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HARTOGS-BOCHNER EXTENSION THEOREM FOR CR-FORMS
ON UNBOUNDED DOMAINS

SOUHAIBOU SAMBOU!, SHABAN KHIDR?*?, AND SALOMON SAMBOU*

ABSTRACT. We establish some generalizations of the Hartogs-Bochner phenomenon
for C'R-forms on the boundary of unbounded domains in complex manifolds. These
extension results are characterized in terms of the vanishing of the associated 0-

cohomology groups with prescribed supports, considered in various function spaces,
including €, L  and Gk,

loc?

1. INTRODUCTION

A characteristic feature of the theory of functions of several complex variables
is the phenomenon of holomorphic extension from a given domain to a larger one.
This phenomenon was stated at the beginning of the twentieth century and was later
formulated in terms of C'R functions, in the 1940s. The first example illustrating this
phenomenon is the well-known Hartogs theorem: any function that is holomorphic
on a neighborhood of the boundary of a ball in C*, n > 2, admits a holomorphic
extension to the interior of the ball. A stronger result is the so-called Hartogs—Bochner
extension theorem, established by Bochner [5], which asserts that if 2 is a bounded
domain in C", n > 2, with €*° connected boundary b2, then any function f € €>(bQ2)
satisfying 0,f = 0 extends holomorphically to  and smoothly to Q. Since that
time many versions and generalizations of the phenomenon have appeared either for
bounded domains in Stein manifolds or for unbounded domains in complex manifolds,
see e.g., [7,12,13,18]. For the latter kind of domains, the phenomenon is not always
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true and a geometric characterization of the obstacles has been studied. It follows
that the vanishing of groups of the Dolbeault cohomology is a crucial element.

In [22] and [23], Lupacciolu linked the problem of extending C'R functions to the
vanishing of the d-cohomology group of (0, 1)-forms with supports in a paracompacti-
fying family ® in a non-compact connected complex manifold X, denoted by He' (X).
This family generalizes the phenomenon to not necessarily compact domains in X.
Under the assumption Hg’l(X ) = 0, the author proved the Hartogs-Bochner extension
phenomenon for a domain D with C* connected boundary in X such that D € ¢ for
smooth C'R-functions.

This result was later proved by Khidr and Sambou [15], by using a slightly different
approach inspired by ideas of Chirka and Stout [10], in the case where ® is a cofinal
paracompactifying family of supports. In that paper, geometric conditions ensuring
the vanishing of Hy'(X) were established, in particular for Stein manifolds. Particu-
larly, it was shown that the Hartogs-Bochner extension phenomenon for smooth C'R
functions is equivalent to the vanishing of Hy'(X) (see [15, Proposition 2.6, Theorems
2.8 and 2.9]). These results have been generalized to LZ,. C'R-functions in [16].

For the case of C'R-forms, the existence of O-closed extension depends on the ¢-
convexity of the domain, as shown by Kohn and Rossi [17] and by Andreotti and
Hill [2,3]. In particular, Kohn and Rossi [17] established the existence of such d-closed
extensions for domains whose boundaries satisfy the condition Z(n — g — 1), with
g < n—1. Their technique relies on solving the 9-Neumann problem and on boundary
regularity of its solutions.

Thus, it is natural to ask whether our results in [15] and [16] can be generalized
to C' R-forms of higher degree. In the present paper, we address this question. More
precisely, our main objective is not only to establish an isomorphism between the
cohomology groups H, ;’TL&C (X) and HL" (X)), but also to provide geometric charac-

® cur
terizations of X and ® that ensure the J-closed extension of C'R (I, r)-forms, either of
class € or with L -coefficients. The method we use to prove the J-closed extension
of C'R-forms is essentially the same as that we employed in [15] and [16] to establish
holomorphic extension of C' R-functions. However, for » > 1, there is no longer a direct
equivalence between the J-closed extension of CR (I,r — 1)-forms and the vanishing
of the d-cohomology group of (I,7)-forms with supports in ®. To obtain the desired
equivalence, additional assumptions are required, such as cohomological invariance.
In particular, we show in Theorem 1.1 below that this equivalence still holds provided
we further assume that the d-cohomology group of (I, — 1)-forms on the complement
of the closure of the domain is trivial. We also give a geometric characterization,
stating geometric assumptions for domains having Hé;T(X ) = 0, see Theorems 1.2
and 1.3. These results generalize the Hartogs-Bochner phenomenon from functions to
higher-degree C R-forms, providing a general cohomological characterization.
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We begin with recalling the definitions and fixing the notations. Let X be a complex
manifold of complex dimension n. Following [8], we recall that a family ® of closed
subsets of X is called a family of supports if it satisfies the following conditions.

