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A PRODUCT FORMULA AND CERTAIN q-LAPLACE TYPE
TRANSFORMS FOR THE q-HUMBERT FUNCTIONS

TABINDA NAHID1 AND SHAHID AHMAD WANI2

Abstract. The present work deals with the mathematical investigation of the prod-
uct formulas and several q-Laplace type integral transforms of certain q-Humbert
functions. In our investigation, the qL2-transform and qL2-transform of certain q2-
Humbert functions are considered. Several useful special cases have been deduced
as applications of main results.

1. Introduction and preliminaries

Integral transforms have been widely used in many areas of science and engineering
and therefore so much work has been done on the theory and applications of integral
transforms. The integral transform method is a persuasive way to solve numerous
differential equations. Thus, in the literature there are lots of works on several integral
transforms such as Laplace, Fourier, Mellin, Hankel. Two of the most frequently used
formulas in the area of integral transforms are the classical Laplace and Sumudu
transform and their corresponding q-analogues, see for example [1–6, 20, 21]. The
Laplace transform is the most popular and extensively used in applied mathematics.
Yürekli and Sadek [24] introduced a new type of Laplace transform, known as the
L2-transform. These transforms were studied in more details by Yürekli [22,23]. After
that Uçar and Albayrak [19] have investigated the q-analogue of this L2-transforms,
which are called the qL2-transform and qL2-transform and are defined as follows [19]:

(1.1) qL2{f(t); s} = 1
[2]q
· (q2; q2)∞

s2

∞∑
n=0

q2n

(q2; q2)n
f
(
qns−1

)
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and

(1.2) qL2{f(t); s} = 1
[2]q
· 1

(−s2; q2)∞
∑
n∈Z

q2n
(
−s2; q2

)
n
f(qn),

respectively.
In order to better understand the work, some notations and preliminaries of the

quantum theory are recollected. For any real number b, the q-analogues of the shifted
factorial (b)s is given by [8, 16]:

(1.3) (b; q)0 = 1, (b; q)s =
s−1∏
i=0

(1− qib), (b; q)∞ =
∞∏
i=0

(1− qib), b, q ∈ R, n ∈ N,

and satisfy the following relations [7]:
(q; q)s+l =(q; q)s (qs+1; q)l,(1.4)

(qs+1; q)∞ =(ql+s+1; q)∞ (qs+1; q)l.(1.5)
The q-analogues of a complex number b is given by [8]:

(1.6) [b]q = 1− qb
1− q , q ∈ C\{1}, b ∈ C.

The q-exponential functions are defined as [8]:

(1.7) eq(u) =
∞∑
n=0

un

[n]q!
, Eq(u) =

∞∑
n=0

q(
n
2) un

[n]q!
.

These q-exponential functions are related as [8]:
(1.8) eq(u)Eq(−u) = 1 and eq(−u)Eq(u) = 1.

The q-gamma functions Γq(α) and qΓ(α) have the following series representations
[16]:

Γq(α) = (q; q)∞
(1− q)α−1

∞∑
k=0

qkα

(q; q)k
= (q; q)∞

(qα; q)∞
(1− q)1−α,(1.9)

qΓ(α) = K(A;α)
(1− q)α−1(−(1/A); q)∞

∑
k∈Z

(
qk

A

)α (
− 1
A

; q
)
k
,(1.10)

where K(A;α) is the following remarkable function [16]:

(1.11) K(A;α) = Aα−1 (−q/α; q)∞
(−qt/α; q)∞

· (−α; q)∞
(−αq1−t; q)∞

, α ∈ R.

Investigating the q-analogues of the special functions and exploring their proper-
ties is a prevailing topic for mathematicians and physicists. It is familiar that the
parameter q symbolize for “quantum”, which is extensively used in quantum calculus
(or q-calculus). For more details of quantum calculus, one can see the book of Kac
and Cheung [8]. The theory of q-special functions play an indispensable role in the
formalism of mathematical physics. The development in q-calculus has also led to
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the extension of several remarkable functions to their q-analogues, see for example
[9–12,17]. Recently, the q-analogues of the Humbert functions are introduced by Sri-
vastava and Shehata [17] by means of the generating functions and series definitions.

