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TRIANGULAR SYSTEM OF HIGHER ORDER SINGULAR
FRACTIONAL DIFFERENTIAL EQUATIONS

AMELE TAIEB1 AND ZOUBIR DAHMANI2

Abstract. In this paper, we introduce a high dimensional system of singular
fractional differential equations. Using Schauder fixed point theorem, we prove
an existence result. We also investigate the uniqueness of solution using the Ba-
nach contraction principle. Moreover, we study the Ulam-Hyers stability and the
generalized-Ulam-Hyers stability of solutions. Some illustrative examples are also
presented.

1. Introduction and Preliminaries

Recently, the fractional calculus has attracted the attention of researchers in various
fields of applied sciences. For details, see [12,16,19,20] and the references therein. It is
important to note that some research studies deal with the existence and uniqueness
of solutions for some fractional differential equations are obtained in [1, 6–9]. Other
studies in [2,3,5,17,23] have been done for the singular fractional differential equations.
On the other hand, the Ulam stability of fractional differential equations is quite
significant in more realistic problems, numerical analysis, biology and economics.
Considerable work has been done in this area, for instance, see [10,11,13–15,18,22,24].

Let us now present some important research papers that inspired our work: We
begin by [4], where C. Bai and J. Fang established the existence of solutions for the
following singular fractional coupled system:{

Dδu (t) = f (t, v (t)) , 0 < t < 1,
Dρv (t) = g (t, u (t)) , 0 < t < 1,
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where 0 < δ, ρ < 1, Dδ, Dρ are two standard Riemann-Liouville fractional derivatives,
f, g : [0, 1)× [0,∞)→ [0,∞) are two given continuous functions, lim

t→0+
f (t) =∞ and

limt→0+ g (t) =∞.
In [25], A. Yang and W. Ge considered the following fractional coupled system

Dα1u1 (t) + f1 (t, u2 (t) , Dµ1u2 (t)) = 0,
...
Dαn−1un−1 (t) + fn−1 (t, un (t) , Dµn−1un (t)) = 0,
Dαnun (t) + fn (t, u1 (t) , Dµnu1 (t)) = 0,

associated with the boundary conditions{
u1 (0) = u2 (0) = · · · = un (0) = 0,
u1 (1) = u2 (1) = · · · = un (1) = 0,

for 1 < αj < 2, µj > 0, αj− µj−1 > 1, j = 1, 2, . . . , n, µ0 = µn and fj : [0, 1] ×
[0,∞)× R→ [0,∞) is continuous function. Some existence and multiplicity results
of solutions are obtained.

In [21], A. Taïeb and Z. Dahmani established new existence and uniqueness results
for the following problem:

Dαu(t) +
m∑
i=1

fi (t, u(t), v(t), Dγu(t), Dρv(t)) = 0, t ∈ J,

Dβv(t) +
m∑
i=1

gi (t, u(t), v(t), Dγu(t), Dρv(t)) = 0, t ∈ J,

u (0) = u∗0, v (0) = v∗0,
u′(0) = u′′(0) = v′(0) = v′′(0) = 0,
u′′′(0) = Jru(τ), v′′′(0) = Jϕv(ς), r > 0, ϕ > 0,

where α, β ∈ (3, 4) , γ, ρ ∈ (0, 3) , τ, ς ∈ (0, 1), Dα, Dρ, Dβ and Dγ denote the Caputo
fractional derivatives and Jr, Jϕ denote the Riemann-Liouville fractional integrals,
J := [0, 1], u∗0, v∗0 ∈ R. For each i = 1, . . . ,m, fi and gi : J × R4 → R are specific
functions.

In this paper, we discuss the existence, uniqueness and Ulam stability of solutions
for the following singular fractional coupled system:

(1.1)



Dα1x1 (t) = f1 (t, x1 (t)) ,
Dα2x2 (t) = f2 (t, x1 (t) , x2 (t)) ,
...
Dαnxn (t) = fn (t, x1 (t) , x2 (t) . . . , xn (t)) ,
0 < t ≤ 1, k − 1 < αk < k, k = 1, 2, . . . , n,
x1 (0) = a1

0, k = 1,
x

(j)
k (0) = akj , j = 0, 1, . . . , k − 2, k = 2, 3, . . . , n,
Dδk−1xk (1) = 0, k − 2 < δk−1 < k − 1, k = 2, 3, . . . , n,
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where n ∈ N − {0, 1} . For all k = 1, 2, . . . , n, the functions fk : (0, 1] × Rk → R
are continuous, singular at t = 0, limt→0+ fk (t) = ∞ and there exist βk ∈ (0, 1) ,
k = 1, 2, . . . , n, such that tβkfk, k = 1, 2, . . . , n, are continuous on [0, 1] .

To the best of our knowledge, there are no papers that have considered this kind
of singular fractional coupled system.

We present some basic definitions and lemmas that we need to prove our main
results. It can be found in [16].

Definition 1.1. The Riemann-Liouville fractional integral operator of order α ≥ 0
for a continuous function f on [0,∞) is defined as:

Jαf(t) =


1

Γ (α)
∫ t

0 (t− s)α−1 f (s) ds, α > 0,

f(t), α = 0,
where t ≥ 0 and Γ (α) :=

∫+∞
0 e−uuα−1du.

Definition 1.2. The Caputo derivative of order α for a function x : [0,+∞) → R,
which is at least k-times differentiable can be defined as the following:

Dαx(t) = 1
Γ (k − α)

∫ t

0
(t− s)k−α−1 x(k) (s) ds = Jk−αx(k)(t),

for k − 1 < α < k, k ∈ N− {0} .

Lemma 1.1. Let α, β > 0, and k − 1 < α < k, k ∈ N− {0} , and let j be a positive
integer. Then

Dαtβ−1 = Γ (β)
Γ (β − α)t

β−α−1, β > k,

and
Dαtj = 0, j = 0, 1, . . . , k − 1.

Lemma 1.2. Let q > p > 0 and f ∈ L1 ([a, b]) . Then for all t ∈ [a, b] , we have
DpJqf(t) = Jq−pf(t), t ∈ [a, b] .

Lemma 1.3. Let k − 1 < α < k, k ∈ N− {0}, and let j be a positive integer. Then,
the general solution of the fractional differential equation Dαx(t) = 0, is given by:

x(t) =
k−1∑
j=0

cj t
j, (cj)j=0,1,...,k−1 ∈ R.

