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HYERS-ULAM STABILITY OF A FREE AND FORCED
VIBRATIONS

R. MURALI1 AND A. PONMANA SELVAN1

Abstract. In this paper, we study the Hyers-Ulam stability and Hyers-Ulam-
Rassias stability of the general differential equation of the Free Damped Vibrations,
Undamped Vibrations and Forced Vibrations by using initial conditions.

1. Introduction

In every day life we come across numerous things that move. These motions are
of two types, viz (i) the motion in wich the body moves about a mean position or
a fixed point an (ii) the motion in which the body moves from one place to another
place with respect to time. The first type of motion of a body about a mean position
is called oscillatory motion. A moving train, flying aeroplane and moving ball etc.,
corresponds to the second type of motion. An oscillating pendulum, vibrations of a
stretched string, movement of water in a cup, vibration of electrons are the examples
of oscillatry motions. Vibration and oscillation are part of our every day life. With in
a minute of waking up, we may well experience vibrations in a wide variety of forms:
the buzzing of the alarm clock; the bounce of a bed; the oscillation of a loud speaker,
electric tooth brush or an electric razor, musical instruments, machinery and traffic,
noisy and annoying. A common feature of many of these vibrations of oscillations is
that the motion is repetitive of periodic. Such a motions are called periodic motions.
In nature, all these mechanical vibrations are Simple Harmonic Motion.

The theory of stability is an important branch of the qualitative theory of differential
equations. In 1940, Ulam [28] posed a problem concerning the stability of functional
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equation: “Give conditions in order for a linear function near an approximately linear
function to exist.” A year later, Hyers [11] gave an answer to the problem of Ulam for
additive functions defined on Banach spaces. Thereafter, Aoki [3], Bourgin [4] and
Rassias [21] improved the result reported in [11]. After that, many mathematicians
have extended the Ulam’s problem to other functional equations on various spaces in
different directions (see [1, 5–8,12,15,24,25]).

Definitions of both Hyers-Ulam stability and Hyers-Ulam-Rassias stability have
applicable significance since it means that if one is studying an Hyers-Ulam stable
or Hyers-Ulam-Rassias stable system then one does not have to reach the exact
solution. (Which is usually is quite difficult or time consuming). This is quite useful in
many applications. For example, numerical analysis, optimization, biology, economics,
dynamic programming, wireless sensor networks, physics, chemistry, geometry and
etc., where finding the exact solution is quite difficult.

A generalization of Ulam’s problem was recently proposed by replacing functional
equations with differential equations: The differential equation

φ
(
f, x, x′, x′′, . . . , x(n)

)
= 0

has the Hyers-Ulam stability if for a given ε > 0 and a function x such that∣∣∣φ (f, x, x′, x′′, . . . , x(n)
)∣∣∣ ≤ ε, there exists a solution xa of the differential equation

such that |x(t)− xa(t)| ≤ K(ε) and lim
ε→0

K(ε) = 0.
Oblaza seems to be the first author who has investigated the Hyers-Ulam stability of

linear differential equations (see [19, 20]). Thereafter, Alsina and Ger published their
paper [2], which handles the Hyers-Ulam stability of the linear differential equation
y′(t) = y(t). Those previous results were extended to the Hyers-Ulam stability of
linear differential equations of first order and higher orders in [9, 10,13,14,16–18,22,
23,26,27,29,30].

These days, the Hyers-Ulam stability of differential equation is investigated and
the investigation is ongoing. Motivated and connected by above results, we prove the
Hyers-Ulam stability of the general differential equation of Free Damped Vibrations
(FDV),

(1.1) x′′(t) + 2lx′(t) + k2x(t) = 0,

Undamped Vibrations (UV)

(1.2) x′′(t) + k2x(t) = 0

and Forced Vibrations (FV)

(1.3) x′′(t) + 2lx′(t) + k2x(t) = L sin pt,

by using initial conditions

(1.4) x(a) = x′(a) = 0,

where x(t) ∈ C2(I), I = [a, b] ⊆ R.
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2. Preliminaries

Simple Harmonic Motion plays an important role and it is the one of the most
important example of periodic motion. Clock, car shock absorbers, musical instru
ments, bungee jumping, diving board, the process of hearing, earth quake, proof
building metronome, a swing, a rocking chair, clock pendulum, heart beat and
breathing these are the some common examples of Simple Harmonic Motion in real
life, but there are countless more applications.

