KRAGUJEVAC JOURNAL OF MATHEMATICS
VOLUME 49(6) (2025), PAGES 873—-887.

PROPERTIES OF (C,r)-HANKEL OPERATORS AND
(R,7)-HANKEL OPERATORS ON HILBERT SPACES

JYOTI BHOLA! AND BHAWNA GUPTA?

ABSTRACT. We introduce the operators which are generalizations of Hankel-type
operators, called the (C,r)-Hankel operator and (R, r)-Hankel operator on general
Hilbert spaces. Our main result is to obtain characterizations for a bounded operator
on general Hilbert spaces to be a (C, r)-Hankel operator (or (R, r)-Hankel operator).
We also discuss some algebraic properties like boundedness (for |r| # 1) of these
operators and the relationship between them. Moreover, some characterizations for
the commutativity of these operators are explored.

1. INTRODUCTION

The notion of Hankel matrices made its first appearance in 1861 when Hankel began
the study of finite matrices with entries being a function of the sum of the coordinates
only [6], the Hilbert matrix being the most prominent example of the same [2]. Hankel,
Kronecker, Nehari and Hartman are the most celebrated names in this area for their
contribution towards the most classical results about Hankel operators. For a pivot
study on Hankel operators, one can refer [3,5,13].

Since inception, a lot of research has been done on this class of matrices, corre-
sponding operators and associated variants due to their high scores of applications in
the fields of perturbation theory, interpolation process, rational approximation, proba-
bility, moment problems, theory of systems and control etc. (refer [11-13]). The rapid
development of this domain has led to numerous generalizations both in terms of twists
in the operator form as well as the space of play. To adduce a few, Hankel operators,
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slant Hankel operators, essentially Hankel operators, A-Hankel operators, weighted
Hankel operators, small Hankel operators, slant little-Hankel operators, essentially
slant-Hankel operators, kth-order slant Hankel operators etc. have been studied on
different spaces like Hardy spaces, Bergmann spaces, Fock spaces, weighted Fock
spaces, Harmonic Dirichlet spaces and so on [1,3,4,8-10,14] and references therein.

Recently, Mirotin et al. introduced the idea of u-Hankel operators on Hilbert spaces
in the following way and discussed this class on Hardy space in particular [10]: Let
w be a complex number, a = (a,)n>0 be a sequence of complex numbers, H and H’
be separable Hilbert spaces. The operator A, , : H — H' is called p-Hankel operator
if for some orthonormal bases (ex)r>0 C H and (e€});>0 C H', the matrix (ajx)r,j>0 of
this operator consists of elements of the form a;;, = u*a;, 1. All these developments
motivated the authors to define two new classes of operators on general Hilbert spaces
that are closely related to Hankel operators in the sense that these classes result in
Hankel-type operators if alternate columns of one or alternate rows of the other are
deleted. Interesting results are established to derive the connection between these
classes, over and above the discussion of their algebraic properties. Characterizations
are obtained for which these operators commute. It is also proved that these classes
neither contain any Fredholm operator nor unitary operator.

We begin with the following preliminaries.

A bounded linear operator 7" on a Hilbert space H is said to be Hilbert-Schmidt
operator if the Hilbert-Schmidt norm ||T||%¢ = 32, |7 (u,)||* < + for an orthonormal
basis (uy)nen, of H, where || - || represents the norm of H. A bounded operator T' on
H is said to be a Fredholm operator if Range of T is closed, dimension of kernel 7'
and dimension of kernel 7% are finite. In this case, index of 7" is defined as

indexT = dimker T' — dim ker T™*.

A bounded operator T" on H is said to be isometry if T*T = Iy, and unitary if T’
is bijective and T*T = TT* = Iy, where Iy denotes the identity operator on H.
Throughout the paper, we restrict the symbols H; and Hs for any separable Hilbert
spaces. If H; = Ho, then it is denoted by H. We denote by (u;);en, and (v;)ien,, the
orthonormal bases for H; and Hs, respectively. The symbols U; and U, denote the
right shift operators on H; and Hj, respectively and are defined as Uy (u;) = u;41 and
Us(v;) = v;41 for all 7 € Ny. The symbols C, Z and Ny denote the set of all complex
numbers, integers and non-negative integers, respectively.

2. THE (C,r)-HANKEL OPERATOR AND (R, r)-HANKEL OPERATOR

We now introduce (C,r)-Hankel operators and (R, r)-Hankel operators on general
Hilbert spaces as under.