(1) f Ae &, A} C A, and A; is closed in X, then A; € ®.
(2) If Ay, Ay € @, then A U Ay € .

A family of supports ® is said to be paracompactifying if, in addition, it satisfies
the following two conditions.

(3) If A € @, then A is paracompact.
(4) If A € @, then A admits a closed neighborhood that also belongs to ®.

Most important examples of paracompactifying families of supports are the col-
lection of all compact subsets of X, the family of all closed subsets of X, and, if Y
is a closed subset of X, the set of all closed subsets contained in X \ Y. All these
families are cofinal in the sense of Chirka and Stout [10], i.e., there exists a sequence
C; € ® such that each C' € ® is contained in some C;. To keep the nice properties of
the considered topological vector spaces, we restrict our attention to paracompactify-
ing families with cofinal sequences. In fact, by considering cohomology groups with
supports in a given family, we can pass from cohomology groups theory on X to
cohomology groups theory on subsets of X, with suitably related families of supports.

Let 0 <! <nand 1 <7 <n. Denote by E(X) the space of (I,r)-forms of class
€ on X. The associated d-cohomology group is denoted by H"(X). €47 (X) stands
for the space of C*-forms of type (I,7) on X with supports in ®. For ¢ € ®, we
denote by EQ;T(X ) the subspace of &7(X) consisting of (I,r)-forms supported in ¢.
Then,

&3 (X) = J &y (X).
ped

Each of the spaces SfZ;T(X ) is closed in 47 (X), they are then Fréchet spaces and the
topology on &5"(X) is the finest topology for which the inclusions 8;:()() — &b(X)
are all continuous. In this way, EQI;T(X ) is exhibited as the strict inductive limit of
the sequence {8;:()( )}52, of Fréchet spaces. The space e (X) is a locally convex,
Hausdorff, complete topological vector space. In general, it is not metrizable.

The d-operator carries €5 (X) continuously to &5 (X). Let Z5(X) be the sub-
space of all d-closed forms in &5 (X). The d-cohomology group with support in ® is
then defined as the quotient space

Hy' (X) = 24/ (X) /985 (X).

This group is equipped with the quotient topology which in general is not Hausdorff.
Cohomology group for (I,r)-forms with coefficients in €% is defined similarly and

denoted by H é;rek (X). The cohomology group of forms in (X)) supported in Y € ®

is denoted by HL'(X). The space of currents of bidegree (I,7) on X is denoted
as usual by D(X). We denote by D" (X) the subspace of D" (X)) consisting of
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currents whose supports belong to ®. By duality 0 extends to a map from @g;r(X )
to @fllf“(X ). Cohomology groups for currents with supports in ® is defined as the
quotient space

Hglo\r (X) = 247 (X)/0DG" ™ (X).

Let Q C X be a domain with smooth boundary bQ2. For p > 1, denote by (L )4 (Q)
the subspace of D" (Q) consisting of (I, 7)-currents with coefficients in L} () en-
dowed with the topology of LP-convergence on compact subsets of ). The associated

Dolbeault cohomology groups with supports in ® is denoted by H fI;TLp (X).
"loc

We now state the main results, which relate the vanishing of d-cohomology groups
with prescribed supports to Hartogs-Bochner type extension phenomena for C'R-forms.

Theorem 1.1. Let X be a non-compact complex manifold of complex dimensionn > 2
such that H""(X) =0 for 0 <1 <nand 1 <r <n. Let ® be a paracompactifying
family of closed subsets of X that does not contain X. Let D C X be a domain with
C>-smooth, connected boundary so that D € ®. Suppose further that H*"~1(X \ D) =
0. Then, the Hartogs-Bochner phenomenon for CR (I,r — 1)-forms of class C* is
equivalent to the vanishing

HY'(X) =0.