The q-Humbert functions of the first kind J(1)
m,n(x|q) are specified by means the

following generating equation [17]:

(1.12) eq

(
xu

3

)
eq

(
xt

3

)
eq

(
− x

3ut

)
=

∞∑
m,n=0

J(1)
m,n(x|q)umtn

and have the following series representation [17]:

(1.13) J(1)
m,n(x|q) =

∞∑
k=0

(−1)k
(q; q)k (q; q)m+k (q; q)n+k

(
(1− q)x

3

)m+n+3k

.

The q-Humbert functions of the second kind J(2)
m,n(x|q) are defined by the following

series expansion [17]:
(1.14)

J(2)
m,n(x|q) =

∞∑
k=0

(−1)k
(q; q)k (q; q)m+k (q; q)n+k

q
k
2 (3k+2(m+n)−1)

(
(1− q)x

3

)m+n+3k

.

The q-Humbert functions of the first kind J(1)
m,n(x|q) and second kind J(2)

m,n(x|q) are
related as [17]:

(1.15) J(1)
m,n

(
q

1
3x
∣∣∣∣1q
)

= q
1
3 (m+n)+(m2 )+(n2)J(2)

m,n(x|q).

The series form of the q-Humbert functions of the third kind J(3)
m,n(x|q) is given as

[17]:

(1.16) J(3)
m,n(x|q) =

∞∑
k=0

(−1)k
(q; q)k (q; q)m+k (q; q)n+k

q(
k+1
k )
(

(1− q)x
3

)m+n+3k

.

Inspired by the works on the q-special functions in diverse fields, in this article,
the product formulas for the q-Humbert functions of first, second and third kind
are obtained. Certain q-Laplace type integral transforms are investigated for the
q2-Humbert functions of first, second and third kind. Some examples are considered
in order to show effectiveness of the proposed results by taking some special cases.

2. Product Formula

The Product formulas for q-Bessel functions are investigated by Rahman [13], which
are proved to be very useful in many branches of mathematics. After that, Swarttouw
[18] derived the product formulas for the Hahn-Exton q-Bessel function, which opened
the way to a rich harmonic analysis. Motivated by these works, the product formula
for the generalized q-Bessel functions are also established in [14]. We follow the same
technique of calculation developed by Swarttouw to derive a product formula for
q-Humbert functions of the first kind J(1)

m,n(x|q).
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Theorem 2.1. Let x > 0, γ, δ > 0 and m,n, p, r ∈ N, then the following product
formula for the q-Humbert functions of the first kind J(1)

m,n(x|q) holds true:

J(1)
m,n(γx|q)× J(1)

p,r(δx|q) =Bm,n,p,r(x|q)
∞∑
i=0

Mi(q)
(
−δx3

)3i

(2.1)

× 3ϕ2

 q−p−i, q−r−i, q−i;
q; −γ3

δ3 q
1
2 (2(3i+p+r)+3(1−k))

qn+1, qm+1;

 ,
where lϕs is the basic hypergeometric function defined by [15]:

(2.2) lϕs

 a1, a2, . . . , al;
q; z

b1, b2, . . . , bs;

 =
∞∑
k=0

(a1, a2, . . . , al; q)kzk
(q, b1, b2, . . . , bs; q)k

and Bm,n,p,r(x|q) = (1−q)m+n+p+rγm+nδp+r

(q;q)m(q;q)n(q;q)p(q;q)r

(
x
3

)m+n+p+r
, Mi(q) = (1−q)3i

(qp+1;q)i(qr+1;q)i(q;q)i .

Proof. In view of series (1.13), we can write

J(1)
m,n(γx|q)× J(1)

p,r(δx|q)(2.3)

=
∞∑
k=0

(−1)k
(q; q)k (q; q)m+k (q; q)n+k

×
(

(1− q)γx
3

)m+n+3k ∞∑
l=0

(−1)l
(q; q)l (q; q)p+l (q; q)r+l

(
(1− q)δx

3

)p+r+3l

,

which on using identity (1.4) becomes

J(1)
m,n(γx|q)× J(1)

p,r(δx|q)(2.4)

=Bm,n,p,r(x|q)
∞∑

k,l=0

(−1)k+l(1− q)3k+3lγ3kδ3l
(
x3

27

)k+l

(q; q)k (qm+1; q)k (qn+1; q)k(q; q)l (qp+1; q)l (qr+1; q)l
,

where Bm,n,p,r(x|q) = (1−q)m+n+p+rγm+nδp+r

(q;q)m(q;q)n(q;q)p(q;q)r

(
x
3

)m+n+p+r
.

