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ON RAPID EQUIVALENCE AND TRANSLATIONAL RAPID
EQUIVALENCE

VALENTINA TIMOTIC!', DRAGAN DJURCIC?, AND MALISA R. ZIZOVIC?

ABSTRACT. In this paper we will prove some properties of the rapid equivalence and
consider some selection principles and games related to rapidly varying sequences.

1. INTRODUCTION

Let S be the set of sequences of positive real numbers, and S; be the set of nonde-
creasing sequences from S [5]. Let ¢ = (¢ )nen € S. A sequence c is said to be rapidly
varying in the sense of de Haan, if

(1.1) lim < = oo
n—-+oo Cp,
holds for each A > 1. The set of all these sequences is denoted by R . These
sequences are objects in rapid variation theory in the sense of de Haan, which is very
important in asymptotic analysis and applications (see, e.g., [1-3,8,10,15]). The
theory of rapid variation is an important modification of Karamata’s theory of regular
variation [13], and its relation can be seen on example of slow and rapid variation
within generalized inverse (see, e.g., [7]). Elements of the class R are important
objects in dynamic systems theory [10,11,15], infinite topological games theory and
selection principles theory [3-6].
A sequence c is translationally slowly varying (in the sense of Karamata) if

(1.2) lim P4l g

n—+oo ¢,
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holds for each A > 1. Translationally slowly varying sequences form the class Tr(SV)
(see, e.g., [4-6]), and it holds Ro s NTr(SV;) # &, Reo s \T7(SV;) # @ and Tr(SV;) \
Ry s # 9.

A sequence c is translationally rapidly varying (in the sense of de Haan) if
(1.3) lim Pl g

n—+00 Cp,

holds for each A > 1.

The class of translationally rapidly varying sequences is denoted by 7r(Rus ). It
holds Tr(Res) C Reo s for each XA > 1 (see, e.g., [5]).

The classes of sequences mentioned above have nice and deep connections with
selection principles theory and infinitely long two-person game theory (see, for example,
2,3,5,6]).

Motivated by the study of some equivalence relations on classes of functions and
sequences given in [7,8,14], in this paper we define a relation on the class of transla-
tionally rapidly varying sequences and investigate some properties of this relation. In
particular, we study relationships of this relation with selection principles and game
theory complementing the research in [2,3,5,6]. We also obtain some additional infor-
mation on the classes of rapidly varying and translationally rapidly varying sequences.

Definition 1.1. Sequences ¢ and d of positive real numbers are mutually translation-
ally rapidly equivalent, denoted by

tr
c~d as n— +oo,

if

. Can]
(1.4) nl_l)I_iI_loo i +00
and

)
(1.5) lim —— = +o0

n—+oo ¢,

hold for each A > 1.

The previous relation is a modification of the rapid equivalence relation between
sequences ¢ and d given by
c n
(1.6) lim 2% = 400

n——+00 dn
and

d
(1.7) lim 21 =

n—-+oo Cp,

+00,

for each A\ > 1. We denote it by ¢ ~ d as n — +oo (see, e.g., [8,14]).

Let ¢ be a nondecreasing sequence from a subset V of S. The capacity of ¢ with
respect to V is the subfamily of S given by MY = {2 = (z,) € S | ¢, < 7, <
Cny1 for each n € N}.
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Let A and B be nonempty subfamilies of S. Let us adduce two selection principles
which we need in this paper:

(a) (Rotberger, see, e.g.,[12]) S1(A,B): for each sequence (A"),ey of elements
from A there is an element b € B, so that b, € A" for each n € N;

(b) (Kocinac, see, e.g., [9]) az(A, B): for each sequence (A"),en of elements from
A, there is an element b € B, so that b N A" is infinite for each n € N.

Games associated to the previous two selection principles are the following.

G1(A,B). Two players, I and II, play a round for each positive integer. In m!
round, m € N, the player I plays a sequence A™ € A, and the player II plays an
element b,, € A™. II wins the play A, by; A% bo;. .. if and only if b = (b,) € B.

The symbol G, (A, B) denotes the following infinitely long game for two players, I
and II, who play a round for each natural number n. In the first round the player I plays
an arbitrary element A' € A, and the player II chooses a subsequence A"V j € N,
of the sequence A'. At the k™" round, k& > 2, the player I plays an arbitrary element
A* € A and the player II chooses a subsequence A™) of the sequence A*, such
that A™) N A»0) = () is satisfied, for each p < k — 1. The player II wins the play
AL AMG), AR ATEG): L if and only if all elements from Y = Ugen Ujen A0 form
a subsequence y € B.

Note that if IT has a winning strategy (even if I does not have a winning strategy)
in a game defined above, then the corresponding selection principle holds.

