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STRONG NUMERICAL SEMIGROUPS
J. C. ROSALES', M. B. BRANCO?, AND ILVECIO RAMOS?

ABSTRACT. In this paper we study the family of Strong numerical semigroups
(ST-semigroup, for short). A numerical semigroup S of multiplicity m is an ST-
semigroup if z +y —m € S for all {z,y} C S\{0} such that  Z y modm. We give
a characterization of ST-semigroups based on their minimal system of generators,
which allows us to establish an algorithm to know if a numerical semigroup is an
ST-semigroup. Besides, we study the family of ST-semigroups with fixed multiplicity
and ratio, and we obtain formulas for the embedding dimension, Frobenius number
and genus of these semigroups. Moreover, we get an explicit description of the shape
of a minimal presentation of an ST-semigroup.

1. INTRODUCTION

Let Z be the set of integers and let N = {z € Z | z > 0}. A subset S is a submonoid
of (N,4) if S C N, 0 € S and S is closed under the addition in N. A numerical
semigroup S is a submonoid of (N, +) that is cofinite in N, that is, |[N\S| < +oo. If
S is a numerical semigroup, then m(S) = min(S\{0}), g(S) the cardinality of N\S
and F(9) the greatest integer not belonging to S are relevant invariants of S called
multiplicity, genus and Frobenius number of S, respectively.

For a subset X C N we denote by (X) the submonoid of (N, +) generated by X,
that is,

(X) = {Z)\le |neN\{0}, z; € X, \; e Nforalli e {1,...,n}}.
i=1
In [14, Lemma 2.1], it is shown that (X’) is a numerical semigroup if and only if

ged(X) = 1.
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The set X is called a system of generators of (X, and if (X') # (X’) for all X' & X,
then we say that X is a minimal system of generators of (X’). In [14, Corollary 2.8],
it is shown, that every submonoid M of (N, +) admits a unique minimal system of
generators, which is finite. We denote by msg(M) the minimal system of generators
of M and its elements are called minimal generators. The cardinality of msg(M) is
called the embedding dimension of M, denoted by e(M).

The Frobenius problem is to determine formulas for the Frobenius number and the
genus of a numerical semigroup depending of its minimal system of generators. This
problem was solved in [18], for numerical semigroups with embedding dimensions two.
At present, this problem is open for embedding dimension greater than or equal to
three (see [8] for a nice state of the art on this problem).

Throughout this work, m is a positive integer. Given two integers a and b, we write
a =b (mod m) to denote that m divides a — b. If b modm is the remainder of the
division of b by m, then b=>5— | |m (mod m), being |—| the floor operator.

Following the nomenclature introduced in [10], we have the following.

Definition 1.1. A numerical semigroup S is a Strong numerical semigroup (ST-
semigroup, for short) if x +y —m(S) € S for all {z,y} C S\{0} such that z # y
(mod m(S)).

Our main purpose in this work is to study this class of numerical semigroups.

The paper is structured as follows. In Section 2, we give a characterization of an ST-
semigroup based on its minimal system of generators. This characterization provides
an algorithm to determine whether a numerical semigroup is an ST-semigroup.

We denote by ST (m) the set of ST-semigroups with multiplicity m. We will show
that ST (m) is a Frobenius pseudo-variety, and applying results of [11], we give an
algorithm that allows us to calculate all elements in ST (m) with a given genus.

In Section 3, we will show, that if A is a finite subset of {m,—} (the symbol —
means that every integer greater than or equal to m belongs to the set) such that
ged(A U {m}) = 1, then there exists the smallest element in ST (m) that contains
A, denoted here by ST (m)[A]. We will give an algorithm to compute the semigroup
ST(m)[A]. If S = ST (m)[A], we will say that A is an ST (m)-system of generators of
S, which is minimal if S # ST (m)[A'] for all A" C A. Besides in this section, we will
prove that every S € ST (m) has a unique minimal ST (m)-system of generators and
its cardinality is the ST (m)—rank of S, denoted by ST (m)msg(S) and ST (m)rank(S),
respectively.

In Section 4, we study the elements in ST (m) with ST (m)rank(S) = 1; we will see
that this set is equal to {ST(m)[{r}] | r € N, m <r and ged(m,r) = 1}. Further-
more, we will show that the embedding dlmensmn Frobenius number and genus of
ST(m)[{r}] are m — 1, (m — 1)r — (m — 2)m and @=0C=1- (m Dm=2) "respectively.