Replacing l by i− k in equation (2.4), we get

J(1)
m,n(γx|q)× J(1)

p,r(δx|q) =Bm,n,p,r(x|q)
∞∑
k=0

∞∑
i=k

(−1)i(1− q)3iγ3kδ3(i−k)

(q; q)k (qm+1; q)k (qn+1; q)k
(2.5)

× 1
(q; q)i−k (qp+1; q)i−k (qr+1; q)i−k

(
x3

27

)i
,

which on using the following identity

(a; q)n−k = (a; q)n
(a−1q1−n; q)k

(
−q
a

)k
q(

k
2)−nk
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gives

J(1)
m,n(γx|q)× J(1)

p,r(δx|q)(2.6)

=Bm,n,p,r(x|q)
∞∑
i=0

(−1)i
(

(1−q)δx
3

)3i

(q; q)i (qp+1; q)i (qr+1; q)i

×
i∑

k=0

(
−γ
δ

)3k (q−p−i; q)k (q−r−i; q)k (q−i; q)k
(q; q)k (qm+1; q)k (qn+1; q)k

q
k
2 (6i+2p+2r+3−3k).

Letting Mi(q) = (1−q)3i

(qp+1;q)i(qr+1;q)i(q;q)i and using equation (2.2) in equation (2.6), asser-
tion (2.1) is proved. �

Similarly, we get the following product formulas for the q-Humbert functions of the
second and third kind J(2)

m,n(x|q) and J(3)
m,n(x|q), respectively.

Remark 2.1. Let x > 0, γ, δ > 0 andm,n, p, r ∈ N, then the following product formula
for the q-Humbert functions of the second kind J(2)

m,n(x|q) holds true:

J(2)
m,n(γx|q)× J(2)

p,r(δx|q) =Bm,n,p,r(x|q)
∞∑
i=0

Ni(q)
(
−δx3

)3i

(2.7)

× 3ϕ2

 q−p−i, q−r−i, q−i;
q; −γ3

δ3 q
1
2 (2(3i+p+r)+3(1−k))

qn+1, qm+1;

 ,
where Ni(q) = (1−q)3i

(qp+1;q)i(qr+1;q)i(q;q)i q
i
2 (3i+2p+2r−1) and Bm,n,p,r(x|q) is same as earlier.

Remark 2.2. Let x > 0, γ, δ > 0 andm,n, p, r ∈ N, then the following product formula
for the q-Humbert functions of the third kind J(3)

m,n(x|q) holds true:

J(3)
m,n(γx|q)× J(3)

p,r(δx|q) =Bm,n,p,r(x|q)
∞∑
i=0

Li(q)
(
−δx3

)3i

(2.8)

× 3ϕ2

 q−p−i, q−r−i, q−i;
q; −γ3

δ3 q
1
2 (2(3i+p+r)+3(1−k))

qn+1, qm+1;

 ,
where Li(q) = (1−q)3i

(qp+1;q)i(qr+1;q)i(q;q)i q
i+2 and Bm,n,p,r(x|q) is same as earlier.

In the following section, the qL2-transform and qL2-transform for the q2-Humbert
functions are investigated.
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3. qL2-Transform and qL2-Transform

In this section, we evaluate qL2-transform and qL2-transform of t2w−2 weighted
product of m different q2-Humbert functions. The q2-Humbert functions are more
relevant than the original q-Humbert functions because of the mathematical nature
of qL2-transform and qL2-transform which contain q2-shift factorials.

