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ON THE NORMALIZED LAPLACIAN SPECTRUM OF SOME
GRAPHS

RENNY P. VARGHESE! AND D. SUSHA!

ABSTRACT. In this paper we determine the normalized Laplacian spectrum of dupli-
cation vertex join of two graphs, duplication graph, splitting graph and double graph
of a regular graph. Here we investigate some graph invariants like the normalized
Laplacian energy, Kemeny’s constant and number of spanning tree of these graphs.

1. INTRODUCTION

All graphs explained in this paper are undirected, without parallel edges and loops.
Let G = G(V, E) be a graph with vertex set V(G) = {v1,v9,...,v,} and edge set
E(G). The adjacency matrix, A(G) = (aij)nxn, IS an n X n symmetric matrix with
rows and columns are indexed by vertices of G' where a;; = 1 if the vertices v; and
v; are adjacent in G, 0 elsewhere. The characteristic polynomial of A is of the form
fa(A : z) = det(xl, — A) where I, is the identity matrix of order n. The roots of
fa(A : x) = 0 constitute the eigenvalues of G. We denote these as Ay > Ay > --- > A,
and form the A - spectrum of G.

Let d; be the degree of the vertex v; in G and D(G) = diag(dy, ds, ..., d,) be the
diagonal degree matrix of G. The matrix D~'/? is a diagonal matrix with diagonal

entries \/% for all i. Chung in [5] introduced a new matrix called, normalized Laplacian

matriz of a graph G. Tt is defined to be the matrix L(G) = D~Y2LD~'/2 whose
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(i, 7)™ - entry is given by,

1, if v; = v, and d; # 0,
-1
7. — )—— Iifv; and v; are adjacent,
L;; ﬁdz’dj J

0 otherwise.

The roots of the characteristic equation of L are known as the normalized Laplacian
eigenvalues of G. Since i(G) is symmetric and positive semi definite matrix, its
eigenvalues are all real and non negative of the form 0 = oy < 09 <--- < g,. These
eigenvalues together their multiplicities is called normalized Laplacian spectrum or
L-spectrum of G and is denoted by LSpec(G).

The mathematicians like Chen and Zhang express the resistance distance in terms
of normalized Laplacian eigenvalues and vectors of the graph G [4]. Also they propose
degree-Kirchhoff index is closely related to spectrum of the normalized Laplacian. The
concept of limit point for the normalized Laplacian eigenvalues are used by Kirkkland
in [9]. In [1] Banergee and Jost investigated, how the normalized spectrum is affected
by some operations like mofit doubling, graph splitting or joining. Renny and Susha
defined some new join and corona based on duplication graph of an arbitrary graph
(see [13,14]).

Motivated by these, in this paper we are interested in finding the normalized
Laplacian spectrum of duplication, splitting and double graph of a regular graph
G. Also we define and determine the normalized Laplacian spectrum of Duplication
vertex join of two regular graphs GGy and Gs.

The arrangement of the paper in section wise as follows. Section 2 describes
the necessary preliminaries. In Section 3, we determine the normalized Laplacian
spectrum of duplication vertex join of two graphs, duplication, splitting, double graph
of a regular graph. Then in the last section we discuss some applications such as
normalized Laplacian energy, the Kemeny’s constant and number of spanning tree of
these graphs.

2. PRELIMINARIES

Definition 2.1 ([8,11,12]). Let G be a graph with vertex set V(G) = {vy,vq, ..., 05}
and U(G) = {uy,us,...,u,} be the vertex set of another copy of G. The double
graph, Ds(G), is the graph obtained by joining w; to every vertices in N(v;), the
neighbourhood set of v; of G, for each 7. If we remove the edges of the copy of G
in vertex set U(G) in the double graph we get the splitting graph, splt(G), of G.
Removing the edges of two copies of GG in the double graph, then it is called the
duplication graph, DG, of G.

_ | My My
Lemma 2.1 ([6]). Let M = M, M,

Then the eigenvalues of M are those of My + My together with My — M.

be a symmetric block matrix of order 2 x 2.