Given positive integers m and F' such that 1 <m —1 < F and m { F denote by
ST(m,F)={S €8T (m)|F(S)=F}. In Section 5, we prove that ST(m,F) is a
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ratio-covariety. By using the results of [6], we obtain an algorithmic procedure to
compute all the elements of ST (m, F).

From [12] we get an explicit description of the shape of a minimal presentation of
an ST-semigroup. Although the techniques used here are purely semigroupistic, these
results can be translated to the ring theory. In fact, let S be a numerical semigroup
with msg(S) = {ny,...,n.} and K a field. The semigroup ring K[S] is the finite
type K-algebra associated with S and K[X| = K[Xy,..., X,] is the polynomial ring
in e variables, and the K-algebra epimorphism A : K[X| — K[S] C K|t], defined by
X; — t" is an S-graded ring homomorphism of degree zero. Therefore, the prime
ideal P = ker(\) (called the ideal associated to the semigroup) is homogeneous and
defines a monomial curve in the e-dimensional affine space over K (see, for example,
[3]). In [5], Herzog shows that finding a system of generators for P is equivalent to
finding a presentation of S.

2. THE ELEMENTS IN 87T (m) WITH FIXED GENUS

Our aim in this section is to give an algorithm to compute the set of numerical
semigroups of ST (m) with fixed genus g. First, we need some concepts and results.

Proposition 2.1. Let S be a numerical semigroup. Then, S is an ST-semigroup if
and only if v +y —m(S) € S for all {z,y} C S\{0} such that x # y.

Proof. Necessity. If x = ymodm(S), then there exists £ € N\{0} such that = =
y+ km(S) and thus  +y — m(S) =2y + (k — 1)m(S) € S.

In the case of z Z ymod m(S) the result is trivially true.

Sufficiency. Trivially true. O

For a numerical semigroup S, it is known that its embedding dimension, e(.S), is
less than or equal to its multiplicity, m(S) (see, [14, Proposition 2.10]). We say that
S has maximal embedding dimension if e(S) = m(S). This class of semigroups has
become especially renowned due to the existing applications to commutative algebra
via their associated semigroup ring (see for instance, [2-4] and [16]).

Proposition 2.2. ([14, Proposition 3.12]). Let S be a numerical semigroup. Then, S
is a numerical semigroup with mazximal embedding dimension if and only if v + vy —

m(S) € S for all {z,y} C S\{0}.
As a consequence of Propositions 2.1 and 2.2, we have the following.

Corollary 2.1. Every numerical semigroup with mazimal embedding dimension is an
ST-semigroup.

The next result can be used to see if a numerical semigroup is an ST-semigroup.

Proposition 2.3. ([10, Proposition 5.1]). Let S be a numerical semigroup. Then,
S is an ST-semigroup if and only if {x +y — m(S),3x —m(S)} C S for all z,y €
msg(S)\(m(S)} and z # y.
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Ezample 2.1. If S = (4,5,7), then {5+7—4,3-5—4,3-7—4} C S, and using
Proposition 2.3, we conclude that S is an ST-semigroup.

A pseudo-Frobenius variety is a non-empty family P of numerical semigroups that
fulfills the following conditions.

(a) P has a maximum (with respect to the inclusion order).
(b) If {S,T} C P, then SNT € P.
(c¢) If S € P and S # max(P), then SU{F(S)} € P.

From [10, Proposition 2.6 and Corollary 5.4], we obtain the following result.

Proposition 2.4. The set ST (m) is a pseudo-Frobenius variety and {0, m,—} is its
maximum.

A graph G is a pair (V, E), where V is a nonempty set and E is a subset of
{(v,w) € V-V | v # w}. The elements of V and E are called vertices and edges of G,
respectively. A path of length n connecting the vertices u and v of G is a sequence of
distinct edges of the form (vg,v1), (v1,v2), ..., (Vp_1,v,) With v9 = v and v, =v. A
graph G is a tree if there exists a vertex r (known as the root of G) such that for all
vertices v that belong to G, there exists a unique path connecting v and r. If (vg, v;)
is an edge of a tree, then we say that vg is a child of v;.

We define the graph G(ST (m)) as follows: ST (m) is the set of vertices and (S,T") €
ST (m)-ST(m) is an edge if T = S U {F(95)}.

By applying now Proposition 2.4 and [11, Lemmas 11 and 12; and Theorem 3| we
get the following result.