Theorem 3.1. Let J
(1)
3µj ,3νj(3(ajt2) 1

3 | q2) j = 1, 2, . . . ,m, be a set of q2-Humbert
functions of first kind and f(t) = t2w−2

m∏
j=1

J
(1)
3µj ,3νk(3(ajt2) 1

3 | q2), where w, aj, µj, νj
and j = 1, 2, . . . ,m, are constants then qL2-transform of f(t) is,

qL2

{
t2w−2

m∏
j=1

J
(1)
3µj ,3νk(3(ajt2) 1

3 | q2); s
}

(3.1)

=
m∏
j=1

Bj(s)
∞∑
kj=0

(−aj
3s2

)kj
Hkj(q2)Γq2(w + µj + νj + kj),

where Re(s) > 0, Re(w) > 0 and

(3.2) Bj(s) = (aj)µj+νj
[2]q 3µj+νj s2(w+µj+νj)

, Hkj(q) = (1− q)w+2(µj+νj+kj)−1

(q; q)kj (q; q)3µj+kj (q; q)3νj+kj
.

Proof. In order to prove the theorem, let f(t) = t2w−2
m∏
j=1

J
(1)
3µj ,3νk(3(ajt2) 1

3 | q2) in

equation (1.1), we get

qL2

{
t2w−2

m∏
j=1

J
(1)
3µj ,3νk(3(ajt2) 1

3 | q2); s
}

(3.3)

= 1
[2]q
· (q2; q2)∞

s2

m∏
j=1

∞∑
n=0

q2n

(q2; q2)n

(
qns−1

)2w−2
J

(1)
3µj ,3νk((ajq

2ns−2) 1
3 | q2),

which in view of series expansion (1.13) becomes

qL2

{
t2w−2

m∏
j=1

J
(1)
3µj ,3νk(3(ajt2) 1

3 | q2); s
}

= 1
[2]q
· (q2; q2)∞

s2w

×
m∏
j=1

∞∑
kj=0

(−1)kj
(q2; q2)3µj+kj(q2; q2)3νj+kj

∞∑
n=0

q2nw

(q2; q2)kj (q2; q2)n

[(1− q2)ajq2ns−2

3

]µj+νj+kj

=
m∏
j=1

(q2; q2)∞
(
(1− q2)aj/3

)µj+νj
[2]q s2(w+µj+νj)

∞∑
n=0

q2n(w+µj+νj)

(q2; q2)n

×
∞∑
kj=0

(
−aj(1−q2)(qns−1)2

3

)kj
(q2; q2)kj(q2; q2)3µj+kj(q2; q2)3νj+kj

.
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Letting Bj(s) = (aj)µj+νj

[2]q 3µj+νj s2(w+µj+νj) in the above equation, it follows that

qL2

{
t2w−2

m∏
j=1

J
(1)
3µj ,3νk(3(ajt2) 1

3 | q2); s
}

=
m∏
j=1

Bj(s)
∞∑
kj=0

(
−aj
3s2

)kj (1− q2)µj+νj+kj

(q2; q2)kj(q2; q2)3µj+kj(q2; q2)3νj+kj

∞∑
n=0

(q2; q2)∞(q2)n(w+µj+νj+kj)

(q2; q2)n
,

which on using relation (1.9) and setting Hkj(q) = (1−q)w+2(µj+νj+kj)−1

(q;q)kj (q;q)3µj+kj (q;q)3νj+kj
gives

qL2

{
t2w−2

m∏
j=1

J
(1)
3µj ,3νk(3(ajt2) 1

3 | q2); s
}

=
m∏
j=1

Bj(s)
∞∑
kj=0

(−aj
3s2

)kj
Hkj(q2) Γq2(w + µj + νj + kj).

This completes the proof of Theorem 3.1. �

The following corollaries are an immediate consequence of Theorem 3.1.

Corollary 3.1. Let J
(2)
3µj ,3νj(3(ajt2) 1

3 | q2), j = 1, 2, . . . ,m, be a set of q2-Humbert
functions of second kind and f(t) = t2w−2

m∏
j=1

J
(2)
3µj ,3νk(3(ajt)

1
3 | q2), where w, aj, µj, νj

and j = 1, 2, . . . ,m, are constants then qL2-transform of f(t) is

qL2{f(t); s}

=
m∏
j=1

Bj(s)
∞∑
kj=0

(−aj
3s2

)kj
(q2)

kj
2 (3kj+6(µj+νj)−1)Hkj(q2) Γq2(w + µj + νj + kj),

where Re(s) > 0, Re(w) > 0 and Bj(s), Hkj(q) are same as in equation (3.2).