Theorem 1.2. Let X be a Stein manifold of complex dimension n > 2. Let ® be
a paracompactifying family of closed subsets of X that does not contain X. Assume
that ® satisfies the following condition: for all K € ®, exists K € ® with K C K

such that X is a generalized q-concave extension of X \ K and H"(X\ K) = 0. Then,
Hy' (X)=0foralll<r<gq-—1.

Theorem 1.3. Let X and ® be as in Theorem 1.2. Let D C X be a domain with a C*°-
connected boundary bD such that D € ®. Assume that H"""*(X \ D) =0, 0 <[ < n,
1 <r <mn, and for any form f € ker(0y) N EX"~1(bD), with prescribed support in ®,
there is a form F € ker(d) N € ~Y(D) such that Fiyp = f, then Hg (X) = 0.

Theorem 1.4 (Hartogs-Bochner extension theorem). Let X and ® be as in The-
orem 1.2. Assume moreover that X is a generalized q-concave extension of X \ K
for all K € ®. Then, the Hartogs-Bochner extension phenomenon holds true for
(I,7 — 1)-forms with LY .-coefficients for all 1 <r < gq—1.

2. IsOMORPHISM RESULTS

or (X)) called
the Dolbeault isomorphism. What can be said about the natural map between

We know that there is a natural isomorphism between H"(X) and H."

H (lI;er (X) and HY. (X)? It was indicated in [21] that the cohomology groups
’loc ’
HY (X), HY , (X), HE..(X) and H}",. are isomorphic. Our first objective is to
»loc ’ ’

give a clear proof of this result, by using Chirka’s theory [9].



HARTOGS-BOCHNER EXTENSION THEOREM 959

Theorem 2.1. Let X be a complexr manifold of complex dimension n. Then, for all
0<I<n, 1<r<n—1,1<p< 400, the natural map

HY o (X) = Hy W (X)

<I>,Lf) P cur
oc

is an isomorphism.

Proof. For each ¢ > 0, Chirka [9] defined the following linear regularizing operators
R.: D"(X) = (X)), A :D"(X)—= D" HX), 0<I<n,1<r<n,
with the following properties.
(1) The supports of R.T and A.T are contained in some e-neighborhoods of the
support of T for all T' € DP1(X).
(2) R.T — T and A. T — 0 weakly as ¢ — 0.
(3) R.T € &'(X). A. maps continuously (L}
EL(X) into EMTL(X). B
(4) For all T € D'P%(X), we have the 0-homotopy relation

(2.1) T — R.T = 0A.T + A.0T.
(5) OR.T = R.OT.

We proceed now to show that the natural map is an isomorphism.
Injectivity. Let [h] € H (lI;TLp (X) be such that its range belongs to the null class
loc

of Hé;fcw(X). Then there is a (I,7 — 1)-current S supported in ® so that S = h.
From (2.1) and by continuity of A, on (L} )""(X), we deduce that h = d(R.S + A.h)
and (R.S + A.h) € (LE )b (X) with support in an e-neighborhood of the support of
h, for € > 0 small enough. By definition, the support of (R.S + A.h) belongs to ®.

loc
- . lr
Therefore, [h] = [0] in H Ly

(X). This proves the injectivity of the natural map.
Surjectivity. Let [h] € H(ZI;TCW(X), we have Oh = 0. Then, by (2.1), we have
h — R.h = OA.h, where R.h € (X)) C (L2 )4)(X), Ach € DV~1(X) and their
supports are in some e-neighborhood of the support of h. For € > 0 small enough,
the supports of R.h and of A.h are in ®. Then, [h] = [R.h] in HY',, (X). Thus, the

(P’Lfoc
natural map is surjective. 0

(X)

(X))o into (LP

loc

(X))b~1 and

(X) is isomorphic to H."

lr
Remark 2.1. Analogously, one can show that H &

P, cur

using CF-estimates for 9, see e.g., [4] or [14].

For an open set Q C X, the space H br(Q)) denotes the 0-cohomology group of
extendable (I, r)-currents on .