Definition 2.1. Let r be a non-zero complex number and (a,)nen, be a sequence
of complex numbers. Then the operator (C,r)-Hankel operator, C, , from a Hilbert
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space Hi to Hilbert space H is defined as

400
Cr,a(”i) = Z TZOCZ'+2]'U]', for all 7 € No,
j=0

where (u;);en, and (v;);en, are orthonormal bases for H; and Hs, respectively.

For i, j € Ny, the (i, j)™-entry of the matrix representation of C, . with respect to
the orthonormal bases is C; j, where

+m . +m . .
Cij = (Craluy),vi) = <Z Wozj+2zvz,vi> =Y rlajia(v,v) =1y,

=0 =0

and hence, the corresponding matrix is given as:

apg rag e rdag rtay
ay ras rlas ras  rlog
a4 TOj 7’20é6 7’30[7 7’4Oé8
[Cral = ag ra; rlag rdag rtagg

ag  T'Og T’QQqO T3O{11 T40412

Definition 2.2. Let r be a non-zero complex number and (a,),en, be a sequence
of complex numbers. Then the operator (R, r)-Hankel operator, R, , from a Hilbert
space H; to Hilbert space Hs is defined as

+oo
Rna(ui) = Z T’zOégi+jUj, for all 7 € No,
j=0

where (u;)ien, and (v;);en, are orthonormal bases for H; and Hs, respectively.

Observe that for 4,5 € Ny, if R;; is the (i,7)™-entry of the matrix representation
of R, , with respect to the orthonormal bases, then

Rij = (Raluj), v;) =l asjy,

and the corresponding matrix is given as:

ag ros Ty oy riosg 1

ar ras rlas riar riag

Qo TOy 7“2@6 TSOég T40610
[Rra] = as ras rlar; riag rlag

a4 TOg T2048 7’30410 7”40412

Note 2.1. (A) A (C,r)-Hankel operator becomes r?-Hankel operator if its alternate
columns are deleted and a (R, r)-Hankel operator becomes r-Hankel operator if its
alternate rows are deleted.
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(B) For every non-zero complex number r and complex sequence (av,)nen,, the
(C,r)-Hankel operator, C,, and (R, r)-Hankel operator, R, , may not correspond to
bounded linear operators.

Example 2.1. Take r =141, o, = \/%H, for all n € Ny, and z = 3129 (Hli)nun € H.

Then,

+oo +oo 1 2
||IH2 = Z |xn|2 = —
n=0 n=0 (1 + Z)n
is finite whereas
||Or, (@” = 1" y0j| =
¢ j:0n:0(1+2)n = =0 ln=0 n+2]+
and
) 400 |+0o0 1 2 +00 | 400 2
[ R (2)]|” = T | = — +00.
S mra | = %)% e

3. BOUNDEDNESS OF (C,r)-HANKEL OPERATORS AND (R, 7)-HANKEL
OPERATORS

In this section, we study conditions under which these operators become bounded.
Characterizations of these operators are also derived.

Theorem 3.1. Let r be a non-zero complex number such that |r| < 1 and (au,)nen,
be a complex sequence. Then the following hold.
(A) The operator Cyo : Hi — Hy is bounded if and only if ¥ ,en, |Bn]? < +00
where

(3.1) 5, = {an, if n is even,

" ran,  ifnis odd.
(B) The operator R, : Hi — Hy is bounded if and only if 3% |ay,|? < +oo.

Proof. (A) Let |r| < 1. If C,, is bounded, then there exists a positive constant
C such that [|C,,(2)|> < C||z|* for every x € Hy. Take in particular z = ug, we
get Ynen, [a2n]? = [|Cralu)||? < Cllug||* = C. Again, taking @ = w4, it follows
that |r|> Y ,en, [@2ni1]? = [|Cra(ur)]|* < Cllw||*> = C. Therefore, 3 ,cn, |5al> =
Sneno laznl* + [r[* Zpen, loznr1? is finite.

