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SOME MATHEMATICAL PROPERTIES FOR MARGINAL MODEL
OF POISSON-GAMMA DISTRIBUTION

MAGED G. BIN-SAAD!, JIHAD A. YOUNIS!, AND ANVAR HASANOV?

ABSTRACT. Recently, Casadei [4] provided an explicit formula for statistical mar-
ginal model in terms of Poisson-Gamma mixture. This model involving certain
polynomials which play the key role in reference analysis of the signal and back-
ground model in counting experiments. The principal object of this paper is to
present a natural further step toward the mathematical properties concerning this
polynomials. We first obtain explicit representations for these polynomials in form
of the Laguerre polynomials and the confluent hyper-geometric function and then
based on these representations we derive a number of useful properties including
generating functions, recurrence relations, differential equation, Rodrigues$ formula,
finite sums and integral transforms.

1. INTRODUCTION

In statistics, marginal models [7] are a technique for obtaining regression estimates
in multilevel modeling, also called hierarchical linear models. People often want
to know the effect of a predictor/explanatory variable X, on a response variable Y.
One way to get an estimate for such effects is through regression analysis. Marginal
model is generally compared to conditional model (random-effects model). Casadei [4],
(see also [5]) investigated the model representing two independent Poisson processes,
labeled as signal and background and both contributing additively to the total number
of counted events, is considered from a Bayesian point of view (see [2] and [3]). This
is a widely used model for the searches of rare or exotic events in presence of a
background source, as for example in the searches performed by high energy physics
experiments. The starting point in [4] is the marginal model p(k|s), specifying the
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probability of counting k£ > 0 events in the hypothesis that the signal yield is s > 0
with the assumed knowledge about the background contribution:

(1.1) p(k|s) = /m Poi(k|s + b)Ga(b|a, 8)db,
0
where Ga(bla, §) is a Gamma density of the form
_ _ 60‘ a—1_—af
(1.2) p(b) = Ga(bla, ) = F(a)b e, a>0,p#-1,
and Poi(k|s 4 ) is Poisson probability given by the formula (see [4])
. i k Sk—nbn
(13) POl(k‘S—i‘b) =€ nzom.
Now, in view of (1.2) and (1.3) we find from (1.1) that
k Skfnﬁaefs 00
Els) — / —(14B)bpa-+tn—1 g
p(kls) gn!(k’ —n)IT () Jo ¢ ’

which on using the Euler’s integral [6]
/ et 'dt = a "T(v), v >0,
0

yields the marginal model (see [4])

(14 pible) = (25) st
where

. B " fa+k—1 ank
(15 ptwon =3 ()
The model Poi(k|s + b) is used to compute the Fisher’s information (see [4, page 5,
(1.4)])

9 ’ o2

(16) I(s) = E (a 1ogp<k|s>) ] - E [( aszlogms))] ,

and the reference prior [16]

m(s) o [1(s)['/2.
Starting from equation (1.6) and after certain mathematical computations, Casadei
[4] derived the following expression for the Fisher’s information:

B\ L& s B
(1.7) I(s) = <1+5> e ,;)—fn+1(8;0z,5) 1.

From equation (1.7) one obtains

(18) u<s>|1/2=\( i )WM "

1+ = fari(s; o, B) !
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The function |/(s)|'/? has its single maximum at zero, hence a possible definition of
the reference prior m(s) for the signal is (see [4, page 9, (4.3)])

()"
(1.9) m(s) = 17(0)| 72

Because 7(s) does not explicitly depend on b (see (1.1)), the marginal posterior is
proportional to the product of the reference prior (1.9) and the marginal likelihood
(1.4)