Corollary 3.2. Let J
(3)
3µj ,3νj(3(ajt2) 1

3 | q2), j = 1, 2, . . . ,m, be a set of q2-Humbert
functions of third kind and f(t) = t2w−2

m∏
j=1

J
(3)
3µj ,3νk(3(ajt)

1
3 | q2), where w, aj, µj, νj

and j = 1, 2, . . . ,m, are constants then qL2-transform of f(t) is

qL2{f(t); s} =
m∏
j=1

Bj(s)
∞∑
kj=0

(−aj
3s2

)kj
(q2)kj+1 Hkj(q2) Γq2(w + µj + νj + kj),

where Re(s) > 0, Re(w) > 0 and Bj(s), Hkj(q) are same as in equation (3.2).

Next, the qL2-transform for the q2-Humbert functions are investigated.

Theorem 3.2. Let J
(1)
3µj ,3νj(3(ajt2) 1

3 | q2), j = 1, 2, . . . ,m, be a set of q2-Humbert
functions of first kind and f(t) = t2w−2

m∏
j=1

J
(1)
3µj ,3νk(3(ajt2) 1

3 | q2), where w, aj, µj, νj
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and j = 1, 2, . . . ,m, are constants then qL2-transform of f(t) is

qL2

{
t2w−2

m∏
j=1

J
(1)
3µj ,3νk(3(ajt2) 1

3 | q2); s
}(3.4)

=Aq2(s) Γq2(w + µj + νj + kj)
K(1/s2, w + µj + νj + kj)

×
(

aj
3s2(1− q2)

)µj+νj+kj m∏
j=1

∞∑
kj=0

(−1)kj
Γq2(kj + 1)Γq2(3µj + kj + 1)Γq2(3νj + kj + 1) ,

where Aq2(s) = (1−q2)w−1

[2]q s2w and Re(s) > 0, Re(w) > 0.

Proof. Using f(t) = t2w−2
m∏
j=1

J
(1)
3µj ,3νk(3(ajt2) 1

3 | q2) in equation (1.2), it follows that

qL2

{
t2w−2

m∏
j=1

J
(1)
3µj ,3νk(3(ajt2) 1

3 | q2); s
}

(3.5)

= 1
[2]q (−s2; q2)∞

∑
n∈Z

q2n(−s2; q2)n ×
m∏
j=1

(qn)2w−2
J

(1)
3µj ,3νj((ajq

2n) 1
3 | q2),

which in view of series expansion (1.13) becomes

qL2

{
t2w−2

m∏
j=1

J
(1)
3µj ,3νk(3(ajt2) 1

3 | q2); s
}

= 1
[2]q (−s2; q2)∞

m∏
j=1

∑
n∈Z

q2nw(−s2; q2)n

×
∞∑
kj=0

(−1)kj
(q2; q2)kj

1
(q2; q2)3µj+kj(q2; q2)3νj+kj

[(1− q2)ajq2n

3

]µj+νj+kj

=
m∏
j=1

(
aj
3

)µj+νj
[2]q (−s2; q2)∞

∑
n∈Z

q2n(w+µj+νj)
∞∑
kj=0

(−s2; q2)n
(
ajq

2n

3

)kj (1− q2)µj+νj+kj

(q2; q2)kj(q2; q2)3µj+kj(q2; q2)3νj+kj

=
m∏
j=1

(
aj
3

)µj+νj
[2]q (−s2; q2)∞

∞∑
kj=0

(
aj
3

)kj
(q2; q2)3µj+kj(q2; q2)3νj+kj

∑
n∈Z

(−s2; q2)n q2n(w+µj+νj+kj)

(q2; q2)kj (−s2; q2)∞
.