Simple Harmonic Motion. When a body moves such that its acceleration is
always directed towards a certain fixed point and varies directly as its distance from
that point, the body is said to execute harmonic motion.

For such a motion to take place the force acting on the body should be directed
towards the fixed point and should also be proportional to the displacement, i.e., the
distance from the fixed point. The function of the force is to bring the body back to
its equilibrium position and hence this force is often known as restoring force.

Consider a particle of mass m executing simple harmonic motion. If x be the
displacement of the particle from equilibrium position at any instant t, the resulting
force F acting on the particle is given by F ∝ x (or) F = −sx, where s is the force
constant of proportionality or stiffness. The negative sign is used to indicate that the
direction of the force is opposite to the direction of increasing displacement.

If d
2x

dt2
is the acceleration of the particle at time t, then

m
d2x

dt2
= −sx (or) d

2x

dt2
+ s

m
x = 0,

substituting k2 = s
m
, we get d2x

dt2
+ k2x = 0. This is the general differential equation

of motion of a simple harmonic oscillator.

Free Vibrations. When the bob of a simple pendulum (in vacuum) is displaced
from its mean position and left, it executes simple harmonic motion. The time period
of oscillation depends only on the length of the pendulum and the acceleration due
to the gravity at the place. The pendulum will continue to oscillate with the same
time periodic and amplitude for any length of time. In such cases there is no loss of
energy by friction or otherwise. In all similar cases, the vibrations will be undamped
free vibrations. The amplitude swing remains constant.

Damping. The amplitude of a vibrating string, a sounding tuning fork and an
oscillating pendulum goes on gradually decreasing and ultimately these bodies stop
vibrating. It is because some energy is inevitably lost due to resistive or viscous forces.
For example, in the case of a simple pendulum, energy is lost due to friction at the
supports and resistance of air. The resistance offered by a damping force is known
as damping. When the damping is small it does not produce any significant change
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in the undamped motion of the vibrating body. In such a case, the damping force is
proportional to the velocity of the vibrating body.

Damped vibrations. In actual particle, when the pendulum vibrates in air medium,
there are frictional forces and consequently energy is dissipated in each vibration.
The amplitude of swing decreases continuously with time and finally the oscillations
die out. Such vibrations are called free damped vibrations. The dissipated energy
appears as heat either within the system itself or in the surrounding medium. The
dissipative force due to friction etc. (resistance in LCR circuit) is proportional to
the velocity of the particle at that instant. That is, in an ideal simple harmonic
motion, the displacement follows a sine curve for an infinite time. This is because
the total energy remains constant. In actual practice, the simple harmonic oscillator
always experiences frictional or resistive forces due to which some energy is lost and the
oscillations get damped. The amplitude of vibration decreases gradually an ultimately
the body comes to rest.

The decay of amplitude with time is called damping. Those simple harmonic
vibrations where amplitude decreases with the passage of time are called damped
simple harmonic vibrations.

Let µdx
dt

be the dissipative force due to friction or other phenomenon. Therefore,
the differential equation in the case of Free Damped Vibration is,

(2.1) m
d2x

dt2
+ Tx+ µ

dx

dt
= 0

or
d2x

dt2
+
(
µ

m

)
dx

dt
+
(
T

m

)
x = 0.

The above equation is similar to a general differential equation of the form
d2x

dt2
+ 2l dx

dt
+ k2x = 0

or

(2.2) x′′(t) + 2lx′(t) + k2x(t) = 0,

where k2 = T
m
, l is known as the damping coefficient and 2l gives the force due to

resistance of the medium per unit mass per unit velocity. Equation (2.2) is known as
differential equation of damped simple harmonic motion. Also, it can be written in
the form of x′′(t) + a x′(t) + b x(t) = 0 whose solution is,

x(t) =


e(

−1
2 at)

[
c1e

( 1
2λt) + c2e

(−1
2 λt)

]
, if λ2 = a2 − 4b > 0,

e(
−1
2 at)

[
c1 sin

(1
2λt

)
+ c2 cos

(1
2λt

)]
, if λ2 = 4b− a2 > 0,

e(
−1
2 at) [c1x+ c2] , if a2 = 4b.
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Undamped Vibrations. For a simple harmonic vibrating particle, the kinetic
energy for displacement x is given by 1

2m
(
dx
dt

)2
. At the same instant, the potential

energy of the particle is 1
2Kx

2, where K is the restoring force per unit displacement.
The differential equation in the case of undamped free vibrations is,

m
d2x

dt2
+ Tx = 0 or d

2x

dt2
+
(
T

m

)
x = 0,

it takes the form
x′′(t) + k2x(t) = 0,

where k2 =
(
T
m

)
. This is only an ideal case. Here it has been assumed that the

vibrations are free and undamped.

