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BERTRAND’S PARADOX: NEW PROBABILISTIC MODELS

ZORAN VIDOVIĆ1

Abstract. In this paper two new generating procedure of a random chord are
obtained and thereby new solutions of Bertrand’s paradox are proposed.

1. Introduction

Paradox, on its own, is a puzzle that confronts some already established principles.
Bertand’s paradox was developed as a probability question that raised severe objec-
tions on the principle of indifference while dealing with geometrical probability. The
question that defines this paradox: “What is the probability that a chord selected “at
random” in a circle is larger than a side of the inscribed equilateral triangle?”

In [3], Bertrand obtained probabilities 1/3, 1/2 and 1/4 by different random chord
generation procedures: by choosing a chord with one end at a vertex of the inscribed
equilateral triangle in a circle; by choosing a chord perpendicular to the diameter
which is the right bisector of the equilateral triangle; and selecting a point inside a
circle and denoting it as a chord midpoint, respectively. This puzzle has fascinated
many since its discovery and a series of papers with outstanding solutions of this
problem have been published, see e.g. [1,2,4–9]. Here, we provide two new models of
random chord construction in a circle and obtain associated probabilities of Bertrand’s
paradox.

The paper is organized as follows. In Section 2, we propose two new procedures for
generating a random chord in a circle and obtain probabilities of Bertrand’s paradox
for each case. Section 3 concludes this paper.
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2. New Models and Solutions

In [7], an attempt was made to look at classical models of Bertrand’s paradox as
limits of a continuous family of planar probabilistic models. Such family is seen by
fixing a point, say A, at a distance h > 1 from a unit circle and constructing lines that
intersect the circle and point A. However, this family of chord constructing models
undermines the randomness selection of distance h and, so, it yields inappropriate
results with respect to Bertrand’s paradox. Motivated by this issue, in [10] a chord
generating procedure is presented that overcomes this obstacle. Here, we additionally
provide two new methods of generating random chords in a circle with the same
intention.

For both models, we will denote X as the distance from the center of the circle and
the chord and L as the corresponding chord length.

2.1. First model. The first method is obtained as follows.
Step 1. Let a point A be such that its distance from the center of the circle OA is a

random variable Y ∼ U(0, 1) and is lying on the x axis.
Step 2. Using the circle invariance property we can obtain a point on a x axis, say P ,

so that the relation OP · OA = 1 holds.
Step 3. Angle ϕ is determined by the circle tangent and the x axis, with P as its vertex;
Step 4. Select a line which is directed by an angle θ ∈ U(0, ϕ), with P as its starting

point. A chord is formed by its intersection with the circle (Figure 1.).

In this case, we have X =
√

1 − L2

4 , ϕ = arcsin(Y ) and θ = arcsin
(

Y
√

1 − L2

4

)
.

Using transformation technique, the distribution function of L can be found as

FI(l) =
∫ 1

0

∫ l

0

xy

4 arcsin(y)
√

1 − x2

4

√
1 − (1 − x2

4 )y2
dx dy

=
∫ 1

0

arcsin(y) − arcsin
(

y
√

4−l2

2

)
arcsin(y) dy, 0 < l < 2.(2.1)

Integral (2.1) cannot be obtained explicitly, so we can only provide numerical solutions.
For the Bertrand’s case l =

√
3 we have

(2.2) P
{
LI ≥

√
3

}
= 1 − FI(

√
3) = 0.4694.

2.2. Second model. The second method is obtained as follows.
Step 1. Let a point A be determined by a random angle ϕ ∼ U(0, π/2) on a circumfer-

ence of a circle.
Step 2. Let a tangent t of a circle be determined by point A.
Step 3. Angle δ is determined by the circle tangent and the x axis, with P as its vertex.
Step 4. Select a line which is directed by an angle θ ∈ U(0, δ), with P as its starting

point. A chord is formed by its intersection with the circle (Figure 2).
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Figure 1. Solution I.

Figure 2. Solution II.

For this case, we have X =
√

1 − L2

4 and sin θ = cos ϕ
√

1 − L2

4 . Further, the
distribution function of L can be obtained as

FII(l) = 2
π

∫ π/2
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∫ l
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dx dy

= 2
π
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0
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− y

π − 2y
dy, 0 < l < 2.(2.3)
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As above, integral (2.3) cannot be obtained explicitly, so we can obtain numerical
solutions. For the Bertrand’s case l =

√
3 we have

(2.4) P
{
LII ≥

√
3

}
= 1 − FII(

√
3) = 0.4454.

3. Conclusion

Overall, in this paper we presented two new generating procedures of random chords
in a circle. The distribution function (2.3) is also obtained in [10] using a different
method of constructing random chords. The results presented in this paper extend
those can be found in [4, 9, 10] on Bertrand’s paradox.

In [6], procedures of chord construction were classified by disjoint procedures: (i)
inside the circle, (ii) on the circle circumference and (iii) outside of the circle. Pro-
posed generating models connect procedures (i), (ii) and (iii), and confronts such
classification. This may be a motivation to overlook Bertrand’s paradox in a quite
different manner.

Acknowledgements. The author would like to thank the referees for their valuable
comments and suggestions that significantly improved the quality of the paper.

References
[1] M. K. Arkadani and S. S. Wulff, An extended problem to Bertrand’s paradox, Discuss. Math.

Probab. Stat. 34(1–2) (2014), 23–34. http://eudml.org/doc/271059
[2] S. Bangu, On Bertrand’s paradox, Analysis 70(1) (2009), 30–35.
[3] J. Bertrand, Calcul des Probabilities, Gautier-Villars et Fils, Paris, 1889.
[4] S. S. Chiu and R. C. Larson, Bertrand’s paradox revisited: More lessons about that ambiguous

word, random, Journal of Industrial and System Engineering 3(1) (2009), 1–26.
[5] V. Jevremović and M. Obradović, Bertrand’s paradox: Is there anything else?, Quality &

Quantity 46(6) (2012), 1709–1709. https://doi.org/10.1007/s11135-011-9553-7
[6] L. Marinof, A resolution of Bertrand’s paradox, Philosophy of Science 61(1) (1992), 1–24.

https://www.jstor.org/stable/188286
[7] A. Soranzo and A. Volčić, On the Bertrand’s paradox, Rend. Circ. Mat. Palermo 47(3) (1998),

503–509.
[8] G. J. Székely, Paradoxes in probability theory and mathematical statistics, Technical Report

(1986).
[9] Z. Vidović, Limit distribution of maximal random chord length, Journal of Applied Statistics

and Probability 5(2) (2016), 213–220. https://doi.org/10.18576/jsap/050202
[10] Z. Vidović, Random chord in a circle and Bertrand’s paradox: New generation method, extreme

behaviour and length moments, Bull. Korean Math. Soc. 58(2) (2021), 433–444. https://doi.
org/10.4134/BKMS.b200345

1Teacher Education Faculty,
University of Belgrade,
Kraljice Natalije 43, Belgrade 11000, Serbia
Email address: zoran.vidovic@uf.bg.ac.rs

http://eudml.org/doc/271059
https://doi.org/10.1007/s11135-011-9553-7
https://www.jstor.org/stable/188286
https://doi.org/10.18576/jsap/050202
https://doi.org/10.4134/BKMS.b200345
https://doi.org/10.4134/BKMS.b200345

	1. Introduction
	2. New Models and Solutions
	2.1. First model
	2.2. Second model

	3. Conclusion
	Acknowledgements.

	References