Conversely, suppose that (3.1) holds. Consider

“+o00 +o00 “+o00

+oo
SN ICHP =Y Jazal (T4 PP+ [P 4+ ) + 3 Jazn
n=0

i=0 j=0 n=0
% (‘7"|2 + |7“3|2 4 ’T‘5|2 bt ‘T2n+1’2)

“+o00 +oo
=3 famal? (T4 [l + 1+ 1) + 3 lazara P (1 + 17[°
n=0 n=0
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+ |r|10 4t |T|2(2n+1))

“+o00 “+00
=3 JanaP (L4 [+ (192 4 -+ (1r1D") + 1P X ez P (1 + I
n=0

+ (24 + (|r|4>”)

—+o00
3 a4 113 e (1 4 (1 oo ()
n=0

n=0

¥
(St ) (247)
A

) (o4 12 X )
:< !

=) (S

Using (3.1), it follows that Y>7% 3°1 |Cij|* < +o0o. Therefore, the operator C,.q is
Hilbert-Schmidt and hence bounded.

(B) Let |r| < 1 and R, , be bounded, then there exists a positive constant C' such
that [|R,.(2)]|*> < C||z|?* for every =z E H,. Taking in particular x = ug, we get
Sneno |oml? = [|Cra(uo)[* < Clluol* =

Conversely, suppose that >°1°¢ |ozn|2 < +oo Consider

400 +o0 +00
Z Z |Rz]|2 Z |042n| (1 + |7"|2 + |7“2|2 -4 |7’n|2) + Z |a2n+1|2
=0 5=0 n=0 n=0

< (L [P+ 1P+ + P)

+oo
(Z o+ > ’042n+1|2> (14 12l e )

n=0 n=0

+oo
3= am 3 amen ) (L I (2 4 1))
=0 n=0

+oo ) +oo ) 1 — |r|2n
= |aon]® + D |osna| T
n=0 n=0 1— |7“

1

“+o0o +oo
n=0

) (Z l?)

Using 32720 |an|* < +oo, it follows that 3277 2750 |R; ;> < +oo. Therefore, the
operator R, , is Hilbert-Schmidt and hence bounded O
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The next theorem gives characterizations of bounded linear (C, r)-Hankel and (R, r)-
Hankel operators in terms of operator equations involving shift operator.

Theorem 3.2. Let Uy and U, be the right shift operators on Hy and H,, respectively.
Let r be a non-zero complex number. Then the following hold.

(A) A bounded operator T : Hy — Hy is a (C,r)-Hankel operator for some complex
sequence (o )nen, if and only if TU? = r?U3T.

(B) A bounded operator T : Hy — Hy is a (R, r)-Hankel operator for some complex
sequence (v )nen, if and only if TU? = r?>(UN)*T and T;y = rT;1a0 for all
i € Ny, where (T;;) represents matriz representation of T with respect to
orthonormal bases of Hy and Hs, respectively.

Proof. (A) Suppose T' : Hi — H, is a (C,r)-Hankel operator for some complex
sequence (u,)nen,. For each i, 7 € Ny,

<TU12(U1'>7UJ’> = (T(uit2),vj) = ri+2ai+2+2j

and

<7’2U2*T(Uz’>v Uj) = T2<T(Uz‘)a U2(Uj)> = T2<T(Uz‘)7 Uj+1> = 7’27’i06i+2+2j = Ti+2ai+2+2j-
Using the boundedness of T, it follows that TU? = r2U;T.

Conversely, let TU? = r?U;T. We define a complex sequence (o, )nen, as follows:
(3.2) o — (T(uo), vns2), if n is even,

. ! (1/r)(T(u1), v(n-1y/2), elsewhere.
Then, for all non-negative integers ¢, 7 such that ¢ > 2,

(T(ui), v5) = (TUF (ui—2), v;) = (rPUsT (ui—s), v5) = r*(T(ui—z), Ua(v;))

= 7"2<T(’LLZ-72), vj+1> == T4<T<ui74)7 vj+2> — . =
_ (T (o), Vjtij2): if 7 is even,
T (), Vji(i-1)/2), if 7 is odd,

) g, if ¢ is even,
rtrag .y, ifdis odd,
i
=T Q254
Hence, T' = C,, for the sequence (ay,)nen, defined in (3.2).
) . €Np

(B) Suppose T : H — H, is a (R, r)-Hankel operator for some complex sequence
(an)nen,- Clearly, T; 1 = rT; o0, for all i € Ny. Now, for each 4, j € Ny,

<TU12(“1'>7UJ'> = <T<Ui+2)avj> = Ti+2042¢+4+j
and
<T2<U§)*T<Uz‘)a Uj> = T2<T(Uz‘)7 U§<Uj>> = T2<T(ui)7 Uj+4> = T2Ti052i+j+4 = Ti+2a2i+4+j~

Using the boundedness of T it follows that TU? = r?(U3)*T.
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Conversely, suppose that TU? = r?(U3)*T and
(3.3) T;1 =1Tii00, forall i € Ny,
where (7} ;) represents matrix representation of the operator T'. For each n € Ny, let
(T'(ug), vn), if n is even,
(3.4) a, = 4 (T(ug),v1), if n=1,
(1/r){(T(u1),v,_2), elsewhere.

