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TRIANGULAR SYSTEM OF HIGHER ORDER SINGULAR
FRACTIONAL DIFFERENTIAL EQUATIONS

AMELE TAIEB! AND ZOUBIR DAHMANTI?

ABSTRACT. In this paper, we introduce a high dimensional system of singular
fractional differential equations. Using Schauder fixed point theorem, we prove
an existence result. We also investigate the uniqueness of solution using the Ba-
nach contraction principle. Moreover, we study the Ulam-Hyers stability and the
generalized-Ulam-Hyers stability of solutions. Some illustrative examples are also
presented.

1. INTRODUCTION AND PRELIMINARIES

Recently, the fractional calculus has attracted the attention of researchers in various
fields of applied sciences. For details, see [12,16,19,20] and the references therein. It is
important to note that some research studies deal with the existence and uniqueness
of solutions for some fractional differential equations are obtained in [1,6-9]. Other
studies in [2,3,5,17,23] have been done for the singular fractional differential equations.
On the other hand, the Ulam stability of fractional differential equations is quite
significant in more realistic problems, numerical analysis, biology and economics.
Considerable work has been done in this area, for instance, see [10,11,13-15,18,22,24].

Let us now present some important research papers that inspired our work: We
begin by [4], where C. Bai and J. Fang established the existence of solutions for the
following singular fractional coupled system:

{ Dou(t)=f(t,o(t), 0<t<l,
Dru(t) =g (t,u(t)), 0<t<l,
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82 A. TAIEB AND Z. DAHMANI

where 0 < 8, p < 1, D?, D? are two standard Riemann-Liouville fractional derivatives,
f,9:[0,1) x [0,00) — [0,00) are two given continuous functions, lir(%f (t) = oo and
t—
limy o+ g (t) = 0.
In [25], A. Yang and W. Ge considered the following fractional coupled system

D uy (t) + fi1 (t,ug (), D" uy (1)) = 0,

b“”*lun,l (t) + fa-1 (t,up, (t), DFr—u, () =0,
Dy, (t) + fo (t,uq (), D ug () =0,

associated with the boundary conditions

{ul(O):ug(O):---:un(O):O,
u(l)=us (1) =---=u,(1) =0,

for 1 <o <2, >0, 05— pjo1 >1,5=12,...,n, po = py, and f; : [0,1] x
[0,00) x R — [0,00) is continuous function. Some existence and multiplicity results
of solutions are obtained.

In [21], A. Taieb and Z. Dahmani established new existence and uniqueness results
for the following problem:

u(t) + ifl (t,u(t),v(t), D7u(t), D v(t)) =0, te€ J,

DPy(t —i—ZgZ u(t),v(t), DYu(t), DPu(t)) =0, t€J,

u (O> - u07 U (0) UO?
uw'(0) = u"(0) = '(0) = v"(0) =0,
" (0) = J"u(r), v"(0) = J?v(s), r>0,0>0,

where o, 8 € (3,4), v,p € (0,3), 7,6 € (0,1), D*, D?, D? and D7 denote the Caputo
fractional derivatives and J", J¥ denote the Riemann-Liouville fractional integrals,
J :=[0,1], ul,v; € R. For each i = 1,....m, f; and g; : J x R* — R are specific
functions.

In this paper, we discuss the existence, uniqueness and Ulam stability of solutions
for the following singular fractional coupled system:

Dy (t) = fi(t, x1 (1)),
D2y (t) = fo (t, 21 (1), 22 (1)),

(1.1) Do, (1) = fo (t, 21 (8) 20 () ... 2, (1)),
0<t<l, k-1<ar<k, k=12....n

z1(0) =a}, k=1,

2 0)=db, j=0,1,...,k—2, k=23,...,n

D‘;klxk(l)—O, k—2<(5k,1<k‘—1, k:2,3,...,n

Y




TRIANGULAR SYS. OF SINGULAR FRAC. DIFF. EQUS. 83

where n € N — {0,1}. For all kK = 1,2,...,n, the functions f; : (0,1] x R* — R
are continuous, singular at ¢t = 0, lim;_,o+ fx (t) = oo and there exist 5y € (0,1),
k=1,2,...,n, such that t°* f,, k = 1,2,...,n, are continuous on [0,1].