Lemma 1.4. Let k ∈ N− {0} , k − 1 < α < k, and let j be a positive integer. Then,

JαDαx(t) = x(t) +
k−1∑
j=0

cj t
j, (cj)j=0,1,...,k−1 ∈ R.

Lemma 1.5 (Shauder fixed point theorem). Let (E, d) be a complete metric space,
let U be a closed convex subset of E, and let T : E → E be a mapping such that the
set V := {Tx : x ∈ U} is relatively compact in E. Then T has at least one fixed point.
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We also prove the following auxiliary result to give the integral representation of (1.1).

Lemma 1.6. Assume that k − 1 < αk < k, k = 1, 2, . . . , n, n ∈ N − {0, 1} and
Fk ∈ C ([0, 1] ,R) . Then, the following system

Dα1x1(t) = F1(t),
Dα2x2(t) = F2(t),
...
Dαnxn(t) = Fn(t),

associated with the conditions:

(1.2)


x1 (0) = a1

0,

x
(j)
k (0) = akj , k = 2, 3, . . . , n, j = 0, 1, . . . , k − 2,
Dδk−1xk (1) = 0, k − 2 < δk−1 < k − 1,

has a unique solution (x1, x2, . . . , xn) , where

(1.3) xk(t) =



∫ t

0

(t− s)α1−1

Γ (α1) F1 (s) ds+ a1
0, k = 1,

∫ t

0

(t− s)αk−1

Γ (αk)
Fk (s) ds+

k−2∑
j=0

akj
j! t

j

−Γ (k − δk−1)
(k − 1)! tk−1

∫ 1

0

(1− s)αk−δk−1−1

Γ (αk − δk−1) Fk (s) ds, k = 2, 3, . . . , n.

Proof. Using Lemma 1.4, we obtain the following integral equation:

(1.4) xk(t) =
t∫

0

(t− s)αk−1

Γ (αk)
Fk (s) ds−

k−1∑
j=0

ckj t
j, k = 1, 2, . . . , n,

where 

c1
0 0 . . . . . . . . . 0
c2

0 c2
1 0 . . . . . . 0

c3
0 c3

1 c3
2 0 . . . 0

... ... ... . . . 0 0
cn−1

0 cn−1
1 cn−1

2 . . . cn−1
n−2 0

cn0 cn1 cn2 . . . cnn−2 cnn−1


∈Mn (R) .

Applying the conditions given in (1.2), we observe that
x1 (0) = −c1

0 = a1
0,

and for all k = 2, 3, . . . , n, we get
x

(j)
k (0) = −j!ckj = akj , j = 0, 1, . . . , k − 2,

Dδk−1xk (1) =
∫ 1

0

(1− s)αk−δk−1−1

Γ (αk − δk−1) Fk (s) ds− Γ (k)
Γ (k − δk−1)c

k
k−1 = 0,

k − 2 < δk−1 < k − 1,
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which implies that

(1.5) c1
0 = −a1

0,

and

(1.6) ckj =


−
akj
j! , j = 0, 1, . . . , k − 2,

Γ (k − δk−1)
Γ (k)

∫ 1

0

(1− s)αk−δk−1−1

Γ (αk − δk−1) Fk (s) ds, j = k − 1,

where k = 2, 3, . . . , n.
Substituting (1.5) and (1.6) in (1.4), we find (1.3). The proof of Lemma 1.6 is thus

achieved. �

Now, we introduce the Banach space

S := {(x1, x2, . . . , xn) : xk ∈ C ([0, 1] ,R) , k = 1, 2, . . . , n} ,

endowed with the norm:

‖(x1, x2, . . . , xn)‖S = max
1≤k≤n

‖xk‖∞ , ‖xk‖∞ = max
t∈[0,1]

|xk(t)| .

2. Existence and Uniqueness

In this section, we try to establish sufficient conditions for the existence and unique-
ness of solutions to the problem (1.1).

Define the nonlinear operator A : S → S by

A (x1, x2, . . . , xn) (t) := (A1 (x1) (t) , A2 (x1, x2) (t) , . . . , An (x1, x2, . . . , xn) (t)) ,

such that, for all t ∈ [0, 1] ,

Ak (x1, . . . , xk) (t) :=



∫ t

0

(t− s)α1−1

Γ (α1) f1 (s) ds+ a1
0, k = 1,∫ t

0

(t− s)αk−1

Γ (αk)
fk (s, . . .) ds+

k−2∑
j=0

akj
j! t

j − Γ (k − δk−1)
(k − 1)! tk−1

×
∫ 1

0

(1− s)αk−δk−1−1

Γ (αk − δk−1) fk (s, . . .) ds, k = 2, 3, . . . , n.

Lemma 2.1. Let k − 1 < αk < k, k = 1, 2, . . . , n, n ∈ N − {0, 1} , 0 < βk < 1,
Tk : (0, 1]→ R be continuous function and limt→0+ Tk (t) =∞. Assume that tβkTk (t)
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is continuous on [0, 1] . Then

xk(t) =



∫ t

0

(t− s)α1−1

Γ (α1) T1 (s) ds+ a1
0, k = 1,∫ t

0

(t− s)αk−1

Γ (αk)
Tk (s) ds+

k−2∑
j=0

akj
j! t

j − Γ (k − δk−1)
(k − 1)! tk−1

×
∫ 1

0

(1− s)αk−δk−1−1

Γ (αk − δk−1) Tk (s) ds, k = 2, 3, . . . , n,

is continuous on [0, 1] .