Note that in the paper [5] it is proven that the player IT does not have a winning
strategy in the game G1(Tr(SVy), Tr(SVy)).

h

2. RESULTS

Proposition 2.1. Ifc€ S, d €S and ¢ Xdasn — +oo holds, then ¢ € Tr(Reos)
and d € Tr(Ruo.s)-

Proof. Let ¢,d € S and ¢ & d as n — +oo hold. Therefore, for A = 1, it holds

lim,, 4o C’;lzl = 400 and lim,,_, d’gf = 4o00. For A > 1 it holds lim,, ., 6[27:"] =
. Dan | A4n-1 | dna1 ) .
lim,, o (d[mnl s - > = +oo for each A € [k,k+ 1), k=25, s e N. It
means, for A\ = 2, lim,,_, sz = lim, ;0 (sz: . %) = +00. Therefore, 00 =
2 2
lim oo (255 252) = oo (%52)° = (lmeoe 522) . Thus, lim, o 52 =
400, so for each A > 1, lim5_>+ooc[z—:‘°’] = +o00 holds. Therefore, ¢ € Tr(Rus)-
Analogously we prove that d € Tr(Ry ). OJ

oy . tr . . . oy .
Proposition 2.2. The relation ~ is a reflexive, symmetric and nontransitive relation

in Tr(Res).

Proof. 1. (Reflexivity) According to Proposition 2.1, from ¢ X dasn — +oo it follows
¢,d € Tr(Rxs). The asymptotic relation lim,,, C[Z—:"] = +00 holds for each A > 1

in the class T7(Ra.), thus ¢ < ¢ as n — 400,
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2. (Symmetry) According to the definition of X, symmetry holds.
3. (Nontransitivity) The following example shows that the relation is not transitive.

Consider the sequences ¢, = (n — 1)!In(n + 1), d, = n! and e, = IEIT(L:;)I!), n e N. It

holds ¢ & d, dX easn— 400, but ¢ X e does not hold as n — +oo. O

Proposition 2.3. Let ¢,d € S. If ¢ z d, then c ~ d as n — 400.

Proof. Let ¢,d € S and ¢ L dasn — +oo. According to Proposition 2.1 it follows
¢,d € Tr(Rus) G Roos. Therefore, lim, o0 % = lim,,, 00 25 = 400 holds. It

d
. . _ Cn+41

follows lim,,_s o0 C[d*:] = lim,,_, o0 (C[CA[;"]I . 21:; ;Jr ) = 400 for A > 1. Analo-
n

gously it can be proved that lim,,_, d?n"] = +00 holds for each A > 1, thus ¢ ~ d as
n — +oo holds. O

Proposition 2.4. Let TS = Tr(SV,), x € MX®. Then it holds x ~ ¢ as n — +00
(~ is the relation defined by lim,, o T = 1). Also, MES C Tr(SVy) holds.

Proof. Let x € MCTS . Therefore, it holds ¢, < x, < ¢,41 for each n € N. It means
that 1 < limy, 400 2 < limy 400 szl =1, thus ¢ ~ z as n — +o0o. Thus, M5 C [¢]
([c]~ is the class of strong asymptotic equivalence, generated by the sequence c). It
follows ¢ € MZ% holds (¢ € Tr(SV,)). So, if # € MTS, then x € [c]. and thus
Zy, = hy - ¢,, where for the sequence h = (h,), n € N, h — 1 holds as n — +oc.
Therefore, it holds lim,, ‘T;:l = 1, which means = € Tr(SV5).

The sequence d = (d,), n € N, given by d,, = ¢p41 + + as n — 00, belongs to
the class Tr(SV,) and it does not belong to the class MX®. It holds also d € [c].. It
means that M2° C [c]. € Tr(SV;) holds. O

Proposition 2.5. The player 11 has a winning strategy in the game G1(MIS, MTS).

Proof. Let m € N. In m*™ round the player I chooses an element A™ € M. Then
IT chooses an element y,,, € A™, m € N. It holds ¢, < Ym < a1 < Yma1 < Cao, for
m € N. Therefore, 1 < y’;” L Gmt2 = Imd2  Emtl and limy, s goo y’;—“ =1 hold. Hence,

Cm Cm+1 Cm

y € Tr(SV,) and it holds ¢,, < Ym < Cmy1, 50 y € MIS, O
Corollary 2.1. The selection principle S;(MX5 MIS) holds.

Proposition 2.6. The player 11 has a winning strategy in the game G o, (MIS MT5).