Corollary 2.1. Let X be a complex manifold of complex dimension n > 2. Let
D C X be a domain so that D € ®. Assume for all0 <1 <n and1<r <n—1 that
HY'(X) =0 and H"Y(X \ D) = 0. Then,

HY(X)=0, HY ,(X)=0 and HY

D D,LY D,ck

(X) = 0.
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In addition, if D cC X, D = D, then FI“(D) =0.

Proof. Let f € 8%()() with 0f = 0. Since Hy (X) = 0, there is a form g € &Y (X)
such that dg = f. Then, supp(f) C supp(g) and 5g|X\Supp(g) = 0. If supp(g) C D,
then H%T(X) = 0. Otherwise, we have dg x5 = 0 leads to dgx\p = 0. It r =1, we
have H%’l (X) = 0 by [16, Corollary 1]. For r > 1, since H*"~}(X \ D) = 0, then there
exists a form u € E"72(X \ D) such that Ou = g. Extend u to @ on D. Thereby,

_ | 04, on D,
9= g, on X\ D,
is 0-closed on D and the form § = g — § is supported in D. We further have 0§ = f

in X, and hence Hg(X) = 0.
By analogy, we can show that

Eﬁ{M%LX)::O and  Hy o, (X) = 0.
The additional statement follows as in [24]. O

3. EXTENSION OF C R-DIFFERENTIAL FORMS

In this section, we give the proof of Theorem 1.1, and then we give some conse-
quences. We first recall the notion of C'R-forms.

Definition 3.1. Let S be a real hypersurface of an n-dimensional complex manifold
X. Let 1 € [0,n] and 7 € [0,n — 1]. A form f € E7(S) is called CR-form if r =n — 1
or if r € [0,n — 2] and

AfAéwza

for all (n —1I,n —r — 2)-form ¢ of class €*(X) such that S N supp(y) is compact.
This is equivalent to d,f = 0 on S (see [1]).

Remark 3.1. Thanks to [6, p. 147, Theorem 2], Definition 3.1 is also equivalent to
saying that a form f € 817’”(:51) is called CR if it admits a C* extension f to a
neighborhood of S such that df vanishes to infinite order on S.

Definition 3.2. Let D C X be a domain in a complex manifold X. The pair (X, D)
is said to have the C>-Hartogs-Bochner extension property for (I, r)-forms if: for any
CR-form f € &'"(bD) there exists a form F in (D), d-closed in D, and F,p = f.

Examples of manifolds enjoying the Hartogs-Bochner extension property are (n—1)-
complete manifolds and (n — 1)-strictly-hyperconvex Kéhler manifolds, n > 2, see e.g.,
2,3] and [11].

We now turn to the proof of Theorem 1.1.
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Proof of Theorem 1.1. Let f be a CR (I, — 1)-form of class C* on bD. By definition,
f can be extended to a €® (I,r — 1)-form f on X such that 0f vanishes to infinite
order on bD. Let x5 be a characteristic function of D and set g = Xﬁé f. Then, g is a
d-closed (1, r)-form of class @ with support in D. Suppose Hé;T(X) =0, since D € P,
there is a (1,7 — 1)-form u of class € on X such that du = g and K = supp(u) € ®.
We have D C K which leads to X \ K C X \ D. We have dujy\5 = 0. Forr =1, f
is a C'R function of class C* on bD and we assume that its support is not compact,
then according to [15, Proposition 2.6], there exists a function F € €*(D) N O(D)
such that Fj,p = f.

For 7 > 1, since H""~}(X \ D) = 0, then there exists a form h in " "2(X \ D) so
that Oh = u. Let h be an extension of class € of h to D. Put @ = u — gﬁ, we then
have @pp = 0. Take F' = f—a. Itisa (I,r —1)-form, d-closed on D, of class €
on D, and Fj,p = f. The smooth extension therefore takes place for any unbounded
domain D with boundary of class € such that D € ®.

