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ON HYBRID NUMBERS WITH GAUSSIAN GENERALIZED
THIRD-ORDER JACOBSTHAL COEFFICIENTS

GAMALIEL MORALES

ABSTRACT. In this paper, we consider hybrid numbers with Gaussian generalized
third-order Jacobsthal coefficients and investigate their interesting properties such as
the generating function, Binet formula, Cassini and d’Ocagne identities. Moreover,
we illustrate the results with some examples.

1. INTRODUCTION

In 2018, Ozdemir introduced the hybrid numbers and gave some properties of these
numbers (see [9]). The set of hybrid numbers is

R[i7€7h] = {¢D+¢1i+¢2€+¢3h : ¢7“ € R7T = 0717273}'

The hybrid product is obtained by distributing the terms to the right, preserving
the order of multiplication of the units and then writing the values of the following
substituting each product of units by the equalities i* = —1, €2 = 0, h*> = 1 and
ih = —hi = e +1i. Table 1 shows us that the multiplication operation with the hybrid
numbers is not commutative.

In the literature, many researchers investigate some remarkable properties of some
well-known sequences using this system. Horadam hybrid sequence is a generalization
of some sequences such as Fibonacci, Pell, Jacobsthal and Balancing hybrid sequences.
These sequences and their generalizations have applications in number theory, geom-
etry and algebra. Hence, these sequences have been studied by Brod [1], Kilic [2],
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Morales [3-5], Senttrk et al. [12], Szynal-Liana et al. [15-17], Tan and Ait-Amrane
[18], and many others.

TABLE 1. The multiplication table for basis of R[i, €, h].

x 1 1 € h

1 1 i € h

i i -1 1—h e+i
€ € 1+h 0 —€
h h —(e+1i) e 1

In this paper, the Gaussian generalized third-order Jacobsthal sequence, denoted
by ngf), is defined by the recurrence relation
gHY = g,y + gH, %, +2gH";, 0> 4,

n n

with the initial conditions ng(S) = b+ ai, gH§3) = ¢+ bi and gHéB) = (2a+b+c)+di,
where a, b and c are integers not all zero.
For n > 1, note that the recurrence relation of Gaussian generalized third-order
Jacobsthal sequence can be rewritten as follows:
gH® = HP + HP i, 2= -1,

n

where H® is the nth generalized third-order Jacobsthal numbers with initial condi-
tions H(()?’) = a, H1(3) = b and Hé?’) = c. Note that the definition is reduced to the

certain special cases depending on the choice of the parameters a, b and ¢ as shown
in Table 2.

TABLE 2. Special numbers associated with choices of a, b and c.

Number a b ¢ Symbol

Gaussian third-order Jacobsthal 01 1 JG® =J® 4 J,(f_)li
Gaussian third-order Jacobsthal-Lucas 2 1 5 jGB® =30 4 j,({?li
Gaussian modified third-order Jacobsthal 3 1 3 K GS) = K,S?’) + K,(f_)li

Recently, Morales studied some properties of Gaussian third-order Jacobsthal num-
bers and their generalizations in [6,7]. Furthermore, in [13], Soykan et al. defined
Gaussian generalized Tribonacci numbers and investigated Gaussian Tribonacci and
Gaussian Tribonacci-Lucas numbers with their properties. In [19], Tagci investigated
Gaussian numbers with Leonardo coefficients.

In this paper, we consider the hybrid numbers with Gaussian generalized third-order
Jacobsthal coefficients. Then we get some characteristic relations of them.
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2. MAIN RESULTS

In this section, we give the definition of hybrid numbers with Gaussian generalized
third-order Jacobsthal coefficients, denoted by gH(?)

Definition 2.1. Let us define the hybrid numbers with Gaussian generalized third-
order Jacobsthal coefficients as below:

gHY = gH® + gH i+ gH\oe + gH b, n > 1,
where gH () denotes the nth Gaussian generalized third-order Jacobsthal.

By using the definition of the gH®), we can write:

gHY =gH® + gH’i + gH(ﬁ e+ gH, sh
=gH\, + gl + 2gHY, + (9HP + gHY, + 291, ) i
+ (gH), + gH® +2gH ) e + (gH s + gH), + 2gHP ) h,

In other words, for n > 4, the hybrid numbers with Gaussian generalized third-order
Jacobsthal coefficients can be rewritten by following recurrence

(2.1) gH® = gHY | + gHY, + 2gHP
with initial conditions

gH® = ¢+ (3a+ b+ 20)i + (da + 2b+ 2¢)e + (2a + 3b + ¢)h,
gHY =20 +b+c+ (4a + 5b+ 3¢)i+ (4a + 6b + 4c)e + (2a + 3b + 4c)h,
gHYY = 24+ 3b + 2¢ + (6a + 7b + 8¢)i + (8a + 8b + 10¢)e + (8a + 6b + 7¢)h.

