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N-CUBIC SETS APPLIED TO LINEAR SPACES
P. R. KAVYASREE!* AND B. SURENDER REDDY!

ABSTRACT. The concept of N-fuzzy sets is a good mathematical tool to deal with
uncertainties that use the co-domain [—1,0] for the membership function. The
notion of N-cubic sets is defined by combining interval-valued N-fuzzy sets and
N-fuzzy sets. Using this N-cubic sets, we initiate a new theory called N-cubic linear
spaces. Motivated by the notion of cubic linear spaces we define P-union (resp.
R-union), P-intersection (resp. R-intersection) of N-cubic linear spaces. The notion
of internal and external N-cubic linear spaces and their properties are investigated.

1. INTRODUCTION

The classical set theory failed to handle uncertain, vague and clearly not defined
objects because of its limitation to a bivalent condition which is precise in character
- an element either belongs or does not belong to the set. As it is well known that
Zadeh [19] pioneered the study of fuzzy sets in 1965, which can handle various types
of uncertainties successfully in different fields. In contrast to classical set theory fuzzy
set theory permits gradual assessment of membership of elements in a set. Fuzzy
set theory has rich potential for application in several directions such as topology,
analysis, logic, group theory and, semigroup theory. After a decade in 1975, Zadeh [20]
introduced interval-valued fuzzy sets as a generalization of a fuzzy set whose members
are mapped to the collection of closed subintervals of [0, 1]. Attansov [1,2], further
extended the idea of fuzzy sets to intuitionistic fuzzy sets where one can handle
membership as well as non-membership of an element. This approach gradually
replaced fuzzy sets in dealing with uncertanity and vagueness.
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Another extension of fuzzy set theory is cubic set theory introduced by Jun et
al. [5] in 2010 and examined many properties of cubic sets like internal cubic sets,
external cubic sets, P-union, P-intersection, R-union and R-intersection of internal
and external cubic sets. Since cubic sets undertake positive part of many physical
problems and took no notice of negative aspects wholly. Jun et al [4] brought up
a negative valued function and formulated N-structures. Moreover, they applied
N structure theory to subtraction algebra and BCK/BCI algebra [6]. This paved
way to the idea of N-cubic sets introduced by Jun [9] combining N-fuzzy sets and
interval-valued N-fuzzy sets to cover the negative part of cubic sets along the codomain
[—1,0].

An abundant measure of efforts was executed by researchers in extending fuzzy sets
to groups, rings, vector spaces and other branches of mathematics. G. Lubczonok
and V. Murali [10] introduced the theory of flags and fuzzy subspaces of vector spaces.
Kastras and Liu [7] applied the concept of fuzzy sets to the elementary theory of
vector spaces and topological vector spaces. Nanda [11] introduced the concept of
fuzzy linear space. Later Gu Wexiang and Lu [18] redefined the concept of fuzzy
field and fuzzy linear space and gave some fundamental properties. Vijaybalaji et
al. further advanced the theory to cubic linear space combining interval-valued fuzzy
linear space and fuzzy linear space and their properties are presented in [17].

In this paper we present the notion of N-cubic linear spaces. After providing
essential background on cubic sets, N-cubic linear spaces and their intersection and
union properties we confine section 3 to define the concept of N-cubic linear spaces.
We introduce the P-union (resp. P-intersection) and R-union (resp. R-intersection)
in N-Cubic linear spaces. We show that N-cubic linear space is closed with respect
to R-intersection. By giving examples we disprove that R-union, P-union and P-
intersection of two N-cubic linear spaces is again a N-cubic linear space. In section 4,
we introduce the concept of internal N-cubic linear space and external N-cubic linear
space. We also show that internal N-cubic linear space is not closed with respect to
P-union, P-intersection and R-union (resp. external) by providing counter examples.

2. PRELIMINARIES

Definition 2.1 ([20]). An N-interval number is a closed subinterval of [—1,0] and
the collection of all closed subintervals of [—1,0] is denoted by D[—1,0]. It is of the
form D[—1,0] = {z = [i~,i*] : i~ <t i, it € [0,1]}. Notably the operations “>",
“<7“="0 “max”, “min” are defined as follows:

(i) 11 > iy if and only if 4,7 >4~ and iy " > iy ™,

(i) 71 < 49 if and only if i1~ < iy~ and i1+ < iy*;
(iii) 11 = 45 if and only if i1~ =iy~ and 4,7 = iy
(iv) min{iy, 1o} = [min{i; =, iy~ }, min{i; ¥, iy 7 });
(v) max{i1, o} = [max{i,~,iy" }, max{i;* iy*}].



N-CUBIC SETS APPLIED TO LINEAR SPACES 577

Definition 2.2 ([20]). For an N-interval number i, € D[—1,0], where t € A. We
define

inf i, =

inf 7, ,mf it } and supi; = lsupzt_,supz;r] .
teA teA teA teA

Definition 2.3 ([20]). An interval valued N-fuzzy set denoted by J¥ on Y is of the
form N = {< y,N(y) : y € Y >}, where 7V : Y — D[0, 1] and N(y) = [0 (v), ¥ (v)]
for all y € Y. Here U5 (y) : Y — [0,1] and 95 (y)] : Y — [0,1] are fuzzy sets in Y
such that 95 (y) < 9% (y).

Definition 2.4 ([5]). Let Y be a non-empty set. A cubic set C of Y is a structure C
= {y,Yc(y), A\c(y)|y € Y} in which dc : Y — DI[0,1] and A\c : Y — [0, 1].

Definition 2.5 ([5]). A cubic set C = (J¢, Ac) in a non-empty set Y is said to be
an internal cubic set (in brief, ICS) if ¥g(y) < Ac(y) < 9E(y) for all y € Y. For an
external cubic set (in brief, ECS) it is Ac(y) € (9c(y), V& (y) for all y € Y.

