ} . Take

nϵ ∈ ∆c
ϵ such that ∥fn − fnϵ∥

p
X ≥ ϵ. Then, we have

{n : ∥fn − f∥p
X < ϵ} ⊂ {n : ∥fn − fnϵ∥

p
X < ϵ} .

So, it is clear that δ(∆c
ϵ) = 1. Consequently, δ(∆ϵ) = 0. □

Theorem 3.2. Let (fn)n∈N ⊂ Lp(X) be a sequence in sense of Bochner integral such
that st-limn→+∞ fn exists. Then, (fn)n∈N is st-fundamental if and only if there exists
(gn)n∈N ⊂ Lp(X) such that limn→+∞ gn exists and {n : fn = gn} ∈ K.

Proof. Let (fn)n∈N be st-fundamental in Lp(X). Let us consider (Mn)n∈N, a sequence
of closed sets in Lp(X) where diameter d(Mn) → 0 as n → +∞. Also, let K(n) =
{n : fn ∈ Mn} . From the hypothesis d(Mn) → 0 as n → +∞, it follows that {f} =⋂

n Mn. Since K(m) ∈ K, there exists (nm)m∈N ⊂ N : n1 < n2 < n3 < · · · such
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that 1
n

∣∣∣{k ∈ In : k ∈ Kc
(m)

}∣∣∣ < 1
m

for all n > nm. Let N0 = {k ∈ N : nm < k ≤
nm+1 and k ∈ Kc

(m)}, and

gk =
{

f, if k ∈ N0 and k ≥ n1,
fk, otherwise.

Let ϵ > 0 be given. If k ∈ N0 and k > n1, then ∥gk − f∥p
X = 0 < ϵ. If k /∈ N0, then

k ∈ K(m) and fk ∈ Mm. Then,
∥fk − f∥p

X ≤ ∥fk − fnm∥p
X + ∥fnm − f∥p

X < ϵ.

Consequently, limk→+∞ gk = f. Let fk ̸= gk, k < n. Next, if k ∈ N0, then k ∈ Kc
(m)

gives
1
n

∥{k ≤ n : fk ̸= gk}∥ ≤ 1
n

∥∥∥{
k ≤ n : k ∈ Kc

(m)

}∥∥∥
<

1
m

→ 0, as n → +∞,

which gives m → +∞. So,

(3.2) lim
n→+∞

∥{k ≤ n : fk ̸= gk}∥
n

= 0.

Consequently, {k ≤ n : fk ̸= gk} ∈ K and limn→+∞ gn = f.
Conversely, suppose (fn)n∈N ⊂ Lp(X) is a sequence in sense of Bochner integral,

and there exists (gn)n∈N ⊂ Lp(X) such that limn→+∞ gn exists and {n : fn = gn} ∈ K.
In order to prove (fn) is fundamental in Lp(X), it is enough to prove st-limn→+∞ fn

exists and st-limn→+∞ fn = f. Let ϵ > 0. We have
(3.3) {k ≤ n : ∥fk − f∥ ≥ ϵ} ⊂ {k ≤ n : fk ̸= gk}

⋃
{k ≤ n : ∥gk − f∥ ≥ ϵ} .

Since limk→+∞ gk = f in Lp(X), so ∥gk − f∥ < ϵ for all k ≥ nϵ. Next, ∥{k ≤ n :
∥gk − f∥ ≥ ϵ}∥ < nϵ implies 1

n
∥{k ≤ n : ∥gk − f∥ ≥ ϵ}∥ → 0 as n → +∞. From (3.2)

and (3.3), we obtain
1
n

{k ≤ n : ∥fk − f∥ ≥ ϵ} ≤ 1
n

{k ≤ n : fk ̸= gk} + 1
n

∥ {k ≤ n : ∥gk − f∥ ≥ ϵ} ∥ → 0,

as n → +∞. So, st-limn→+∞ fn = f. By Lemma 3.1, (fn) is fundamental in Lp(X). □

Corollary 3.1. Let (fn)n∈N ⊂ Lp(X) and st-limn→+∞ fn = f. Then, there exists
(nk)k∈N ⊂ N : n1 < n2 < · · · , limk→+∞ fnk

= f and δ ((nk)k∈N) = 1.

Proposition 3.2. Let (tk)k∈N be a sequence of numbers and ∑+∞
k=1 χA(k) = +∞, where

A = {k ∈ N : tk ̸= 0}. Then, there exists (fn)n∈N ⊂ Lp(X) such that ∑+∞
k=1 tkfk(t) =

+∞ for all t ∈ (1, +∞).