Proof. By the continuity of tβkTk and

xk(t) =



∫ t

0

(t− s)α1−1

Γ (α1) s−β1sβ1T1 (s) ds+ a1
0, k = 1,∫ t

0

(t− s)αk−1

Γ (αk)
s−βksβkTk (s) ds+

k−2∑
j=0

akj
j! t

j − Γ (k − δk−1)
(k − 1)! tk−1

×
∫ 1

0

(1− s)αk−δk−1−1

Γ (αk − δk−1) s−βksβkTk (s) ds, k = 2, 3, . . . , n,

we get xk(0) = ak0, k = 1, 2, . . . , n. Then, we will divide the proof into three cases.
Case 1. For t0 = 0 and for all t ∈ (0, 1] , by the continuity of tβkTk, there exist

M1, . . . ,Mn > 0, such that for all t ∈ [0, 1],
∣∣∣tβkTk (t)

∣∣∣ ≤Mk. Therefore, we get

|xk (t)− xk (0)|

=



∣∣∣∣∣
∫ t

0

(t− s)α1−1

Γ (α1) s−β1sβ1T1 (s) ds
∣∣∣∣∣ , k = 1,∣∣∣∣∣∣

∫ t

0

(t− s)αk−1

Γ (αk)
s−βksβkTk (s) ds+

k−2∑
j=1

akj
j! t

j

−Γ (k − δk−1)
(k − 1)! tk−1

∫ 1

0

(1− s)αk−δk−1−1

Γ (αk − δk−1) s−βksβkTk (s) ds
∣∣∣∣∣ , k = 2, 3, . . . , n,

≤



M1

Γ (α1)

∫ t

0
(t− s)α1−1 s−β1ds, k = 1,

Mk

Γ (αk)

∫ t

0
(t− s)αk−1 s−βkds+

k−2∑
j=1

∣∣∣akj ∣∣∣
j! t

j + Γ (k − δk−1)Mk

(k − 1)!Γ (αk − δk−1)t
k−1

×
∫ 1

0
(1− s)αk−δk−1−1 s−βkds, k = 2, 3, . . . , n.
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Using Beta Euler function denoted by B, we obtain

|xk (t)− xk (0)|

≤



M1t
α1−β1

Γ (α1)

∫ 1

0
(1− u)α1−1 u−β1du, k = 1,

Mkt
αk−βk

Γ (αk)

∫ 1

0
(1− u)αk−1 u−βkdu+

k−2∑
j=1

∣∣∣akj ∣∣∣
j! t

j

+Γ (k − δk−1)MkB (αk − δk−1, 1− βk)
(k − 1)!Γ (αk − δk−1) tk−1, k = 2, 3, . . . , n,

≤



M1B (α1, 1− β1) tα1−β1

Γ (α1) , k = 1,

MkB (αk, 1− βk) tαk−βk

Γ (αk)
+

k−2∑
j=1

∣∣∣akj ∣∣∣
j! t

j

+Γ (k − δk−1)MkB (αk − δk−1, 1− βk)
(k − 1)!Γ (αk − δk−1) tk−1, k = 2, 3, . . . , n,

→0 as t→ 0, k = 1, 2, . . . , n.

Case 2. For t0 ∈ (0, 1) and for all t ∈ (t0, 1] , we have

|xk (t)− xk (t0)|

≤



∣∣∣∣∣
∫ t

0

(t− s)α1−1

Γ (α1) s−β1sβ1T1 (s) ds−
∫ t0

0

(t0 − s)α1−1

Γ (α1) s−β1sβ1T1 (s) ds
∣∣∣∣∣ , k = 1,∣∣∣∣∣

∫ t

0

(t− s)αk−1

Γ (αk)
s−βksβkTk (s) ds−

∫ t0

0

(t0 − s)αk−1

Γ (αk)
s−βksβkTk (s) ds

∣∣∣∣∣
+

k−2∑
j=0

∣∣∣akj ∣∣∣
j!

(
tj − tj0

)
+ Γ (k − δk−1)

(k − 1)!
(
tk−1 − tk−1

0

)
×
∣∣∣∣∣
∫ 1

0

(1− s)αk−δk−1−1

Γ (αk − δk−1) s−βksβkTk (s) ds
∣∣∣∣∣ , k = 2, 3, . . . , n,

≤



M1

Γ (α1)

(∫ t

0
(t− s)α1−1 s−β1ds−

∫ t0

0
(t0 − s)α1−1 s−β1ds

)
, k = 1,

Mk

Γ (αk)

(∫ t

0
(t− s)αk−1 s−βkds−

∫ t0

0
(t0 − s)αk−1 s−βkds

)

+
k−2∑
j=1

∣∣∣akj ∣∣∣
j!

(
tj − tj0

)
+ Γ (k − δk−1)Mk

(k − 1)!Γ (αk − δk−1)
(
tk−1 − tk−1

0

)
×
∫ 1

0
(1− s)αk−δk−1−1 s−βkds, k = 2, 3, . . . , n.
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Therefore,

|xk (t)− xk (t0)|

≤



M1
(
tα1−β1 − tα1−β1

0

)
B (α1, 1− β1)

Γ (α1) , k = 1,

Mk

(
tαk−βk − tαk−βk

0

)
B (αk, 1− βk)

Γ (αk)
+

k−2∑
j=1

∣∣∣akj ∣∣∣
j!

(
tj − tj0

)
+Γ (k − δk−1)MkB (αk − δk−1, 1− βk)

(k − 1)!Γ (αk − δk−1)
(
tk−1 − tk−1

0

)
, k = 2, 3, . . . , n,

→0, as t→ t0, k = 1, 2, . . . , n.

Case 3. For t0 (0, 1] and for all t ∈ [0, t0) . Similarly, as in Case 2, it can be shown
that

|xk (t)− xk (t0)|

≤



M1
(
tα1−β1
0 − tα1−β1

)
B (α1, 1− β1)

Γ (α1) , k = 1,

Mk

(
tαk−βk
0 − tαk−βk

)
B (αk, 1− βk)

Γ (αk)
+

k−2∑
j=1

∣∣∣akj ∣∣∣
j!

(
tj0 − tj

)
+Γ (k − δk−1)MkB (αk − δk−1, 1− βk)

(k − 1)!Γ (αk − δk−1)
(
tk−1
0 − tk−1

)
, k = 2, 3, . . . , n,

→0, as t→ t0, k = 1, 2, . . . , n.

This ends the proof. �

Lemma 2.2. Let k − 1 < αk < k, k = 1, 2, . . . , n, n ∈ N − {0, 1} , 0 < βk < 1, fk :
(0, 1]× Rk → R be continuous, and limt→0+ fk (t, . . .) =∞. Assume that tβkfk (t, . . .)
is continuous on [0, 1]× Rk. Then, the operator A : S → S is completely continuous.