Proposition 2.5. The graph G(ST(m)) is a tree rooted in {0,m,—}.
Moreover,  the children of S in G(ST(m)) are the elements of
{S\{z} | € msg(S), x > F(S) and S\{z} € ST (m)}.
Lemma 2.1. ([10, Proposition 5.5]). Let S € ST (m), and x € msg(S)\{m}. Then,
S\{z} € ST(m) if and only if t + m & {a+b| a,b € msg(S)\{m,x}, and a # b} U
{3a | a € msg(S)\{m,z}}.
Lemma 2.2. Let g € N. Then, the set {S € ST (m) | g(S) = g} is nonempty if and
only if g > m — 1.
Proof. It S € ST (m) with g(S) = g, then S C {0,m,—} and thus ¢ = g(S) >
g({0,m, =}) =m —1.

To show that the reverse is true, it is enough +to mnote that
{O,m, 2m, ..., |45 m, [ 45 ]m 4+ gmod (m — 1) + 1, —>} € ST (m) with genus
qg. 0

Let G be a rooted tree and v one of its vertices. We define the depth of the vertex
v as the length of the path that connects v to the root of G, denoted by d(v). Given
k € N, we denote by N (G, k) the set of all vertices with depth k, that is,

N(G, k) = {v | d(v) = k}.
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The next result has immediate proof.

Lemma 2.3. With the above notation, we have:
(a) N(G(ST(m)),k) ={S € ST(m) | g(5) =m —1+k},
(b) N(G(ST(m)),k+1)={S|S is a child of an element in N(G(ST(m)),k)}.

The following algorithm provides a method for computing all the ST-semigroups
with given multiplicity and genus.

Algorithm 2.1.
INPUT: g a positive integer.
OuTpUT: The set {S € ST (m) | g(S) = g}.
(a) If ¢ < m — 1, then return (.

(b) A:={0,m,—},i=m—1

(c) If i = g, then return A.

(d) For each S € A compute 0s whose elements are x € msg(S)\{m}
greater than F(S) and v +m & {a+b | a,b € msg(S)\{m,z}, and a # b} U
{3a | a € msg(S)\{m,z}}.

() A:=Ugea {S\{z} | x €0s},i=1i+ 1 and go to step (c).

The correctness of this algorithm relies on Proposition 2.5 together with Lemmas 2.1,
2.2 and 2.3.

Ezxample 2.2. Let us compute the set {S € ST (4) | g(5) = 6}.

(a) Start with A = {(4,5,6,7)}, i = 3.

(b) The first loop constructs (4567 = {5,6} and then A = {(4,6,7,9),(4,5,7)},
1= 4.

(c) The second loop constructs Ouer9 = {6,7}, Ousz = {7} and then A =
{(4,7,9,10), (4,6,9,11), (4,5,11)}, i = 5.

(d) The third IOOp constructs 0<47779710> = {7,9, 10}, 9(476,9,11) = {9}, 8(475711> = @
and then A = {(4,9,10,11), (4,7, 10,13), (4,7,9), (4,6,11,13)}, i = 6.

(e) Return {(4,9,10,11),(4,7,10,13),(4,7,9),(4,6,11,13)}.

3. 8T (m)-SYSTEM OF GENERATORS

By using Proposition 2.4, we get that the intersection of finitely many ST-semigroups
in ST (m) is an ST-semigroup in ST (m). This result cannot be extended to the
intersection of arbitrary families in S7 (m), as the example below shows.

Example 3.1. For each k € {m,—}, let Sy = (m) U{k,—}. It is clear that Sy is an
ST-semigroup in ST (m), but Nyegm 3 Sk = (M) is not a numerical semigroup.

On the other side, the intersection of arbitrary families of semigroups in S7 (m)
is a submonoid of (N, +). Thus, an ST (m)-monoid is a submonoid of (N, +) which
can be expressed as an intersection of elements in ST (m). It is easy to prove the
following result.
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Lemma 3.1. The intersection of ST (m)-monoids is an ST (m)-monoid.

In view of this result, given a finite set A C {m,—}, we can define ST (m)[A] as
the intersection of all ST (m)-monoids containing A.
From Lemma 3.1, we obtain the next result.

Lemma 3.2. If A C {m,—}, then ST (m)[A] is the smallest (with respect to set
inclusion) ST (m)-monoids containing A.

The following result has immediate proof.

Lemma 3.3. If A C {m,—}, then ST (m)[A4] is the intersection of all ST (m)-monoid
containing A.

If M = ST (m)[A], then we say A is an ST (m)-system of generators of M. Moreover,
if no proper subset of A generates this ST (m)-monoid, then we say that A is a minimal
ST (m)-system of generators of M.