Proof. (m'™" round, m > 1) Take a sequence p; < ps < --- of prime numbers. In
m' round the player I chooses the sequence A™ € M2 and the player II chooses a
subsequence A" of the sequence A™, so that k,,(n) = p?, for n € N. Consider the
set Y = Upen Uneny A% of positive real numbers. We can consider this set as the

subsequence of the sequence y = (y;), ¢ € N, given by
{Akm("), if i = k,,(n) for some m,n € N,
Yi =

i, otherwise.
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By the construction of the sequence y, we have that y € S, y ~ c as i — o0,

< yi < ¢y for i € N. Therefore, y € MX Also, y N A™ has infinitely many
elements for each m € N. This means that II wins the play A!, AF1(); A2 Ake(0)
i.e., IT has a winning strategy in the game G, (MZ® MT9). O

Corollary 2.2. The selection principle ao(MLS MTS) holds.

Consider now an important subclass of R .

Let ¢ € Roos. Therefore, it holds lim,, _, = = A > 1. It follows from (1.1),
¢An] C[An] 0n+1

because -2 = —=t— ... holds for n € N large enough. On the right side there

n Clan]—1
are [An] —n, n € N, factors which tend to 400 as n — 4o00.
Cn41

The class of rapidly varying sequences which satisfy the relation lim,_, . =5 =

A > 1, A € R, we will denote by RTE and the class of rapidly varying sequences

00,8

which satisfy the relation lim,, o C’Zl =1 by RT*?S. We see that

RIFURLY C Ry, RIS, CTr(SVs) and RLE CTr(RV,),

00,8 -+ 0,8 -+ 0,8 -~

where Tr(RVj) is the class of translationally regularly varying sequences in the sense
of Karamata (see, e.g., [5]).

Ezample 2.1. The sequence (c,) = ("), n € N, is an element of the class R1" and
the sequence (d,) = (eV™), n € N, is an element of the class RIS,
Proposition 2.7. Let TRV = RI x = (2,), n € N, and x € MV Then x,, < ¢,

as n — 400 (X is the relation defined by 0 < liminf, ;o 7 < limsup £* < +00).
Also, MIEY C R .

Proof. Let c € RZOI?S =TRV,ce€ MCTRV and for the sequence z it holds ¢, < x,, < ¢,41
for n € N. It means that for some A € R, it holds

. Cn+1
lim
n—-+o0o Cn,

=A< +oo.

T T
1< lim, oo — < limy, 00— <
n C'I’L

Hence, ¢ < x as n — +oo. Thus, MI®V C [c]- ([c]= is the class of weak asymptotic
equivalence generated by the sequence c¢). It holds that ¢ € MI®V ¢ € Ry ,. If
r € MRV then z € [¢|~ and z,, = h,, - c,, and for the sequence h = (h,), n € N, it
holds 1 < lim,,_, , ,ohy, < limy, 4 oohy < A < +00. Thus, for A > 1,

hmnHH)OZE[A | > himn%JrooM 1 mn%JrooC[/\ ] _ 1 . (+OO) — 400
n n C?’L
holds. The last means that x € Ry, s so MIRV C {c}- € Ry . O

Proposition 2.8. The player I1 has a winning strategy in the game Gy (MEEYV MIEV),

Proof. Let m € N. In m'™ round I chooses an element A™ € MIZV. TI chooses
an element y,, € A™ m € N. Thus, we get the sequence (y,,). Therefore, for
each m € N ¢, < ym < st < Yms1 < Cmg2, SO0 1 < yTy”“ < &2 Tt follows

Cm
< lim,, +ooy;’:1 limy, 4 o0 11Ir1n_>+ooc’”jr2 llmn_>+ooc’§;1 A-A= A% and

for each m € N, ¢, < ym < ¢np1- Hence, y € MZRV- U

Ym+1
m



264 V. TIMOTIC, D. DJURCIC, AND M. R. ZIZOVIC

Corollary 2.3. The selection principle S;(MI® MIEV) holds.

Proposition 2.9. The player II has a winning strateqy in the game
G (MTRV MTRV)
a2 c ’ c .

Proof. (m!" round, m > 1) Let p; < py < --- be a sequence of prime numbers. In m®

round I chooses the sequence A™ € M ?V and II chooses a subsequence A of the
sequence A™, so that k,,(n) = p?, for n € N. Consider the set Y = U,y Upery A% ™
of positive real numbers. This set we can consider as the subsequence of the sequence
y = (y:), i € N, given by

B Abm(®) - if § = K, (n) for some m,n € N,
i Ci, otherwise.

By the construction of the sequence y, we have that y € S, y; < ¢; as 1 — 400,
ci < y; < cipq for i € N. Therefore, y € MIEV.  Also, y N A™ has infinitely
many elements for each m € N. This means that II wins the play A', AM().
A% Ak (). Am AR In other words, I has a winning strategy in the game
G Y M), 0

Corollary 2.4. The selection principle ao(MIEY MIEVY) holds.