(1.10) pible) o (25) e hutasa (o),

Casadei [4] derived a number of interesting properties for the polynomials f,, (z; a, 5)
which were useful in his investigation and following the prescription by [16], the
reference prior for the signal parameter s is computed from the conditional model (1.1).
Clearly, from (1.6), the polynomials f, (z; «, ) play the key role in implementing all
results in the work of Casadei [4]. For the evaluation of f,(x; «, 3) the author suggested
some methods based on the logarithms, because this avoids rounding problems related
to expressions featuring very big and very small values. Motivated by the important
role of the marginal model p(k|s) in several diverse fields of physics, analysis and
statistical methods and the contributions in [4, 5] toward the the marginal model-
polynomials f,(z;«, ), this work aims at introducing several representations and
properties for the polynomials f,,(z; a, ) in terms of known hyper-geometric functions
and polynomials, for example, confluent hypergeometric function | F; and Laguerre
polynomials, which will be useful for the evaluation of the marginal model p(k|s).

2. EXPLICIT AND INTEGRAL REPRESENTATIONS

ay  TI'(a+1)
(n) ol (a—n+1)
[(a+n) N
F(a) - ( )m

where (a), = a(a+1)--- (o +n — 1) denotes the Pochhammer symbol, the assertion
(1.5) can be written in the form

Based on the formulas

and

n ( )kxn—k
(2.1) folz; o, B) = ;;)k' W+ B
By exploiting the result [1]
(—1)kn!

0, k> n,
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and the definition of the hyper-geometric function o Fy (see [1])

2F0[Cl,b; _,.T] = i W

n=0

)

we find from (2.1) that

" —1
fn(x; Oéaﬁ) = ngO —n,o; —; %

z(1+8)|

Now, with help of the representations of the hyper-geometric function oFpy (see [12,
page 614])

oFol—n,a;—; 2] = (@) (—2)"1Fi[-n;1 —a —n; —2" 1 = nl2"L " (—2z1),

we can easily establish the explicit representations

23) ol ) = T P il - 0 = mia(1 4 )
or equivalently

o) (=L pean
24 hasand) = (g ) L6048,
where 1 F} is the confluent hyper-geometric function [6]
(2.5) 1Fila;e; 2] = nz::o ((CZ;Z; ,

and L{® is the associated Laguerre polynomials (see [1] or [13])

" (=D (a+n+1)2"

L) = kzzo K(n—k)C(a+k+1)

Since the polynomials f,(x; «, 3) can be expressed in terms of representation involving
the confluent hypergeometric function ; F; and the Laguerre polynomials L(® the
properties of these function and polynomials assume noticeable importance. Indeed,
each of these properties will naturally lead to various other needed properties for the
polynomials f,(x; «, 3). In this work formula (2.3) will play the key role in obtaining
a number of main results for the polynomials f,(z;«,5). Next, according to the
relation between Laguerre polynomials L(® and Jacobi polynomials P{*#)(z) [1, page
294, (35)]

L = lim PV <1 - 25”)
n Asoo >\

and the assertion (2.4), we can obtain the explicit relation

o) = (i) g (1- 2552)
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Further, the Laguerre polynomials have the following asymptotic representation which
describe their behavior for large value of the degree n [8, page 87, (4.22.18)]; see also

9]:
(2.6) L%(z) =~

n

I'a+n+1)
n!

a—+1
5

e?(Nz)= J, <2 (Na:)), n— oo, N =n+

In view of the explicit representation (2.4) it follows from (2.6) that

.ﬂ@MJD“(ul%ﬂnrq;a%myVNﬂl+mV?Jan(2(Nﬂ1+m0,

n — oo, N = "=2+L From (2.3), we can easily seen that

()

(2-7) fn(0§ 0475) = m
and
23) Fusi (@3, ) = —— s

(n+ 1)1+ g)m+

Formulas (2.7) and (2.8) are useful in computing the reference prior 7(s) in (1.9). It is
often convenient to identify the various special functions and polynomials with contour
integrals along certain paths in the complex plane. These integrals provide recursion
formulas, asymptotic forms, and analytic continuations of the special functions. Also,
they are sometimes used as definitions of special functions and polynomials . Now,
we consider some integral representations for the polynomials f,(x; «, 5). To obtain
integral representations, we first recall the results (see [1, page 300, (9.13) and (9.17)],
[6, (6.11.1)(3)])