Forced Vibrations. The time period of a body executing simple harmonic motion
depends on the dimension of the body and its elastic properties The vibrations of such
a body die out with time due to dissipation of energy. If some external periodic force
is constantly applied on the body, the body continues to oscillate under the influence
of such external force. Such vibrations of the body are called forced vibrations.

Initially, the amplitude of the swing increases, then decreases with time, becomes
minimum and again increases. This will be repeated if the external periodic force is
constantly applied on the system. In such cases the body will finally be forced to
vibrate with the same frequency as that of the applied force. The frequency of the
forced vibration is different from the natural frequency of vibration of the body. The
amplitude of the forced vibration of the body depends on the difference between the
natural frequency and the frequency applied force. The amplitude will be large of
difference in frequency is small and vice versa. For forced vibrations, equation (2.1)
is modified in the form

m
d2x

dt2
+ Tx+ µ

dx

dt
= F sin pt,

x′′(t) + 2lx′(t) + k2x(t) = L sin pt.
Here p is angular frequency of the applied periodic force and L =

(
F
m

)
.

Now, we give the definition of Hyers-Ulam stability and Hyers-Ulam-Rassias stability
of the general differential equation of Free Damped Vibrations (FDV) (1.1), Undamped
Vibrations (UV) (1.2) and Forced Vibrations (FV) (1.3) by using initial conditions
(1.4).

Definition 2.1. We say that the general differential equation of Free Damped
Vibrations (1.1) has the Hyers-Ulam stability with initial conditions (1.4), if there
exists a positive constant K with the following property: For every ε > 0, x ∈ C2(I)
satisfies the inequality ∣∣∣x′′(t) + 2lx′(t) + k2x(t)

∣∣∣ ≤ ε,
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then there exists some y ∈ C2(I) satisfies y′′(t) + 2ly′(t) + k2y(t) = 0 with initial
conditions y(a) = y′(a) = 0 sucht that |x(t)− y(t)| ≤ Kε. We call such K as a
Hyers-Ulam stability constant for the differential equation of Free Damped Vibrations
(1.1) with initial conditions (1.4).
Definition 2.2. We say that the general differential equation of Free Damped
Vibrations (1.1) has the Hyers-Ulam-Rassias stability with φ(·), where φ : R→ [0,∞)
and initial conditions (1.4), if there exists a positive constant K with the following
property: If x ∈ C2(I) is such that satisfying the inequality∣∣∣x′′(t) + 2lx′(t) + k2x(t)

∣∣∣ ≤ φ(t),

then there exists some y ∈ C2(I) satisfying y′′(t) + 2ly′(t) + k2y(t) = 0 with initial
conditions y(a) = y′(a) = 0 such that |x(t)− y(t)| ≤ Kφ(t). We call such K as a
Hyers-Ulam-Rassias stability constant for the differential equation of Free Damped
Vibrations (1.1) with initial conditions (1.4).
Definition 2.3. We say that the general differential equation of Undamped Vibrations
(1.2) has the Hyers-Ulam stability with initial conditions (1.4), if there exists a positive
constant K with the following property: for every ε > 0, x ∈ C2(I) satisfying the
inequality ∣∣∣x′′(t) + k2x(t)

∣∣∣ ≤ ε,

then there exists some y ∈ C2(I) satisfying the differential equation y′′(t)+k2y(t) = 0
with initial conditions y(a) = y′(a) = 0 sucht that |x(t)− y(t)| ≤ Kε. We call such
K as a Hyers-Ulam stability constant for the differential equation of Undamped
Vibrations (1.2) with initial conditions (1.4).
Definition 2.4. We say that the general differential equation of Undamped Vibrations
(1.2) has the Hyers-Ulam-Rassias stability with φ(·), where φ : R→ [0,∞) and initial
conditions (1.4), if there exists a positive constant K with the following property: If
x ∈ C2(I) is such that satisfying the inequality∣∣∣x′′(t) + k2x(t)