Then (an)nen, is a sequence in the complex plane. Using (3.3) and (3.4), for all
non-negative integers 7, j such that ¢ > 2, evaluating

(T(ui),v5) = (TUF (ui-2),v5) = (r*(Uz) T (ui2),v5) = r*(T(ui-2), Uz (vy))

= 13T (ui-2),vjya) = -+ = 1T (Us-1), vj15) = -+ =

(T (uo), vjg2i), if 4 is even,

N T’i_1<T<U1), Uj+2(i—1)>7 if 7 is Odd,
oo if 7,7 both are even,

)N T (ur), vj42i-2)), if i is even and j is odd,

i rag g, and 7, j both are odd,
r (T (u), vjga:), if 7 is odd and j is even,

= Tiaj+2i.

Hence, T' = R, for complex sequence (a,)nen,- O

Proposition 3.1. Let r be a non-zero complex number and (ay,)nen, C C be a
sequence. Then the adjoint of bounded (C,r)-Hankel operator, C, o : Hi — Hy is the
(R, s)-Hankel operator, Ry gz from Hy to Hy, where s = %2 and B, = r*a, for each
n e No.

Proof. Let 1,7 € Ny. Evaluating

(Cr o (v)),wi) = (v, Cra(w)) = (Cralw;), v;) = r'dire; = 0t

and

, 1\ —— ,
P
(Rs,5(v), ui) = 87 Birgy = (72> rtA ) = T Wit
Hence, C} , = R, p, where s = %2 and [, = r"a,, for each n € Nj. O

Theorem 3.3. Let Uy and Uy be the right shift operators on Hy and Hs, respectively.
Let r be a non-zero complex number. Then a bounded operatorT : Hy — Hy is a (R, r)-
Hankel operator for some complex sequence (au,)nen, of and only if TU; = r(U3)*T.

Proof. Suppose that T is a (R, r)-Hankel operator for some complex sequence (v, )nen, -
Using Proposition 3.1, it follows that T = R,, = <5, where Csp + Hy — Hy

1 1

is (C,s)-Hankel operator, s = (%)5 and 3, = (%)507“ for each n € Ny. Now,

T
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Theorem 3.2 gives C, sUZ = s*U;C; 3. Taking adjoint on both sides, it follows that
(U3)?Ci 5 =5°C5 3Ur. That is, TUy = r(U3)*T.

Conversely, if an operator T is such that TU; = r(U;)?T, then, by reversing the
steps above and by using Theorem 3.2 and Proposition 3.1, we can conclude that T’
is a (R, r)-Hankel operator for some complex sequence (o, )nen,- O

Corollary 3.1. The kernel of (R, r)-Hankel operator is an invariant subspace of shift
operator.

Proposition 3.2. For a non-zero complex number r € C, if an operator T is a (C,r)-
Hankel operator as well as (R,r)-Hankel operator on H for some complex sequence
(Cn)neng, then U*T is r-Toeplitz operator on H, where U is the right shift operator
on H.

Proof. Suppose that T'is a (C, r)-Hankel operator as well as (R, r)-Hankel operator on
H for some complex sequence (a,)nen,. Since T is (C,r)-Hankel operator, therefore,
by using Theorem 3.2, it follows that

(3.5) TU? = r*U*T.
Also, T is (R, r)-Hankel operator, therefore, Proposition 3.3 gives
(3.6) TU = r(U*)*T.

Using (3.5) and (3.6), we obtain that
r?U*T = TU? = (TU)U = r(U*)*TU = rU*(U*T)U.

This implies that U*(U*T)U = r(U*T') which means that U*T is r-Toeplitz operator
[7] on H. O

In Theorem 3.1, boundedness conditions of these operators for the case |r| < 1 have
been discussed. We discuss boundedness of these operators for |r| > 1 in the next
result.

Theorem 3.4. Let r be a non-zero complex number such that |r| > 1 and (o, )nen,
be a complex sequence. Then the following hold.