ON THE NORMALIZED LAPLACIAN SPECTRUM OF SOME GRAPHS 433

Proposition 2.1 ([6]). Let Py, Py, P> and P3 be matrices of order ny X ny,ny X ng, ng X
ni,ng X ng respectively. Then
det P, P det(Py) det(Ps — PoPy ' Py), if Py is invertible
(&) =
P, Py det(Ps)det(Py — PLPy ' Py), if Py is invertible.
Remark 2.1. Let G be a r-regular graph with adjacency matrix A. Then normalized
Laplacian matrix is 1 — 2 [5].

FiGURE 1. Duplication, splitting and double graph of K

3. NORMALIZED LAPLACIAN SPECTRUM OF SOME GRAPHS

In this section we determine the normalized Laplacian spectrum of duplication
vertex join of two graphs, duplication, double and splitting graph of a regular graph.

3.1. Normalized Laplacian spectrum of duplication vertex join.

Definition 3.1. For ¢ = 1,2, let G; be graphs on n; vertices. Let DG; be the
duplication graph of G;. The duplication vertex join of G; and G5 is denoted by
(G1 VG, and is the graph obtained from DG, and G, by joining every vertex of Gy to
all the vertices of G,.

FExample 3.1. The following, Figure 2 illustrate the Definition 3.1.

F1GURE 2. Duplication vertex join of C5 and K.

Let G;, i = 1,2, be r;-regular graphs on n; vertices and m; edges. Then G;V(G, has
2n1 + ng vertices and 2my + moy + ning edges.
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Theorem 3.1. Fori = 1,2, let G; be r;-reqular graphs on n; vertices with spectrum
Mi1(G) > N2(G) > -+ - > N\, (G). Then the normalized Laplacian spectrum of G1V Gy

50,1 — 22k 14 i | =2,3,... =2,3,...,n9. T '
is 0, e i)’ i 3y ...,n, k ,3,...,n9. Together with the roots

of the equation

$2 . 3711 + 27’2 2711712 + 27117”1 + NoTo

T =0.
ny + 7o (Tll +7’2)(712 +7”1)

Proof. Let G;, i = 1,2, be riregular graphs on n; vertices. Let V(G;) =
{v1,v9,...,0,, } be the vertex set of Gy and U(G;) = {x1,xa,...,2,,} is the ad-
ditional vertices corresponding to each vertex of Gy. Let V(Ga) = {ug,ug,. .., upn,}
be the vertex set of Gs.

Under this vertex partitioning the adjacency matrix of G1VGsy is,

On1 Al Jnl XMng
A = Al 0n1 0n1 XN 9
J?’LQ X1 Onz X1 AQ

where A; and A, are the adjacency matrix of G; and G5 respectively. J denote matrix
with all entries equal to 1 and 0 is the zero matrix of appropriate order. The degree
of the vertices of G1VGy are dg,vg, (Vi) = ne + 11, dgyve,(x:) =1, 1 =1,2,...,m
and dg,vg,(u;) =n1+re, j=1,2,...,no.

The diagonal degree matrix of G1VG, is

(7"1 + TLQ)Inl 0 O
D = 0 T1]n1 0
0 0 (ny + ro) 1y,

Hence, the Laplace adjacency matrix of G1VGs is

(Tl + n2>I _Al _Jnl XNy
L = —Al 7”1] 0n1><n2 s
_JTL2 Xn1 OngXTbl nllng + L2

where L, is the Laplacian matrix of G5. Also,

_ [n -
VTl + No
D2 = 0 In, 0
VAR
I,
0 0 —
L VN1 + 1o ]
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By simple calculation we get

i ] _Al _Jn1Xn2 1
141 \/7’1(77@4‘7“1) \/(711"‘7”2)(7124‘7‘1)
pLp VP —f—| — I, 0
r1(ng + 1)
_Jn2xn1 0 I — A2
| /(1 +7)(ng + 1) ComtTn

Since G is ri-regular, it has an eigenvector j, , a vector with all entries equal to 1,
corresponding to the eigenvalue ;. All other eigenvectors are orthogonal to j,. . Let
A2; be an eigenvalue of G5 with eigenvector Z such that jF;CZZ = 0 Then (0,0, Z2)T is

an eigenvector of L corresponding to the eigenvalue 1 — —22i—

ni+re’

This is because, e
0 0 0

N Ao
Llo]= 0 = (1 — j ) 0
A7 nq 9
Z Z n1‘2‘!‘7’2 Z
Therefore, 1 — 22 for i = 2,3,...,ny, is an eigenvalue corresponding to the eigen-

n1+72

vector (0,0, Z)T.