Using Table 2, for special values of gH®) we obtain the definitions of

(a) nth Gaussian third-order Jacobsthal hybrid number JH)
JH® = JGO + JGP i+ JGP e + JGP) o,

(b) nth Gaussian third-order Jacobsthal-Lucas hybrid number jH()
JHY =GP + jGELi + jGLee + 5Gh,

(¢) nth Gaussian modified third-order Jacobsthal hybrid number KH®)

KH® = KGO + KG®) i+ KG)oe + KGP),h,



866 G. MORALES

Before giving the main results, let us introduce generalized third-order Jacobsthal
and Gaussian generalized third-order Jacobsthal numbers are of the form

1
(2.2) H® = - A2" + A\ X, 4 Mo X,
1 . . .
(2.3) gH = - P\Qn_l(Q +1) + (A + (A2 = A)D) X + (Ao — >\11)Xn+1} :
W — h 0, ifn=0 (mod 3),
(2.4) X,=—"+—2={1, ifn=1 (mod 3),
Wi W —1, ifn=2 (mod 3),

where A\=a+b+c, \y =4a+4b—3c, \y =6a —b—c and w; = w3 = ’1%“/5 Using
(2.4), it is easy to see that gH 3 satisfies the following relation

gH®), = gH® 4+ X212 41), n>1.
Theorem 2.1. For any integer n > 1, we have
gH; = gHY + 2276,
where © = 4 4+ 131+ 16e + 12h.
Proof. Considering Definition 2.1, (2.2) and (2.3), we get
gHP) =gH® + gH) i + gH ) e + gHL)sh
= (g = 2212 +1) + (gHT, - \2"(2+1)) i
+ (gH\s = A2 (2 +1)) e + (gH D — A2 (2 + 1)) h
=gH®, + gH® i+ gHP) e + gH®h — A2 (2 +1)(1 + 2i + 4e + 8h)

=gH\); — A2"'6.

The last equation gives the result. O

A Binet-like formula for the Gaussian generalized third-order Jacobsthal hybrid
number is given in the following theorem.

Theorem 2.2 (Binet-like formula). For any integer n > 1, the nth Gaussian gener-
alized third-order Jacobsthal hybrid number is

1
gHY == ()\2”16 e+ (o — 200)i 4 200 — M)e + (A1 + A2 Bl X,

n

+ [)\1 — )\2 — ()\1 + )\2)’1:— 2/\15 + (2)\2 — /\1>h] Xn+1,>

where X,, = 11_w2 and © =4+ 1371+ 16e + 12h.

w2
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Proof. Using (2.3), (2.4) and Definition 2.1, we can write
TgHY =7gH® + 79H) i+ TgH e + TgH)sh

=A2"H2 4 1) + (A (A2 = M)D X + (A — Mi) X
+[A2"(2 4+ 1) 4+ (= A2 + M) X, + (A1 — A2) + Aoi) X 44] i
+ A2 24 1) + (<A + Ae) = D)X + (A + (M — D)D) X €
+ A2 (2 41) + (M + (he = M)D X, + (A2 — Mi) X1 | b

=X2""1(2 +1) (1 + 2i + 4¢ + 8h)
+ A+ (A2 —2X)i+2(X2 — A1)e + (A1 + A2)h] X,
+ A = Ao — (A + Xa)i — 208 4 (2X5 — A)h] X1

where A = a+b+c, A\ = 4a+4b—3cand Ay = 6a—b—c. Using © = 4+ 13i+16e+12h,
we have

1
gH® :§()\2”‘1@ =X+ (A — 2X0)i+2(As — A )e + (A + A2)h] X,

+ [)\1 — )\2 — ()\1 + /\2)1 — 2/\16 + (2)\2 — /\1>h] Xn+1>-

The last equation gives the theorem. O

TABLE 3. Binet formulas associated with choices of a, b and c.