Suppose now that the smooth extension takes place for any unbounded domain D
with boundary of class € such that D € ®. Let [h] € HY (X). Since H"(X) =0,
by assumption, there is then a form g € €-"~1(X) such that dg = h. As supp(h) € ®,
by definition, there is an open neighborhood, denoted also by D, of supp(h) with
smooth boundary bD of class € such that D € ®. Since supp(h) C D, we have
59)(\5 = hX\5 = 0 and hence 9,g = 0 on bD. Therefore, by hypothesis, there exists a

(1,7 — 1)-form G of class € on D, d-closed in D, such that Gpp = g. For r = 1, due
to [15, Theorem 2.9], we get Hg'(X) = 0. For r > 1, since H*"~1(X \ D) = 0, there
exists a form u € €""2(X \ D) such that u = g in X \ D. So, the form

_ | G, onD,

9= Ou, on X \ D,

is a 5—_(:losed_(l, r — 1)-form on X and the form § = g — g is supported in D. We then
have 9§ = dg = h on X. This means that [h] = 0 in Hy (X). We therefore have
HY(X) = 0. O

As a consequence of Theorem 1.1, we have the following corollary.

Corollary 3.1. Under assumptions of Theorem 1.1, the Hartogs-Bochner extension
phenomenon for C'R-smooth forms is equivalent to

Hl,?” (X) — Hl,’f‘ (X) — Hl,’l“

P,Ck LY @,cur

(X) = 0.

Proof. From Theorem 1.1, we see that the Hartogs-Bochner extension phenomenon for
C' R-forms is equivalent to Hy"(X) = 0. It follows from Proposition 1.2 in [20] that the
cohomology groups H. é;’"( X) and H LZI;’TL%DM (X) are isomorphic to each other. In addition,
from Theorem 2.1, the cohomology groups H gfek (X), HfI;TLp (X) and HfI;TCW(X ) are
isomorphic. Therefore, the Hartogs-Bochner phenomenon for C' R-forms is equivalent
to Hy o (X) = Hy,p (X) = H,,.(X) =0. O

®,Ck — Horr
oc
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Remark 3.2. Theorem 1.1 remains valid if X is a Stein manifold.

Proceeding as in the proof of Theorem 1.1 and using auxiliary results from [16] and

[20], we state the L .(X)-version of Theorem 1.1 as follows.

Theorem 3.1. Let X, ® and D be as in Theorem 1.1. Assume that H” "X\ D) =
0 forall0 <1 <n, 1 <r<mn,p>1. Then, the Hartogs- Bochner extension

phenomenon for CR-forms with coefficients in L1, .(bD) is equivalent to H(ZI)TLP (X) =
0.

In a similar manner, we have a C¥-version of Theorem 1.1.

Theorem 3.2. Let X, ®, and D be as in Theorem 1.1. Suppose that Hé’gfl(X\ﬁ) =0,
0<i<n,1<r<nandk>0. Then, the Hartogs-Bochner extension phenomenon
for CR-forms with coefficients in C*(bD) is equivalent to Hfbrek (X)=0.

4. VANISHING CONDITIONS OF HE'(X)

If X is a Stein manifold, one can ask whether there exists a paracompactifying
family ® of closed subsets of X that does not contain X such that H(ZI;T(X ) =07?.The
answer is yes, thanks to the following example.

Example 4.1 (see [24]). Let X be a Stein manifold and ¢ be a strictly g-convex
exhaustion function. Take ® a paracompactifying family containing all the closed
subsets D, = {x € X | ¢¥(2) < ¢, ¢ € R} without X, then Hg’;(X) = 0 for all
1<r<q.

In this example, the elements of ® are either the closure of the sublevel D, or their
closed subsets. If f is a € differential (,r)-form with support in D € ®, then f has
a support in some D.. As X is Stein, there is a €* a (I,7 — 1)-form g on X such
that Og = f. The form g is d-closed on X \ D, and by Hartogs’ phenomenon it is the
restriction of a d-closed-form § on X. The form g — § is then € and moreover solves
the d-equation with support in D, i.e., supp(g — §) € ®. This proves the vanishing
of the cohomology group Hy (X).