(2.9) ﬂﬂhmmﬂ—rmggiﬂw%f&%“%1—&6“%m
(2.10) 1Fia; ¢; :F(a)FF((Z)—a)emx(IQC)/OI o—tyie—1)—a o 1(2y/ ()t
and

where ¢ is a positive integer and the contour v starts and ends at the point s =1 on
the s — axis and encircles the origin in a positive sense and that Re(c) > Re(a). Also,
a fourth representation can be obtained from equation (6.11.1) (7) of [6], for Re(c) > 0,
v>1landa#1,2,3,...,c— 1. This is achieved with b=c=n+1,n=0,1,...,in
(6.11.2) (6) of [6], where the integrand is a one-valued function of the parameter s and
the path of integration may be replaced by a contour, for instance a circle |s| = p > 1.
This representation is given by (see [6])

(2.12) Rl ea] = ) j{e( s )“ds.

2mixe—1 s—1/ s¢
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Directly from the results (2.9), (2.10), (2.11) and (2.12) and based on the definition
(2.3), we can establish the following integral representations:

(_1)71 ! T ty—(n —
ol 0,) =t s [ I gy

(=D a(1 + )75

fn(x; a7ﬂ) = n'(l + 5)711—‘(_71) 0 e_tt%Jf(a+n)(2 (1;(1 + B)t))dt,
. _ (Oé)nF(IY)F“' + n) x( )s —a ds
fo(z; o, B) ~Smi nl(1+ AT — ) 7§€ I+0)s(s — 1) eS|
and

(@), I'(1 —a—n) 7{ (1-46) ds
n\T; &, = . e’ s —1)" ,
fa f) 2mi nl(1 + B)—cx—an J, ( ) sl-a
respectively. By using the previous explicit and integral representations the computing
of the conditional model will be more easily. In this regard by virtue of the results

(2.7) and (2.8), in conjunction with (1.7), we find that

213 Km:a+mnm< B>a§:@%®%®n< 1)"_1

IFa+1) \1+5) Znlla+1),(1), \1+8
(1 +B(@) (B \" . N
" Tt Q+ﬂ>3E%*mZQ+LLu+ﬁJ b

where 3F, is special case of the generalized hypergeometric series ,F (see [1]). Hence,
from the assertions (2.13) and (2.3), we find the following elegant explicit representa-
tion for the marginal posterior defined by (1.10):

p(kyg;)oc< b >a <a)"€_xn1F1[—n;1—oz—n;x(l—i—ﬂ)]

1+5) nl(1+75)
‘(i)a e~ T y© (n+1)(@)n P [-msl—a—nz(148)])* ‘1/2
116 n=0 nl(a+n)1(8+1)"~11 F1[-n—1;—a—n;z(1+0)]

o 172
siersPle 0,20+ 1,51/(1+ 8)] - 1)

3. GENERATING FUNCTIONS

A generating function is a way of encoding an infinite sequence of numbers (a,,) by
treating them as the coefficients of a power series. The sum of this infinite series is the
generating function. Generating functions are often expressed in closed form (rather
than as a series), by some expression involving operations defined for formal series.
These expressions in terms of the indeterminate x may involve arithmetic operations,
differentiation with respect to x and composition with (i.e., substitution into) other
generating functions; since these operations are also defined for functions, the result
looks like a function of z. Indeed, the closed form expression can often be interpreted
as a function that can be evaluated at (sufficiently small) concrete values of z, and
which has the formal series as its series expansion. Also, the generating functions offer
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a direct way to investigate the properties of the polynomials they define. Directly
from (2.1) of the prececding section we obtain

o n i k:tn
fa(@; o, )"
Z 7;) kz—%) k(n ( +B)F
On replacing n by n + k, we obtain
o (@t)" ()t*

o falmon Bt =Y
n=0
Hence the polynomials f,(x; «, 5) have the following generating relation:

xt 3 - . bl . n
(3.1) e (1 — Hﬁ) = %fn(aj,a,ﬁ)t

A set of other generating functions for these polynomials is easily obtained. Let A be
arbitrary and proceed as follows:

S B (@A)t
%(A)nfn(:c;a,ﬁ)t = 7;);;) Hn— W11 B
_ i i ()N )ngpt™
=iz Elnl(14 B)F
_ i (@) W)pth & (N + k)p(xt)”
i K1+ B)F = n! '
We thus arrive at the generating function
> n t
2 (Mnfals o, B8 = (1 =) YoFo | X = o |
The followmg two formulas are well- known consequences of the derivative operator
D, = 2 and the integral operator D! (see [10]):

ﬁnx)\ _ F()\ + 1) A—n ﬁ—nx/\ - F()\ + 1) An

S v o W e G WA
meNU{0}, e C—{-1,-2,...}. Since
R |xn7k
Dk — n-
N (n— k)’

formula (2.1) yields the operational relation

0o Ak n ) -
6 lmes- AR O 1 (D)
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On multiplying both sides of (3.2) by ¢" and taking the sum, we then get the generating
relation

A

oo D —a
(o, It =1 - —= e,
3 ftssa e = (1- 152
On the other hand, since

ﬁl;xa-f—k—l _ ((l/)kl' 7

we get from (2.1) the operational relation

n—a+1 Dx "
lasann) = T (1 ) e

Now, we can easily derive the following generating relation:

0o n_ l-« tﬁx;p o
2 @i O =t p[(“mmﬂ -

From (2.1), we can easily derive the m — th partial derivative of f,(z;«, ) with
respect to x as follows:

n—m n—k—m

(33) DPfawiaf) = f@af) = ¥ e
k=0 ""°

(o)

—k—m)!(1+ B)*

Hence, from assertions (3.1) and (3.3), we get the result

xt t - _ - . n—m
(3.4) e <1 — 1+5> = ngofn_m(x, a, Bt

Remark 3.1. If in the generating functions (3.1) and (3.4), we let ¢t = 1, we find that

ifn(x;a>ﬁ anmJTOé/B)_e (1;6> )
n=0

which are the properties 1 and 3 of the polynomials in (2.1) derived by Casadei (see
[4, pages 6-T7]).

Remark 3.2. From (3.3), we have

= fo-m(z; 0, B).

7 (=) (—n)m(@ia

(3.5) fu' (@i, B) = X_: nlk!(1 + B)k
We know that [13]
0, it k>norm>n,
(3.6) (=n)k4m = m if 0 <k+m<n.

Hence, equation (3.5), in conjunction with (3.6), gives

0, if m > n,

fn(x;ayﬁ): fy?(x;avﬁ):fn—m(l’;a>ﬁ)a lfOSmSn,

1, if n =m,
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which is the tired property for the polynomials in (2.1) proved by Casadei [4, page
6, (2.7)]. Note that the proofs of the properties 1, 2 and 3 above are very short in
compare with their proofs in [4]. In fact these three properties have their origin in
the properties of Laguerre polynomials and the confluent hyper-geometric series | F}

(see [13, pages 200-213]).
4. RECURRENCE RELATIONS AND DIFFERENTIAL EQUATION
First, in view of definition (2.1), we find that
and

DM (s, B) = fuea (230, B).
Secondly, differentiating both the sides of (3.1) with respect to t, we get

xt l - Q xt 3 - _ = . n—
xe (1 — 1—1—5) + (Hﬁ—?ﬁ) e (1 — Hﬁ) —;fn(x,(x,ﬁ) nt" 1,

or

z(1+5) an$a5 —l’ana?OaB t"+1+042fnf13a,5)

=(1+p) anxa,ﬁ ) nt" ! anxa,ﬁ)nt”“

or

1+Banxoc6 —fonlxozﬁt”—i-aanxaﬁ

—(14B)S fonr(@ @ 8) (0 DI =S fus(zia, B) (n— D"

n=0 n=0

Equating the coefficients of ¢" from both sides, we find

(4.2) [z(148)+a] fu(z; o, B)—(x—n+1) fr_1(z; 0, B)— (148) (n+1) frus1(x; , ) = 0.