Definition 2.6 ([17]). Let W be a linear space over field F, (W,4)) be an interval
valued fuzzy linear space, (W, \) be a fuzzy linear space. A cubic set C = (190, Ac)
is called a cubic linear space of W if for all o,7 € F

(i) d(oa = 7b) > min{d(a),I(b)};

(ii) A(oa * 7b) < max{A(a), A(b)}.

Definition 2.7 ([9]). Let Y be a fixed set. A N-fuzzy set in Y is defined as N =
{y, \nr(y)} 1y € Y and Anr : Y — [—1,0] a membership function for all y € Y.

Definition 2.8 ([9]). Let Y be a non-empty set. A N-cubic set in Y is a structure
N€ = {(y,ﬁNc( )s Anc(y)|y € Y} is briefly denoted by N€ = ({xc, Anc) in which

Une = [Ine, Uie] an interval valued fuzzy set and Anc : Y — [—1,0] is a fuzzy set
inY.

Definition 2.9 ([9]). Let Y be a non-empty set. An N-cubic set N€ = (yc, Anc)
in Y is said to be an internal N-cubic set (INCS) if Vyc(y) < Anc < 19NC( ) for all
y € Y. Similarly, external N-cubic set (ENCS) if Anc(y) & (Ine(y), Iie (v))-

Definition 2.10 ([9]). For any Nicz{(y,ﬁNc(y), Ane(y)) ty € Y}, where i € A, we
define

(a) Eé%N'C: {<y,( ieA ﬁNC)(y) (Uiea )\Ng)(y) Ly € Y>} (R-union);
(b) UpNE = {9, (Uiea Ine) (). (Uica Ang)(y) : y € Y) } (P-uunion);
(©) NeNE = {5 (Uiea Ing)(9), (Uiea Ang)(v) : y € Y) | (Printersection)
(d) NrNF = {< Uiea 19NC)(y) (Uiea Ane)(y) 1y € Y>} (R-intersection).

€A
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3. RESULTS
In this section, we come across the notion of N-cubic linear space. We also discuss

some results in connection with the N-cubic linear space.

3.1. N-cubic linear spaces.

Definition 3.1. For a linear space W over a field F' a N-fuzzy set N¥'=(W, A\yr) in
W is said to be a N-fuzzy linear space W¥={(w, Ayr(w)) : w € W, Anr(w) € [-1,0]}
if it satisfies

Awr (0a x 7b) <Awr (a) U Awr(a),
for any o,7 € F and a,b € W.

Definition 3.2. An interval-valued N-fuzzy set Jn : W — D[—1,0] is said to be an
interval-valued N-fuzzy linear space where W over field F' if the latter conditions are
satisfied

On(oa * 7b) <max {ﬁN(a), ﬁN(b)},
for any for any o,7 € F and a,b € W.

Definition 3.3. Let W be a linear space over field F', (W, 1§IF) an interval-valued N-
fuzzy linear space, (W, Awr ) a N-fuzzy linear space. A N-cubic set NC = ({nc, Axc)
in Y is said to be a N-cubic linear space of W if

(i) Ine(oa * 7b) < max{nec(a), Inc()};

(ii) Anc(oa * 7b) > min{Anc(a), Anc (D)},
for all a,b € W and o, 7 € F.

Ezample 3.1. Let W = My5(R) over the field GF(2) with the binary operation “+”
as follows
W = Wy Wi2
W Wa )’

such that wq; + wya = woy. Then W is a vector space over the field GF(2).
Consider an interval-valued N-fuzzy set ¥n in W as

>

n(a) =[—0.9,—0.8],
On(b) =[—0.6,—0.3],
In(c) =[—0.4,—-0.1],
In(d) =[—0.8,—0.7].

Here Uy is an interval-valued N-fuzzy linear space.
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Consider a N-fuzzy set A in W as

An(a) = — 0.4,

)\N(b) — 0.6,
An(c) = —0.25,
An(d) =—0.9.

Here ) is a N-fuzzy linear space of W.
Consequently, the above example satisfied the conditions required for a cubic set
NC = <19Nc Anc) to be a N-cubic linear space.

Remark 3.1. For any family of real numbers {b; : j € A} we define
(1)
, max{b; : 7 € A}, if A is finite,
U{bjijew}: {J'.J } '
sup{b; : j € A}, otherwise.

, min{b, : j € A}, if A is finite,
(Wbj:jeW} =X {j.- : :
inf{b; : j € A}, otherwise.

In the following proposition, we prove that the R-union of a family of N-cubic
linear spaces is again a N-cubic linear space.

Definition 3.4. Let (W, dy ,c) and (W,@Nzc) be two interval-valued N-fuzzy linear
spaces. Then the union and intersection of two interval-valued N-fuzzy linear spaces
can be defined as

U, NOn, (w) =min{dx, (w), In, (w)}, weW,
Un, U N, (w) = max{dn, (w), In, (w)}, weW.

Definition 3.5. Let (W, Ay, c) and (W, Ay, c) be two interval-valued N-fuzzy linear
spaces. Then the union and intersection of N-fuzzy linear spaces can be defined as

AN; N AN, (W) =min{ AN, (w), An, (w)},  w e W,

AN; U AN, (w) = max{An, (W) AN, (W)}, w € W,
Proposition 3.1. Let N = (@Nlc,ANlc) and NS = (1§Nzc,)\N2c) be two N-cubic
linear spaces. Then their R-intersection (N€ N N&)R:(ﬁNg U 1§N2c, AN, € N AN,C) @5

again an N-cubic linear space.