Proof of Theorem 1.2. Let [f] € HY"(X), then df = 0, so there is v € €-""1(X) such
that Ou = f. Let K = supp(f), then there exists K € ® with K C K such that X
is a generalized g-concave extension of X \ K. According to [19], the restriction map
H“(X) — HY(X \ K) is an isomorphism for 0 < r < ¢ — 1. Since 5u‘X\K =0, we
have 5U‘X\;( = 0. If r = 1, then thanks to Theorem 3.2 in [15], we have Hg'(X) = 0.
If » > 1, since H” X\ ) = 0, then there exists a (I,7 — 2)-form h of class GOO

defined on X'\ K such that dh = u. Let h be an extension of class € of h to K.
Let @ = u — Oh. This is a (I,7 — 1)-form of class C* on X and supp(a) C K, s
supp(ﬂ) € ®. Also, 9t = f. Thus, Hy (X)=0forall1 <r < ¢ —1. D
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Corollary 4.1. Under assumptions of Theorem 1.2, we have

lr Lr lr
Hq),@k (X) = H<1>7Li"DC(X) = H@,CUT(X) = 0.
Proof. By Theorem 2.1, the cohomology groups H5"(X), Hé;rek (X), HfI;TLp (X) and
’ loc
Hé;’:cur(X ) are isomorphic. Further, by Theorem 1.2, we have Hy (X) = 0. Then, we
obtain Hy' o (X) = HY \» (X) = HY,,.(X) = 0. O
’ loc ’

Proof of Theorem 1.3. Let [f] € H5 (X), then [f] € H""(X) = 0. This means that
there is a form g € €-"~1(X) that solves the equation dg = f. Let K = supp(f), we
have 59}(\1{ = 0. By the definition of ®, there exists D; an open neighborhood of
K such that D, € ®. Choose D, an unbounded domain with boundary of class €
such that Dy € ® and D; C Dy. We have X \ Dy # ) because X does not belong to
®. We have 5g|X\52 — 0 because X \ Dy C X \ K and therefore d,g = 0 on bD,. By

hypothesis, there is G € E"1(D,), d-closed in Dy such that Gpp, =g. Forr =1, f
is a C'R function of class €* on bD whose support is not compact, there is a function
F € O(D)Ne>(D) such that Fjyp = f. Then, according to Proposition 3.4 in [15], we
have Hy'(X) = 0. For r > 1, since H*"~1(X \ D,) = 0, there exists a (I, — 2)-form
u of class € defined on X \ D, such that du = g. Let us pose

. [ ou, on X\ Dy,
G, on EQ,

and § = g — g. Thus, g is a (I,r — 1)-form of class €> with support in Dy, € .

Moreover 9§ = f on X. Therefore we have H (X) = 0. O

Proof of Theorem 1.4. By virtue of Theorem 1.2, we have Hé;r(X) = 0, and hence

H (lI;er (X)=0. Let D C X be a domain with connected boundary such as D € ®.
"loc

Let f be a CR-form of bidegree (I,r — 1) with coefficients in L (bD). Let f be

R e loc
an extension of f with coefficients in L} (D) such that df is a form of bidegree
(I,7) with coefficients also in L}

be(X). Let us pose g = x(D)of, g is a (I,r)-form
with coefficients in L} (X) and with support D € ® and dg = 0. Since we have

H(ZI;TLp (X) = 0, there exists a (I, — 1)-form n with coefficients in L}, .(X) such that

loc

On = g and supp(n) € ®. We have 5an\5 =0. Forr =1, f is a CR function with
coefficients in LY (bD) and we assume that its support is not compact, by Theorem 3

in [16], we can find a function F € O(D) N L}, (D) such that Fj,p = f. Suppose now

loc

r > 1. From Proposition 1.1 in [20], H""(X) is isomorphic to Héz (X), therefore
loc
H'(X\D) is isomorphic to Hyp (X\D). Since X is a generalized g-concave extension
loc
of X \ D, then the restriction map H%Z (X) — Hk; (X \ D) is an isomorphism for
loc loc

0 <r < g—1and hence H(lI;TLp (X\ D) = 0. Since 577‘)(\5 =0, there is a (I,r —2)-form
loc
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A with coefficients in L2 (X \ D) such that O\ = 7. Let

5\_ )\, On)(\b7
~ 10, onD,

and 77 = 1 — O\, we have 7jpp = 0. Let F' = f—n Ttisa (I,r — 1)-form with
coefficients in L, (D), d-closed on D and Fjyp = f. O
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