Proof. For all (x1, . . . , xn) ∈ S, let

A (x1, x2 . . . , xn) (t) = (A1 (x1) , A2 (x1, x2) , . . . , An (x1, . . . , xn)) (t) ,

where

Ak (x1, . . . , xk) (t)

:=



∫ t

0

(t− s)α1−1

Γ (α1) f1 (s, x1 (s)) ds+ a1
0, k = 1,∫ t

0

(t− s)αk−1

Γ (αk)
fk (s, x1 (s) , . . . , xk (s)) ds+

k−2∑
j=0

akj
j! t

j − Γ (k − δk−1)
(k − 1)! tk−1

×
∫ 1

0

(1− s)αk−δk−1−1

Γ (αk − δk−1) fk (s, x1 (s) , . . . , xk (s)) ds, k = 2, 3, . . . , n.
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By Lemma 2.1, we have A : S → S. Let(
x0

1, x
0
2, . . . , x

0
n

)
∈ S :

∥∥∥(x0
1, x

0
2, . . . , x

0
n

)∥∥∥
S

= λ0

and
(x1, x2, . . . , xn) ∈ S :

∥∥∥(x1, x2, . . . , xn)−
(
x0

1, x
0
2, . . . , x

0
n

)∥∥∥
S
< 1,

then
‖(x1, x2, . . . , xn)‖S < 1 + λ0 = λ.

By the continuity of tβkfk (t, x1, . . . , xk) , we know that tβkfk (t, x1, . . . , xk) is uniformly
continuous on [0, 1]× [−λ, λ]k .

Hence, for all t ∈ [0, 1] and for each ε > 0, there exists ρ > 0 (ρ < 1) , with

(2.1)
∣∣∣tβkfk (t, x1 (t) , . . . , xk (t))− tβkfk

(
t, x0

1 (t) , . . . , x0
k (t)

)∣∣∣ < ε,

where (x1, x2, . . . , xn) ∈ S, and ‖(x1, x2, . . . , xn)− (x0
1, x

0
2, . . . , x

0
n)‖S < ρ. Then∥∥∥A (x1, x2 . . . , xn)− A

(
x0

1, x
0
2, . . . , x

0
n

)∥∥∥
S

= max
1≤k≤n

∥∥∥Ak (x1, . . . , xk) (t)− Ak
(
x0

1, . . . , x
0
k

)
(t)
∥∥∥
∞
.(2.2)

We have∥∥∥Ak (x1, . . . , xk) (t)− Ak
(
x0

1, . . . , x
0
k

)
(t)
∥∥∥
∞

≤



max
t∈[0,1]

∫ t

0

(t− s)α1−1 s−β1

Γ (α1)
∣∣∣sβ1f1 (s, x1 (s))− sβ1f1

(
s, x0

1 (s)
)∣∣∣ ds, k = 1,

max
t∈[0,1]

∫ t

0

(t− s)αk−1 s−βk

Γ (αk)
∣∣∣sβkfk (s, x1 (s) , . . . , xk (s))

−sβkfk (s, x0
1 (s) , . . . , x0

k (s))
∣∣∣ ds+ max

t∈[0,1]

Γ (k − δk−1)
(k − 1)! tk−1

×
∫ 1

0

(1− s)αk−δk−1−1 s−βk

Γ (αk − δk−1)
∣∣∣sβkfk (s, x1 (s) , . . . , xk (s))

−sβkfk (s, x0
1 (s) , . . . , x0

k (s))
∣∣∣ ds, k = 2, 3, . . . , n.

Using (2.1), we obtain∥∥∥Ak (x1, . . . , xk) (t)− Ak
(
x0

1, . . . , x
0
k

)
(t)
∥∥∥
∞

(2.3)

≤



ε

Γ (α1) max
t∈[0,1]

∫ t

0
(t− s)α1−1 s−β1ds, k = 1,

ε

Γ (αk)
max
t∈[0,1]

∫ t

0
(t− s)αk−1 s−βkds

+ εΓ (k − δk−1)
(k − 1)!Γ (αk − δk−1) max

t∈[0,1]
tk−1

∫ 1

0
(1− s)αk−δk−1−1 s−βkds,

k = 2, 3, . . . , n,
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≤


ε
B (α1, 1− β1)

Γ (α1) max
t∈[0,1]

tα1−β1 , k = 1,

ε

(
B (αk, 1− βk)

Γ (αk)
max
t∈[0,1]

tαk−βk + Γ (k − δk−1)B (αk − δk−1, 1− βk)
(k − 1)!Γ (αk − δk−1)

)
,

k = 2, 3, . . . , n,

=


ε

Γ (1− β1)
Γ (α1 + 1− β1) , k = 1,

ε

(
Γ (1− βk)

Γ (αk + 1− βk)
+ Γ (k − δk−1) Γ (1− βk)

(k − 1)!Γ (αk − δk−1 + 1− βk)

)
, k = 2, 3, . . . , n.

We pose:

Λ1 := Γ (1− β1)
Γ (α1 + 1− β1) ,(2.4)

Λk := Γ (1− βk)
Γ (αk + 1− βk)

+ Γ (k − δk−1) Γ (1− βk)
(k − 1)!Γ (αk − δk−1 + 1− βk)

.

By (2.3) and (2.4), we have

(2.5)
∥∥∥Ak (x1, . . . , xk) (t)− Ak

(
x0

1, . . . , x
0
k

)
(t)
∥∥∥
∞
≤
{
εΛ1, k = 1,
εΛk, k = 2, 3, . . . , n.

Thanks to (2.2) and (2.5), we get∥∥∥A (x1, x2 . . . , xn)− A
(
x0

1, x
0
2, . . . , x

0
n

)∥∥∥
S
≤ εmax

1≤k≤n
Λk.

Therefore, ∥∥∥A (x1, x2 . . . , xn)− A
(
x0

1, x
0
2, . . . , x

0
n

)∥∥∥
S
→ 0,

as ∥∥∥(x1, x2 . . . , xn)−
(
x0

1, x
0
2, . . . , x

0
n

)∥∥∥
S
→ 0.

Hence, A : S → S is continuous.
Let θ ⊂ S be bounded. Then, there exists a positive constant ς such that
‖(x1, x2 . . . , xn)‖S ≤ ς, for all (x1, x2 . . . , xn) ∈ θ. Since tβkfk (t, x1, . . . , xk) , k =
1, 2, . . . , n, are continuous on [0, 1] × [−ς, ς]k , there exist positive constants Lk, k =
1, 2, . . . , n, such that
(2.6)∣∣∣tβkfk (t, x1 (t) , . . . , xk (t))

∣∣∣ ≤ Lk, for all t ∈ [0, 1] , for all (x1, x2 . . . , xn) ∈ θ.