From [13, Section 48, (15), (18) and (20)], usingp=q¢=1, 0y = —n, f1 =1 —a —mn,

x +— x(1 + ), we obtain

(4.3) aFil-n;l—a—nz(1+0)]=—nmFi[-n+ 11 —a—n;z(l+ P)]
+(a+1)if[-n1—a—nz(l+ ),

(4.4)

[x(1+8) —n)1Fi[-n;1 —a—n;z(1 4+ 5)]

1+ 8)(a—
(1—a—mn)

z—mﬂkﬂﬂ—a—nwﬂ+5ﬂ—ﬂ 1%5[ ;2 —a—nz(l+ ),
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(45) A[-nl—a—-na(l+ )] =Fl-n-11-a—-nz(l+p5)

+ @_z_n)lFl[—nﬂ —a—nz(l+ B

Since (see (2.3))

nl(1+3)"
()

equations (4.3), (4.4) and (4.5) may be converted into the mixed recurrence formulas

tA[=n1 —a—na(l+ )] = fulw; o, B),

fulwianB) = (14 2) fu(wsa+1,8) = 2 fu(wsa.9),
n z(14 B)(a—1)

fa(z;a, B) :(n—x(l _|_5))fn—1(x;a75) + n—21+8)1—-a _n)fn(x§a —1,p),
folx; o, B) =fosa(x; 0, B) + (l—ax—n)fn(m; a—1,05).

Next, we derive the differential equation of the polynomials f,(z;a, ). Our starting
point is the recurrence formula (4.2). We have from (4.2)

(4.6)  2(1+B)fulz;a,B) + afu(z;a, B) — 2 fua(z;0, B) + (n = 1) fua (750, B)
— (1 +B)(n+1) fasa(z; 0, ) = 0.
Using (4.1), equation (4.6) yields

(@T) 20+ B) s 0, B) + afules 0,8) = - fulwsan 6) + (0= 1) 2 fuls 0, )
(L4 )+ (w50, 5) = 0

Next, on differentiating equation (4.7) with respect to x and simplify we obtain the
following second order differential equation for the polynomials f, (z; a, §):
82

(n— x—l)a 5

full; 0,8+ (214 6) @ = 1) 2 Fo(ws, 8) = (14 ) (s 8) = 0,

5. RODRIGUES-TYPE FORMULA

From (2.4), we have

(5.1) fo(z;0, B) = <1+5>n§:

k=0

(1 —o—n)u[-z(1+B)"*
Eln —k)!(1—a—n),

Since

ﬁn—kx—a _ (1 —o— n)nx(—oc—n—&—k:)
(1 —a—n)

Y
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equation (5.1) can be written in the form

: A T T N G D L C ) AP,
f”(x’a’6>_<1+ﬁ> nl &= K — k) Dt

1 \" gotn n -
~(i75) S S () evas oo

Dl — (1)1 4 ) (0,

M

Again, since

we may conclude that

(5.2 fn(x;a,6)=<_1>nxa+ 1) z( )p;kxa][ﬁﬁe“”)ﬂ-

147 n!

Therefore, by Leibnitz theorem, equation (5.2) can be written in the following inter-
esting Rodrigues-type formula:

—1 "2 i) A —a—(14Be
folz,a,8)=——=] ——e Dx™ % )
14+ n! “

6. FINITE SUMS AND INTEGRAL TRANSFORMS

Using the result

Yo A k) =303 Aln+k,k),
n=0 k=0 n=0 k=0
we can write
ZZ (14 B) 7 fo(a A, B)E" ZZ 2(1+ B)" folw A, B)ET
n=0 s=0 n=0 s=0 t o
= < - Hﬁ) ;)fs(%)\,ﬁ)ts

Now, employing the generating relation (3.1) and comparing the coefficients of ¢" in
the resulting expression, we get the following finite sum:

im(l +B)" " fo(@; A, B) = fulw; o, B).