By applying Proposition 2.4 and [11, Corollary 1] we get the following result.

Proposition 3.1. Every ST (m)-monoid admits a unique minimal ST (m)-system of
generators.

Given M an ST (m)-monoid, denote by ST (m)msg(M) its minimal ST (m)-system
of generators. Its cardinality is called the ST (m) — rank of M and will be denoted
by ST (m)rank(M).

Proposition 3.2. Let M be a submonoid of (N,+) and m = min(M\{0}). The
following conditions are equivalent.

1) M is an ST (m)-monoid.

2y x+y—meM for all {z,y} C M\{0} such that x # y.

3) {a+b—m,3a—m} C M for all {a,b} C msg(M)\{m} such that a #b.

Proof. 1) implies 2). If M is an ST (m)-monoid, then there exists a family of semi-
groups in ST (m), {S;}ier with @ € I, such that M = N;¢; S;. If {z,y} € M\{0} such
that = # y, we obtain by Proposition 2.1 that x +y —m € S; for all ¢ € I and thus
r+y—meM.

2) implies 3). Trivial.

3) implies 1) For each k € {m,—}, let Sy = M U {k,—}. It is well known that
Sk € ST (m) and clear that M = Nycfm 1 Sk- O

The following algorithm provides a method for computing the smallest ST-monoid
containing a finite set A C {m, —}.

Algorithm 3.1.
INPUT: A finite set A C {m,—}.
OuTpPUT: The set ST (m)[A].
(a) M := (AU {m}).
(b) B:={a+b—m|{a,b} Cmsg(M)\{m},a#band a+b—m¢ M}.
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(c) C:={3a—m|aecmsg(M)\{m} and 3a —m & M}.
(d) If BUC := 0, then return M.
(e) M := (msg(M)U BUC) and go to step (b).

The correctness of this algorithm relies in Proposition 3.2. Now, we give two
examples.

Ezample 3.2. Let us compute the set ST (5)[{7}] using the previous algorithm.
(a) Start with M = (5,7).
(b) The first loop does B = () and C' = {16}, then M = (5,7, 16).
(c) The second does B = {18} and C' = (), then M = (5,7, 16, 18).
(d) The third does B = () and C' = ().
(e) Return ST (5)[{7}] = (5,7, 16, 18).

Ezample 3.3. Let us compute the set ST (6)[{8}] using again the previous algorithm.
(a) Start with M = (6, 8).
(b) The first loop does B = () and C = 0.
(c) Return ST(6)[{8}] = (6, 8).

Combining the Propositions 2.1 and 3.2, we obtain the next result.

Lemma 3.4. Let M be an ST (m)-monoid. Then, M € ST (m) if and only if M is
a numerical semigroup.

Proposition 3.3. Let be a finite set A C {m,—}. Then, the monoid ST (m)[A]
belongs to ST (m) if and only if gcd(AU {m}) = 1.

Proof. Necessity. Suppose that gcd(AU{m}) # 1. Then, by applying Proposition 3.2,
we deduce that M = ({m} + (A)) U {0} is an ST (m)-monoid containing A. Besides
ST (m)[A] € M but is not numerical semigroup and so ST (m)[A] € ST (m).
Sufficiency. Whereas A U {0} C ST (m)[A] with ged(A U {m}) = 1, we get
that ST (m)[A] is a numerical semigroup. By Lemma 3.4, we can conclude that

ST (m)[A] € ST (m). O
As a consequence of Proposition 3.3, we obtain the following.

Proposition 3.4. Let m and r be positive integers such that 2 < m < r and
ged(m,r) = 1. Then, ST (m)[{r}] is an element in ST (m) with ST (m)rank one.
Moreover, every element in ST (m) with this ST (m) — rank is of this form.

4. THE ELEMENTS IN ST (m) WiTH ST (m)rank ONE

In this section, we study the family of ST-semigroups with multiplicity m and
ST (m)rank = 1. In particular, we obtain formulas to compute, in terms of m and r,
the Frobenius number and genus of these classes of numerical semigroups.

Observe that if m = 2 or m = 3 and ged(m,r) = 1 then, by using Proposition 2.3
and Lemma 3.2, we have that ST (m)[{r}] = (m,r). Thus, in the sequel, we assume
that m and r are positive integers such that 4 < m < r and ged(m,r) = 1.
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Proposition 4.1. Under the standing notation, ST(m)[{r}] = {{m,r} U
{(k+2)r —km | k € N\{0}}).