Symbol A; Ay Binet formula

JH®) 1 —2 120+ (2—4i—6e —h) X, + (3+i—2e—5h)X,4]

JHE =3 6 1[2""20 — (6 —12i — 18 — 3h) X,, — (9 + 3i — 6e — 15h) X,,14]
KH® 7 14 2'©@ —(2—2¢—3h) X, — (1 +3i+2¢—3h) X,

For simplicity of notation, we will use Qy = —Ao+(Ao—2A1)i+2(Aa— A1 )e+ (A +A2)h
and Q1 =X\ — A2 — (A + A2)i — 2M1€ + (23 — A\;)h, we obtain the following result

1
(2.5) gH® = = (A2"710 + Qo X + 0 X

and gH}) = T2 + Q).
The following theorem gives the Gaussian generalized third-order Jacobsthal hybrid
numbers with negative indices.

Theorem 2.3. For any integer n > 0, we have

1
HE), ==
g 7

where © is as Theorem 2.1, Qy and Qy are as in (2.5).

A27O 4 () — Qo) Xy + 2 X
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Proof. Using (2.4), X_,, = —X,, and X,, + X,,11 + X,,120 = 0, we obtain
A27710 + QX+ X
27O — X, — X,

A270O — Qo X + O (X + Xy

\IM—‘\HP—*\HP—*\H'—‘

=71
=z
=z
=~ A2 0 4 (2 — Qo) X,y + X,

where QQ = —)\2 -+ ()\2 — 2)\1)i + 2()\2 — )\1)€ -+ ()\1 + )\2)h and Ql = )\1 — )\2 — ()\1 +
Ao)i— 2M\1€ + (2X2 — A1)h. The result follows from the last equation. O

Example 2.1. For n = 1, the Gaussian generalized third-order Jacobsthal hybrid
number with negative indices is

gH®) =

2720 + Qo X 1 + DX 1]

[Az 20 — X, + O XO] - ; [AT?@ —

~| »—\H»—\IM—

== [X27%0 + (0 — Qo) X1 + U X5

Now we give some summation formula for the Gaussian generalized third-order
Jacobsthal hybrid numbers.

Theorem 2.4. For any nonnegative integer n, we have
3
Zg]H[ [an+2 +2gHE — - (2)\@ — (0 + Ql)ﬂ ,

where Qy and 4y are as in (2.5).

Proof. By using Theorem 2.2 and (2.1), we have

" 3 3 3 i 3
S gH®Y =gH + gHP® + gH + 3 gH®
=0 =3

—gHy” + gH{Y + gH}”

n n
3 H®, + Y gHE, 423" gHE),
=3 =3 =3

—4ZgH 4 gHY) — gH) — 2gHG) — gHE),.
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Then, we have
& 1
3 3 3 3
> gHy = o [gHL, + 2gH + gHY — gHLY |
1=0

1 1 3
=3 {gHSﬁz + 2gH®) + - (—2)\@ + Qo + Ql)} ;

which is the desired result. Note that Qy+8; = A\ —2X—3\1i+ (2 a—4\; )e+3Ah. O

TABLE 4. Summation formulas associated with choices of a, b and c.

Symbol A; Ay Summation formula

JHE 1 =2 H[JHY], +2JH®) — (1+ 6i+ 8e + 6h)]
JHE =3 6 3 [JHY, + 2/HE — (9+ 21i+ 24e + 18h)]
KHY 7 14 }IKHY), + 2KHE — (94 91+ 24e + 12h)|

A generating function for the Gaussian generalized third-order Jacobsthal hybrid
numbers can be found in the following theorem.

Theorem 2.5 (Generating function). A generating function for the Gaussian gener-
alized third-order Jacobsthal hybrid number is

X e %()\2—1@ + Q1 + (A2710 + Qo — 2Q) z + (A2710 — 2Q) x2)
Zng T = )
1=0

l—2—a?— 223
Proof. Let us define g(z) = 5% ng(g)xl. Multiplying this equation by 1, —x, —2?
and —223, respectively, and summing the last equations, we obtain

(1 -z —a? = 20%)g(x) = gH + (gH — gH) 2 + (gH — gH — gH”) 22
= gHy” + (gH}” — gHy) @ + 2gH )

Also, using (2.5), we have

1 1 1
2gH®) = = 2710 — 20|, gH = = N2leo+ ], g = =20+ 9 - .
The theorem is proven using the previous equalities. 0

3. TYPE OF D’OCAGNE’S IDENTITY FOR THE SEQUENCE gH®)

We give some properties for the Gaussian generalized third-order Jacobsthal hybrid
numbers. We calculate these identities by using the multiplication rules for hybrid
numbers in Table 1.