Proof. Since Uy, U dn, (w) = max{dx, (w), In,(w)}, w € W. We have

A

1§N1 U ﬁNz(awl * TWwy) = max {1§N1(0w1 * TWy ), UN, (0w * ng)} ,

for wi,wy; € W and o,7 € F.
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From Definition 3.3 we have

< max {max {ﬁNl wy) 19N1 (wg)} max { . (w1), 7§N2 (U&)}} )
= max {m {19N1 wy) ﬁNz(wl)} max {19 1(w2>77§N2(w2)}}7
{in

U 79N2 w1 19N1 U 19N2 (wg)}

Un, U UN, (0w * Twy) = max {ﬁNl(awl * TWs), UN, (0w * Twsy }
IN

= max
which imply
(31) (O, Udn,) (0w # Tws) < max {dn, Ui, (wr), O, U, (w2) } -

Hence, Uy, is an interval-valued N-fuzzy linear space. Since An, N An,(w) =
ieA
min {An, (W), An, (W)}, w € W. We have

AN; N AN, (Cwy * Tws) = min { AN, (Cwy * Tws), AN, (0w * Tws) }

for wy,w; € W and 0,7 € F.
From Definition 3.3 we have

AN; N AN, (0w * Tws) =min { AN, (Cw; * Tws), AN, (0w * Tws) }
> min {min {An; (w1), A~ (w2) }, max { AN, (w1), An, (w2) }}
= min {min {An;, (w1), AN, (w1) }, min { AN, (w2), An, (w2)}}
=min {An; N AN, (W01), ANy N AN, (w2) ]

which imply
(3.2) (AN; NAN, ) (owy * Twy) > min {AN, N AN, (W1), AN, N AN, (w2)} .

Hence, N An, is an interval-valued N-fuzzy linear space.

ieh
Thus from (3.1) and (3.2) the conditions required for R- intersection to be a N-cubic
linear space are satisfied. U

Remark 3.2. By taking an example we prove that the intersection of two interval-
valued N-fuzzy linear spaces do not satisfy the first condition of N-cubic linear space
as in Definition 3.3.

Example 3.2. Let W = Myy(R) over the field GF'(2) with the binary operation “+”
as in the Example 3.1.
Consider two interval-valued N-fuzzy sets ¥n, and Y, in W as given in the Table 1.

Here Un, and {n, are interval-valued N-fuzzy linear spaces in W.
From the Definition 3.4

1§N1 N 1§N2 (wn) :[_0-77 —0-6]7 1§N1 N ?§N2(U)12>
O, NN, (war) =[—0.4,—0.2], I, NOn, (w3s)

(0.5, —0.4],
(0.6, —0.4].
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TABLE 1. Values of interval-valued N-fuzzy sets 1§N1 and 1§N2

29N1(w11):[ 0.7, —0.5] 19N2(w11) [—0.7, —0.6]

O, (wW12)=[—0.4, —0.1] | Dy, (w12)=[—0.5, —0.4]
O, (wa1)=[—0.4, —0.2] | Vg, (w21 )=[—0.4, —0.1]
O, (wa2)=[—0.3, —0.1] | D, (w22)=[—0.6, —0.4]

We note that 1§‘N1 N 7§N2 is an interval-valued N-fuzzy set in W. For 0 =7 =1 in
Definition 3.3 we have

Oy N, (win + wiz) < max {1§N1 N On, (W), In, N 7§N2(w12)} ;
On, N On, (we1) <max {[—0.7, —0.6], [0.5, —0.4]} = [0.5, —0.4],
which imply Jn, N O, (wa1) = [<0.4, —0.2] < [—0.5, —0.4], which is non-sensical.

From the above example, it is clear that the intersection of two interval-valued
N-fuzzy linear spaces need not be an interval-valued N-fuzzy linear space.

Remark 3.3. Similarly, by taking an example, we prove that the union of two N-
fuzzy linear spaces does not satisfy the second condition of N-cubic linear space as in
Definition 3.3.

Ezample 3.3. Let W = Myyo(R) over the field GF(2) with the binary operation “+”
as in the Example 3.1.
Consider a N-fuzzy set Ay in W as given in the Table 2. We note that Ay, and

TABLE 2. Values of N-fuzzy sets An

AN, (w11)==0.5| AN, (wy1)=—0.2
=03 | hney (w12)=—0.85
=—0.4 | An,(w9)==0.7
AN, (Wa9)==0.2 | AN, (w22)=—0.6

AN, are N-fuzzy linear spaces in W. From Definition 3.5 we have
)\N1 U )\N2(w11) == —0.2, )\N1 U )\N2(w12) == —0.3,
)\N1 U )\N2 (wzl) = —0.4, )\N1 U )\N2 (w22) = —0.2.

We note that Ay, and Ay, are N-fuzzy sets in W.
For 0 = 7 =1 in Definition 3.3 we have

ANy U AN, (win + wiz) > min {An, U AN, (w11), ANy U An, (w12) }
AN, U AN, (wa1) >min {—0.2, 0.3} = —0.3,
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which imply An, U An, (wa1) = —0.4 > —0.3, which is non-sensical.
From the above example, it is clear that the intersection of two N-fuzzy linear
spaces need not be a N-fuzzy linear space.

Lemma 3.1. From the above theorem and examples following statements can be
proved.

(i) Let N¥ = (1§Nlc, An,c) and N§ = (7§N207 An,c) be two N-cubic linear spaces.
Then their R-union (NCUNS)p = (1§N§: N 1§N2c, AN, e U An,c) need not be a N-cubic
linear space.

(ii) Let N€ = (19Nlc An,c) and NS = (§N2c, An,c) be two N-cubic linear spaces.
Then their P-union (NS UNS)p = (@N? N 1§‘Ng, An, € N An,c) need not be a N-cubic
linear space.

(iii) Let N = (1§‘Nlc, A, c) and N§ = (@Nzc, An,c) be two N-cubic linear spaces.
Then their P-intersection (NS NNS)p = (1§Nlc U @Ng, An,© U An,c) need not be a
N-cubic linear space.