∣∣∣ ≤ φ(t),

then there exists some y ∈ C2(I) satisfying the differential equation y′′(t)+k2y(t) = 0
with initial conditions y(a) = y′(a) = 0 sucht that |x(t)− y(t)| ≤ Kφ(t). We call
such K as a Hyers-Ulam-Rassias stability constant for the differential equation of
Undamped Vibrations (1.2) with initial conditions (1.4).
Definition 2.5. We say that the general differential equation of Forced Vibrations
(1.3) has the Hyers-Ulam stability with initial conditions (1.4), if there exists a positive
constant K with the following property: For every ε > 0, x ∈ C2(I) satisfying∣∣∣x′′(t) + 2lx′(t) + k2x(t)− L sin pt

∣∣∣ ≤ ε,

then there exists some y ∈ C2(I) satisfies the differential equation
y′′(t) + 2ly′(t) + k2y(t) = L sin pt,
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with initial conditions y(a) = y′(a) = 0 sucht that |x(t)− y(t)| ≤ Kε. We call such K
as a Hyers-Ulam stability constant for the differential equation of Forced Vibrations
(1.3) with initial conditions (1.4).

Definition 2.6. We say that the general differential equation of Forced Vibrations
(1.3) has the Hyers-Ulam-Rassias stability with φ(·), where φ : R→ [0,∞) and initial
conditions (1.4), if there exists a positive constant K with the following property: If
x ∈ C2(I) is such that satisfies∣∣∣x′′(t) + 2lx′(t) + k2x(t)− L sin pt

∣∣∣ ≤ φ(t),

then there exists some y ∈ C2(I) satisfying the differential equation

y′′(t) + 2ly′(t) + k2y(t) = L sin pt,

with initial conditions y(a) = y′(a) = 0 such that |x(t)− y(t)| ≤ Kφ(t). We call such
K as a Hyers-Ulam-Rassias stability constant for the differential equation of Forced
Vibrations (1.3) with initial conditions (1.4).

3. Hyers-Ulam Stability

In this section, we prove the Hyers-Ulam stability of a general differential equation
of FDV (1.1), UV (1.2) and FV (1.3) by using initial conditions (1.4). Now, we prove
the Hyers-Ulam stability of the general differential equation of FDV (1.1) by using
the initial conditions (1.4).

Theorem 3.1. If x : I → R be a twice continuously differentiable function such that
|x′(t)| ≤ |x(t)| satisfies the differential inequality∣∣∣x′′(t) + 2lx′(t) + k2x(t)

∣∣∣ ≤ ε,(3.1)

with initial conditions (1.4) then the differential equation (1.1) has the Hyers-Ulam
stability.

Proof. For every ε > 0, there exists x ∈ C2(I) such that |x′(t)| ≤ |x(t)| satisfies the
differential inequality (3.1) with initial conditions (1.4) and define M = max

t∈I
|x(t)|.

Then by the inequality (3.1), we have

−ε ≤ x′′(t) + 2lx′(t) + k2x(t) ≤ ε,

multiplying the above inequality by x′(t) and then integrate, we obtain that
t∫
a

−εx′(τ)dτ ≤
t∫
a

{
x′′(τ) + 2lx′(τ) + k2x(τ)

}
x′(τ)dτ ≤

t∫
a

εx′(τ)dτ,

−ε
t∫
a

x′(τ)dτ ≤
t∫
a

x′′(τ)x′(t)dτ + 2l
t∫
a

x′(τ)2dτ + k2
t∫
a

x(τ)x′(τ)dτ ≤ ε

t∫
a

x′(τ)dτ,
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−2εx(t) ≤ x′(t)2 + k2x(t)2 + 4l
t∫
a

x′(τ)2dτ ≤ 2εx(t),

from which we get that

k2x(t)2 ≤ 2εx(t)− 4l
t∫
a

x′(τ)2dτ,

M2 ≤ 2ε
k2M + 4l

k2M
2(b− a).