For simplicity of notation, let

(3.1) Zn = QX + U Xt
(32) ZnJrl == —Qan -+ (QQ - Ql> Xn+1,



870 G. MORALES

where QO = —)\2 + ()\2 — 2>\1)l + 2()\2 — )\1)5 + ()\1 + /\Q)h, Ql = )\1 — /\2 — ()\1 + )\2)1 —
2M1€ + (2X2 — Ap)h and X, is the sequence defined in Eq. (2.4).
Then, the formula of the hybrid numbers gH® is given by

1
(3.3) gH® = = 210 + 7,
where
1 n n
Zn = w1 — Wy [(QO -+ Qlwl)wl — (QO + Ql(.UQ)(.UQ} .
Note that Z,, .o = —Z,,1 — Z,, with initial conditions Zy = ; and Z; = Qg — ;.

Using (3.1) and (3.2), we have

T 1Zn = ZonZnsr = [~ X + (0 — ) Xor] [Q0X0 + D Xi1]
— [0 X+ 0 X 1] [~ X + (2 — Q1) Xoii]
= (1 — D) (X X + X1 X 1]
+ (9 = 20— 9F) X1 Xo — (2 — Q0 — OF) Xon X,

with Qo # Q1. In particular, if m = n, we obtain
Zps1Zn — ZpZnir = (0 — ) [X,z + XZH - Xan+1} .

The first type of d’Ocagne’s identity for the sequence gH is given in the next
theorem.

Theorem 3.1. Let n > m > 0, be integers. Then, we have

gHP,  gH® — gH® gH®) | =X2" 10 [(Q + 2Q0) X, + (30 — Q) Xou1]
— 22" (D 4 290) Xon + (321 — Q) Xin1a] ©
+ (Q()Ql - Qlﬂo> [Xan + Xm+1Xn+1]
+ (9 — 0 — ) X1 X,
- (Qg — 0 — Q%) X X1,
where X,, as in (2.4).
Proof. By using Eq. (3.3), we have
gH,  gH® — gHE gH),
1 m n— m— n
- (X270 + Zyny1) (\27710 + Z,) = (\277'0 + Z) (A2°© + Zy 1))
:)\2m71@ (ZZTL - Zn+1> - /\2n71 (2Zm - Zm+1) ('_') + Zm+IZ'rL - ZmZn+1-
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Using the relation 27, — Z,,11 = (1 4+ 2Q) X, + (301 — Qo) X1, we have
gﬂgllgHS) - QHQ)QHSJ)A
=271 [(Q 4 2Q0) X, + (3 — Qo) Xy 1]
— X2 [(Q +2Q0) X + (3 — Q) Xons1] ©
+ (2092 — 0 Q) [Xon Xy + X1 X i1
+ (9 = 0 — OF) X1 Xo — (2 — 0 — OF) X X,
where X, is the sequence defined in (2.4). Thus, the proof is completed. 0
If m =n — 1 in Theorem 3.1, then the Cassini identity is obtained.
Corollary 3.1. Let n > 1, be integer. Then, we have
(gHD)” — gH®, gHE), =X2"20 (2 +20) X, + (32 — Q) Xt
— 2" H[( 4+ 29) X1 + (3021 — Q) X, ©
+ (02 — Qo) (X1 + Xiy1] X
+ (9 — 20 — OF) X2
— (9 = Q0 — ) X 1 X
If m = n in Theorem 3.1, then the next identity is obtained.
Corollary 3.2. Let n > 0, be integer. Then, we have
gHP) gHP) — gHP gHE) | =227 10 [(Q) + 2Q0) X, + (30 — Qo) X, 1]
— A" (g +2Q0) X, + (39 — Q) X,11] ©
+ (0 — 0) (X2 + X241+ XnXnia |-

FExample 3.1. For n = 1, the Gaussian generalized third-order Jacobsthal hybrid
number satisfies the following relations

(gH)” — gHP gHS =x27'0 (30 — 204] — A[3Q1 — Q] © + 0 — Qo — 2,
gHSY gHP) — gH gHSY =26 [302) — 2001] — A [32 — 2] O + Q2 — 0, Q.
4. CONCLUSION

We defined new hybrid numbers by using definitions of generalized third-order
Jacobsthal sequence and third-order Jacobsthal numbers. The properties of those
hybrid numbers were examined. Some theorems about these numbers were presented.
In a later work, we will obtain curious properties of modified third-order Jacobsthal
hybrid numbers using the usual modified third-order Jacobsthal numbers studied by
Morales in [5,8]. Future studies could explore the application of hybrid numbers to
other special sequences (see [10,20]), to investigate whether similar properties and
patterns emerge.
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