Proof. (i) From Example 3.2 we can observe that intersection of two interval-valued
N-fuzzy linear spaces U, N U, do not satisfy the first condition of N-cubic linear
space as in Definition 3.3 and from Example 3.3 union of two N-fuzzy linear spaces
(An; UAN,) do not satisfy the second condition of N-cubic linear space as in Definition
3.3. Therefore, the R-union (NCUNS)y = (Ve Nng, Any e UAn,e) is not a N-cubic
linear space.
(1) Consider \n, and An, as in Example 3.3. Now by Definition 3.5 An, NAn, (w) =

min{\n, (w), An, (w)}, w € W. Therefore,

)\N1 N )\N2 (wll) = —0.5, )\N1 N >\N2 (wlg) = —0.85,

)\N1 N )\N2 (wgl) = —0.7, )\Nl N )\N2 (w22) = —0.6.
We note that An, N A, is an N-fuzzy set in W. For 0 = 7 = 1 in Definition 3.3 we
have

)\N1 N /\N2 (wn + wlg) > min {)\Nl N )\N2 (U)H), /\N1 N )\N2 (wlg)} 3
Ay NN, (wa1) > min {—0.5, —0.85} = —0.85,
which imply An, N A, (we1) = —0.7 > —0.85. Certainly, (An, N An,) satisfies the

second condition of N-cubic linear spaces. But from Example 3.2 (Jn, Nx,) is not
an interval-valued N-fuzzy linear space. Therefore, P-union (N€ U NY) p=(Ung N

7§Ng, AN, € N An,c) is not a N-cubic linear space.

(iii) Consider dy, and U, as in Example 3.2. Now by Definition 3.4 n, Uln, (w) =
max{Un, (w), Un,(w)}, w € W, we have

Oy Ul (win) =[—0.7,-0.5], U, UV, (wiz)

On, U, (war) =[—0.4,—0.1], I, Udn, (wss)

[—0.4,—0.1],
[—0.3,—0.1].
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We note that 1§N1 N 1§N2 is an interval-valued N-fuzzy set in W. For 0 =7 =1 in
Definition 3.3 we have

1§N1 U 1§lNg(wn + wi2) <max {1§N1 U 1§N2(w11), 1§N1 U 1§N2(w12)} ;
On, U, (wer) <max {[—0.7, —0.5], [<0.4, —0.1]} = [—0.4, —0.1],

which imply Jn, N Un,(wa1) = [—0.4,—0.1] < [—0.4,—0.1]. Certainly, (Ax, N An,)
satisfies the second condition of N-cubic linear spaces. But from Example 3.3
(AN, U AN,) is not a N-fuzzy linear space. Therefore, P-intersection

(NIC N NQC)p = (@N? U 1§Nzc,)\Nlc U )\Nzc)

need not be a N-cubic linear space. 0

4. INTERNAL AND EXTERNAL N-CUBIC LINEAR SPACES

In this section, we come out with the notion of internal and external N-cubic linear
spaces and confer some of their properties.

Definition 4.1. Suppose W be a linear space over a field F. A N-cubic set N€ =
(Unec, Anc) is said to be an internal N-cubic linear space (shortly, INCLS) if

@&C(awl * Twy) < Anc(owy * Tws) < 19;0(0w1 * TWy),
for all wy,ws € W and o, 7 € F.

Ezample 4.1. Let W = Myy5(R) over the field GF(2) with the binary operation “+”
as in the Example 3.1. Consider an interval-valued N-fuzzy set ¥Jn in W as

[—0.5,—0.3], On(wiz) = [—0.4,—0.1],
[—0.8,—0.7], Un(wa) = [—0.6,—0.4].

7§N(w11>

A

19N(w21)

Here Uy is an interval-valued N-fuzzy linear space.
Consider a N-fuzzy set A in W as

)\N(wn) = — 07, )\N(wlg) = —0.6,
)\N(wgl) = — 085, /\N(wgg) = —04.

Here Uy is an interval-valued N-fuzzy linear space. For ¢ = 7 = 1 in Definition 4.1
we have

@1:10 (w1 + wi2) <Ane(wir +wiz) < 19;{10 (w11 + wr2),

A

Ve (war) <Anc(war) < ﬁlt]c (wa1),

which imply —0.85 € [—0.8, —0.7]. So, N€ = ({nc, Anc) is an INCLS.
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Definition 4.2. Suppose W be a linear space over a field F. A N-cubic set N€ =
(Une, Ance) is said to be an external N-cubic linear space (shortly, ENCLS) if

Anc (owy * Twy) ¢ (@&c(awl * TWs), 1§§c (owy * ng)) ,
for all wy,ws, € W and o, 7 € F.

Ezample 4.2. Let W = Myy5(R) over the field GF(2) with the binary operation “+”
as in the Example 3.1. Consider an interval-valued N-fuzzy set ¥n in W as

On(wyy) =[—0.5,—0.1], In(wys) = [—0.7, —0.4],

On(way) =[—0.8,—0.6], In(wan) = [—0.6,—0.3].
Here J is an interval-valued N-fuzzy linear space. Consider a N-fuzzy set A in W as

i = {0 e
For ¢ = 7 =1 in Definition 4.2 we have
Anc (Wi +wi2) ¢ (ﬁic(wn + wi2), 19;0 (w1 + w12)) ;
Anc (war) ¢ (191:10 (w21),?§§c (w21)> ;

which imply —0.95 ¢ [—0.8, —0.6]. So, N€ = (Jnec, Anc) is an ENCLS.
Remark 4.1. In the following proposition, we present that the R-intersection of a
family of INCLS’s is again an INCLS (resp. ENCLS).
Proposition 4.1. Let NI = (Jy,c, \y,0) and NI = (9,0, An,c) be two INCLS.
Then their R-intersection (N3 N Ny)hL = (1§N1c U 1§N2c, An, € N An,c) s an INCLS.