Choose γ = 4l(b−a)
k2 , we get

M ≤ 2ε
k2(1− γ) ,

which gives |x(t)| ≤ 2ε
k2(1−γ) . Hence, |x(t)| ≤ Kε, where K = 2

k2(1−γ) . It is easy to see
that, y(t0) ≡ 0 is a solution of x′′(t) + 2lx′(t) + k2x(t) = 0 with initial condition (1.4)
such that |x(t)− y(t0)| ≤ Kε. Hence, by the virtue of Definition 2.1, the differential
equation of FDV (1.1) has the Hyers-Ulam stability. �

Now, we prove the Hyers-Ulam stability of the general differential equation of UV
(1.2) with initial conditions (1.4).

Theorem 3.2. If x : I → R be a twice continuously differentiable function satisfies
the inequality ∣∣∣x′′(t) + k2x(t)

∣∣∣ ≤ ε,(3.2)

with initial conditions (1.4) then the differential equation (1.2) has the Hyers-Ulam
stability.

Proof. For every ε > 0, there exists x ∈ C2(I), satisfies the differential inequality (3.2)
with initial conditions (1.4) and define M = max

t∈I
|x(t)|. Then by the inequality (3.2),

we have
−ε ≤ x′′(t) + k2x(t) ≤ ε,

multiplying the above inequality by x′(t) and then integrating a to t, we get

−ε
t∫
a

x′(τ)dτ ≤
t∫
a

{
x′′(τ) + k2x(τ)

}
x′(τ)dτ ≤ ε

t∫
a

x′(τ)dτ,

−2εx(t) ≤ x′(t)2 + k2x(t)2 ≤ 2εx(t),
from which we obtain that k2x(t)2 ≤ 2εx(t). Hence, |x(t)| ≤ Kε, where K = 2

k2 . It
is easy to see that, y(t0) ≡ 0 is a solution of x′′(t) + k2x(t) = 0 with initial condition
(1.4) such that

|x(t)− y(t0)| ≤ Kε.

Hence by the virtue of Definition 2.3, the differential equation of UV (1.2) has the
Hyers-Ulam stability. �
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Finally, in this section we would like to prove the Hyers-Ulam stability of the general
differential equation of FV (1.3) with initial conditions (1.4).

Theorem 3.3. If x : I → R be a twice continuously differentiable function such that
|x′(t)| ≤ |x(t)| satisfies the differential inequality∣∣∣x′′(t) + 2lx′(t) + k2x(t)− L sin pt

∣∣∣ ≤ ε,(3.3)

with initial conditions (1.4) then the differential equation (1.3) has the Hyers-Ulam
stability.

Proof. For every ε > 0, there exists x ∈ C2(I) such that |x′(t)| ≤ |x(t)| satisfies the
differential inequality (3.3) with initial conditions (1.4) and define M = max

t∈I
|x(t)|.

Then by the inequality (3.3), we have
−ε ≤ x′′(t) + 2lx′(t) + k2x(t)− L sin pt ≤ ε.

Multiplying the above inequality by x′(t) and then integrate, we obtain that

t∫
a

−εx′(τ)dτ ≤
t∫
a

{
x′′(τ) + 2lx′(τ) + k2x(τ)− L sin pτ

}
x′(τ)dτ ≤

t∫
a

εx′(τ)dτ,

−ε
t∫
a

x′(τ)dτ ≤
t∫
a

x′′(τ)x′(τ)dτ + 2l
t∫
a

x′(τ)2dτ + k2
t∫
a

x(τ)x′(τ)dτ,

−L
t∫
a

x′(τ) sin pτdτ ≤ ε

t∫
a

x′(τ)dτ,

−2ε x(t) ≤ x′(t)2 + k2 x(t)2 + 4l
t∫
a

x′(τ)2dτ − 2L
t∫
a

x′(τ) sin pτdτ

≤ 2εx(τ),
from which we get that

k2x(t)2 ≤ 2εx(t)− 4l
t∫
a

x′(τ)2dτ + 2L
t∫
a

x′(τ) sin pτdτ,

M2 ≤ 2ε
k2M + 4l

k2M
2(b− a) + 2LM

k2 sin pa.

Choose γ = 4l(b−a)
k2 , we get M ≤ 2ε+2L sin pa

k2(1−γ) , which gives

|x(t)| ≤ 2ε+ 2L sin pa
k2(1− γ) .