Let X be an eigenvector corresponding to the eigenvalue Ay; of Gy. Then (X, X, 0)T
i i t ding to the ei el — ——21_ F
is an eigenvector corresponding to the eigenvalue Ty or,

v AX
X (ri(ng +r1) ) X
Llx]|= —AX :(1-“) X
0 (r1(ng + 1) ri(ny +71) 0
0

Therefore, 1 — —=24—— for i = 2,3,...,n4, is an eigenvalue corresponding to the
/—rl(ng—i—rl) ) ) )

eigenvector (X, X,0)T. Similarly we can prove (—X, X,0)7 is an eigenvector corre-

sponding to the eigenvalue 1 + E\“'+ fori=2,3,...,n;.
ri(n2—rri

Thus we obtain ny — 14 2(n; — 1) = 2ny + ny — 3 eigenvalues of L all orthogonal
to (§,0,0)",(0,j,0)" and (0,0,j)".
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The remaining three vectors of L are of the form 7 = (aj, ﬁj,’YJ)T for (o, B,7) #
(0,0,0). Let v be an eigenvalue of L with eigenvector 7. Then from L7 = vT we get,

(3.1) a— I B — e v = va,
\/rl(ng + 1) \/(nl +72)(ng + 1)
r
(3.2) —————a+ B8+ 0y =18,
ri(ng +11)
n

(3.3) - a+08+(1- v = vy.

V(1 + 72) (ng + 1) T
By solving above three equations we get the cubic equation as,
(34) ;U3 . 3721 + 2T2$2 4 2”1712 + 27117”1 + ng’l"gx —0.

ny + 7o (ny +1r2)(ng +11)

Now the theorem follows. L]

Corollary 3.1. If Gy = K, (totally disconnected graph with ny vertices), then the
normalized Laplacian of G1V Gy consz’sts of 0,2, a; and B; together with 1, repeats no
times, where ai:l_\/m?;ﬁ’ B = %, 1=2,3,...,m

Proof. If Gy is totally disconnected or K, then r, = 0. The cubic equation (3.4)
reduces to

3 —32% + 22 = 0.

On solving we get the solution as z = 0, 1,2. The remaining eigenvalues are obtained
from Theorem 3.1. Hence the corollary is proved. ([l

3.2. Normalized Laplacian spectrum of duplication, splitting and double
graph.

Theorem 3.2. Let G be a r-reqular graph on n wvertices with adjacency spectrum
{r = A, Aa,...,A\n}. Then the normalized Laplacian spectrum of the duplication
graph, DS, consists of 1 £ % fori=1,2,...,n

Proof. Let A be the adjacency matrix of G. The Laplacian and normalized Laplacian
matrix of DG are

rl, —A = I —
= " - r
L [ “A vl ] and L ;A )
r n
Since G is r-regular with n vertices, the duplication graph DG is also an r-regular
graph on 2n vertices with eigenvalues £X;, ¢ = 1,2,...,n. By Remark 2.1, the

normalized Laplacian eigenvalues of DG are 1 £+ %, 1=1,2,...,n. U

Theorem 3.3. Let G be an r-reqular graph on n wvertices with adjacency spectrum
{r=XA,N, ..., N} Then the normalz’zed Laplacz'an spectrum. of the splitting graph,
splt(G), consists of 1 — 2, 1 —|— i fori=1,2,...,n
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Proof. Let A and D be respectively the adjacency matrix and diagonal degree matrix

of G. The Laplacian matrix of splt(G) is L = [ 2”32 4 ;IA ] .