Proof. Considering the fact that N{ and NZ are INCLS in W, we have

19;110(011}1 % Twy) < Ay, c(owy * Tws) < ﬁ;lc(awl * TWs),

191:120(0101 * Twa) < Anyo (0w * Twy) < ﬁ;zc(awl * TWs),
for all wy,ws € W and 0,7 € F. Now since the union of interval-valued fuzzy linear
spaces is again an interval-valued N-fuzzy linear space and intersection of N-fuzzy
linear space is again a fuzzy linear space. We have

<1§N1C U 1§N2C)_(O'w1 * Twa) <(An, e N An,c) (0w * Tws)

§(1§Nlc U 1§Nzc)+(aw1 * TWy).

Therefore, (N; N Ny)E = (Q§N10 U @Nzc, AN, e N Ay,c) is an INCLS. O

Proposition 4.2. Let N¥ = (U ¢, \x,c) and N§ = (U, 0, An,c) be two ENCLS.
Then their R-intersection (N3 N Ny)k = (1§N1c U @Nzc,)\Nlc N An,c) is again an
ENCLS.
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Proof. Considering the fact that N and N} are ENCLS in W, we have
Ao (owy x Tws) & ((I,0) ™ (0w % Tws), (V,0)  (owy = Tws)),

Ange(owr  Tws) ¢ ((Dn,e) (0w * Tws), (Do) (ows * Twy)) |

for all wy,ws € W and 0,7 € F. Now since the union of interval-valued fuzzy linear
spaces is again an interval-valued N-fuzzy linear space and intersection of N-fuzzy
linear space is again a fuzzy linear space. We have

(A, e N An,e) (owy * Tw,)

¢ ((Iny0 Ud,e) ™ (own * Tws), (V0 Udnge) (0w rws)) .
Therefore, (N7 N Np)% = ('g)NlC U ’§N2c, An, e N Ay,c) is an ENCLS. O
Remark 4.2. By taking an example, we disprove the statement that the P-intersection
of two interior N-cubic linear spaces is again an interior N-cubic linear space.
Proposition 4.3. Let NI = (Jy,c, \y,0) and N = (9,0, Ay,c) be two INCLS.
Then their P-intersection (N3 N Ny)L = (@Nlc U @Nzc, AN, e U An,c) need not be an
INCLS.
Proof. The statement can be proved by giving an example below.

Ezample 4.3. Let W = Myyo(R) over the field GF(2) with the binary operation “+”
as in the Example 3.1.

Define two interval valued N-fuzzy sets /{9\N1 and 1§N2 in W as given in the Table
3. Here 1§N1 and 1§N2 are interval-valued N-fuzzy linear spaces in W and that we can

TABLE 3. Values of two interval valued N-fuzzy sets 1§N1 and 1§N2

On, (wi1)=[—0.8,—0.5] | Un, (wi1)=[—0.9, —0.§]

On, (wi2)=[—1,-0.9] |, (w12)=[—0.6,—0.3]
Un, (wa1)=[—0.85, —0.7] | In, (wa1)=[—1, —0.93]
Un, (wa2)=[—0.9, —0.78] | In, (wa)=[—0.7, —0.4]

check by simple calculation using Definition 3.2. From the Definition 3.4
O, U, (wi1) =[—0.8,—0.5], I, Udn,(wiz) = [—0.6,—0.3],
On, Udn, (we1) =[—0.85,—0.7], dn, Udn, (was) = [—0.7, —0.4].

We note that Jn, Uy, is an interval-valued N-fuzzy set in W.
For 0 = 7 =1 in Definition 3.3 we have

1§N1 U 1§lN2(11J11 + wi2) <max {1§N1 U 1§N2(w11), 1§N1 U 1§N2(w12)} ;
On, Udn, (we1) <max {[—0.8,—0.5], [—0.6, —0.3]} = [—0.6,—0.3],
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which imply Jn, U dn, (we1) = [—0.85, —0.7] < [—0.6, —0.3].
Now define two fuzzy sets An, and An, in W as given in the Table 4. We note that

TABLE 4. Value of two fuzzy sets An, and An,

AN, (w11)==0.42 | AN, (w11)=—0.9
AN, (w12)==0.3 | AN, (w12)=—0.2
J=—0.8 | Ay (wa1)=—0.98
)=—0.6 | An,(wa2)=—0.1

)\Nl (w21

)\Nl (w22

AN, and An, are N-fuzzy linear spaces in W.
From Definition 3.5 we have

)\N1 U )\N2 (wll) = —0.42, /\N1 U )\N2 (wlg) = —0.2,
AN, U AN, (wa1) = —0.8, AN, U AN, (wag) = —0.1.

We note that AN, and Ay, are N-fuzzy sets in W.
Since N;¥ and Ny! are INCLS the example that we have taken will satisfy the
condition mentioned in Definition 4.1. For ¢ = 7 = 1 in Definition 4.1 we have

191;?(11)11 + wi2) <Ane(win + wiz) < @E? (w11 + wiz),
191:19 (wa1) SAne(war) < 5‘;3? (wa1),
which imply 0.8 € [—0.85, —0.7).
Similarly, for Ny! = (ﬁNg, )\N2c), when o = 7 = 1 in Definition 4.1 we have
ﬁﬁg(wn + wi2) <Ange(win +wiz) < 19;20 (w11 + wiz),
19;15 (wa1) SAng(war) < 3;120 (wa1),
which imply 0.98 € [—1,—0.93].
For ¢ = 7 =1 in Definition 3.3 we have
AN, U AN, (w11 + wip) > min {An, U AN, (wi1), ANy U A (w12) }
AN, U AN, (w21) > min{—0.42, —0.2} = —0.42,
which imply AN, U AN, (we) = —0.8 > —0.42, which is non-sensical.
Therefore, the P-intersection of two INCLS need not be an INCLS. 0J

Remark 4.3. By taking an example, we disprove the statement that the P-intersection
of two exterior N-cubic linear spaces is again an exterior N-cubic linear space.

