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ON THE INITIAL VALUE PROBLEM FOR FUZZY NONLINEAR
FRACTIONAL DIFFERENTIAL EQUATIONS

ALI EL MFADEL1, SAID MELLIANI1, AND M’HAMED ELOMARI1

Abstract. In this paper, we study the existence result of solutions for fuzzy nonlin-
ear fractional differential equations involving Caputo differentiability of an arbitrary
order 0 < q < 1. As application, an example is included to show the applicability
of our result.

1. Introduction

Fuzzy fractional differential equations were proposed to handle uncertainty due to
incomplete information that appears in many mathematical or computer models of
some deterministic real-world phenomena. In recent years, fractional differential equa-
tions have attracted a considerable interest both in mathematics and in applications
as material theory, transport processes, fluid flow phenomena, earthquakes, solute
transport, chemistry, wave propagation, signal theory, biology, electromagnetic theory,
thermodynamics, mechanics, geology, astrophysics, economics and control theory (see
[1–3]). For basic works related to the fuzzy fractional differential equations we refer
the reader to [4, 16,17].

Motivated by the above works, in this paper,we study the existence result of solution
for the following fuzzy fractional initial value problem:

(1.1)
{

cDqx(t) = f(t, x(t)), t ∈ J = [t0, t0 + δ],
x(t0) = x0.

Where cDq is the Caputo derivative of x(t) at order q ∈ [0, 1] and δ > 0.

Key words and phrases. Fuzzy numbers, fuzzy fractional integral, fuzzy fractional caputo deriva-
tive.
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To be more precise, we will show that problem (1.1) admits a solution on each
locally compact subset of the space of a E1 which is the space of all fuzzy numbers.

The paper is organized as follows. In Section 2, we give some basic properties
of fuzzy sets, operations of fuzzy numbers and some detailed definitions of fuzzy
fractional integral and fuzzy fractional derivative which will be used in the rest of
this paper. In Section 3, we introduce the existence result of solution for the fuzzy
fractional initial value problem by using Peano theorem. Illustrative example will be
discussed in Section 4, followed by conclusion and futur works in Section 5.

2. Preliminaries

Definition 2.1 ([18]). A fuzzy number is mapping u : Rn → [0, 1] such that
(a) u is upper semi-continuous;
(b) u is normal, that is, there exists x0 ∈ Rn such that u(x0) = 1;
(c) u is fuzzy convex, that is, u(λx+ (1−λ)y) ≥ min{u(x), u(y)} for all x, y ∈ Rn

and λ ∈ [0, 1];
(d) {x ∈ Rn, u(x) > 0} is compact.

The α− cut of a fuzzy number u is defined as follows:
[u]α = {x ∈ Rn | u(x) ≥ α}.

Moreover, we also can present the α− cut of fuzzy number u by [u]α = [ul(α), ur(α)].
We denote by En the collection of all fuzzy numbers.

Example 2.1. Let u be a fuzzy number defined by the following function:

µu(x) =


x− 1, x ∈ [1, 2],
−x+ 3, x ∈ [2, 3],
0, elswhere.

Then we have [u]1 = {2}.

Definition 2.2 ([9]). Let u ∈ E1 and α ∈ [0, 1] we define the diameter of α − level
set of the fuzzy set u as follows

d([u]α) = lr − ll.

We denote by C(J,En) space of all fuzzy-valued functions which are continuous on
J ,and Pc(Rn) the collection of all the compact subset of Rn.

Definition 2.3 ([9]). The generalized Hukuhara difference of two fuzzy numbers
u, v ∈ En is defined as follows:

u�gH v = w ⇔ i) u = v + w or ii) v = u+ (−1)w.

Proposition 2.1. If u ∈ E1 and v ∈ E1, then the following properties hold.
1) If u�gH v exists then it is unique.
2) u�gH u = 0E1.
3) (u+ v)�gH v = u.
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4) u�gH v = 0E1 ⇔ u = v.

Definition 2.4 ([18]). According to the Zadeh’s extension principle, the addition on
E1 is defined by:

(u⊕ v)(z) = sup
z=x+y

min{u(x), v(y)}.

And scalar multiplication of a fuzzy number is given by:

(k � u)(x) =
{
u(x/k), k > 0,
0̃, k = 0.

Remark 2.1 ([13]). Let u, v ∈ E1 and α ∈ [0, 1], then we have
[u+ v]α =[u]α + [v]α,
[u− v]α =[uα1 − vα2 , uα2 − vα1 ],

[ku]α =k[u]α =
{

[λuα1 , λuα2 ] , if λ ≥ 0,
[λuα2 , λuα1 ] , if λ < 0, ,

[uv]α =[min uα1 vα1 , uα1 vα2 , uα2 vα1 , uα2 vα2 ,max uα1 vα1 , uα1 vα2 , uα2 vα1 , uα2 vα2 ].

Definition 2.5 ([13]). Let u, v ∈ En with α ∈ [0, 1], then the Hausdorf distance
between u and vis given by:

D(u, v) = sup
α∈[0,1]

d([u]α, [v]α),

where d is the Hausdorff metric defined in Pc(Rn).