(A) The operator C,.,, : Hi — Hs is bounded if and only if

“+oo
Z |7“|2"|ozn|2 < “400.

n=0
(B) Then the operator R, . : Hi — Hy is bounded if and only if
+oo
> [ml? < +oo,
n=0
where )
(%) > a0, if n is even,
Tn =

( L )%OTR, if n is odd.
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Proof. Let |r| > 1 and (ay,)nen, be a complex sequence.

(A) Let s = £ and (B,)nen, be a sequence, where 3, = 7@, for each n € Ny.
The operator C’r,; is bounded if and only if C} , is bounded. Using Proposition 3.1, it
follows that the operator C , is bounded if and only if R, g is bounded. Since [s| < 1,
therefore, using Theorem 3.1 (B), it is concluded that R, s is bounded if and only if

S Bal? < o0, t}lat is, S |7’\2”\104n]2 < 400.
(B) Let s = (%)5 and 3, = (%)E(Tn for each n € Ny. Since |r| > 1, so |s| < 1.

The operator R, , is bounded if and only if R; , is bounded. Using Proposition 3.1,
it follows that the operator R; , is bounded if and only if Cs s is bounded. Since

|s|] < 1, therefore, using Theorem 3.1 (A), it gives C; g is bounded if and only if

o |vml? < +oo, where
| B if n is even,
Tn sB,, if nis odd.
That is,
1
1\2 — . .
=) @ if n is even
" ETl))énol ifnisodd7 -
rn+l n :

For r € C\{0}, let C,(Hy, Hy) and R,(H,, Hy) denote the classes of all bounded
(C,r)-Hankel operators and (R, r)-Hankel operators, respectively defined from H; to
H,. They are denoted by C.(H) and R, (H) if H; = H,. It can easily be seen that
the classes C.(Hi, Hy) and R,(Hy, Hy) are weakly closed and hence strongly closed,
vector subspaces of the space B(H;, Hy), where B(H;, Hs) is the class of all bounded
linear operators from H; to Hs.

Proposition 3.3. Let r € C\{0}. Then there does not exist any Fredholm operator
in the classes C.(Hy, Hy) and R,.(Hy, Hs).

Proof. Suppose that there exist a Fredholm (C, r)-Hankel operator, C, , in C,.(Hy, Hs)
for some complex sequence (o, )nen,, Whose index is n. Using Theorem 3.2 (A), it
follows that C,. U = r*U;C,,, where U; and U, are right shift operators on H;
and H,, respectively. Since C,, is Fredholm of index n, this implies that C, ,U? is
Fredholm of index n — 2. On the other hand, 7’2U2* Cy o is Fredholm of index n + 1.
This means that n — 2 = n + 1 which is a contradiction. Hence, there does not exist
any Fredholm operator in the class C.(Hy, Hs).

Similarly, using Theorem 3.2 (B), one can obtain that there does not exist any
Fredholm operator in the class R,.(Hy, Hs). O

4. COMMUTATIVITY OF (C,7)-HANKEL OPERATORS AND (R, 7)-HANKEL
OPERATORS

This section is devoted to explore the characterizations for commutativity of oper-
ators in C,.(H) and R, (H).
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Theorem 4.1. Let r and s be non-zero complex numbers and (a,)nen, and (Bn)nen,
be two complex sequences. Then the following hold.

(A) The bounded operators C. . and Csz on Hilbert space H commute if and only
if
> 8 Bivojr! o = > r' oS! Bitor,
j=0 j=0
for all i,k € Ny, provided the series converge.
(B) The bounded operators C,., and Rsz on H commute if and only if

Z S BoiyiT! tjyor = Z ' it2;8” Bajrk,
Jj=0 Jj=0

for all i,k € Ny, provided the series converge.

