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REMARKS ON THE DEGREE KIRCHHOFF INDEX
M. MATEJIC, I. MILOVANOVIC, AND E. MILOVANOVIC

ABSTRACT. Let G be a simple connected graph with n vertices and m edges, with
normalized Laplacian eigenvalues p; > p2 > -+ > pnp_1 > pp = 0. The degree
Kirchhoff index K f*(G) is defined as K f*(G) = 2m Y7~ ' L. In this paper we

=1 p;
obtain lower and upper bounds for K f*(G).

1. INTRODUCTION

Let G = (V,E), V. = {1,2,...,n}, be a simple connected graph with n, n > 3,
vertices and m edges. Denote with A =dy > dy > --- > d, = § > 0, a sequence of
vertex degrees of G, A the adjacency matrix of graph, and by D = diag(d;, ds, ..., d,)
the diagonal matrix of its vertex degrees. Matrix L = D — A is the Laplacian
matrix of G. Eigenvalues of L, 3 > po > -+ > i1 > p, = 0, form the so-called
Laplacian spectrum of graph G. Provided that the graph G has no isolated vertices,
the normalized Laplacian matrix is defined as L* = D-/2LD~1/2 = I-D~1/2AD~1/2.
Its eigenvalues, p1 > ps > -+ > pun_1 > pn = 0, represent normalized Laplacian
eigenvalues of G. The following identities are valid for p;, i =1,2,...,n — 1, (see [5])

n—1 n—1
Zpi =n and Zp? =n+2R_q,

=1 i=1

where
1

R_, = ZE)

o]
is the general Randi¢ index (also called branching index) introduced in [19]. A symbol
1 ~ j denotes that vertices ¢ and j are adjacent.
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In [9], Klein and Randié, introduced the notion of resistance distance, 7;;, defined
as the resistance between the nodes ¢ and j in an electrical network corresponding to
the graph G in which all edges are replaced by unit resistors. The sum of resistance
distances of all pairs of vertices of a graph G is named as the Kirchhoff index, i.e.,

i<j
Eventually, it was shown [7] (see also [8]) that the resistance distance can be expressed
in terms of Laplacian matrix and its spectrum. Namely, it was proven that

The Kirchhoff index spawned a family of resistance indices, such as degree Kirchhoff
index, multiplicative-degree-Kirchhoff index and additive-degree Kirchhoff index (see
for example [2,16,17]). The degree Kirchhoff index, introduced in [4], is defined as

Kf(G) = )_didr.
i<j

In analogy with the Kirchhoff index, the degree Kirchhoff index can also be repre-
sented as

n—1 1
i=1 Fi

The graph invariants K f(G) and K f*(G) are currently much studied in the mathe-
matical and mathematico-chemical literature; see for example [11] and the references
cited therein.

In this paper, inspired by the inequality for K f(G) reported in [18], we determine
an upper bound for K f*(G) which depends on n, m and k, where k is an arbitrary
real number such that p,_1 > k& > 0. We also prove one general inequality that sets
up a lower bound for K f*(G) in terms of n, m and s, where s is an arbitrary real
number such that p; > s > p,_1. For some particular values of s we obtain some
lower bounds for K f*(G) reported in the literature.

2. PRELIMINARIES

In this section we recall some results reported in the literature on lower and upper
bounds for K f(G) and K f*(G), and an analytic inequality for real number sequences
which will be used in the subsequent considerations.

The following upper bound for K f(G) that depends on parameters n, m and k,
where £ is an arbitrary real number with the property wu,_1 > k > 0, was established
in [18]

k)Y(n—1)—2
2.) Kf(e) <UD =D = 2m
with equality if and only if k =n and G 2 K,,or k=1and G = Ky, 1, 0r k=
and G=Kzn,ork=n—2and G=K, —e.
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In [15] (see also [1,6,8,12]) the following inequality was proven

(2.2) ke s =1

n
with equality if and only if G = K,,.

In [6] the following lower bound for K f*(G) in terms of parameters n, m, and A
was determined

(2.3) Kf*(G)>2m <

A m—m2»

A+1+n—1—i

with equality if and only if G = K,,.
In [3] it was proven that

(2.4) Kf*(G) >2m (113 + M) ,

R,
P=1 _
Vam =D

Equality in (2.4) is attained if and only if G = K.
In [10] the following upper bound for K f*(G) was established

where

(n=1)(p1 +pp1) =0

(2.5) Kf*(G) <2m
P1Pn—1
Let ag,, ar,+1,- - Gn_k, and by, ,bg,+1, ..., bp_k, be two non-negative real number
sequences of similar monotonicity, and pg,, Pk, +1, - - - » Pk, D€ positive real number

sequence, 1 < k; <n — ko, 0 < ky < n — 1. Then the following inequality holds (see,
for example, [13,14])

n—=ko n—ko n—=ko n—=ko
(2.6) i D piaibi > > pia; Y pibs
ik imky i—ky i—ky

3. MAIN RESULTS

In the following theorem we establish an upper bound for K f*(G) in terms of
parameters n, m and k, p,_1 > k > 0. The inequality proven in this theorem is
analogous to the inequality (2.1) for K f(G).