To the best of our knowledge, there are no papers that have considered this kind
of singular fractional coupled system.

We present some basic definitions and lemmas that we need to prove our main
results. It can be found in [16].

Definition 1.1. The Riemann-Liouville fractional integral operator of order av > 0

for a continuous function f on [0, 00) is defined as:
1 t a—1
o — [ (t—s s)ds, a >0,
f(t), a=0,

where t > 0 and T' (a) := [;F* e “u®"!du.

Definition 1.2. The Caputo derivative of order « for a function x : [0, +00) — R,
which is at least k-times differentiable can be defined as the following:

1 b Nk—a—1 (k) ~ h—a (k)
F(k—a)/o(t s) W (s)ds = J"xW(t),

for k—1<a<k, ke N-{0}.

Lemma 1.1. Let o, 3 >0, and k — 1 < a < k, k € N— {0}, and let j be a positive
integer. Then

D%x(t) =

_ L'(B) s a
Datﬁlzitﬂal, B>k,
LB -a)
and ‘
D =0, 57=0,1,...,k—1.

Lemma 1.2. Let ¢ >p >0 and f € L' ([a,b]). Then for all t € [a,b], we have
DPJIf(t) = JUPf(t), te€]a,b].

Lemma 1.3. Letk —1 < a <k, k € N— {0}, and let j be a positive integer. Then,
the general solution of the fractional differential equation D*x(t) = 0, is given by:

k-1
x(t) = Z ¢t (Cj)jzo,l ..... r1 ER.
=0
Lemma 1.4. Let k e N— {0}, k — 1 < o < k, and let j be a positive integer. Then,
k-1
JD%x(t) = z(t) + Z ct?, (Cj)j:071 yyyyy w1 €ER.
=0
Lemma 1.5 (Shauder fixed point theorem). Let (E,d) be a complete metric space,

let U be a closed convex subset of £, and let T : E — E be a mapping such that the
set V:=A{Tx:x € U} is relatively compact in E. Then T has at least one fized point.
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We also prove the following auxiliary result to give the integral representation of (1.1).

Lemma 1.6. Assume that k — 1 < ap < k, k = 1,2,...,n, n € N—{0,1} and
F, € C([0,1],R). Then, the following system

Dalml(t) = Fl(t),
Da2$2(t) = Fg(t),

:Danxn(t) = Fa(t),

associated with the conditions:

21 (0) = ag,

(1.2) 2 0)=ab, k=23,...n=01.. k-2
D‘Sk—lxk (1) =0, k —2<0p_1<k-— 1,

has a unique solution (x1,xs,...,x,), where

bt —s)
/0 S R(s)dstal, k=1,

(a1)
op—1 k-2 .k
(1.3) x(t) = /t t—s)™ 5 aj
—————Fp(s)ds+ ) —t
0 r (Oék) gZO !
1—\ (k . 5k_1) - /1 (1 . s)ak*(skfl*l
-t F d k=23, ...,n.
(k—1)! o T(ay—641) k(s) ds, SRR
Proof. Using Lemma 1.4, we obtain the following integral equation:
(1.4) () /t(t_s)ak_lp ()ds— S b, b—1,2
k T (Ckk) k = YR ) 4y ) Iy
where
a0 0
2 c 0 0
c c a0 0
o e M, (R).
: : : 0 0
gttt ot A0
c ct Cy ... Cy_g Ch_y
Applying the conditions given in (1.2), we observe that
21 (0) = _Ctl) = a(1)7
and for all k =2,3,...,n, we get
2 (0) = —jlck =ak, j=0,1,... . k2,
T O

(
Op—1 — _ -\ —
D=1z (1) /0 (on — 0r 1) Fy (s)ds C 5k_1)ck_1 0,

kE—2<dp1<k-—1,
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which implies that