In O
Also D = 2Ly 0 and D~1/2=| v2r |
0 rl, 0

The normalized Laplacian matrix is

L-= —
i — p-12pp-1/2 — 2r 2

—A
= I,
V2
The characteristic polynomial of L is
A A
3 (x — 1)1, + o —=
det(zI — L) = det a7 rv2

/3 (x — 1)1,

Using Proposition 2.1 and the result [6] that, if ); is an eigenvalue of A then P();) is
an eigenvalue of P(A), for any polynomial P(z). We arrive at

fa(L:2) = (z—1)"det | (z — 1)I LA A
G\ ) = AT W T2r 2r2(z—1)
A A2
= —1)%1, —1)— - —
det ((x )1, + (x )2'r 2r2>
i Ai A
— o 1 2 -1 e )
i:l—[l <(x S >2r 27’2>
" 4r — A 2r2 —r); — A\?
o 2 i i i
B ,:1—[1 (x ( 2r Jo + 2r2 )
= (a:—l—)\l) (m—l—F)\i).
bale] 2r T
Thus we obtain the normalized Laplacian spectrum. 0

Theorem 3.4. Let G be an r-reqular graph on n wvertices with adjacency spectrum
{r = X, Ao, ..., \n}. Then the normalized Laplacian spectrum of the double graph,
Dsy(@G), consists of 1, repeats n times and 1 — % fori=1,2,...,n.

Proof. Let A be the adjacency matrix of G. The Laplacian and normalized Laplacian

matrix of Dy(G) are
I A A
2rl, — A —A ~ nT 50 o0
= " = 2r 2r
L=1""24 o —a| ™ L= _4 A

_ I, — —
2r 2r
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As like the proof of the Theorem 3.2 and using Remark (2.1), we get the normalized
Laplacian eigenvalues of Dy(G). O

4. APPLICATIONS

In this section we discuss some applications of normalized Laplacian spectrum.
Here we determine the normalized Laplacian energy, Kemeny’s constant and number
of spanning tree of the different graphs under consideration.

4.1. Normalized Laplacian energy. In [10], I. Gutman defined the graph energy,
E(G), as the sum of the absolute value of its eigenvalues. Let G' be a graph on n
vertices with adjacency spectrum A; > Ay > --- > ), then energy

= ZMJ
i—1

Let G be a graph on n vertices and normalized Laplacian spectrum 0 = o7 < 03 <
- < 0,,. The normalized Laplacian energy is denoted by LE(G) and is defined in [3]
as

(4.1) LEG)=Y"|oi - 1].

i=1
Theorem 4.1. Let G be an r1 reqular graph on ny vertices and Gy = Fm, totally
disconnected graph. Then,

2(E(Gy) —7“1)'

ri(ng +11)

E(G\VG,) =

Proof. We have \; = r and E(G) = >0 || = r1 + X125 [Ai|. By Corollary 3.1
and (4.1) we get,

— = | Al | =
E(01VG2)—TL2XO+2+Z +Z

i=2 \/T1(ne +11) =2 \/T1(ne +11)

:2+ Z|)\11

rl(ng + )

2(E (Gl)—ﬁ)_ 0

ri(ng +11)

—24

Theorem 4.2. Let G be a r-reqular graph with n vertices. Then

(a) LE(DS) = 2B(G);
(b) LE(D,G) = LE(G);
(c) LE(spli(C) = 2 B(G)

Proof. The proof follows from Theorem 3.2, Theorem 3.4 and Theorem 3.3. 0
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4.2. Kemeny’s constant. Kemeny’s constant K(G), of a graph G is defined as the
expected number of steps required for the transition from a starting vertex v; called
origin to a destination vertex, which is chosen randomly according to a stationary
distribution of unbiased random walks on G [2,7]. Also K(G) is a constant and
is independent of the choice of the origin v;. Let G be a graph on n vertices and
normalized Laplacian spectrum 0 = 0y < 09 < --- < 0, then Kemeny’s constant is
the sum of all reciprocal normalized Laplacian eigenvalues except 1/07. Thus we can
write,

(4.2) K(G) = Z —.
Theorem 4.3. Fori = 1,2, let G; be r;-reqular graph on n; vertices with adjacency
spectrum {r; = A1, Aigy - - -, Ain, } - Then the Kemeny’s constant of G1V Gy is

(3ny + 2r9)(ng + 1) "‘i ny + 1y N 2 2r1(ng + 1)

G1VGs .
( ! ) 2n1N9 + 2n1711 + NaTy i1+ 1o — Ao; =2 M2’ + ’l“% - )\%]

Proof. Since for i = 1,2, G; is r;-regular graph on n; vertices and let 1; and 7, be the

: : 2 3ni1+42rp 2nino+2n1ri+noere
roots of the quadratic equation z mtrs LT Tt (natr) 0. Then