Theorem 3.1. Let G be a simple connected graph with n, n > 3, vertices and m
edges. Then, for any real k with the property p,—1 > k > 0, holds
n—2+k(n—1)

i 5
with equality if and only if k = "5 and G = K, or'k = 1 and G = K,,_,,
1<r< l%J, ork:% and G

(3.1) Kf'(G)<m

Ch.

I
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Proof. Consider the function

f(z) = (n_l)(mzpnl)_n, x> 0.

This is an increasing function for x > 0. Since 0 < x = p; < 2, we have f(x) =
f(p1) < f(2), and according to (2.5) we get

(n =12+ pp1) —n m(n — Dpn1+n—2
2pn71 Pn—1 ‘

(3.2) Kf*(G) < 2m

Now, consider the function

g(x) = , x>0.

This is a decreasing function for z > 0. Since x = p,_1 > k > 0, then g(p,_1) < g(k),
and therefore from (3.2) we get
n—2+k(n—1)
k )
which completes the proof. 0

Kf*(G) <m

Corollary 3.1. Let G be a simple connected planar graph with n, n > 3, vertices and
m edges. Then, for any real k with the property p,—1 > k > 0, holds
3(n—2)(n—2+ (n—1)k)

k: )

with equality if and only if k = % and G = Kz, or k = % and G = Ky.

(3.3) KfH(G) <

Proof. Since for simple connected planar graphs holds m < 3(n — 2), the inequality
(3.3) directly follows from (3.1). O

In the next theorem we determine a lower bound for the degree Kirchhoff index
in terms of parameters n, m and s, where s is a real number with the property
p1 =82 Pn-t1-

Theorem 3.2. Let G be a simple connected graph with n, n > 3, vertices and m
edges. Then, for any real s with the property py > s > p,_1, holds
n—s

(3.4) Kf(G) > 2m (1 n (”‘2)) ,

with equality if and only if s = "5 and G = K,, or s = 2 and G = K, .,
1<r< {%J

Proof. For ky = 1, kg = 2, p; = p;, a; = b; = é, 1 =1,2,...,n — 2, the inequality
(2.6) becomes

i=1 =1 Pi i=1
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i.e.

wherefrom follows

1 —2)?
(3.5) Kf(G) > 2m< L nz2) ) ,
Pn—1 N — pPn—1
with equality if and only if py = py =--- = pn .
For ky =2, ko =1, p; = pi, a; = b; = ;, 1= 2,3,. — 1, the inequality (2.6)

transforms into

Zﬂz§12<7§1>27

i—2 Pi

=2
ie.,
n—1 n—1 1 )
i e L
(S (55-7)
wherefrom follows
1 —2)?
(3.6) Kf*(G) > 2m ( + (")> ,
P1 n—pm
with equality if and only if po = p3 = - = p_1.
Consider the function ,
1 n—2
fay =1+ 022
x n—x
This is an increasing function for x > —*-, monotone decreasing for x < -+ and has
a minimum for z = —*=. Then for any real s, such that p; > s > "=, from (3.6)

follows

KF(6) 2 2mf(p) 2 2mf(s) = 2m (14 2220

n—s

Also, for any real s with the property -+ > s > p,_1, from (3.5) follows

K ()2 mflpna) 2 2mf(s) = 2 (5 220

s n—s
Finally, from the last two inequalities we obtain (3.4). O
According to (3.5) and (3.6) we have the following corollary of Theorem 3.2.

Corollary 3.2. Let G be a simple connected graph with n, n > 3, vertices and m
edges. Then

1 —-2)2 1 — 2)?
Kf*(G) > 2mmax{+ (n=2) ) + (n—2) },
P1 n—=p1 Pn-a = Pn-1

with equality if and only if G = K,,, or G = K, ., 1 <1 < {%J
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Remark 3.1. In [3] the following inequalities were proven

A+1 n
> P> > > Pp_i-
pr= 7= A —n_1°< Prn—1
Now, for s = - from (3.4) the inequality (2.2) is obtained, for s = 2 we get (2.3),
and for s = P it follows (2.4).