Hence |x(t)| ≤ K(ε), where K(ε) = 2ε+2L sin pa
k2(1−γ) for all t ∈ I. Obviously, y(t0) ≡ 0 is a

solution of the differential equation x′′(t) + 2lx′(t) + k2x(t)− L sin pt with (1.4) such
that |x(t)− y(t0)| ≤ K(ε).
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Hence by the virtue of Definition 2.5, the differential equation of FV (1.3) has the
Hyers-Ulam stability. �

4. Hyers-Ulam-Rassias Stability

In this section, we prove the Hyers-Ulam-Rassias stability of a general differential
equation of FDV (1.1), UV (1.2) and FV (1.3) by using initial conditions (1.4). Now,
we prove the Hyers-Ulam-Rassias stability of the general differential equation of FDV
(1.1) by using the initial conditions (1.4).

Theorem 4.1. If x : I → R be a twice continuously differentiable function such that
|x′(t)| ≤ |x(t)| with φ(t), where φ : R→ [0,∞) satisfies the differential inequality∣∣∣x′′(t) + 2lx′(t) + k2x(t)

∣∣∣ ≤ φ(t),(4.1)

with initial conditions (1.4) then the differential equation (1.1) has the Hyers-Ulam-
Rassias stability with respect to φ(t) such that φ(a) = 0.

Proof. If x ∈ C2(I) is such that |x′(t)| ≤ |x(t)| with φ : R → [0,∞) satisfies the
differential inequality (4.1) with initial conditions (1.4) and define M = maxt∈I |x(t)|.
Then by the inequality (4.1), we have

−φ(t) ≤ x′′(t) + 2lx′(t) + k2x(t) ≤ φ(t),
multiplying the above inequality by x′(t) and then integrating with the limits a to t,
we obtain that

t∫
a

−φ(τ)x′(τ)dτ ≤
t∫
a

{
x′′(τ) + 2lx′(τ) + k2x(τ)

}
x′(τ)dτ ≤

t∫
a

φ(τ)x′(τ)dτ,

−2
t∫
a

x′(τ)φ(τ)dτ ≤ x′(t)2 + k2x(t)2 + 4l
t∫
a

x′(τ)2dτ ≤ 2
t∫
a

x′(τ)φ(τ)dτ,

from which we get that

k2x(t)2 ≤ 2
t∫
a

x′(τ)φ(τ)dτ − 4l
t∫
a

x′(τ)2dτ,

M2 ≤ 2
k2Mφ(t) + 4l

k2M
2(b− a).

Choose γ = 4l(b−a)
k2 , we get

M ≤ 2φ(t)
k2(1− γ) ,

which gives |x(t)| ≤ 2φ(t)
k2(1−γ) . Hence, |x(t)| ≤ Kφ(t) for all t ∈ I, where K = 2

k2(1−γ) .

Obviously, y(t0) ≡ 0 is a solution of the differential equation (1.1) with (1.4) such
that

|x(t)− y(t0)| ≤ Kφ(t).
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Hence by the virtue of Definition 2.2, FDV (1.1) has the Hyers-Ulam-Rassias stability
with initial conditions (1.4). �

Now, we are going to prove the Hyers-Ulam-Rassias stability of the differential
equation of UV (1.2) with initial conditions (1.4).

Theorem 4.2. If x : I → R be a twice continuously differentiable function such that
|x′(t)| ≤ |x(t)| with φ(t), where φ : R→ [0,∞) satisfies the differential inequality∣∣∣x′′(t) + k2x(t)

∣∣∣ ≤ φ(t),(4.2)

with initial conditions (1.4) then the general differential equation of UV (1.2) has the
Hyers-Ulam-Rassias stability with respect to φ(t) such that φ(a) = 0.

Proof. If x ∈ C2(I) is such that |x′(t)| ≤ |x(t)| with φ : R → [0,∞) satisfies the
differential inequality (4.2) with initial conditions (1.4) and define M = maxt∈I |x(t)|.
Then by the inequality (4.2), we have

−φ(t) ≤ x′′(t) + k2x(t) ≤ φ(t),
multiplying the above inequality by x′(t) and then integrating a to t, we get

−
t∫
a

x′(τ)φ(τ)dτ ≤
t∫
a

{
x′′(τ) + k2x(τ)

}
x′(τ)dτ ≤

t∫
a

x′(τ)φ(τ)dτ,

−2
t∫
a

x′(τ)φ(τ)dτ ≤ x′(t)2 + k2x(t)2 ≤ 2
t∫
a

x′(τ)φ(τ)dτ,

from which we obtain that

k2x(t)2 ≤ 2
t∫
a

x′(τ)φ(τ)dτ,

M2 ≤ 2
k2Mφ(t).