Then

(2.7) ‖A (x1, x2 . . . , xn)‖S = max
1≤k≤n

‖Ak (x1, . . . , xk)‖∞ .
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We have

‖Ak (x1, . . . , xk)‖∞

≤



max
t∈[0,1]

∫ t

0

(t− s)α1−1 s−β1

Γ (α1)
∣∣∣sβ1f1 (s, x1)

∣∣∣ ds+
∣∣∣a1

0

∣∣∣ , k = 1,

max
t∈[0,1]

∫ t

0

(t− s)αk−1 s−βk

Γ (αk)
∣∣∣sβkfk (s, x1, . . . , xk)

∣∣∣ ds
+

k−2∑
j=0

∣∣∣akj ∣∣∣
j! max

t∈[0,1]
tj + Γ (k − δk−1)

(k − 1)! max
t∈[0,1]

tk−1

×
∫ 1

0

(1− s)αk−δk−1−1 s−βk

Γ (αk − δk−1)
∣∣∣sβkfk (s, x1, . . . , xk)

∣∣∣ ds,
k = 2, 3, . . . , n.

Using (2.6), we get

‖Ak (x1, . . . , xk)‖∞(2.8)

≤



L1

Γ (α1) max
t∈[0,1]

∫ t

0
(t− s)α1−1 s−β1ds+

∣∣∣a1
0

∣∣∣ , k = 1,

Lk
Γ (αk)

max
t∈[0,1]

∫ t

0
(t− s)αk−1 s−βkds+

k−2∑
j=0

∣∣∣akj ∣∣∣
j!

+ Γ (k − δk−1)Lk
(k − 1)!Γ (αk − δk−1)

∫ 1
0 (1− s)αk−δk−1−1 s−βkds, k = 2, 3, . . . , n,

≤



L1Γ (1− β1)
Γ (α1 + 1− β1) max

t∈[0,1]
tα1−β1 + |a1

0| , k = 1,

Lk

(
Γ (1− βk)

Γ (αk + 1− βk)
max
t∈[0,1]

tαk−βk + Γ (k − δk−1) Γ (1− βk)
(k − 1)!Γ (αk − δk−1 + 1− βk)

)

+
k−2∑
j=0

∣∣∣akj ∣∣∣
j! , k = 2, 3, . . . , n,

≤


L1Λ1 + |a1

0| , k = 1,

LkΛk +
k−2∑
j=0

∣∣∣akj ∣∣∣
j! , k = 2, 3, . . . , n.

Then by (2.7) and (2.8), we get

‖A (x1, x2 . . . , xn)‖S ≤ max
2≤k≤n

L1Λ1 +
∣∣∣a1

0

∣∣∣ , LkΛk +
k−2∑
j=0

∣∣∣akj ∣∣∣
j!

 .
Thus, A (θ) is bounded.

For all (x1, x2 . . . , xn) ∈ θ, and for all t1, t2 ∈ [0, 1], t1 < t2, we have:

‖A (x1, x2 . . . , xn) (t2)− A (x1, x2 . . . , xn) (t1)‖S
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(2.9) = max
1≤k≤n

‖Ak (x1, . . . , xk) (t2)− Ak (x1, . . . , xk) (t1)‖∞ .

Then

‖Ak (x1, . . . , xk) (t2)− Ak (x1, . . . , xk) (t1)‖∞

≤



max
t∈[0,1]

∣∣∣∣∣
∫ t2

0

(t2 − s)α1−1 s−β1

Γ (α1) sβ1f1 (s, x1) ds

−
∫ t1

0

(t1 − s)α1−1 s−β1

Γ (α1) sβ1f1 (s, x1) ds
∣∣∣∣∣ , k = 1,

max
t∈[0,1]

∣∣∣∣∣
∫ t2

0

(t2 − s)αk−1 s−βk

Γ (αk)
sβkfk (s, x1, . . . , xk) ds

−
∫ t1

0

(t1 − s)αk−1 s−βk

Γ (αk)
sβkfk (s, x1, . . . , xk) ds

∣∣∣∣∣
+

k−2∑
j=0

∣∣∣akj ∣∣∣
j!

(
tj2 − t

j
1

)
+ Γ (k − δk−1)

(k − 1)!
(
tk−1
2 − tk−1

1

)
×
∫ 1

0

(1− s)αk−δk−1−1 s−βk

Γ (αk − δk−1)
∣∣∣sβkfk (s, x1, . . . , xk)

∣∣∣ ds, k = 2, 3, . . . , n.

Hence,

‖Ak (x1, . . . , xk) (t2)− Ak (x1, . . . , xk) (t1)‖∞(2.10)

≤



L1Γ (1− β1)
Γ (α1 + 1− β1)

(
tα1−β1
2 − tα1−β1

1

)
, k = 1,

LkΓ (1− βk)
(
tαk−βk
2 − tαk−βk

1

)
Γ (αk + 1− βk)

+
k−2∑
j=0

∣∣∣akj ∣∣∣ (tj2 − tj1)
j!

+
Γ (k − δk−1)LkΓ (1− βk)

(
tk−1
2 − tk−1

1

)
(k − 1)!Γ (αk − δk−1 + 1− βk)

, k = 2, 3, . . . , n.

Then, by (2.9) and (2.10), we obtain

‖A (x1, x2 . . . , xn) (t2)− A (x1, x2 . . . , xn) (t1)‖S(2.11)

≤max

 L1Γ (1− β1)
Γ (α1 + 1− β1)

(
tα1−β1
2 − tα1−β1

1

)
,
LkΓ (1− βk)

(
tαk−βk
2 − tαk−βk

1

)
Γ (αk + 1− βk)

+
k−2∑
j=0

∣∣∣akj ∣∣∣ (tj2 − tj1)
j! +

Γ (k − δk−1)LkΓ (1− βk)
(
tk−1
2 − tk−1

1

)
(k − 1)!Γ (αk − δk−1 + 1− βk)

 .
The right-hand side of (2.11) is independent of (x1, x2 . . . , xn) and tends to zero as
t1 → t2. Thus A (θ) is equicontinuous. By Arzela-Ascoli theorem, A is completely
continuous. �
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Theorem 2.1. Assume that there exist nonnegative constants
(
ωkj
)k=1,...,n

j=1,...,k
, satisfying

(2.12) tβk |fk (t, x1, . . . , xk)− fk (t, y1, . . . , yk)| ≤
k∑
j=1

ωkj |xj − yj| ,

for all t ∈ [0, 1] and all (x1, . . . , xk) , (y1, . . . , yk) ∈ Rk.
If

(2.13) Σ := max
2≤k≤n

ω1
1Λ1,

k∑
j=1

ωkjΛk

 < 1,

then the system (1.1) has a unique solution on [0, 1] .