Proposition 4.4. Let N¥ = (J,c, \x,c) and N§ = (U, 0, An,c) be two ENCLS.
Then their P-intersection (N; N Ny)E = (@Nlc U 1§N2c, AN, € N An,c) need not be an
ENCLS.
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Proof. The proof of the above statement follows by the example.

Example 4.4. The proof of the above statement follows by the example. Let W =
Msy5(R) over the field GF(2) with the binary operation “4” as in the Example 3.1.

Define two interval valued N-fuzzy sets 1§N1 and 1§N2 in W as given in the Table 5.
Here 1§N1 and 1§N2 are interval-valued N-fuzzy linear spaces in W and that we can

TABLE 5. Values of two interval valued N-fuzzy sets 1§N1 and 1§N2

On, (w11)=[—0.55, —0.3] | On,(w11)=[—0.75,—0.5]
On, (w12)=[—0.9, —0.8] | O, (w12)=[—0.4, —0.05]
Un, (war)=[—0.6,—0.4] | On,(wa1)=[—0.5,-0.2]

[—0.7,—0.5] | Un, (wa2)=[—0.38, —0.08]

9N1 (w2)

check by simple calculation using Definition 3.2. From Definition 3.4 we have
Ony Udny (wi1) =[-0.55,-0.3],  In, U, (wis) = [~0.4, —0.05],
1§N1 U 19N2 <w21) :[_057 _02]7 &Nl U 1§N2 <w22) = [_0387 _008]

We note that 7§N1 U 1§N2 is an interval-valued N-fuzzy set in W.
For 0 = 7 =1 in Definition 3.3 we have

1§N1 U /{9\N2 (w11 + wi2) <max {1§N1 U 1§N2 (w11), 1§N1 U 1§N2 (wlz)} )
On, U, (we1) <max {[—0.55, —0.3], [-0.4, —0.05]} = [—0.4, —0.05],

which imply Jx, U i, (wa1) = [-0.5,—0.2] < [—0.4,-0.05].
Now define two fuzzy sets A\n, and An, in W as given in Table 6.

TABLE 6. Values of two fuzzy sets An, and An,

AN, (w11)==0.2 | AN, (w11)=—0.84
AN, (w12)=—0.32 | An,(w12)=—0.4
AN, (w91)==0.7 | AN, (w21)=—0.9
AN, (W22)==0.25 | AN, (wa2)=—0.1

We note that A\n, and Ay, are N-fuzzy linear spaces in W. From Definition 3.5 we
have
>\N1 U >\N2 (wu) == —0.2, >\N1 U )\N2 (w12) = —0.32,
)\N1 U >\N2 (’wgl) = —0.7, )\N1 U )\N2 (w22> = —0.1.
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We note that AN, and An, are N-fuzzy sets in W. Since N, ! and Ny! are ENCLS
the example that we have taken will satisfy the condition mentioned in Definition 4.2.
For 0 = 7 = 1 in Definition 4.2 we have

AN?(wll +wiz) ¢ (ﬁgg(wn + wi2), 19;1? (w11 + w12)> ;

Ane(war) ¢ <1§1:I§: (w21),1§;§:(w21)) ;
which imply —0.7 ¢ [—0.6, —0.4].
Similarly, for No'= (19N§3, /\Ngz), when o = 7 = 1 in Definition 4.2 we have

AN;?(U)H +wiz) ¢ (ﬁgg(wn + w12), ﬁf\?g (w11 + w12)> ;

A (ws1) ¢ (ﬁ;g (wm),@;g(wm)) ,
which imply —0.95 ¢ [—0.5, —0.2]. For ¢ = 7 = 1 in Definition 3.3 we have
AN, U AN, (w11 4+ wy2) > min {AN, U AN, (w11), AN, U AN, (w12) ]
ANy U An, (wo1) > min {—0.2, —0.32} = —0.32,
which imply An, U AN, (we1) = —0.7 > —0.42, which is non-sensical.
Therefore, the P-intersection of two ENCLS need not be an ENCLS. O

Remark 4.4. By taking an example, we disprove the statement that the P-union of
two interior N-cubic linear spaces is again an interior N-cubic linear space.

Proposition 4.5. Let NI = (Jy,c, \y,0) and N} = (9,0, An,c) be two INCLS.
Then their P-union (N7 UNy)L = (@Nlc ﬂ@Nzc, AN, € N An,c) need not be an INCLS.

Proof. The statement can be proved by giving an example below.

Example 4.5. Let W = Myy5(R) over the field GF(2) with the binary operation “+”
as in the Example 3.1. Define two interval valued N-fuzzy sets ¥n, and ¥n, in W
as given in the Table 7. Here YN, and YN, are interval-valued N-fuzzy linear spaces

TABLE 7. Values of two interval valued N-fuzzy sets 1§N1 and 1§N2

A~

Un, (w11)=[—0.3,—0.1] | I, (w11)=[—0.95, —0.85]