Proof. (A) For each i € Ny, consider

+oo +oo
Or,acs,ﬂ(ui) = Cr,a (Z Szﬁz’—ﬂjuj) = (Z 326i+2j0r,a(uj))

J=0 J=0

+oo +oo
= (Z s' Bito; (Z Tjaj—f—zkulc))
3=0 k=0
+oo f4o0 )
(4.1) = (Z (Z slﬁngrjaH%) Uk;) .

k=0 \j=0

Similarly, we obtain that

+oo [ +oo
(42) CS,BC’W(ui) = (Z (Z Tiai+2j8jﬁj+2k) Uk) .

k=0 \j=0
Since (u;);en, is an orthonormal basis for H, therefore, using (4.1) and (4.2), it follows
that the bounded operators C, , and Cs 3 commute if and only if

Z 3151’+2j7"304j+2k = Z Tzai+2j5]5j+2ka
=0 §=0

for all i, k € Nj.
(B) For each i € Ny, evaluate

“+o0o ) +0o0 )
Cr,aRs,ﬂ(ui) = Cr,a (Z 52627}&-]'“']') = (Z Szﬂ2i+jcr,o¢(uj))

J=0 J=0

+oo +oo
= (Z 51521'+j <Z 7°]04j+2kuk>)

§=0 k=0

(4.3) = (ZO:O (ZO:O Siﬁgi+j7'j05j+2k) uk) .

k=0 \j=0
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Similarly, it is obtained that

+oo f+4oo ]
(4.4) R, 5C, (1) = (Z (Z Tlai+2j5jﬁ2j+k> uk) -
k=0 \j=0

Using (4.3) and (4.4), it follows that the bounded operators C, , and R, 3 commute
if and only if

(2 1
Z 8" Bai 17 Qo = Z T iy258” Bajik,
=0 J=0
for all 7, k € Ny. O

The following example demonstrates commuting operators in C,.(H).

Ezample 4.1. If r = s = £, a(n) = ()" and B(n) = 55 for all n € Ny, then one can

easily see that the operators C, , and C; 5 are bounded (using Theorem 3.1) and they
satisfy the following expression:

Z §" Bit2; 17 0tjyon = Z ' Qiy2;8? Byok,
j=0 §=0

for all ¢, k € Ny. Hence, the operators C,, and Cs 3 commute on H.

Let 60,0 denote the set of all complex sequences whose only finitely many terms are
non-zero.

Theorem 4.2. Let r,s € C\{0} and a, 8 € €y be non-zero sequences, where o =
() jen, and B = (5;)jen,- Let n and m be the largest non-negative integers such that

a, #0  and B, #0.

Then the operators R, and Rsg on Hilbert space H commute if and only if n = m,
r = s and there exists A € C such that B; = Ao for all j € Ny.

Proof. Let the operators R, , and Rsg commute. That is,
(45) RNXRS’Q(ZE) = RsﬂgRr’a(l'),

for all z € H. Two cases arise.
Case 1. If n = m. Let n = 2p + r; where p € Ny and r; = 0 or 1. In particular,
take © = u, in (4.5), we have

(4.6) Rr,aRs,g(up) = Rs,ng(up).
Subcase 1. If r; = 0. Consider

—+00 “+o00
Ry oRsp(up) = Ryq (Z s 52p+juj) = 5" BapRra(uo) = s*fop (Z %‘%‘)
7=0 7=0

n

(4.7) = "o (En% Oéjuj) = > (8" Bapej)u;.

J=0
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Similarly, we can obtain that
(4.8) R pR, o (uy) = Z rPag,B;)u

Since (u;)jen, is an orthonormal basis of H, therefore, using (4.6), (4.7) and (4.8), we
get sPBapa; = 1Pa,B; for all 0 < j < n. Let A = 5—" This implies that 7 = s? and
Bj = Ay for all 0 < 7 < n. !

Subcase 2. If r; = 1. Consider

+00 1
Rr,aRs,ﬁ<up) - Rr,a (Z 8p62p+juj) = Rr,a (Z Sp62p+juj>

j=0 7=0

+oo +oo
Spﬁ?p (Z OéjUj) + Sp62p+1 (Z ’I“Oég+jUj)

j=0 Jj=0

n—2
= s"Byy (Z a]u]) + 5P Bopt1 (Z 7"()[2+JUJ>

Jj=0 j=0
n—2
(4.9) = Z sP (Bapeyj + Bopr1raat;) uj | + P Bapoun_1tn_1 + S* Bapounty,.
§=0
Similarly, we can obtain that
n—2
(410) Rs ,BRra(up Z 7ﬂ a?pﬁj + O‘2p+lsﬁ2+]) j +Tpa2p5n—lun—l+rpa2p5nun'
7=0

Again using the fact that the set (u;);en, is an orthonormal basis of H, therefore,
using (4.6), (4.9) and (4.10), we get s”Bap0r, = 1Py, sPPopn_1 = 1709, 0,1 and
sP (BQPOZJ‘ -+ 62p+17”0é2+j) =rP (Oégpﬁj + a2p+13ﬁ2+j) for each 0 S ] S n—2. Let A = gi.
On solving successively, it follows that s? = r? and 3; = Aa; for all 0 < j < n. !