Proof. We will prove that A is a contractive operator on S.
Let (x1, x2 . . . , xn) , (y1, y2 . . . , yn) ∈ S and t ∈ [0, 1] , we have

‖A (x1, x2 . . . , xn)− A (y1, y2 . . . , yn)‖S
= max

1≤k≤n
‖Ak (x1, . . . , xk) (t)− Ak (y1, . . . , yk) (t)‖∞ .(2.14)

Then

‖Ak (x1, . . . , xk) (t)− Ak (y1, . . . , yk) (t)‖∞

≤



max
t∈[0,1]

∫ t

0

(t− s)α1−1 s−β1

Γ (α1) sβ1 |f1 (s, x1 (s))− f1 (s, y1 (s))| ds, k = 1,

max
t∈[0,1]

∫ t

0

(t− s)αk−1 s−βk

Γ (αk)
sβk |fk (s, x1 (s) , . . . , xk (s))

−fk (s, y1 (s) , . . . , yk (s))| ds+ max
t∈[0,1]

Γ (k − δk−1)
(k − 1)! tk−1

×
∫ 1

0

(1− s)αk−δk−1−1 s−βk

Γ (αk − δk−1) sβk |fk (s, x1 (s) , . . . , xk (s))

−fk (s, y1 (s) , . . . , yk (s))| ds, k = 2, 3, . . . , n.

Thanks to (2.12), we can write

‖Ak (x1, . . . , xk) (t)− Ak (y1, . . . , yk) (t)‖∞(2.15)

≤



ω1
1

Γ (α1) ‖x1 − y1‖∞ max
t∈[0,1]

∫ t

0
(t− s)α1−1 s−β1ds, k = 1,(

ωk1 ‖x1 − y1‖∞ + · · ·+ ωkk ‖xk − yk‖∞
)

×
(

max
t∈[0,1]

∫ t

0

(t− s)αk−1 s−βk

Γ (αk)
ds

+ Γ (k − δk−1)
(k − 1)!Γ (αk − δk−1)

∫ 1

0
(1− s)αk−δk−1−1 s−βkds

)
, k = 2, 3, . . . , n,
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≤



ω1
1B (α1, 1− β1) ‖x1 − y1‖∞

Γ (α1) max
t∈[0,1]

tα1−β1 , k = 1,
k∑
j=1

ωkj max
1≤k≤n

‖xk − yk‖∞

(
B (αk, 1− βk)

Γ (αk)
max
t∈[0,1]

tαk−βk

+Γ (k − δk−1)B (αk − δk−1, 1− βk)
(k − 1)!Γ (αk − δk−1)

)
, k = 2, 3, . . . , n,

≤



ω1
1Γ (1− β1)

Γ (α1 + 1− β1) ‖x1 − y1‖∞ , k = 1,
k∑
j=1

ωkj

(
Γ (1− βk)

Γ (αk + 1− βk)
+ Γ (k − δk−1) Γ (1− βk)

(k − 1)!Γ (αk − δk−1 + 1− βk)

)
×‖(x1 − y1, . . . , xk − yk)‖S , k = 2, 3, . . . , n.

By (2.14) and (2.15), we obtain
‖A (x1, x2, . . . , xn)− A (y1, y2, . . . , yn)‖S

≤max
2≤k≤n

ω1
1Λ1,

k∑
j=1

ωkjΛk

 ‖(x1 − y1, . . . , xk − yk)‖S .

By (2.13), we have Σ := max2≤k≤n
(
ω1

1Λ1,
∑k
j=1 ω

k
jΛk

)
< 1. Hence, A is a contractive

operator. Consequently, by Banach fixed point theorem, A has a fixed point which is
the unique solution of system (1.1). This completes the proof. �

Example 2.1. Consider the following singular fractional system:

(2.16)



D
3
4x1 (t) = sin x1 (t)

12π
√
t
, 0 < t ≤ 1,

D
3
2x2 (t) = cosx1 (t)− cosx2 (t)

16π3t
5
7

, 0 < t ≤ 1,

D
7
3x3 (t) = (sin x1 (t) + sin x2 (t) + cos x3 (t))

24πt 3
8

, 0 < t ≤ 1,

D
7
2x4 (t) = |x1 (t) + x2 (t) + x3 (t) + x4 (t)|

32πt 1
3 (1 + |x1 (t) + x2 (t) + x3 (t) + x4 (t)|)

, 0 < t ≤ 1,

x1 (0) = 1,
x2 (0) =

√
2, D 1

2x2 (1) = 0,
x3 (0) = 3

5 , x
′
3 (0) = 2

√
3, D 4

3x3 (1) = 0,

x4 (0) = 1
2 , x

′
4 (0) =

√
5, x′′4 (0) = 1, D 5

2x4 (1) = 0.

We have:

n = 4, α1 = 3
4 , α2 = 3

2 , α3 = 7
3 , α4 = 7

2 , δ1 = 1
2 , δ2 = 4

3 , δ3 = 5
2 ,

a1
0 = 1, a2

0 =
√

2, a3
0 = 3

5 , a3
1 = 2

√
3, a4

0 = 1
2 , a4

1 =
√

5, a4
2 = 1.
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Then, for each t ∈ [0, 1] and (x1, x2, x3, x4) , (y1, y2, y3, y4) ∈ R4, we have:

t
2
3 |f1 (t, x1)− f1 (t, y1)| ≤ t

1
6

12π |x1 − y1| ,

t
6
7 |f2 (t, x1, x2)− f2 (t, y1, y2)| ≤ t

1
7

16π3 |x1 − y1|+
t

1
7

16π3 |x2 − y2| ,

t
7
8 |f3 (t, x1, x2, x3)− f3 (t, y1, y2, y3)|

≤
( √

t

24π |x1 − y1|+
√
t

24π |x2 − y2|+
√
t

24π |x3 − y3|
)
,

t
1
2 |f4 (t, x1, x2, x3, x4 )− f4 (t, y1, y2, y3, y4)|

≤

 t
1
6

32π |x1 − y1|+
t

1
6

32π |x2 − y2|+
t

1
6

32π |x3 − y3|+
t

1
6

32π |x4 − y4|

 ,
where β1 = 2

3 , β2 = 6
7 , β3 = 7

8 , β4 = 1
2 .