Remark 2.1. In Propositions 2.8 and 2.9, and in Corollaries 2.3 and 2.4, improvements
of some results from [3] are given.

Remark 2.2. Propositions 2.5, 2.6, Corollaries 2.1 and 2.2 hold also for the class
RTS C Tr(SVy).

00,8 +

A sequence x = (x,) € S is said to be logarithmic rapidly varying, with base 2,
if (logy ), n € N, is an element of the class Ry s (see, e.g., [6]). The class of all
logarithmic rapidly varying sequences is denoted by Lo(Rws). It holds Lo(Rys) €
R s.

Proposition 2.10. Let z,y € Sy and x ~y asn — +00. If v € Ly(Ry ) holds, then
Yy < Lg(Roo,s).

Proof. Let sequences x,y € S; be given, and let the sequence (log, z,), n € N, be
rapidly varying. Define the functions f(t) = zy and g(t) = yp, t > 1. Therefore,
it holds f(t) ~ g(t) as t — +oo, and log, f(t) is rapidly varying function. The

logy gO) ~ logy (A5 )
og29(1) " 1og, (f(A5 1))

t — 400, for each A > 1. For ¢ large enough, g(t) < f(A3 -t) and f(A3 - t) < g(At)
hold for A > 1. Therefore, log, g(t) = h(t), t > 1, belongs to the class R, s and hence
(logy Yn) € Reos- O

functions f and ¢ are also nondecreasing. It holds — +00 as

Corollary 2.5. Proposition 2.10 holds when z, ~ y, as n — +00.



[1]

ON RAPID EQUIVALENCE AND TRANSLATIONAL RAPID EQUIVALENCE 265

REFERENCES

N. H. Bingham, C. M. Goldie and J. L. Teugels, Regular Variation, Cambridge University Press,
Cambridge, 1987.

D. Djurci¢, N. Elez and Lj. D. R. Koc¢inac, On a subclass of the class of rapidly varying sequences,
Appl. Math. Comput. 251 (2015), 626-632.

D. Djuréié, Lj. D. R. Ko¢inac and M. R. Zizovi¢, Some properties of rapidly varying sequences,
J. Math. Anal. Appl. 327(2) (2007), 1297-1306.

D. Djurci¢, Lj. D. R. Koéinac and M. R. Zizovi¢, Rapidly varying sequences and rapid convergence,
Topology Appl. 155 (2008), 2143-2149.

D. Djurci¢, Lj. D. R. Ko¢inac and M. R. Zizovié¢, A few remarks on divergent sequences: Rates
of divergence, J. Math. Anal. Appl. 360 (2009), 588-598.

D. Djuréié, Lj. D. R. Ko¢inac and M. R. Zizovi¢, A few remarks on divergent sequences: Rates
of divergence II, J. Math. Anal. Appl. 327 (2010), 705-709.

D. Djurci¢ and A. Torgasev, Some asymptotic relations for the generalized inverse, J. Math.
Anal. Appl. 325 (2007), 1397-1402.

N. Elez and D. Djurci¢, Some properties of rapidly varying functions, J. Math. Anal. Appl. 401
(2013), 888-895.

Lj. D. R. Kod¢inac, «y-selection principles and games, Contemp. Math. 533 (2011), 107-124.
S. Matucci and P. Rehak, Rapidly varying sequences and second-order difference equations,
Math. Comput. Model. 14 (2008), 17-30.

S. Matucci and P. Rehak, Rapidly varying decreasing solutions of half-linear difference equations,
Math. Comput. Model. 49 (2009), 1692-1699.

F. Rothberger, Eine versharfung der eigenschaft C, Fund. Math. 30 (1938), 50-55.

E. Seneta, Functions of Regular Variation, LNM 506, Springer, New York, 1976.

V. Timoti¢, D. Djur¢i¢ and R. M. Nikoli¢, On slowly varying sequences, Filomat 29(1) (2015),
7-12.

J. Vitovec, Theory of rapid variation on time scales with applications to dynamic equations,
Arch. Math. (Brno) 46 (2010), 263-284.

IDEPARTMENT FOR MATHEMATICS, PHYSICS AND COMPUTER SCIENCE,
UNIVERSITY OF EAST SARAJEVO,

ALEKSE SANTICA 1, 71420 PALE, BOSNIA AND HERZEGOVINA

Email address: valentina.ko@hotmail.com

2DEPARTMENT FOR MATHEMATICS,
UNIVERSITY OF KRAGUJEVAC,

SVETOG SAVE 65, 32000 CACAK, SERBIA
Email address: dragan.djurcic@ftn.kg.ac.rs
Email address: zizovic@gmail.com



	1. Introduction
	2. Results
	References