Similarly, one can derive the following result:

S @D 0)" s (1_yy> _ (fvy<1+6>; o ﬁ> |

s=0 (n - S)'
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Since

T 1+8

xt t - yt l -
—e (1_1+6) ‘ (1_1+ﬂ>

=> foyiv. B) Y fala;a, B)tPH.
n=0

p=0

00 ¢ —a—ry
S f(r+yia 4, )t = et (1 )
p=0

Now, on letting p — p — n and comparing the coefficients of t?, we get the desired
result

p
Lol +yia+7,8) =" ful@ia, B) frn(y;v, BEP™.
n=0

Similarly, from the equation

S n __ ot 13 - t e
S ptmanr = (-] (1-15)

we can show that

(= V)npfp(; A, B)

folz; o, B) = :
0B = 2 T L+ By

Next, we turn to some integral transforms for the polynomials f,(z;«, ). In view of

the definition (3.1), we obtain

n k

> a1 . _ (a)pz"”
| et alatia Bt = > o BT AR

Now, on using the formulas (1.5) and (2.2) and the result (a),_x = (CDYan o

(1-a—n)y’
considering the definition of the Gaussian hyper-geometric function o F; (see [15])

(6.1) oFila,b;c; z] = i (a)n(b)nz"

= (c)nn!

oo
0

Y

we get the integral transform

F(A+n)

00 1
/ e fulat; o, B)dt = — [ [—n, a;l— A —mn;
0 n!

z(1+4pB)
In view of (2.1), we get

n k

t 1 oeine1 _ . ()™
Jy = e ) =3 e

t
% / (t — 2N 1ga—Mnth—lgy
0
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Putting (t — z) = t(1 — p), we get
t
[- zﬁ-lza-“"—lm/z; o, B)dt
0

kf F oAtk LAkt A1
_Z k' ( +ﬁ) /Op (1—]9) dp.

Now, projection mtegral transform would occur if we use the definition of Beta function

tal bldt
a—l—b /

and considering (2.5) and this asserts

jﬁit-Z)A—lza—k+"—1fg(x/z;a,ﬁ)dt::j;(x/acy-A,ﬁ)

7. CONCLUSIONS

In the previous sections we etablished a number of properties and representations
for the polynomials f,(z;«, 3), which are useful tools for computing the marginal
model p(k|z), the Fisher’s information I(x) and the reference prior m(z). In this
regard, if we make use of the series representation (2.5), the assertion (1.6) gives us

(71) p(km—(lfﬁ) n,(ﬁ)ﬁ)m - a—ma(l+ )

) S (D m (e
n'(1+ﬁ 0‘+"k = k's‘ —a—n)s
On letting s — s — k in (7.1) and using the following relations [13]:
(~1)" (@) (~1)"n!
m-n — 71 N d - = )
(a) 0—a—m), 4 =0

we obtain

o) = eSS M2 O 5 ot (13"

o1+ B)etn = sl (1 —a —n), E(14n—s) 1+
According to the definition of Gaussian hyper-geometric series in (6.1), we get

k) = @ S Ll 1 ]

k=0

—s,a+n—s14+n—
nl(1+ B)etr = sl(l—a—n), = T 1+5)
On other hand, by letting k +— k — s in (7.1) and proceeding in the manner described
above, it is not difficult to obtain from the series expansion

k

plkl) = n,(ffg)zk,F kil —a— 14,

We conclude this investigation by remarking that the schema suggested in the deriva-
tion of the results in this work can be applied to find other needed properties for the




118

M. BIN-SAAD, J. YOUNIS, AND A HASANOV

polynomials defined in (2.1). Therefore, the properties of the polynomials f,(x; «, 5)
assume noticeable importance.
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