On, (w12)=[—0.5,—0.45] | I, (w12)=]—1, —0.93]
On, (war)=[—0.4, —0.2] | On,(wa1)=[—0.63,—0.5]
Un, (wao)=[—1,-0.9] | Jn,(was)=[—0.8,—0.7]

in W and that we can check by simple calculation using Definition 3.2. From the
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Definition 3.4 we have
Ony N (win) =[=0.3,—0.1],  Jn, NN, (w12) = [~1,-0.93],
On, N On, (we1) =[—0.63,—0.5], dn, NI, (was) = [—1,—0.9].
We note that 7§N1 N 1§N2 is an interval-valued N-fuzzy set in W. For 0 = 7 =1 in
Definition 3.3 we have
On, NN, (wiy + wia) <max {@Nl N O, (wi1), O, N Oy (
O, NN, (war) <max {[—0.95, —0.85], [—1, —0.93]}
|

which imply dn, N On, (we1) = [~0.63, —0.5] < [—0.95, —0.85], which is non-sensical.
Now define two fuzzy sets An, and An, in W as given in the Table 8. We note that

w12)},
= [—0.95, —0.85],

TABLE 8. Values of two fuzzy sets AN, and A,

AN, (w11)==0.65 | An,(w11)=—0.8
A (W12)=—0.12 | Ay, (w12)=—0.25
Ay (W1 )= —042 | Any, (w21)=—0.68
AN, (Wa2)=—0.3 | AN, (w2e)=—0.9

AN, and AN, are N-fuzzy linear spaces in W. From Definition 3.5 we have
)\N1 N )\N2 (wu) = —0.8, )\N1 N )\N2 (w12) = —0.25,
)\N1 N )\Nz (w21) = —0.68, /\N1 N )\N2 (wgg) = —0.9.
We note that A\n, and An, are N-fuzzy sets in W. For ¢ = 7 = 1 in Definition 4.1
191;? (w11 + wiz) <Ane(win + wie) < 19;1? (w11 + wia),
ﬁﬁlc (wa1) SAne(war) < ﬁltllc (wa1),
which imply 0.42 € [—0.4, —0.2].
Similarly, for No! = (Ung, Ang) when o = 7 =1 in Definition 4.1 we have
791:151 (w11 + wiz) <Ang(win +wie) < ﬁ;g (w11 + wiz),
@ﬁg (wa1) SAng(wa1) < @;Izc (wa1),
which imply 0.68 € [-0.63, —0.5].
For 0 = 7 =1 in Definition 3.3 we have
AN; NAN, (W11 + wig) 2> min {An; N AN, (W11), ANy N AN, (Wi2) )
AN, N AN, (w21) > min {—0.8,-0.25} = —0.8,

which imply An, N An,(we1) = —0.68 > —0.8. Even though the intersection of two
N-fuzzy linear spaces satisfies the first condition of Definition 3.3 the intersection of
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interval-valued N-fuzzy linear spaces failed to satisfy the second condition of Defini-
tion 3.3.

Therefore, the P-union of two INCLS need not be an INCLS. [

Remark 4.5. In the latter example, we show that the P-union of two exterior N-cubic
linear spaces need not be an exterior N-cubic linear space.

Proposition 4.6. Let NI = (Jy,c, \y,0) and Nj = (I 0, An,c) be two ENCLS.
Then their P-union (N; UNq)L = <7§N10 ﬁlgNzc, AN, € N AN, ) need not be an ENCLS.

Proof. The statement can be proved by giving an example below.

Ezample 4.6. Let W = My.5(R) over the field GF(2) with the binary operation “+”
as in the Example 3.1.
Define two interval valued N-fuzzy sets ¥n, and Jn, in W as given in the Table 9.

TABLE 9. Values of two interval valued N-fuzzy sets fn, and Jx,

On, (wi1)=[-1,-0.7] | On,(w11)=[—0.9, —0.5]
On, (w12)=[—0.75,—0.2] | On,(wi2)=[—1,—0.6]
On, (wa1)=[—0.95, —0.55] | U, (w31)=]—0.85, —0.4]

Un, (wa2)=[—0.6,—0.1] | In,(w2)=][—0.8,—0.4]

Here 7§N1 and 7§N2 are interval-valued N-fuzzy linear spaces in W and that we can
check by simple calculation using Definition 3.2. From the Definition 3.4 we have

1§N1 N ’1§N2(UJ11) :[—1, —0.7], 1§N1 N ’1§N2(UJ12) = [—1, —0.6],
On, NN, (we1) =[—0.95,—0.55],  On, NN, (wey) = [—0.8, —0.4].

We note that 1§N1 N 1§N2 is an interval-valued N-fuzzy set in W.
For 0 = 7 =1 in Definition 3.3 we have

O, N O, (Wi + wiz) < max {1§N1 N In, (W), I, N 7§N2<w12)} ;
O, NN, (wor) <max {[—0.1,-0.7], [-1, —0.6]} = [-1,—0.6],
which imply Jn, N, (we) = [—0.95, —0.55] < [—1, —0.6], which is non-sensical.

Now define two fuzzy sets An, and Ay, in W as given in the Table 10. We note
that An, and An, are N-fuzzy linear spaces in W. From Definition 3.5 we have

>\N1 N >\N2 (wn) = —0.8, >\N1 N )\N2 (w12) = —0.75,
)\N1 N >\N2 (’wgl) = —0.4, )\N1 N )\N2 (w22> =—0.7.
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TABLE 10. Values of two fuzzy sets An, and A,

)\Nl(wn):—O.S )\NQ(QUH):—O.QE)

)\N1 (w12)2—0.6 )\NQ(wu):—O.?S

)\N1 (w21)2—0.4 )\N2 (w21)2—0.35
(wa2)

)\N1 W29 =—0.3 )\N2 (w22)2—0.7

We note that A\n, and An, are N-fuzzy sets in W. For 0 = 7 = 1 in Definition 4.2 we
have

)\N?(wll +wi2) ¢ <?§N§:(UJ11 + wis), igf\ﬂ? (w11 + w12)) ;

AN (wo1) ¢ <1§§c(w21), 191:? (w21)> ;

1

which imply —0.4 ¢ [—0.95, —0.55]. Also,

)\Ng(wn + wi2) ¢

A (121) ¢
which imply —0.35 ¢ [—0.85, —0.4]. For 0 = 7 = 1 in Definition 3.3 we have
AN, NAN, (w1 4+ wi2) > min {AN, N AN, (w11), AN, N AN (w12) ]
AN, N AN, (w21) > min {—0.8, —0.75} = —0.8,
which imply An, N AN, (we) = —0.4 > —0.8.