Proof. The proof is similar to [1, Lemma 3.8]. □

Theorem 3.3. If the function f is st-Bochner integrable in Lp(X), then the function
∥f∥ is also st-Bochner integrable in Lp(X).
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Proof. The proof is analogous to Theorem 1.1. □

Next, we prove the Fatou lemma in Lp(X) via statistically Bochner summable
functions.

Theorem 3.4. Let (fk(t)) be the sequence of st-measurable functions statistically
convergent a.e. to the function f(t) in Lp(X). If ∥fk(t)∥ ≤ ∥fk+1(t)∥, then

st- lim
k

∫
I

∥fk∥dµ = (Bs)
∫

I
∥f(t)∥dµ.

Proof. The proof is similar to that of Lemma 1.1. □

The Korovkin approximation refers to a convergence statement in which a function
is approximated by a certain sequence of functions. In practical applications, contin-
uous functions can be approximated by polynomials. The Korovkin approximations
provide a convergence for the entire approximation by analyzing the convergence of
the process on a finite set of functions. This approximation is named in honor of
Pavel Korovkin. Several applications of Korovkin’s theorem can be found in [12,14–16]
and the references therein. Finally, to formulate the classical Korovkin theorem in
terms of statistical convergence in Bochner spaces with statistical Bochner summable
functions, we consider CM(T,X) or simply CM(X) as the space of all functions f
that are continuous and completely bounded at each point of T = [a, b]. That is
∥f(x)∥ ≤ Mf , −∞ < x < +∞, where Mf is a constant dependent on f. Let (An) be
a sequence of positive linear operators, i.e., An(f, x) ≥ 0 if f(x) ≥ 0, which acts from
CM(X) on the space BD(X) of all bounded functions on T . It is known that BD(X)
is a Banach space with norm ∥f∥ = supa≤x≤b ∥f(x)∥, f ∈ BD(X).

Theorem 3.5. Let (An) be a sequence of positive linear operators An : Lp(X) → Lp(X)
and let (∥An∥) be uniformly bounded. If st- limn ∥An(tβ, x) − xβ∥X = 0, β = 0, 1, 2,
then for any function f ∈ Lp(X) we have st- limn ∥An(f, x) − f(x)∥X = 0.

Proof. Let (An) be a sequence of positive linear operators An : Lp(X) → Lp(X) and
let (∥An∥) be uniformly bounded. Let st- limn ∥An(tβ, x) − xβ∥X = 0, β = 0, 1, 2.
Then, for a given ϵ > 0 there exist nβ(ϵ), β = 0, 1, 2 and subsets Kβ, β = 0, 1, 2 of
density 1 such that

(3.4) ∥An(tβ, x) − xβ∥X < ϵ, for all n ∈ Kβ and n > nβ, β = 0, 1, 2.

Since δ(K0 ∩ K1 ∩ K2) = 1, (3.4) holds for n ∈ K, K = K0 ∩ K1 ∩ K2 and
n > max{n0, n1, n2}. By our assumption there is a constant M > 0 such that
∥An∥Lp(X)→Lp(X) ≤ M, n = 1, 2, . . . Since CM(X) is dense in Lp(X), for a given
f ∈ Lp(X), there exists g ∈ CM(X) such that ∥f − g∥X < ϵ. Hence, we have

∥An(f, x) − f(x)∥X ≤ ∥An(f − x, x)∥X + ∥An(g, x) − g(x)∥X + ∥f − g∥X

< ϵ(1 + M) + ∥An(g, x) − g(x)∥X.
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By continuity of g we get ∥g(x)∥ < α for all x ∈ T and for some constant α. Thus,
∥An(g, x) − g(x)∥X ≤ ∥An(∥g(t) − g(x)∥, x)∥X + α∥An(1, x) − 1∥X.

Again, since g ∈ CM(X), for all x ∈ T, we have ∥g(t) − g(x)∥ < ϵ. So,

∥An

(
∥g(t) − g(x)∥, x

)
∥X ≤ϵ∥An(1 + x)∥X + ∥An(t − x)2, x∥X

≤ϵ
(
∥An(a, x) − 1∥X + 1

)
+ ∥An(t2, x) − x2∥X

+ 2b∥An(t, x) − x∥X + b2∥An(1, x) − 1∥X

<ϵ, for n ∈ K and n > max{n0, n1, n2}.

Hence, st-limn ∥An(f, x) − f(x)∥X = 0. □

4. Conclusion

In this article, we introduce Bochner summability. Several properties of Bochner
summability are discussed here. A necessary and sufficient condition for Bochner
summability is demonstrated. We present the concept of statistical convergence
for Bochner summable functions in Bochner spaces. In addition, a Korovkin-type
approximation theorem is established by using statistical Bochner summable functions
in Bochner spaces.
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