Proof. Suppose that T'= ({m,r}U{(k + 2)r — km | k € N\{0}}). In order to see that
T C ST (m)[{r}], let us use induction on k to prove that (k+2)r —km € ST (m)[{r}].
For k = 1 is clear, that since {r,2r} C ST (m)[{r}], then by Proposition 2.1, we
have that 3r —m € ST (m)[{r}]. As by induction hypothesis {(k + 2)r — km,r} C
ST (m)[{r}] and (k + 2)r — km # r, then using again Proposition 2.1, we get that
(k+2)r—km+r—m=(k+3)r—(k+1)m e ST(m)[{r}.
For the other inclusion, by Lemma 3.2, it is sufficient to prove that T' € ST (m). In
order to see this, we use Proposition 2.3:
(a) if k,j € N\{0}, then (k+2)r —km+ (j+2)r —jm—m = (k+j+3)r— (k+
j+l)m+rel,
(b) if £ € N\{0}, then 3((k+2)r —km)—m = (3k+2)r —3km+4r—2m+m e T.
0

Corollary 4.1. Under the standing notation, ST (m)[{r}] = (m,r,3r — m,4r —
2m, ..., (m—1)r — (m —3)m).

Proof. By taking into account Proposition 4.1, it is enough to see that if k + 2 > m,
then (k4 2)r — km does not belong to the minimal system of generators ST (m)[{r}].
Suppose k + 2 = gm + t with ¢ € N\{0} and ¢t € {0,...,m — 1}. Then, (k+ 2)r —
km = (gm+t)r — (gm+t—2)m =tr — (t —2)m+ q(r — m)m
We distinguish four cases depending on the value of ¢.
(a) If t > 3, then by Proposition 4.1, we get that {tr — (t — 2)m, q(r — m)m} C
ST (m)[{r}]\{0} and so (k + 2)r — km ¢ msg(ST (m)[{r}]).
(b) If t = 2, then (k + 2)r — km = 2r + q(r — m)m and {2r,q(r — m)m} C
ST (m)[{r}]\{0} and so (k + 2)r — km ¢ msg(ST (m)[{r}]).
(c) Ift =1, then (k+2)r—km = r+(gr—(¢gm—1))m and thus again (k+2)r—km ¢
msg (ST (m)[{r}]).
(d) If t =0, then (k+ 2)r — km = (¢r — (¢gm — 2))m implies that (k+2)r —km ¢
msg (ST (m)[{r}]).
O

Let S be a numerical semigroup and let n € S\{0}. The Apéry set of S (named so
in honor of [1]) with respect to n is Ap(S,n) :={se€ S|s—n ¢ S}.

Lemma 4.1. ([14, Lemma 1.4]). If S is a numerical semigroup and n € S\{0} then
Ap(S,n) ={w(0),w(l),...,w(n —1)},
where w(i) is the least element in S such that w(i) = i modn, for alli € {0,...,n — 1}.

The following result (essentially due to Selmer [17]) shows how F(S) and g(S) can
be computed by using Apéry sets.
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Lemma 4.2. Let S be a numerical semigroup and m € S\{0}. Then,
(a) F(S) = max(Ap(S,m)) —m,
(b) g(S) =+ (ZweAp(sm) w) — el
Theorem 4.1. Under the standing notation,
Ap(ST (m)[{r}],m) ={0,r,2r,3r —m,4r —2m,...,(m — 1)r — (m — 3)m}.

Proof. In view of Corollary 4.1, we have that ST (m)[{r}| = (m,r,3r — m,4r —
2m,...(m —1)r — (m — 3)m). Hence, if i € {1,...,m — 3}, then 2((i + 2)r —im) ¢
Ap(ST (m)[{r}],m), because by Proposition 4.1, we have that 2((i + 2)r —im) —
m = (20 +3)r— (20 +1)m+r € ST(m)[{r}]. As ST(m)[{r}] € ST(m) and
applying Proposition 2.1, we deduce that if 7, j € {1,...,m — 3} such that i # j, then
(1 4+ 2)r —im + (j + 2)r — yjm does not belong to Ap(ST (m)[{r}],m). In the same
way, we conclude 3r ¢ Ap(ST (m)[{r}],m). Consequently, Ap(ST (m)[{r}],m) =
{0,7,2r,3r —m,4r —2m, ..., (m — 1)r — (m — 3)m}. O

Ezample 4.1. From Corollary 4.1 and Theorem 4.1, we obtain that ST (5)[{7}] =
(5,7,16,18) and Ap(ST(5)[{7}],5) = {0,7, 14,16, 18}.