Moreover, we can take:

ω1
1 = 1

12π ,

ω2
1 =ω2

2 = 1
16π3 ,

2∑
j=1

ω2
j = 1

8π3 ,

ω3
1 =ω3

2 = ω3
3 = 1

24π ,
3∑
j=1

ω3
j = 1

8π ,

ω4
1 =ω4

2 = ω4
3 = ω4

4 = 1
32π ,

4∑
j=1

ω4
j = 1

8π .

On the other hand, we get
Λ1 = 2.7958, Λ2 = 13.4869, Λ3 = 9.4443, Λ4 = 0.5908.

Thus,

ω1
1Λ1 = 0.0742,

2∑
j=1

ω2
jΛ2 = 0.0544,

3∑
j=1

ω3
jΛ3 = 0.3759,

4∑
j=1

ω4
jΛ4 = 0.0235.

Then the singular fractional system (2.16) has a unique solution on [0, 1].

Theorem 2.2. Let k − 1 < αk < k, k = 1, 2, . . . , n, n ∈ N − {0, 1} , 0 < βk < 1.
Assume that fk : (0, 1] × Rk → R is continuous with limt→0+ fk (t, . . .) = ∞ and
tβkfk (t, . . .) is continuous on [0, 1] × Rk. Then, the system (1.1) has at least one
solution on [0, 1] .

Proof. Let Pk = max
t∈[0,1]

tβk |fk (t, x1(t), . . . , xk(t))| , and define the set ∆ ⊂ S by

∆ := {(x1, x2, . . . , xn) ∈ S : ‖(x1, x2, . . . , xn)‖S ≤ r} ,
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where

r = max
2≤k≤n

P1Λ1 +
∣∣∣a1

0

∣∣∣ , PkΛk +
k−2∑
j=0

∣∣∣akj ∣∣∣
j!

 .
We will prove that A : ∆→ ∆. For (x1, x2, . . . , xn) ∈ ∆ and t ∈ [0, 1] , we have
(2.17) ‖A (x1, x2, . . . , xn)‖S = max

1≤k≤n
‖Ak (x1, . . . , xk) (t)‖∞ .

Then
‖Ak (x1, . . . , xk) (t)‖∞

≤



max
t∈[0,1]

∫ t

0

(t− s)α1−1 s−β1

Γ (α1) sβ1 |f1 (s, x1)| ds+
∣∣∣a1

0

∣∣∣ , k = 1,

max
t∈[0,1]

∫ t

0

(t− s)αk−1 s−βk

Γ (αk)
sβk |fk (s, x1, . . . , xk)| ds+

k−2∑
j=0

∣∣∣akj ∣∣∣
j! max

t∈[0,1]
tj

+Γ (k − δk−1)
(k − 1)! max

t∈[0,1]
tk−1

∫ 1

0

(1− s)αk−δk−1−1 s−βk

Γ (αk − δk−1) sβk |fk (s, x1, . . . , xk)| ds,

k = 2, 3, . . . , n,

≤



P1

Γ (α1) max
t∈[0,1]

∫ t

0
(t− s)α1−1 s−β1ds+

∣∣∣a1
0

∣∣∣ , k = 1,

Pk
Γ (αk)

max
t∈[0,1]

∫ t

0
(t− s)αk−1 s−βkds+

k−2∑
j=0

∣∣∣akj ∣∣∣
j!

+ Γ (k − δk−1)Pk
(k − 1)!Γ (αk − δk−1)

∫ 1

0
(1− s)αk−δk−1−1 s−βkds, k = 2, 3, . . . , n.

Thus,
‖Ak (x1, . . . , xk) (t)‖∞(2.18)

≤



P1Γ (1− β1)
Γ (α1 + 1− β1) max

t∈[0,1]
tα1−β1 + |a1

0| , k = 1,

Pk

(
Γ (1− βk)

Γ (αk + 1− βk)
max
t∈[0,1]

tαk−βk + Γ (k − δk−1) Γ (1− βk)
(k − 1)!Γ (αk − δk−1 + 1− βk)

)
,

+
k−2∑
j=0

∣∣∣akj ∣∣∣
j! , k = 2, 3, . . . , n,

≤


P1Λ1 + |a1

0| , k = 1,

PkΛk +
k−2∑
j=0

∣∣∣akj ∣∣∣
j! , k = 2, 3, . . . , n.

Using (2.17) and (2.18), we can write

(2.19) ‖A (x1, x2, . . . , xn)‖S ≤ max
2≤k≤n

P1Λ1 +
∣∣∣a1

0

∣∣∣ , PkΛk +
k−2∑
j=0

∣∣∣akj ∣∣∣
j!

 .
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Hence, ‖A (x1, x2, . . . , xn)‖S ≤ r. By Lemma 2.1, we have A (x1, x2, . . . , xn) (t) ∈
C ([0, 1]). Moreover, for (x1, x2, . . . , xn) ∈ ∆, we have A (x1, x2, . . . , xn) ∈ ∆. So,
A (∆) ⊂ ∆, and A : ∆→ ∆. Then from Lemma 2.2, we get A is completely continuous.

By Lemma 1.5, the system (1.1) has at least one solution on [0, 1] . Theorem 2.2 is
thus proved. �

Example 2.2. Consider the following system:

(2.20)



D
1
2x1 (t) = t−

1
3 e−t sin x1 (t) , 0 < t ≤ 1,

D
4
3x2 (t) = cosx1 (t)√

t (π + sin x2 (t))
, 0 < t ≤ 1,

D
9
4x3 (t) = et cosx3

t
1
5 (4π + sin (x1 + x2))

, 0 < t ≤ 1,

D
7
2x4 (t) = t−

2
9
e−2t sin (x1 + x2)
16 + cos (x3 + x4) , 0 < t ≤ 1,

D
14
3 x5 (t) = cos (u1 + u2 + u3 + u4)

t
1
4 et

, 0 < t ≤ 1,
x1 (0) =

√
3,

x2 (0) = 2
3 , D

1
4x2 (1) = 0,

x3 (0) = −1, x′3 (0) = 1
2 , D

3
2x3 (1) = 0,

x4 (0) =
√

7
2 , x′4 (0) = 1

4 , x′′4 (0) =
√

5
3 , D

11
5 x4 (1) = 0,

x5 (0) = 1, x′5 (0) = 4
3 , x′′5 (0) = 3

7 , x′′′5 (0) = 2
√

3
5 , D

10
3 x5 (1) = 0.