Therefore, the P-union of two ENCLS need not be an ENCLS. O

ﬁ&g(wn + wi2), 19;15: (w11 + w12)> )

A A

Ve (Wa1), 19;5:(1021)) ;

2

7N N

Remark 4.6. In the latter example, we show that the R-union of two interior N-cubic
linear spaces need not be an interior N-cubic linear space.

Proposition 4.7. Let NI = (Jy,c, \y,0) and N = (9,0, Ay,c) be two INCLS.
Then their R-union (N3 NNo)L = (1§N1c FM?NZC, AN, € U AN, ) need not be an INCLS.

Proof. The statement can be proved by giving an example below.

Example 4.7. Let W = Msy5(R) over the field GF'(2) with the binary operation “+”
as in the Example 3.1. Define two interval valued N-fuzzy sets 1§N1 and 1§N2 in W
as given in the Table 11. Here 1§N1 and 1§N2 are interval-valued N-fuzzy linear spaces
in W and that we can check by simple calculation using Definition 3.2. From the
Definition 3.4 we have

On, NN, (w11) =[—0.65, —0.45],  In, N, (w12) = [—0.9, —0.8],
On, N On, (we1) = [—0.6,—0.4], I, N O, (wa) = [—1,—0.95].
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TABLE 11. Values of two interval valued N-fuzzy sets 1§N1 and 1§N2

A

On, (wi1)=[—0.65, —0.5] | In, (w11)=[—0.55, —0.25]
=[-0.8,—0.7] | O, (w12)=]—0.9,—0.8]

On, (w21)=[—0.5,—0.3] | On,(w1)=[—0.6,—0.4]

On, (we2)=[—1,—0.95] | On,(wa)=[—1,—0.85]

l§1Nl(wlz)
1)

TABLE 12. Values of two fuzzy sets An, and A,

(w11)==0.2 | AN, (w11)=—0.35
(W12)=—0.7 | Angy(wia)=—0.3
AN, (w21)=—0.4 | AN, (w21)=—0.5
AN, (W22)=—0.8 | AN, (w2e)=—0.45

We note that 1§N1 N @NQ is an interval-valued N-fuzzy set in W. For 0 =7 =1 in
Definition 3.3 we have

1§N1 N 1§N2 (w11 + wi2) <max {1§N1 N 1§N2 (wi1), ?§N1 N 1§N2 (wm)} ;
On, N, (we1) <max {[—0.65, —0.5], [<0.9, —0.8]} = [—0.65, —0.5],

which imply dn, N O, (wa1) = [—0.6, —0.4] < [—0.65, —0.5], which is non-sensical.
Now define two fuzzy sets An, and An, in W as given in the Table 12. We note
that An, and An, are N-fuzzy linear spaces in W. From Definition 3.5 we have

)\N1 U )\N2 (’wn) = —0.2, )\N1 U )\N2 (w12) = —0.3,
)\N1 U >\N2 (wgl) = —0.4, )\N1 U >\N2 (wgg) = —0.45.

We note that A\n, and Ay, are N-fuzzy sets in W. For 0 = 7 = 1 in Definition 4.1 we
have

791:110 (w11 + wiz) <Ane(win +wie) < 1§§? (w11 + wiz),

A

191:110 (wa1) SAne(war) < 1§§1c (wa),

which imply —0.4 € [—0.5, —0.3].
Similarly, for Ny/= (19N§7 )‘NS)’ when ¢ = 7 = 1 in Definition 4.1 we have

@1:120 (w11 + wiz) SAng(win +wie) < 9;5 (w11 + wiz),

A

191:]20 (wa1) <Ang(war) < 1§§2c(w21),
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which imply 0.5 € [-0.6, —0.4]. For ¢ = 7 = 1 in Definition 3.3 we have

AN, U AN, (w11 + wiz) > min {An, U AN, (wi1), AN, U A (w12) }
)\Nl U )\N2(w21) Z min{—0.2, —03} = —0.3,

which imply AN, U AN, (we1) = —0.4 > —0.3, which is non-sensical.
Therefore, the R-union of two INCLS need not be an INCLS. 0

Remark 4.7. Finally, we show that the R-union of two exterior N-cubic linear spaces
need not be an exterior N-cubic linear space. From Example 4.5 we can observe
that intersection of two interval-valued N-fuzzy linear spaces do not satisfy the first
condition of N-cubic linear spaces and in Example 4.7 we can observe that union of
two N-fuzzy linear spaces do not satisfy the second condition of N-cubic linear spaces.
Hence,

(Nl ﬂ NQ)% :(/ﬁNlc ﬂ /I§N20’ )\Nlc U )\Nzc)
need not be an ENCLS.

5. CONCLUSION

We find huge literature for dealing the uncertain problems like fuzzy sets, interval-
valued fuzzy sets, intuitionistic fuzzy sets, cubic sets, N-fuzzy sets, and N-cubic
sets. But in all most all cases we see these sets are properly used for applications in
algebra and topology. In order, to extend this idea to linear spaces, we in this paper
have introduced the notion of N-cubic linear spaces which also handles the negative
features of certain things like side effects of certain medicine. The main rationale of
this paper is to extend the idea of N-cubic sets to N-cubic linear spaces and discuss
in detail two types of N-cubic linear spaces called ENCLS and INCLS with examples.
We also discuss the basic operations like P-union (resp. intersection) and R-union
(resp. intersection) intersection of N-cubic linear spaces, ENCLS and INCLS. Sooner,
different aggregation operators can be dealt with N-cubic linear spaces. We will define
Pythagorean fuzzy linear spaces by using the idea presented in this paper and [16].
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