Corollary 4.2. Under the standing notation, then the following conditions hold:
(a) S =S8T(m)[{r}] is a numerical semigroup with e(S) =m — 1,
(b) F(S) = (m — )r — (m — 2)m,
(C) g(S) _ (mfl)(rfl);(me)(me) .

Proof. (a) From Corollary 4.1 and Theorem 4.1, it is straightforward to see that

msg(ST (m)[{r}) ={m,r,3r —m,4r —2m,...,(m — 1)r — (m — 3)m} and so e(S) =
m — 1. (b) and (3) This is a consequence of Theorem 4.1 and Lemma 4.2.

Ezample 4.2. If S = ST(5)[{7}], then by Corollary 4.2, we have that e(S) =
F(S) =13 and g(S) = 9.

5. THE ELEMENTS IN ST (m) WITH FIXED FROBENIUS NUMBER

If S is a numerical semigroup with multiplicity m > 2 and Frobenius number
F, then m — 1 < F and m { F. The particular case, F = m — 1 implies that
S={0,F+1,—}.

Given positive integers m and F such that 2 < m < F and m { F, denote by
ST(m,F)={SeST(m)|F(S)=F}.

Our next goal is to give an algorithm to compute the elements in ST (m, F).

Let S be a numerical semigroup such that S # N, the ratio of S is defined by
r(S) :=min{s € S |m(S)1s}.

A ratio-covariety is a nonempty family R of numerical semigroups fulfilling the
following conditions:

(a) R has a minimum (with respect to the inclusion order).
(b) If {S, T} C R, then SNT € R.
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(c) If S € R and S # min(R), then S\{r(S)} € R.

The next result is well known, and its proof is not difficult.

Lemma 5.1. Let S and T be numerical semigroups and x € S\{0}. Then,

(a) SNT is a numerical semigroup and F(S NT) = max{F(S),F(T)},
(b) S\{x} is a numerical semigroup if and only if x € msg(S).

Proposition 5.1. The set ST (m,F) is a ratio-covariety and its minimum is
A(m, F)=(m)U{F+1,—}.

Proof. Using Proposition 2.1, we deduce that A(m, F) € ST (m, F). It is clear, for
all S € §ST(m, F), we have that A(m, F) C S and so min(S7T (m, F)) = A(m, F).
If {S,T} C ST (m, F), then by Proposition 2.1 and Lemma 5.1, we obtain SN7T €
ST(F,m).

In order to conclude the proof, we will see that if S € ST (m, F') and S # A(m, F)
then S\{r(5)} € ST (m, F). In fact, if S # A(m, F'), then r(S) < F' and by Lemma
5.1, we have that S\{r(S)} is a numerical semigroup with m(S\{r(S)}) = m and
F(S\{r(9)}) = F. If {z,y} € S\{r(9)} and = # y, since S € ST (m, F) we get
that z +y —m € S with x +y — m # r(5). Hence z +y — m € S\{r(S)} and thus
S\{r(9)} € ST(m, F). O

We define the graph G(ST(m, F')) as the graph whose vertices are elements of
ST(m,F)and (S,T) € ST(m,F)-ST(m, F) is an edge if T' = S\{r(S5)}.

As a consequence of Proposition 5.1 and [6, Proposition 2.4], we deduce the follow-
ing.

Proposition 5.2. The graph G(ST (m, F)) is a tree with root equal to A(m, F).

We now characterize the children of an arbitrary vertex of G(ST (m, F)). First, we
need to introduce some concepts and results.

Let S be a numerical semigroup. An integer x ¢ S is called a special gap of S if
S U {x} is again a numerical semigroup. We denote by SG(S) the set of special gaps
of S.

By applying Proposition 5.1 and [6, Proposition 4], we obtain the following.

Proposition 5.3. Let S € ST (m, F'). Then, the set formed by the children of S in
the tree G(ST (m, F)) is {SU{z} | 2 € SG(S), m(S) < x < r(S) and SU{z} €
ST (m, F)}.

By using Proposition 2.3, we deduce the next result.

Lemma 5.2. Let S € ST(m, F) and a € SG(S) such that m < a < r(S). Then,
SU{a} € ST(m, F) if and only ifa # F and {a +b—m, 3a —m} C SU{a} for all
b € msg(S U{a})\{a,m}.