We have:

n = 5, α1 = 1
2 , α2 = 4

3 , α3 = 9
4 , α4 = 7

2 , α5 = 14
3 , δ1 = 1

4 , δ2 = 3
2 ,

δ3 = 11
5 , δ4 = 10

3 , a1
0 =
√

3, a2
0 = 2

3 , a3
0 = −1, a3

1 = 1
2 , a4

0 =
√

7
2 ,

a4
1 = 1

4 , a4
2 =
√

5
3 , a5

0 = 1, a5
1 = 4

3 , a5
2 = 3

7 , a5
3 = 2

√
3

5 .

For β1 = 2
3 , β2 = 3

4 , β3 = 2
5 , β4 = 4

9 , β5 = 1
2 , the system (2.20) has at least one

solution on [0, 1].

3. Ulam Stability

In this section, we study the Ulam-Hyers stability and the generalized Ulam-Hyers
stability of solutions for system (1.1).

Definition 3.1. The singular fractional system (1.1) is Ulam-Hyers stable if there
exists a real number µ > 0, such that for all (ε1, ε2, . . . , εn) > 0, and for all solution
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(x1, x2, . . . , xn) ∈ S of

(3.1)


|Dα1x1 (t)− f1 (t, x1 (t))| ≤ ε1,
|Dα2x2 (t)− f2 (t, x1 (t) , x2 (t))| ≤ ε2,
...
|Dαnxn (t)− fn (t, x1 (t) , x2 (t) , . . . , xn (t))| ≤ εn, 0 < t ≤ 1,

there exists a solution (y1, y2, . . . , yn) ∈ S satisfying

(3.2)



Dα1y1 (t) = f1 (t, y1 (t)) ,
Dα2x2 (t) = f2 (t, y1 (t) , y2 (t)) ,
...
Dαnxn (t) = fn (t, y1 (t) , y2 (t) , . . . , yn (t)) , 0 < t ≤ 1, k = 1,
y1 (0) = a1

0,

y
(j)
k (0) = akj , k = 2, 3, . . . , n, j = 0, 1, . . . , k − 2,
Dδk−1yk (1) = 0, k = 2, 3, . . . , n, k − 2 < δk−1 < k − 1,
k − 1 < αk < k, k = 1, 2, . . . , n,

with
‖(x1 − y1, . . . , xn − yn)‖S ≤ µε, ε > 0.

Definition 3.2. The singular fractional system (1.1) is generalized Ulam-Hyers stable
if there exists φ ∈ C (R+,R+) , φ (0) = 0, such that for all ε > 0, and for each solution
(x1, x2, . . . , xn) ∈ S of (3.1), there exists a solution (y1, y2, . . . , yn) ∈ S of (3.2) with

‖(x1 − y1, . . . , xn − yn)‖S ≤ φ (ε) , ε > 0.

Theorem 3.1. Let k − 1 < αk < k, k = 1, 2, . . . , n, n ∈ N− {0, 1} and 0 < βk < 1.
Assume that:
(H1) fk : (0, 1]×Rk → R is continuous with limt→0+ fk (t, . . .) =∞ and tβkfk (t, . . .)

is continuous on [0, 1]× Rk;

(H2)
∥∥∥tβkDαkxk

∥∥∥
∞
≥


P1Λ1 + |a1

0| , k = 1,
PkΛk +

k−2∑
j=0

|ak
j |
j! , k = 2, 3, . . . , n,

(H3) all the assumptions of Theorem 2.1 are satisfied;
(H4)

k∑
j=1

ωkj < 1, k = 1, 2, . . . , n.

Then, the singular fractional system (1.1) is generalized Ulam-Hyers stable.

Proof. Using (H1) we receive (2.19). Thus, for all solution (x1, x2, . . . , xn) ∈ S of
(3.1), we can write

(3.3) ‖(xk)‖∞ ≤


P1Λ1 + |a1

0| , k = 1,

PkΛk +
k−2∑
j=0

∣∣∣akj ∣∣∣
j! , k = 2, 3, . . . , n.
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Then, by combining (H2) with (3.3), we get

(3.4) ‖xk‖∞ ≤
∥∥∥tβkDαkxk

∥∥∥
∞
.

On the other hand, using (H3) , there exists a solution (y1, y2, . . . , yn) ∈ S satisfying
(3.2). Therefore, by (3.4) we can write:

‖xk − yk‖∞ ≤
∥∥∥tβkDαk (xk − yk)

∥∥∥
∞

≤
∥∥∥tβk (Dαkxk − fk (t, x1, . . . , xk)) − tβk (Dαkyk − fk (t, y1, . . . , yk))

+tβk (fk (t, x1, . . . , xk)− fk (t, y1, . . . , yk))
∥∥∥
∞

≤
∥∥∥tβk (Dαkxk − fk (t, x1, . . . , xk))

∥∥∥
∞

+
∥∥∥tβk (Dαkyk − fk (t, y1, . . . , yk))

∥∥∥
∞

+
∥∥∥tβk (fk (t, x1, . . . , xk)− fk (t, y1, . . . , yk))

∥∥∥
∞

≤
∥∥∥tβk

∥∥∥
∞
‖(Dαkxk − fk (t, x1, . . . , xk))‖∞

+
∥∥∥tβk

∥∥∥
∞
‖(Dαkyk − fk (t, y1, . . . , yk))‖∞

+
∥∥∥tβk (fk (t, x1, . . . , xk)− fk (t, y1, . . . , yk))

∥∥∥
∞

From (2.12), (3.1) and (3.2), we obtain

‖(xk − yk)‖∞ ≤ εk +
k∑
j=1

ωkj max
1≤k≤n

‖(xk − yk)‖∞ .

Then

max
1≤k≤n

‖(xk − yk)‖∞ ≤
ε

1−∑k
j=1 ω

k
j

:= µε, ε = max
1≤k≤n

εk, µ = 1
1−∑k

j=1 ω
k
j

.

Hence,
‖(x1 − y1, . . . , xn − yn)‖S ≤ µε.

Using (H4) , we get µ > 0. Thus, system (1.1) is Ulam-Hyers stable. Taking φ (ε) = µε,
we get system (1.1) is generalized Ulam-Hyers stable. This ends the proof. �
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