Using relations (1.9) and (1.10) in the above equation, it follows that

qL2

{
t2w−2

m∏
j=1

J
(1)
3µj ,3νk(3(ajt2) 1

3 | q2); s
}

=
m∏
j=1

(
aj
3

)µj+νj
[2]q (s2(w+µj+νj))

∞∑
kj=0

Γq2(w + µj + νj + kj)
K(1/s2, w + µj + νj + kj)
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×

(
−aj
3s2

)kj (1− q2)w+2(µj+νj+kj)−1

(q2; q2)kj(q2; q2)3µj+kj(q2; q2)3νj+kj
,

which in view of identity (1.5) gives

qL2

{
t2w−2

m∏
j=1

J
(1)
3µj ,3νk(3(ajt2) 1

3 | q2); s
}

=(1− q2)w−1

[2]q s2w

m∏
j=1

∞∑
kj=0

(−1)kj
(
aj
3s2

)µj+νj+kj(
(q2;q2)∞

(q2(3µj+kj+1);q2)∞

)
× (1− q2)2(µj+νj+kj)(

(q2;q2)∞
(q2(3νj+kj+1);q2)∞

)(
(q2;q2)∞

(q2(kj+1);q2)∞

) · Γq2(w + µj + νj + kj)
K(1/s2, w + µj + νj + kj)

.

Letting Aq2(s) = (1−q2)w−1

[2]q s2w in the above equation and in view of expression (1.9),
assertion (3.4) follows. �

The following corollaries are an immediate consequence of Theorem 3.2.

Corollary 3.3. Let J
(2)
3µj ,3νj(3(ajt2) 1

3 | q2), j = 1, 2, . . . ,m, be a set of q2-Humbert
functions of second kind and f(t) = t2w−2

m∏
j=1

J
(2)
3µj ,3νk(3(ajt2) 1

3 | q2), where w, aj, µj, νj
and j = 1, 2, . . . ,m, are constants then qL2-transform of f(t) is

qL2{f(t); s} =Aq2(s)
m∏
j=1

∞∑
kj=0

(−1)kj(q2)
kj
2 (3kj+6(µj+νj)−1)

Γq2(kj + 1)Γq2(3µj + kj + 1)Γq2(3νj + kj + 1)

× Γq2(w + µj + νj + kj)
K(1/s2, w + µj + νj + kj)

(
aj

3s2(1− q2)

)µj+νj+kj
,

where Re(s) > 0, Re(w) > 0 and Aq2(s) is same as in Theorem 3.2.

Corollary 3.4. Let J
(3)
3µj ,3νj(3(ajt2) 1

3 | q2), j = 1, 2, . . . ,m, be a set of q2-Humbert
functions of third kind and f(t) = t2w−2

m∏
j=1

J
(3)
3µj ,3νk(3(ajt2) 1

3 | q2), where w, aj, µj, νj
and j = 1, 2, . . . ,m, are constants then qL2-transform of f(t) is,

qL2{f(t); s} =Aq2(s)
m∏
j=1

∞∑
kj=0

(−1)kj(q2)kj+1

Γq2(kj + 1)Γq2(3µj + kj + 1)Γq2(3νj + kj + 1)

× Γq2(w + µj + νj + kj)
K(1/s2, w + µj + νj + kj)

(
aj

3s2(1− q2)

)µj+νj+kj
,

where Re(s) > 0, Re(w) > 0 and Aq2(s) is same as in Theorem 3.2.

In the next section, we give certain examples to show the applications of the results
established in previous sections.
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4. Special Cases

In consideration of m = 1, a1 = a, k1 = k, µ1 = µ and ν1 = ν in Theorem 3.1,
Corollary 3.1 and Corollary 3.2, respectively, the qL2-transforms for the q-Humbert
functions of the first, second and third kind are obtained:

qL2{t2w−2J
(1)
3µ,3ν(3(at2) 1

3 | q2); s} = C(s)
∞∑
k=0

(−a
3s2

)k
Hk(q2) Γq2(w + µ+ ν + k),

qL2{t2w−2J
(2)
3µ,3ν(3(at2) 1

3 | q2); s}

=C(s)
∞∑
k=0

(−a
3s2

)k
(q2) k2 (3k+6(µ+ν)−1)Hk(q2) Γq2(w + µ+ ν + k)

and

qL2{t2w−2J
(3)
3µ,3ν(3(at2) 1

3 | q2); s} = C(s)
∞∑
k=0

(−a
3s2

)k
(q2)k+1 Hk(q2) Γq2(w+ µ+ ν + k),

respectively, where Re(s) > 0, Re(w) > 0 and

C(s) = (a)µ+ν

[2]q 3µ+ν s2(w+µ+ν) , Hk(q) = (1− q)w+2(µ+ν+k)−1

(q; q)k (q; q)3µ+k (q; q)3ν+k
.