By combining Proposition 5.3 with Lemma 5.2, we have the following.
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Proposition 5.4. If S € ST (m, F'), then the children of S in the tree G(ST (m, F))
are SU{x} such that x € SG(S), m <z <1(S), v # F and {x +y—m,3z —m} C
SU{z} for ally € msg(SU{z})\{z,m}.

Remark 5.1. Let S be a numerical semigroup with n € S\{0}. If we know its
Ap(S,n) = {w(0),w(1),...,w(n — 1)}, then
(a) we can conclude that an integer z belongs to S if and only if z > w(zmod n),
(b) by using [7, Remark 1 and Remark 2] we can compute the set SG(S) and
Ap(SU{z},n) with z € SG(S).

We are already able to present the algorithm stated at the beginning of this section.

Algorithm 5.1.

INPUT: m and F such that 2 <m < F and m 1 F.

OutpuUT: The set ST (m, F).

(a) Compute Ap(A(m, F'), m).

(b) Does ST (m, F) = {A(m, F)} and B = {A(m, F)}.

(c) For each S € B compute Ag whose elements are x € SG(S), m < z < r(9),

r# Fand {x+b—m,3z —m} C SU{x} for all b € msg(S U {z})\{z,m}.
(d) If Usep As = 0, then return ST (m, F).
(e) Does C' = Ugep{SU{z} |z € Ag}.
(f) Does ST (m, F) =ST(m,F)UC and B = C.
(g) For all S € B compute Ap(S,m) and go to (c).

Ezample 5.1. Let us compute the set of elements in ST (3,7) by applying Algorithm

5.1.

(a) Start calculating Ap(A(3,7),3) = {0,8,10}.

(b) Does ST(3,7) = {A(3,7)} and B = {A(3,7)}.

(c) The first loop constructs Aa(s 7 = {5} then C' = {A(3,7) U {5}}.

(d) Does ST(3,7) = {A3,7),A3,7)U{b}}, B = {A3,7)U{5}} and thus
Ap(A(3,7)U {5),3) = {0, 5,10}

(e) The second loop constructs A¢a,nugsy = 0.

(f) Return ST (3,7) = {A(3,7),(A(3,7) U{5}}.

6. MINIMAL PRESENTATION OF AN ST-SEMIGROUP

Let S be a numerical semigroup with msg(S) = {ni <mng < - <n.}.
The free monoid on the set {zy,xs,...,z.} is defined as Flzy,xq,...,2.] =
{Mz1+ Xowg + -+ Aexe | s € Nforalli € {1,...,e}}, then the map

o : Flry,29,...,2.] — S
is a monoid epimorphism defined by @(A\1 21+ Aowa+- - -+ Aee) = Aing+no+- - -+ Aene.
It is well known (see [15]) that if o is the kernel congruence of ¢, that is,

(z,y) € o if and only if p(z) = ¢(y), then S is isomorphic to FlErtze-zed Ty
[9] is shown that the congruence o is finitely generated. That is, there exists
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p=A{(c1,61),...,(aw, )} C Flay,za,...,2.] X Flxy,29,...,2.] such that o is the
smallest congruence on F[z,xs,. .., x.] containing p.

We say that p is a presentation for S and it is a minimal presentation for S if
no proper subset of p generates o. In [13] we can see that the concepts of minimal
presentation with respect to set inclusion and presentation with lowest cardinality
coincide. In addition, in [13], a method is given to compute a minimal presentation
of a numerical semigroup.

Our aim in this section is to get an explicit description of the shape of a minimal

presentation for an ST-semigroup. The next result is deduced from [10, Proposition
5.7] and describes the Apéry set of S € ST (m).

Proposition 6.1. If S € ST (m), then Ap(S,m) = {w(0),w(1),...,w(m—1)}, where
w(i) is the least element of the set {0} U (msg(S)\{m}) U (2(msg(S)\{m}) that is
congruent to ¢ modulo m.

Ezxample 6.1. From Example 3.2, we know that S = (5,7, 16, 18) is an ST-semigroup.
Since {0} U (msg(S)\{5}) U (2(msg(S)\{5}) = {0} U {7,16,18} U {14, 32,36}, then
by using Proposition 6.1, we have that Ap(S,5) = {w(0) = 0,w(1) = 16,w(2) =
7,w(3) = 18,w(4) = 14}.

As a consequence of Proposition 6.1, we have the next result.

Corollary 6.1. Under the standing notation, we have the following.
(a) If S € ST (m), then ™ < ¢(S) < m.

2 _
(b) If S is an ST-semigroup with msg(S) = {ny <--- <n.}, then there exists

A C{ng,...,n.} such that Ap(S,n) ={0,na,...,n.} U2A.