Proposition 2.2 ([10]). D is a metric on En and has the following properties:
(a) (En;D) is a complete metric space;
(b) D(u+ w, v + w) = D(u, v) for all u, v, w ∈ En;
(c) D(ku, kv) = |k|D(u, v) for all u, v ∈ En and k ∈ R;
(d) D(u+ w, v + z) ≤ D(u, v) +D(w, z) for all u, v, w, z ∈ En.

Definition 2.6 ([7]). Let f : [a, b]→ En and t0 ∈ [a, b]. We say that f is Hukuhara
differentiable at t0 if there exists f ′(t0) ∈ En such that

f ′(t0) = lim
h→0+

f(t0 + h)�gH f(t0)
h

= lim
h→0−

f(t0)�gH f(t0 − h)
h

.

Remark 2.2. Let f : [a, b] → En be a fuzzy function such that [f(x)]α =[
f(x;α), f(x;α)

]
for each α ∈ [0, 1] then

[f ′(x)]α =
[
f ′(x;α), f ′(x;α)

]
.

Definition 2.7. F : J → En is strongly measurable if for all α ∈ [0, 1], the set-valued
mapping Fα : J → Pc(Rn) defined by Fα(t) = [F (t)]α is Lebesgue measurable.

A function F : J → En is called integrably bounded, if there exists an integrable
function h such that, |x| < h(t) for all x ∈ F0(t).
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Definition 2.8. Let F : J → En. The integral of F on J denoted by
∫
I
F (t)dt, is

given by[∫
J
F (t)dt

]α
=
∫
J
Fα(t)dt=

{∫
J
f(t)dt | f : J → Rn is a measurable selection for Fα

}
,

for all α ∈ [0, 1].

Proposition 2.3. If u ∈ E1, then the following properties hold.
(a) [u]β ⊂ [u]α if 0 ≤ α ≤ β.
(b) If αn ⊂ [0, 1] is a nondecreasing sequence which converges to α, then

[u]α =
⋂
n≥1

[u]αn .

Conversely, if Aα = {[uα1 , uα2 ];α ∈ [0, 1]} is a family of closed real intervals
verifying (a) and (b), then Aα defined a fuzzy number u ∈ E1 such that [u]α =
Aα.

2.1. Fractional integral and fractional derivative of fuzzy function. Let q > 0,
the fractional integral of order q of a real function g : [t0, t0 + δ]→ R is given by

Iqg(t) = 1
Γ(q)

∫ t

t0
(t− s)q−1g(s)ds.

Let f(t) ∈ L (J,E1) such that f(t) = [fα1 (t), fα2 (t)]. Suppose that fα1 , fα2 ∈ L (J,R)
for all α ∈ [0, 1] and let

(2.1) Aα =
[

1
Γ(q)

∫ t

t0
(t− s)q−1fα1 (s)ds, 1

Γ(q)

∫ t

t0
(t− s)q−1fα2 (s)ds

]
,

where Γ(·) is the Euler gamma function.
We have the following lemma.

Lemma 2.1 ([3]). The family {Aα | α ∈ [0, 1]} given by (2.1), defined a fuzzy number
u ∈ E1 such that [u]α = Aα.

Definition 2.9 ([16]). Let f(t) ∈ L (J,E1). The fuzzy fractional integral of order
q ∈ [0, 1] of f denoted by

Iqf(t) = 1
Γ(q)

∫ t

t0
(t− s)q−1f(s)ds

is defined by
[Iqf(t)]α = [Iαfl(t;α), Iqfr(t;α)] .

Proposition 2.4 ([16]). Let f, g ∈ L(J,E1) and b ∈ E1, then we have:
(a) Iq(bf)(t) = bIqf(t);
(b) Iq(f + g)(t) = Iqf(t) + Iqg(t);
(c) Iq1Iq2f(t) = Iq1+q2f(t), where (q1, q2) ∈ [0, 1]2.
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Example 2.2. Let x : J → E1 be a constant fuzzy function such that x(t) = u ∈ E1.
If [u]α = [u1

α, u
2
α], then

[Iqx(t)]α =
[

1
Γ(q)

∫ t

t0
(t− s)q−1u1

α(s)ds, 1
Γ(q)

∫ t

t0
(t− s)q−1u2

α(s)ds
]
,

[Iqx(t)]α = tq

Γ(α + 1)[u1
α, u

2
α],

[Iqx(t)]α = tq

Γ(α + 1)[u]α.

Definition 2.10 ([16]). Let f ∈ C(J,E1) ∩ L(J,E1).
The function f is called fuzzy Caputo fractional differentiable of order 0 < q < 1

at t if there exists an element cDqf(t) ∈ E1 such that

cDqf(t) = 1
Γ(q)

∫ t

t0
(t− s)q−1f ′(s)ds.