Hence, we get that |x(t)| ≤ Kφ(t), where K = 2
k2 . It is easy to see that, y(t0) ≡ 0

is a solution of the differential equation (1.2) with (1.4) such that |x(t) − y(t0)| ≤
Kφ(t). Hence by the virtue of Definition 2.4, the differential equation (1.2) has the
Hyers-Ulam-Rassias stability. �

Finally, we would like to prove the Hyers-Ulam-Rassias stability of the general
differential equation of FV (1.3) with initial conditions (1.4).

Theorem 4.3. If x : I → R be a twice continuously differentiable function such that
|x′(t)| ≤ |x(t)| with φ(t), where φ : R→ [0,∞) satisfies the differential inequality∣∣∣x′′(t) + 2lx′(t) + k2x(t)− L sin pt

∣∣∣ ≤ φ(t),(4.3)

with initial conditions (1.4) then the differential equation (1.3) has the Hyers-Ulam-
Rassias stability with respect to φ(t) such that φ(a) = 0.



310 R. MURALI AND A. PONMANA SELVAN

Proof. Assume that x ∈ C2(I) is such that |x′(t)| ≤ |x(t)| with φ : R → [0,∞)
satisfies the differential inequality (4.3) with initial conditions (1.4) and define M =
maxt∈I |x(t)|. Then by the inequality (4.3), we have

−φ(t) ≤ x′′(t) + 2lx′(t) + k2x(t)− L sin pt ≤ φ(t).
Multiplying the above inequality by x′(t) and then integrating a to t, we obtain that

t∫
a

−x′(τ)φ(τ)dτ ≤
t∫
a

{
x′′(τ) + 2lx′(τ) + k2x(τ)− L sin pτ

}
x′(τ)dτ

≤
t∫
a

x′(τ)φ(τ)dτ,

−
t∫
a

x′(t)φ(τ)dτ ≤
t∫
a

x′′(τ)x′(τ)dτ + 2l
t∫
a

x′(τ)2dτ + k2
t∫
a

x(τ)x′(τ)dτ

− L
t∫
a

x′(τ) sin pτdτ ≤
t∫
a

x′(τ)φ(τ)dτ,

−2
t∫
a

x′(τ)φ(τ)dτ ≤x′(t)2 + k2x(t)2 + 4l
t∫
a

x′(τ)2dτ − 2L
t∫
a

x′(τ) sin pτdτ

≤2
t∫
a

x′(τ)φ(τ)dτ,

from which we get that

k2x(t)2 ≤ 2
t∫
a

x′(τ)φ(τ)dτ − 4l
t∫
a

x′(τ)2 dτ + 2L
t∫
a

x′(τ) sin pτdτ,

M2 ≤ 2
k2Mφ(t) + 4l

k2M
2(b− a) + 2LM

k2 sin pa.

Choose γ = 4l(b−a)
k2 , we get M ≤ 2φ(t)+2L sin pa

k2(1−γ) , which gives

|x(t)| ≤ 2φ(t) + 2L sin pa
k2(1− γ) .

Hence, |x(t)| ≤ Kφ(t), where

Kφ(t) = 2φ(t) + 2L sin pa
k2(1− γ) ,

for all t ∈ I. It is easy to see that, y(t0) ≡ 0 is a solution of the differential equation
(1.3) with the initial condition (1.4) such that

|x(t)− y(t0)| ≤ Kφ(t).
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Hence by the virtue of Definition 2.6, the differential equation (1.3) has the Hyers-Ulam-
Rassias stability. �

Conclusion
In this paper, we have proved the Hyers-Ulam stability and Hyers-Ulam-Rassias

stability of the general differential equation of the Free Damped Vibrations (FDV),
Undamped Vibrations (UV) and Forced Vibrations (FV) by using initial conditions.
It will be very useful to the readers to study the stability problem for various physical
Phenomenon.
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