Let S be a numerical semigroup with msg(S) = {n; < --- < n.}, we say that n € S
has unique expression if there exists only one element (Aq,...,\.) € N€¢ such that
n=Mny+ -+ AeNe.

The following result can be deduced from [12, Theorem 1].

Proposition 6.2. Let S be a numerical semigroup with msg(S) =
{n1 <---<n.} and all the elements in Ap(S,ni) have a wunique expres-
sion. Let T = {(Xg...; ) € NV dAang+ -+ Aene € Ap(S,n1)}  and
Minimals(T) = {(A12,.., M)y (M2, -, Mie) b with respect to the wusual or-
der of N7l For each i € {1,...,t} we define (av,...,q.) € N° such that
AigNg + -+ + Xiehe = iy + - + qene and o;; # 0.

Then, p = {(AinZa + -+ + NieTe, 121 + -+ + qewe) |1 € {1,...,t}} is a minimal
presentation of S.

Lemma 6.1. If S € ST (m), then all the elements of Ap(S, m) have a unique expres-
Ston.

Proof. Suppose that msg(S) = {m =n; <--- <n.}. From Corollary 6.1, we have
that Ap(S,n1) = {0,n9,...,n.} U2A for some A C {noy,...,n.}. Clearly, every
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element in msg(S) has a unique expression. To conclude the proof, we check that
if np € A, then 2n, has also a unique expression. Assume to the contrary that
2n, = n; + n; + s for some 4,5 € {2,...,e} and s € S. If i # j by Proposition
2.1, we obtain that n; +n; —n; € S, and thus 2n;, —n; € S, contradicting that
2ny € Ap(S,ny).

Hence, we consider 2ny, = 2n,;+ s for some ¢ € {2,...,e}\{k} and s € S. If s # 2n,,
we obtain again 2n; +s —n; € S and so 2ny —ny € S, which is impossible. If s = 2n;;,
then 2ny = 4n; and thus ny = 2n;, contradicting that n; € msg(5). O

By using Proposition 2.1, we obtain the following.

Lemma 6.2. Let S be an ST-semigroup with msg(S) = {ny <---<n.}, and
let Ap(S,n1) = {0,n9,...,n.} U 24 for some A C {ng,...,n.}. Let T =
{A2, .., X)) € NV Nong + -+ + Aene & Ap(S,ny)}. For each i € {2,...,e} we
define C; = (Ci,...,Ci) € N1 such that C;; = 1 and Cij = 0 for all i €
{2,...,e}\{i}. Then,

Minimals(T) ={C; + C; | i,5 € {2,...,e} and i # j}
U {201 ’ n; € {Tlg, RN ,ne}\{A}} U {302 | n; € A} .

In the conditions of Lemma 6.2, we will use the following notation.

(a) If i,5 € {2,...,e} and i < j, then let (A}, ..., X5;) € N® such that n; +n; =
Aijna 4 -+ AGne and Al # 0.

(b) If n; € {ny <--- <n.}\{A}, then let (A\},...,\?) € N¢ such that 2n; =
Aing+ -+ Xen, and A} # 0.

(c) If n; € A, then let (A\},...,\?) € N® such that 3n; = Alny + -+ + \én, and
AL £ 0.

As a consequence of Proposition 6.2 and Lemmas 6.1 and 6.2, we obtain the

following.

Theorem 6.1. Let S be an ST-semigroup with msg(S) = {n1 < --- < n.}, and let
Ap(S,ny) = {0,n9,...,n.} U2A for some A C {ng,...,n.}. Then, a minimal pre-
sentation of S is

P:{(l’ri‘ﬂ?]’,)\iljl"l+"'+)‘z?jx6> |i,j€{2,...,e} andi<j}
U {20, Moy + -+ Axe) | s € {na < -+ < ne} \{A}}
U{3xi, May 4+ N | ny GA}.
By using the previous theorem we obtain the next result.

Corollary 6.2. If S is an ST-semigroup, then the cardinality of a minimal presenta-
tion of S is W
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Ezample 6.2. From Example 6.1, we know that S = (5,7, 16, 18) is an ST-semigroup
and Ap(S,5) = {0,7,16,18,2-7}. Then applying Thereom 6.1, we have that a
minimal presentation of S is

p ={(xo + x3, 21 + x4), (X2 + 4, d21), (T3 + x4, 421 + 215),
(2$3,51q'+>I2),(214, 41h'+’$3),(3$2,I1'+'$3)}.
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