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REFINING SOME INEQUALITIES FOR FRAMES WITH
SPECHT’S RATIO

FAHIMEH SULTANZADEH!, MAHMOUD HASSANI!, MOHSEN ERFANIAN OMIDVAR!,
AND RAJAB ALI KAMYABI GOL?

ABSTRACT. We give a new lower bound in some inequalities for frames in a Hilbert
space. If {f;}icr is a Parseval frame for the Hilbert space H with frame operator
Sf =73 il fi) fi, then, for every J C I and f € H, we have

2
14+ 2a 9 9
< ) AW
(33 ) 1P < I+ | S 655
where o = inf {R (I\%JJC;CHD cfeHl, JcC I} with Specht’s ratio R. Also we obtain

some improvements of the inequalities for general frames and alternate dual frames
under suitable conditions. Our results refine the remarkable results obtained by
Balan et al. and Gavruta.

1. INTRODUCTION

Frame theory was introduced by Duffin and Schaeffer [6] in 1952. Frames are an
essential tool for many emerging applications. Their main advantage is the fact that
frames can be designed to be redundant while still providing reconstruction formulas.
Due to their numerical stability, tight frames and, in particular, Parseval frames are of
increasing interest in applications (see [5,7,13]). Let (H, (-, -)) be a separable Hilbert
space. We denote by L(H) the algebra of all linear operators on H. The space ¢*(I) is
the set of {a;}ies such that a; € C and ¥,/ |a;|* < oo when I is a finite or countable
set. A frame for H is a family of vectors F' = {f;};c; in H which satisfies

(1.1) AP < DOKF fl? < BIFIP, - for every f € H,
icl
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for positive constants 0 < A < B. The bounded, invertible, and positive linear
operator S : H — H defined by

Sf:Z<f7fl>fl7 fEHa
icl
is known as the frame operator associated to F. It allows reconstruction of each vector
f € H in terms of the family F' as follows:

f=>(/ ST fi = > A, fiyS~'fi.
il il
If F'is a Parseval frame, that is, S = id, then the reconstruction formula resembles
the Fourier series of f associated to an orthonormal basis B = {b;},c; of H:

f = Z<f7 bj>bja
jed
but the frame coefficients {(f, fi) }ier given by F' = {f;}ier allow us to reconstruct f
even when some of these coefficients are corrupted (see [6]).

Balan et al. [1] and Gavruta [9] established several identities and inequalities for
frames in Hilbert spaces. Furuichi [8] refined Young inequalities with Specht’s ratio
and introduced their properties. In this paper, first we use this improved inequality
in some inequalities for Parseval frames and get new inequalities. Thereafter we give
improvements for general frames. However our main focus will be on Parseval frames
because of their importance in applications, particularly for signal processing. Finally
we give improvements for alternative dual frames too.

2. NOTATION AND PRELIMINARY RESULTS

2.1. Frames in Hilbert space. In the definition of frame for Hilbert spaces, the
optimal constants (maximal for A and minimal for B) are known as the upper and
lower frame bounds, respectively. If A = B, then this frame is called an A-tight frame,
and if A = B =1, then it is called a Parseval frame. If a family of vectors F' = { f; }ics
satisfies the upper bound condition (1.1), we call F' a Bessel family. Associated with
each frame F' = {f;}ics, there are three linear and bounded operators:

T:0*(I) — H, Te =X ;c;{(zx, e;) f; (synthesis operator);

T* :H — *(I), T*(f) = {{f, fi) }icr, (analysis operator);

S:H—-H, Sf=TT"f =%,c;{f, fi) i (frame operator),
where {e; }ics is the standard orthonormal basis of ¢2(I). The inequalities (1.1) imply
that S is a (positive) self-adjoint invertible operator, and it allows reconstruction of
each vector f € H in terms of the family F' as follows:

= Z(fv ST fi= Z<f, fiyS~ i
i€l el
Then the family { ﬁ}le 1, where f; = S71f;, i € I, is also a frame for H called the
canonical dual frame of the F' = {f; }ics.
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In general, the Bessel family {g;}ic; is called an alternative dual of the frame
F = {f:}ies if the following formula holds:

f=>(f9fi, forall feH
el
If {fi}icr is a frame for H for everyJ C I we define the operator
ieJ

and denote J¢ = I\ J. It follows that S = S; + Sj.. By this definition, it is clear
that if J; C Ja, then [|Sy, f|| < 1S4, f]]-

For more details, we refer the reader to [2-4,10,12]. In [1], Balan et al. proved the
following identity for Parseval frameS‘

(21) Z‘<f7fl>’2_ Zfafz

icJ ieJ

2

Z ‘ fafz

ieJe

— I 22 S fi

ieJe

Moreover, in [1] the following inequality was obtained

> (f fi)fi

ieJe

2

(2.2) *HfHQ <D Uf P+

ied

See [9,11] for further details. In fact, identity (2.1) was obtained as a particular case
from the following result for general frames:

(2.3) SN SIS e fo )P = 30 KF S+ 22 14Saf, Fl?
icJ iel icJe el
Inequality (2.2) leads us to introduce, for a Parseval frame, the numbers

vy (F; J) = sup | X ies (S, fi)fiHQ_ZZiEJC (f, fi>|2,
[0 1£1]
||ZZEJ<f fz>fz||2+zzeJC <f fz>|
F; .
D= Nk

Recall that v, (F; J) is called the upper index of F' relative to J and v_(F'; J) is called
the lower index of F' relative to J.
Gavruta [9] presented basic properties of these indexes.