Taking m = 1, a1 = a, k1 = k, µ1 = µ and ν1 = ν in Theorem 3.2, Corollary 3.3
and Corollary 3.4, respectively, the qL2-transforms for the q-Humbert functions of the
first, second and third kind are obtained:

qL2{t2w−2J
(1)
3µ,3ν(3(at2) 1

3 | q2); s}

=Aq2(s)
∞∑
k=0

(−1)k
Γq2(k + 1)Γq2(3µ+ k + 1)

× Γq2(w + µ+ ν + k)
Γq2(3ν + k + 1)K(1/s2, w + µ+ ν + k)

(
a

3s2(1− q2)

)µ+ν+k

,

qL2{t2w−2J
(2)
3µ,3ν(3(at2) 1

3 | q2); s}

=Aq2(s)
∞∑
k=0

(−1)k(q2) k2 (3k+6(µ+ν)−1)

Γq2(k + 1)Γq2(3µ+ k + 1)

× Γq2(w + µ+ ν + k)
Γq2(3ν + k + 1)K(1/s2, w + µ+ ν + k)

(
a

3s2(1− q2)

)µ+ν+k

and

qL2{t2w−2J
(3)
3µ,3ν(3(at2) 1

3 | q2); s}

=Aq2(s)
∞∑
k=0

(−1)k(q2)k+1

Γq2(k + 1)Γq2(3µ+ k + 1)

× Γq2(w + µ+ ν + k)
Γq2(3ν + k + 1)K(1/s2, w + µ+ ν + k)

(
a

3s2(1− q2)

)µ+ν+k

,
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respectively, where Re(s) > 0, Re(w) > 0 and Aq2(s) is same as in Theorem 3.2.
In the present investigation, we have constructed the product formulas and certain q-

Laplace type integral transforms for the q-Humbert functions of first, second and third
kind. The results established in this article might be useful for solving q2-difference
equations by means of the qL2-transforms and qL2-transforms. In the forthcoming
paper, we plan to deal with constructing q2-difference equations to use the results
obtained here.

References
[1] W. H. Abdi, On q-Laplace transforms, The Proceedings of the National Academy of Sciences,

India 29 (1960), 389–408.
[2] W. H. Abdi, Applications of q-Laplace transform to the solution of certain q-integral equations,

Rend. Circ. Mat. Palermo 11(3) (1962), 245–257. https://doi.org/10.1007/BF02843870
[3] D. Albayrak, S. D. Purohit and F. Ucar, On q-Sumudu transforms of certain q-polynomials,

Filomat 27(2) (2013), 411–427. https://doi.org/10.2298/FIL1302411A
[4] D. Albayrak, S. D. Purohit and F. Ucar, On q-analogues of Sumudu transform, Analele Univer-

sitatii “Ovidius” Constanta - Seria Matematica 21(1) (2013), 239–259. https://doi.org/10.
2478/auom-2013-0016

[5] F. B. M. Belgacem, Sumudu transform applications to Bessel functions and equations, Appl.
Math. Sci. 4(74) (2010), 3665–3686.

[6] M. A. Chaudhry, Laplace transform of certain functions with applications, Internat. J. Math.
Math. Sci. 23(2) (2000), 99–102. https://doi.org/10.1155/S0161171200001150

[7] G. Gasper and M. Rahman, Basic Hypergeometric Series, 2nd Edition, Cambridge University
Press, Cambridge, 2004.

[8] V. G. Kac and P. Cheung, Quantum Calculus, Springer, New York, 2002.
[9] S. Khan and T. Nahid, Numerical computation of zeros of certain hybrid q-special sequences,

Procedia Computer Science 152 (2019), 166–171. https://doi.org/10.1016/j.procs.2019.
05.039

[10] S. Khan and T. Nahid, Determinants forms, difference equations and zeros of the q-Hermite
Appell polynomials, Mathematics 6(11) (2018), 1–16. https://doi.org/10.3390/math6110258