Using (4.5) at = uy, together with s” = r? and j; = 2= 2q; for all 0 < j <n, one
can obtain s = r in both the subcases.

Case 2. If n # m. Without loss of generality, we can assume that n > m. Let
n = 2p +r; and m = 2q + 1o, where p,q € Ny and r1,ry € {0,1}. In this case, we
claim that the operators R, , and R g do not commute. Assume on the contrary that
R, . and R, 3 commute.

Subcase 1. If m = 0. Using (4.5), we get R, oRs3(ug) = Rs R o(up) which
gives [y (Z?:o OéjUj) = [oapug. On comparing the coefficients of u,, it follows that
Boc, = 0, which is not possible as §y # 0 and «,, # 0.

Subcase 2. If m = 1. Again using (4.5) for = = ug, we get [y (Z?:o ajuj) +

o3 (2;?;3 Taj+2uj) = Z}zo apBju;. On comparing the coefficients of w, and u, s, we
get By, = 0 and By, o + Sira, = 0, which is not possible as 81 # 0 and «,, # 0.
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Subcase 3. If m = 2¢. Take x = u, in (4.5), we get

n min(n—m,g) m-2j
5702 ZO‘j“j = Z Z 787 Qi j B2 4k Uk

7=0 j=0 k=0
On comparing the coefficients of w,,, it follows that 578,00, = 0. It follows that a,, = 0,
which is not true.

Subcase 4. If m = 2g + 1. Take T = U in (4.5), we get s 1o ayu; +

§1Bog1 025 Qjgally = Z?:”S("_zq’q) Sho” 157 gy jBajakun. On comparing the coef-
ficients of u,, it follows that s?8y,c, = 0. It follows that a,, = 0, which is not

true.
Hence, from all the subcases, it follows that the operators R, , and R;g can not
commute. [

As a consequence of this result and by using Proposition 3.1, we get the following
result.

Corollary 4.1. Let r,s € C\{0} and o, € %o be non-zero sequences, where
a = (aj)jen, and B = (B))jen,- Let n and m be the largest non-negative integers such
that

a, #0  and B, #0.

Then the operators C,., and Csp on Hilbert space H commute if and only if n = m,
r? = s% and there exists \ € C such that s73; = Ariay; for all j € No.

Now, we show that the class €, (H) and hence, Z,.(H) does not contain any unitary
operator.

Proposition 4.1. The class €,.(H) does not contain any unitary operator for any
non-zero r € C.

Proof. Suppose there exists unitary operator C, , in 6, (H) for some complex sequence
(n)nen,- This implies that

(4.11) ICra(@)|* = llz]|* = 1Yo ()%,
for all x € H.
Case 1. If |r| < 1. For x = up in (4.11), we get
+00
(4.12) > ;P = 1.
=0

Now take = uy in (4.11), we get
+oo

(4.13) > )Y agjyel* = 1.
=0

On solving (4.12) and (4.13), we obtain that |ag|* =1 — ‘# < 0, a contradiction.
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Case 2. If |r| > 1. Using Proposition 3.1, it follows that C;, = Ry, where s = T%
and f3, = r"a, for each n € Ny. For z = ug in (4.11), we get

“+o0o
(4.14) d1BiIP = 1.
=0

Now take z = uy in (4.11), we get
L2 2
(4.15) S 15 |8j4al? = 1
=0

On solving (4.14) and (4.15), it follows that |3y|*+|58:1]* = 1—# < 0 (a contradiction),
since |r| > 1 implies |s| < 1.

Case 3. If |r| = 1. For each i € Ny, take x = u; in (4.11), we get 375 || =
13056 [rPlagja]? = 1, 2755 [7|*|agjya|* = 1,. .. On solving these equations, we get
a; = 0 for all 7 € Ny, a contradiction.

Hence, there does not exist any unitary operator in the class %,.(H) for any non-zero
complex number 7. 0

As a consequence of this result, we get the following result.

Corollary 4.2. Let r be a non-zero complex number, then the following hold.

(A) If|r] <1, then the class 6,(H) does not contain any isometry.
(B) If |r| > 1, then the class Z,.(H) does not contain any isometry.
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