2.2. Improved Young inequality with Specht’s ratio. The well-known Young
inequality says that (1 —v)a 4+ vb > a' 7" for positive numbers a,b and v € [0,1]. A
refinement of this inequality is given in the following proposition.

Lemma 2.1 ([8]). Specht’s ratio

=
R<h)5717 h#17h>07
elog h#=T
has the following properties:

(i) R(1) =1 and R(h) = R(1/h) > 1 for h > 0;
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(ii) R(h) is a monotone increasing function on (1,00);
(iii) R(h) is a monotone decreasing function on (0,1).

Proposition 2.1 ([8]). For a,b >0 and v € [0, 1], it follows that

(1-v)a+vb>R <<Z>T> a' v,

where r = min{v, 1 — v} and R(-) is Specht’s ratio.

2.3. Operator Theory. We first state a basic result from operator theory. The
following lemma appeared in [1].

Lemma 2.2. If S,T € L(H) satisfy S+ T =id, then S —T = S§* — T*.
Proof. The proof follows from
S—T=8~(id—S)=25 —id=S*— (id — 25 + S*) = S* — (id — S)* = S* - T".
0
3. MAIN RESULTS

In this section, first we improve the left-hand-side of inequality (2.2) with Specht’s
ratio. Thereafter in Lemma 3.1 improvements for self-adjoint operators are given,
which we apply for general frames. Finally in Theorems 3.3 and 3.4, we present the
results for alternate dual frames.

Theorem 3.1. If {f;}icr is a Parseval frame for the Hilbert space H with frame
operator S, then, for every ) # J C I and f € H, it follows that

(e JIIP < UL + | (6

2+ 20 icJ icJe

2

(3.1)

b

where a:inf{R(w)  feH,JcC I}.
Proof. Since

AP = 1S1f + SreflI* < ISsFI + 1S5 £17 + 2015 £1111S5 £,
by letting v =1, a = ||S;f|| and b = ||Sye f

| in Proposition 2.1, we have
1
P)G+).
1S ge £l
R (%)
Put a = inf{R (HSJCfH) cfeH,JC ]}, then

1S5 £l
<<1ia> idf=f> < ((S7+ S50, f)-

LA < (ISsfI? + (1S se f

This implies that

« .
(1+a>zd§53+530.
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So,

« .
<1+a+1>zd§SJ+Sﬁc+Sﬂ+S§.

Now, by applying Lemma 2.2, it follows that

142 . )
(2+2a>ld§SJ—|—SJC.
Hence,
14 2« ) ) 2
(o) M2 < AS5f, )+ (Sef Saef) = S UL LI + | S AL A28 - O
iedJ icJe

Note that for a = 1, inequality (3.1) is the same as inequality (2.2) and that for
a > 1, (3.1) is an improvement of (2.2).

Corollary 3.1. Let F = {f;}ic; be a Parseval frame and let J C I. Then

1+ 2a
<wv_(F;J) < F;J)<1

1S f]
1Sl

Proof. By using Theorem 3.1 and the hypothesis that F' is a Parseval frame, we have

wherea:inf{R< ):fEH,JCI}.

14 2c 9 2 e )
(5530) 17 < S IR+ 1 S0 Al < 151
So,
1 +2a < ZiEJ ‘<f7 fl>‘2 + H ZiEJc<f7 fl>fZH2 S 1
24 2a — | £1I2
Hence,
142
S < (P S e (R S L -

In the following lemma, we give an improvement of the inequality proved in [9,
Theorem 2.1, under some conditions. Then we present Theorem 3.2 for general
frames.

Lemma 3.1. Let T}, Ty € L(H) be self-adjoint operators satisfying Ty + Ty = id, such
that Ty > kiﬂid, where k € N and k > 3. Then

k
(3.2) m“f”Q <(Iif, fY + | Tof I = (Taf, f) + |Ta fII, for f € H.