[11] M. Riyasat, S. Khan and T. Nahid, Quantum algebra Eq(2) and 2D q-Bessel functions, Rep.
Math. Phys. 83(2) (2019), 191–206. https://doi.org/10.1016/S0034-4877(19)30039-4

[12] M. Riyasat, T. Nahid and S. Khan, q-Tricomi functions and quantum algebra representations,
Georgian Math. J. (2020) (to appear). https://doi.org/10.1515/gmj-2020-2079

[13] M. Rahman, An addition theorem and some product formulas for q-Bessel functions, Canad. J.
Math. 40(5) (1988), 1203–1221. https://doi.org/10.4153/CJM-1988-051-7

[14] M. B. Said and J. El Kamel, Product formula for the generalized q-Bessel function, J. Difference
Equ. Appl. 22(11) (2016), 1663–1672. https://doi.org/10.1080/10236198.2016.1234615

[15] L. J. Slater, Generalized Hypergeometric Functions, Cambridge University Press, Cambridge,
1966.

[16] A. De Sole and V. G. Kac, On integral representations of q-gamma and q-beta functions,
Rendiconti Lincei - Matematica e Applicazioni 9 (2005), 11–29.

[17] H. M. Srivastava and A. Shehata, A family of new q-extensions of the Humbert functions, Eur.
J. Math. Sci. 4(1) (2018), 13–26.

[18] R. F. Swarttouw, An addition theorem and some product formulas for the Hahn-Exton q-Bessel
functions, Canad. J. Math. 44(4) (1992), 867–879. https://doi.org/10.4153/CJM-1992-052-6

[19] F. Uçar and D. Albayrak, On q-Laplace type integral operators and their applications, J. Differ-
ence Equ. Appl. 18(6) (2012), 1001–1014. https://doi.org/10.1080/10236198.2010.540572

https://doi.org/10.1007/BF02843870
https://doi.org/10.2298/FIL1302411A
https://doi.org/10.2478/auom-2013-0016
https://doi.org/10.2478/auom-2013-0016
https://doi.org/10.1155/S0161171200001150
https://doi.org/10.1016/j.procs.2019.05.039
https://doi.org/10.1016/j.procs.2019.05.039
https://doi.org/10.3390/math6110258
https://doi.org/10.1016/S0034-4877(19)30039-4
https://doi.org/10.1515/gmj-2020-2079
https://doi.org/10.4153/CJM-1988-051-7
https://doi.org/10.1080/10236198.2016.1234615
https://doi.org/10.4153/CJM-1992-052-6
https://doi.org/10.1080/10236198.2010.540572


738 T. NAHID AND S. A. WANI

[20] G. K. Watugala, Sumudu transform: A new integral transform to solve differential equations
and control engineering problems, Mathematical Engineering in Industry 24(1) (1993), 35–43.
https://doi.org/10.1080/0020739930240105

[21] D. V. Widder, The Laplace Transform, Princeton University Press, Princeton, New Jersey, 1946.
[22] O. Yürekli, Theorems on L2-transforms and its applications, Complex Var. Elliptic Equ. 38(2)

(1999), 95–107. https://doi.org/10.1080/17476939908815157
[23] O. Yürekli, New identities involving the Laplace and the L2-transforms and their applications,

Appl. Math. Comput. 99(2-3) (1999), 141–151. https://doi.org/10.1016/S0096-3003(98)
00002-2

[24] O. Yürekli and I. Sadek, A Parseval-Goldstein type theorem on the Widder potential transform
and its applications, Int. J. Math. Math. Sci. 14(3) (1991), 517–524. https://doi.org/10.1155/
S0161171291000704

1Department of Mathematics,
Aligarh Muslim University, Aligarh, Uttar Pradesh, India
Email address: tabindanahid@gmail.com

2North Campus, University of Kashmir, India
Email address: shahidwani177@gmail.com

https://doi.org/10.1080/0020739930240105
https://doi.org/10.1080/17476939908815157
https://doi.org/10.1016/S0096-3003(98)00002-2
https://doi.org/10.1016/S0096-3003(98)00002-2
https://doi.org/10.1155/S0161171291000704
https://doi.org/10.1155/S0161171291000704

	1. Introduction and preliminaries
	2. Product Formula
	3. qL2-Transform and qL2-Transform
	4. Special Cases
	References