1 +i_771+772

m 2 mme
. (3711 + 27’2)(712 + Tl)
© 2nqne + 20y + norsy’

— 2 ny +ro 1 1
K(G{VG :E —+——|——
(G17C2) 5 n1 1T — Ag Up)

\VT1 1(ng +11) VTl 1(ng +11)
VTri(ng +11) +/\1J Vri(ne +r1) — Ay

. (3711 + 27’2)(”2 + 7“1) i 2 ny 4+ 1o
2n1n2 + 2n17°1 + Nara i—o 1 + 1o — )\21'

1 21/7’1 712+T1
\/ n2+7“1 .

o (ng+1) —

On simplification we get the required result. 0J

Theorem 4.4. Let G be an r-reqular graph on n vertices with adjacency spectrum
{r=XA,N\a, ..., \n}. Let K(G) be the Kemeny’s constant of G, then

(1) K(DS ) K(G)+7rX o

(2) K(splt(G)) = K(G) +2r XLy 555
(3) K(Dy(G)) = K(G) +n.
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Proof. (1) Since G is r-regular with adjacency spectrum {r = A, Ag,..., A\, }, the
normalized Laplacian spectrum consists of 1 — %, for i = 1,2,...,n. Therefore,
K(G) =X, -3

By Theorem 3.2 and (4.2) we get the Kemney’s constant as

K(DS) :i<1—?>_1+§<1+?>_1

=2

:K .
(G)+r§r+>\i

The other results obtained from Theorem 3.4, Theorem 3.3 and (4.2). O

4.3. Number of spanning tree. Let t(G) denote the number of spanning tree of
the graph G, the total number of distinct spanning subgraphs of G that are trees.
If G is a connected graph with n vertices and the normalized Laplacian spectrum
0=01(G) < 03(G) -+ < 0,(G) then the number of spanning tree (see [5])
im1di 1lip 0

adi

Theorem 4.5. For i = 1,2 let G; be r;-reqular graph on n; vertices with adjacency
spectrum {r; = i1, Aizy - -« s Ain, }- Then the number of spanning tree of G1V Gy is

(4.3) HG) =

ni

n2
t(leGg) =T H(m + o — )\21) H(n2T1 + T% — )\i)
i=2 i=2
Proof. Since for ¢ = 1,2, G; is a r;-regular graph with n; vertices, there are n; vertices
of degree ny 4+ r1, another n; vertices are of degree r; and ns vertices are of degree
ny + ro.
Let n; and 7y be the roots of the quadratic equation

22 3ng + 27’296 2n1ng 4 2nq1r1 + Nary _ 0
Ny + 7o (n1 + 1) (ng +11)
then we have
_ 2nqng + 2n9ry + narg
iz = (n1 + TQ)(HQ + T’l) ’
Zd’ = 711(712 + 7”1) +niry + ng(nl + 7’2)
= 2n1ng + 2n1711 + Nara,
Hdi = (ng +r1)" i (ng +12)".
Hence, from (4.3), we get,
- npit n2 2 — Ao Mr(ng + 1) — A
HGAVGy) = (ng 4 r1)™r* (ng +12) 7717721—[ ny + 1y 2 H 1(ng 1) 1j
2711712 + 27117"1 + NoTo i—9 ny + 1o j=2 ™ (TLQ —+ 7“1)
ng ni
=1 H(m + 79 — Aoj) H(”ﬂ‘l +7r7 = AL). [

i=2 =2
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Theorem 4.6. Let G be a r-regular graph on n wvertices with adjacency spectrum
{r =X, ..., \}. Let t(G) be the number of spanning tree of G then,

(1) (99): LTI (r+ )

(2) t(splt(G)) = "I (2r + \);
(3) H(Da(G)) = 22727 1(@).

Proof. (1) Since G is r-regular with adjacency spectrum {r = A, Ag,..., A\, }, the
normalized Laplacian spectrum of ¢(DG) consists of 1—2¢, for i = 1,2, ..., n. Therefore
HG) = LTIy (r — Ni). Also T, d; = r*"and 37 d; = 2nr.
By Theorem 3.2 and (4.3) we get the
o T =M T A

r A -
t(DS) - = 2217‘ 1

——GH T+ i)
2 =1

The other results follows from Theorem 3.4, Theorem 3.3 and (4.3). O
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