44 F. SULTANZADEH, M. HASSANI, M. E. OMIDVAR, AND R. A. KAMYABI GOL

Proof. From our assumptions, we have

(Tof, f) + T f|I* = (Zd T)f S+ TV )
(77

{
=((I7 —Th +id) [, f)
<T1f7 f> + <(2d - Tl)Qfa f>
= (ILf, f) + I T2,
and also
k
Tof, f) + | Tof|)? > + | Tof|? > O
B0 2 (o Py IT I 2 s
Remark 3.1. Notice that for £ > 3, from the inequality % < kiﬂ, it follows that
inequality (3.2) is an improvement of the inequality proved in [9, Theorem 2. 1]
For k = 3,4,5,6, 7, ., the correspondence values of k+1 k+1
0.83 < 0.86 < 0.87 < -- -, respectively. Hence, by increasing k, we see that 1— = is

k+1
rapidly approaching to 1. Therefore, inequality (3.2) is better in application and we

use it for frames.

Theorem 3.2. Let {f;}ics be a frame for the Hilbert space H with fmme operator S
and canonical dual frame { f;}icr. For every 0 # J C I, if 525,572 > leZd where
ke N and k > 3, then

kHZIff <SP+ SIS e £ P

(3.3) el ieJ i€l
=S UL P+ DS f)l?, for feHL
ieJe i€l

Proof. For every J C I, we have S;+ S = S, and hence S’%SJS’% +S’%SJCS’% =
1d. By our assumptions and taking 77 = S_%SJS_%, Ty = S725,57% and S %f
instead of f in Lemma 3.1, we get

P S <SS, f SE ) 4 S 7ES s I = {S7AS0e s, ) + IS ES A
or equlvalently,

T 1<Sf Iy S(Saf )+ (ST Suef, Suef) = (Sse fo [) + (ST Ssf, Suf).

Therefore,

k-+—1 2{:’ f ji __;22 f j;‘Q +‘j{:| Sbcf f;

i€l el
= YKL FP DS ) O
ieJe i€l

For k = 3 inequality (3.3) is the same as the inequality proved in [9, Theorem 2.2]
and for £ > 3 it is an improvement for it.
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In the following, we give an improvement for alternate dual frames. We first improve
an inequality given in [9] for operators under conditions.

Lemma 3.2. If T\, Ty € L(H) satisfy Ty + T» = id and ReT} > ﬁz’d, where k € N
and k > 3, then

(3.4)

1 1

kE+1 2

Proof. From our assumptions, we have

1 1
7T + 5(T; +Ty) =171 + §(id — 17 +1id—-T))
1
=TT = (I + 1) +id

1
= (id = T7)(id = T1) + (T} + T))

1
=TT + 5 (T} +Th).

id. 0

1
And also T5T, + i(Tl* +T) =T5Ty +ReT) > P
Note that, for k& = 3, inequality (3.4) is the same as the inequality proved in [9,
Theorem 3.1] and for every k > 3, inequality (3.4) is its improvement.

Theorem 3.3. Let {f;}icr be a frame for the Hilbert space H and let {g;}icr be an
alternate dual frame of { fi}icr. For every J C I and f € H, if Re{(Xics{(f,9:) fi), [) >
i (f, f), where k € N and k > 3, then

k
P < Re S ) T + S (F 9 il
(35) icJ ieJe
:R‘ez<f7gl><f7fl>+Hz<f7gl>flu27 fOTfGH'
1eJe iceJ

Proof. For every J C I, define the bounded linear operator Z; on H by
Zif = Z(f, gi)fi-

ieJ

By the Cauchy—Schwartz inequality, it follows that this series converges uncondition-
ally. Since Z; + Z ;. = id, by Lemma 3.1, for every f € H, we have

k—kk1<f’ Y <A(Z3Z5f, )+ ;<(ch + Zse)f: f)

= (Z3f, ) + (75 + 200, )
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or
k_+j1HfH2 < ||K;f|I* + (QZch,f> (Zsef, 1))
= 1Z 1 + (<ZJf )y +{Zsf 1))
Hence,
k+&”fH2_’Hg;j?% ﬂ”2+IﬂW2;ﬂﬂgDﬁ»f>
= | ;fﬁ gi) fill* + Re<z;<f7 9i) fis 1),
and the proof is completed. - : 0

Note that, for k = 3, inequality (3.5) is the same as the inequality proved in [9,
Theorem 3.2] and for every k > 3, inequality (3.5) is its improvement. Finally, we
give a more general result.

Theorem 3.4. Let {f;}icr be a frame for the Hilbert space H and let {g;}icr be an

alternate dual frame of { fiticr. For every f € H, if Re((Sic,(f, 9:) fi), [) > 7 (f, ),
where k € N and k > 3, then for any bounded sequence {w;}icr, we have

> (L—wi){f, 9:)fi

1P < Re Y wilf, ) (f, fi) +

k—i—l

i€l i€l
2
:RGZ(l_wz><f gz sz fgz ; fOTfGH'
i€l i€l

Proof. In Lemma 3.2, we put
Tif =Y wilf.g)fiy Tof => (1—w){f g} [

iel iel
The result is obtained from Theorem 3.3, if we take J C I and

, forie J,
Wi = .
0, fore Je.
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