(15) C(l] = _a(l)a
and
a
—— 5=0,1,...,k—2,
!
(1.6) k=
T (k’ i (5]?71) /1 (1 . S)ock—5k—1—1 ‘
F ds, =k—1,
T b Tlop—oy) [r)ds

where k£ =2,3,...,n.
Substituting (1.5) and (1.6) in (1.4), we find (1.3). The proof of Lemma 1.6 is thus
achieved. 0

Now, we introduce the Banach space
S:={(x1,29,...,2,) . € C([0,1],R) bk =1,2,...,n},
endowed with the norm:

(@, w2 s 2n)lls = max flokllo s lloklloo = max fza(t)]

2. EXISTENCE AND UNIQUENESS

In this section, we try to establish sufficient conditions for the existence and unique-
ness of solutions to the problem (1.1).
Define the nonlinear operator A : S — S by

Az, 29, .. x,) (t) == (Ay (21) (1), Az (1, 22) (1) 5. .., A (21, T2y .., 7)) (1))

such that, for all ¢t € [0,1],

t(t_s)m—l 1
——fi(s)ds+a,, k=1,
/()(F<O;1> lfl() Ok2k ( )
= LE—s)™ ~ Gy T —0k1)
A (21, ) () == /0 e fk(s,...)ds+j§)j!t b b,
1(1_8)0% Orp_1—1
X/O I (ap — Op—1) fels,o)ds, k=23,....n.

Lemma 2.1. Let k—1 < o < k, k=1,2,....n,n € N={0,1}, 0 < 5 < 1,
Ty : (0,1] = R be continuous function and lim,_g+ Ty (t) = 0o. Assume that t°*T}, (t)
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is continuous on [0,1]. Then

¢ _ a1—1
/ &Tl (s)ds +aj, k=1,
0

' ()
t _Sak 1 k—2 k kf—(s_l .
i (t) = /()(tl—‘(o)zk) d3+z ]tj ((k_lk)!)tk

1 1 _ ak_ék 1—1
x/ (1—5) Ty (s)ds, k=23,...,n,
0 ( — 5k—1)

is continuous on [0,1].

Proof. By the continuity of t°*T}, and

we get 73 (0) = af, k=1,2,...

. )a1—1

t(t—s
—Prghrp 1 -1
/0 I (o) s PSP (s)ds + ay, k=1,

t(t — g) T k=2 gk L—§
xk(t) = /0 <FS)8_’8’68/6’“7—’]~C ds—{—z th Mtk’ 1

(o) (k= 1)
L1 - s)ak e Br oBr
BT (s)ds, k=2,3,....n,
X/O T (o — 0r1) s PksPRTy () ds, : n

,n. Then, we will divide the proof into three cases.

Case 1. For ty = 0 and for all t € (0,1], by the continuity of t’*T},, there exist

M, ...

IN

|z (t) = @1 (0)]

t _ ap—1
/ (tF(S))S_BlSBlTl (S) ds ’ I — 1
0 aq
(t—s)™" o Br P =y
f oy T e e
F(k—ék,l) kl/l (1_3)%—5;671—1 iy
ECED Ty (s)ds|, k=2,3,...
(k_l)' 0 F(Oék_(sk—l) 5 5 k;(S) S 59y
t
F]yl )/ (t_s)alfl S_Blds’ k‘ _ 1’
aq) Jo
Mk /t 1 ‘ ’ (k — 5]{,‘—1) Mk; .
t— ) g Brgs 4+ o
' (ax) Jo (t=s) Z | (k—DIT (osg — 1)
1
X/ (1 —_ S)Oék Op—1—1 3_5kd5, k= 2,3, o, n
0

, M,, > 0, such that for all t € [0, 1], ’tﬁka (t)‘ < M. Therefore, we get
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Using Beta Euler function denoted by B, we obtain

|z (8) — 1 (0)]