REFERENCES

[1] M. Bianchi, A. Cornaro, J. L. Palacios and A. Torriero, Bounds for the Kirchhoff index via
majorization techniques, J. Math. Chem. 51 (2013), 569-587.

[2] M. Bianchi, A. Cornaro, J. L. Palacios, J. M. Renom and A. Torriero, Revisiting bounds for
the multiplicative degree—Kirchhoff index, MATCH Commun. Math. Comput. Chem. 75 (2016),
227-231.

[3] S. B. Bozkurt and D. Bozkurt, On the sum of powers of normalized Laplacian eigenvalues of
graphs, MATCH Commun. Math. Comput. Chem. 68 (2012), 917-930.

[4] H. Chen and F. Zhang, Resistance distance and the normalized Laplacian spectrum, Discrete
Appl. Math. 155 (2007), 654—661.

[5] F. R. K. Chung, Spectral Graph Theory, AMS Press, Providence, 1997.

[6] L. Feng, G. Yu and W. Liu, Further results regarding the degree Kirchhoff index of graphs,
Miskolc Math. Notes 15(1) (2014), 97-108.

[7] I. Gutman and B. Mohar, The quasi—Wiener and the Kirchhoff indices coincide, Journal of
Chemical Information and Modeling 36(5) (1996), 982-985.

[8] J. Huang and S. Li, On the normalized Laplacian spectrum, degree—Kirchhoff index and spanning
trees of graphs, Bull. Aust. Math. Soc. 91 (2015), 353-367.

[9] D. J. Klein and M. Randié¢, Resistance distance, J. Math. Chem. 12 (1993), 81-95.

[10] I. Milovanovi¢, I. Gutman and E. Milovanovi¢, On Kirchhoff and degree Kirchhoff indices,
Filomat 29(8) (2015), 1869-1877.

[11] I. Z. Milovanovi¢ and E. I. Milovanovié¢, Bounds of Kirchhoff and degree Kirchhoff indices, in:
I. Gutman, B. Furtula, K. C. Das, E. Milovanovié¢, I. Milovanovié¢, Eds. Bounds in Chemical
Graph Theory - Mainstreams, Mathematical Chemistry Monographs, MCM 20, University of
Kragujevac, Kragujevac, (2017), pp. 93-119.

[12] 1. Z. Milovanovi¢, E. I. Milovanovi¢ and E. Glogié¢, Lower bounds of the Kirchhoff and degree
Kirchhoff indices, Scientific Publications of the State University of Novi Pazar Series A: Applied
Mathematics, Informatics and Mechanics 7(1) (2015), 25-31.

[13] D. S. Mitrinovi¢ and P. M. Vasié, Analytic Inequalities, Springer Verlag, Berlin-Heidelberg-New
York, 1970.

[14] D.S. Mitrinovié and P. M. Vasié, History, variations and generalisations of the Cebysev inequality
and the question of some priorities, Univ. Beograd. Publ. Elektrotehn. Fak. Ser. Mat. Fiz. 461—
497 (1974), 1-30.

[15] J. L. Palacios and J. M. Renom, Broder and Karlin’s formula for hitting times and the Kirchhoff
index, Int. J. Quantum Chem. 111 (2011), 35-39.

[16] J. L. Palacios, A new lower bound for the multiplicative degree—Kirchhoff index, MATCH Com-
mun. Math. Comput. Chem. 76 (2016), 251-254.

[17] J. L. Palacios, Some interplay of the three Kirchhoffian indices, MATCH Commun. Math.
Comput. Chem. 75 (2016), 199-206.

[18] S. Pirzada, H. A. Ganie and I. Gutman, Comparison between Laplacian—energy-like invariant
and Kirchhoff indez, Electron. J. Linear Algebra 31 (2016), 27-41.

[19] M. Randié¢, On characterization of molecular branching, J. Amer. Chem. Soc. 97 (1975), 6609—
6615.



REMARKS ON THE DEGREE KIRCHHOFF INDEX 21

[20] H. Y. Zhu, D. J. Klein and I. Lukovits, Extensions of the Wiener number, Journal of Chemical
Information and Modeling 36 (1996), 420-428.

FacurLry OF ELECTRONIC ENGINEERING,

UNIVERSITY OF NI8,

NI1S, SERBIA

E-mail address: {marjan.matejic, igor, ema}@elfak.ni.ac.rs



	1. Introduction
	2. Preliminaries
	3. Main Results
	References