Remark 2.3 ([16]). Since [f(t)]α = [fl(t;α), fr(t;α)] for each α ∈ [0, 1], then

[cDqf(t)]α = [cDqfl(t;α),cDqfr(t;α)] ,

where
cDqfl(t;α) := 1

Γ(α)

∫ t

t0
(t− s)α−1f ′l (s, α)ds,

cDqfr(t;α) := 1
Γ(α)

∫ t

t0
(t− s)α−1f ′r(s, α)ds.

Example 2.3. Let x : [t0; , t0 + δ] → E1 be a constant fuzzy function such that
x(t) = u ∈ E1. If [u]α = [u1

α, u
2
α], then

[cDqx(t)]α =
[

1
Γ(q)

∫ t

t0
(t− s)q−1(u1

α)′ds, 1
Γ(q)

∫ t

t0
(t− s)q−1(u2

α)′ds
]
,

[cDqx(t)]α ={0},
cDqx(t) =0E1 .

Theorem 2.1 ([5, 15]). There exists a real Banach space X such that En can be
embedded isometrically into a convex cone C with vertex 0 in X. moreover we have:

(a) addition in X induces addition in En;
(b) multiplication by real number in X induces the corresponding operation in En;
(c) C − C is dense in X;
(d) C is closed.

Remark 2.4. The structure of the normed space X can be described as follows.
Define in En × En the following equivalence relation:

(u, v)R(u′, v′)⇔ u+ v′ = v + u′.
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We denote by 〈u, v〉 the equivalence class of (u, v) and the space X will be the set of
equivalence classes. We define a vector space structure in X by:

〈u, v〉+ 〈u, v〉 ⇔ u+ v′ = v + u′,

λ〈u, v〉 = 〈λu, λv〉, if λ ≥ 0,
λ〈u, v〉 = 〈(−λ)v, (−λ)u〉, if λ < 0.

The isometry j : En → X is defined by

j(u) = 〈u, 0〉.

The norm in X is defined by ‖〈u, v〉‖X = D(u, v).

Theorem 2.2 ([10]). Let X be a Banach space and j an embedding as in Theorem 2.1,
G : J → En and assume that j ◦G is Bochner integrable over J . Then we have

1) IqG(t) ∈ En;
2) j (IqG(t)) = Iqj(G(t)).

3. The Fuzzy Fractional Initial Value Problem

Let C̃ be a closed subset of (En, D), which is also closed under the addition and
multiplication by a nonnegative real number and f : J× C̃ → C̃ be a fuzzy continuous
function.

In this section we show that the initial value problem (1) has a solution if and only
if C̃ is locally compact.

Definition 3.1 ([9]). A fuzzy function x : J → En is called d-increasing (d-decreasing)
on J if for every α ∈ [0, 1] the real function t 7→ d([x(t)]α) is nondecreasing (nonin-
creasing), respectively.

Remark 3.1. If x : J → En is d-increasing or d-decreasing on J , then we say that x(t)
is d-monotone on J .

Lemma 3.1. A d-monotone fuzzy function x(t) is a solution of initial value problem
(1.1) if and only if

1) x is continuous;
2) x satisfies the integral equation x(t)	gH x0 = 1

Γ(q)
∫ t
t0

(t− s)q−1f(t, x(t))ds;
3) The function t 7→ Iqf(t, x(t))is d-increasing on J .

Proof. See the proof of Theorem 3 in [9]. �

We denote by C(J, C̃) the space of all continuous mappings from J to C̃ and let j
be an embedding of C̃ into a Banach space X allowed by Theorem 2.2.

Theorem 3.1. The fuzzy fractional initial value problem (1.1) has a solution if and
only if C̃ is locally compact.
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Proof. By Theorem 2.1 and Theorem 2.2 we can see that x(t) is a solution of the
problem (1.1) if and only if j(x(t)) is a continuous solution of the embedded equation

j(x(t))	gH j(x0) = 1
Γ(q)

∫ t

t0
(t− s)q−1j(f(s, j−1j(x(s))).(3.1)

Since x(t) ∈ C(J, C̃) then j(f(s, x(s)) is Bochner integrable.
It is known that the (3.1) has a solution if and only if X is a finite dimensional

space. Since a normed space is finite dimensional if and only if it is locally compact
(see[12]) and we have X = cl{j(C̃)− j(C̃)} then the proof is completed. �

4. Illustrative Example

Example 4.1. Let m be a positive real number, then the following set,
E1
m = {u ∈ E1 | d(supp(u)) ≤ m}.

is a locally compact subset of E1.
Indeed, for each n = 1, 2, 3, . . . let K̃n = Kn∩E1

m, where Kn = {u ∈ E1 | supp(u) ⊂
[−n, n]}. Then since E1

m is closed in E1, K̃n is compact for each n. Let u ∈ E1
m, then

u belongs to the interior of K̃n for some n. Therefore, every element in E1
m has a

compact neighborhood, it follows that E1
m is a locally compact.

5. Conclusion and Future Works

In this manuscript we established the existence results for fuzzy fractional differential
equations by using Peano theorem. Our future work is to study the stability results
for fuzzy fractional differential equations by using Mittag-Leffler stability notion.
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