Mltoq*ﬁl 1 -1 _
Myt=t e 1 — )™ B g k=1
T o /0 (1—u) U u, ’ 7’
Mktozk—ﬁk 1 1 _ = CL? j
<] Mt 1 — )% Br 1]
Pl 070" s 2
U (k— k1) My B (a — 01,1 — Bk)t/ﬂ—ly k=23,...,n,
(k= D'T (o — 0p—1)
M B (ay,1 = By) 17 k=1
F(Oq) ’ -
B o |k
< M.B (o, 1 — By) to+ P & Q‘G.j’tj
T (o) =t
[ (k— k1) MyB (ay — 01,1 — 6k)tk—17 k=23,...,n,
(k= DT (o — 0p—1)

—0 ast—0, k=1,2,...,n.
Case 2. For ty € (0,1) and for all t € (o, 1], we have

|2k () — 2k (to))|
) )

t(t—s N to (tg — s N
Br b d _/ Brgbi d k=1
/0 I (o) s PsPTY (s)ds ; I (o) s PsPTY (s) dsf, :

L= s o (tg — )™ _

Ty (s)d —/ BT (5) d
< /0 T () s PksPRT (s) ds ; T (o) s PksPR Ty (s) ds
B IS P Uy

PIL( _p k=1) (1k—1 _ 4k—1
+j:0 ] (¥ —1) + o) (t t)
1 (1 . S)C“k*&kfl*l 5
X s (s)ds|, k=2,3,...,n,
/0 F(ak—ék_l) k( )
M t ¢
. (/ (t — )" ' s Pds — / i (tg—s)™ ! s_ﬂ1d3> , k=1,
F]%;él) Ot Ot
0
S ( (t— ) ' s Prds — / (to — s)™ " sﬂkds)
[ (ax) \Jo 0
< k2 a’?’

)+ e -

J=1

1 o —90 -1 _—-p
></ (1 =)™ 1" g7 kds, k=2,3,...,n.
0
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Therefore,

|z () — @ (to)]
M, <to¢1 B _ tal ﬁl) B (0617 1-— 61)

IN

F(Oq) ’
Mj, (ta’“ O —tg* ﬂk) B (ak, 1 — B)

[ ()

+F (k = 6p—1) MypB (o — Op— 1,

(]{7 — 1)'F (Ozk — 5k 1

—0, ast —ty, k=1,2,....n

k=1,

k=2 gkl
+j_zl‘jj!’(tﬂ—t{))

th= 1—t’g*1), k=2,3,....n,

Case 3. For ty (0,1] and for all t € [0, %) . Similarly, as in Case 2, it can be shown

that
| (1) — . (to)]
Ml(al —h — 1 ’Bl)B 061,1—61
) 3
S Mk (tgk_ﬁk tak Bk) B (Oék, 1-— ﬁkz

F(Oék)
F (k) — 519—1) MkB (Oék — 5k 1,

k=1,

(k—l)'F(ozk—ék 1
k=1,2,....n

)

—0, as t — g,

This ends the proof.

Lemma 2.2, Let k-1 <o, <k, k=12,...
(0,1] x R¥ — R be continuous, and lim,_o+ fi (¢,...)

Z;j
( tk‘l), k=2,3,....n,
O

n,ne€N—={0,1},0< Bk <1, fr:
= oco. Assume that tPx fy, (t,...)

is continuous on [0,1] x RE. Then, the operator A : S — S is completely continuous.

Proof. For all (z1,...,x,) € S, let

Az, 2. xn) (t) = (A1 (21) , Az (@1, 22) 5 .. A (21, ..., 1)) (2)
where
Ag (1, ..., xp) (1)
ti(t_s)arl s,x1(s))ds + a =

/O ( F(O)él) 1f1(7 1( ))d + ag, k 1=k ) (k 5 )
- ti s. 171 (s s = Jgi _ 2\ T Ukl k1
=1 o fi(,1<),... 24 (s) d+;) i T

1 (1 . S)Qk* k—1—1
X/o T (o — 0r1) fr(s,21(8),..., 2 (8))ds, k=2,3,... n.
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By Lemma 2.1, we have A: S — S. Let

(m?,x%,...,m%) €s: H(x(l),xg,...,xg)HS = No
and
(x1,29,...,2,) €S : H(:cl,m,---,xn) - ($?a$gv-~->x9z)HS <1
then
(21, 22,...,20)|lg <14+ Ao = A

By the continuity of t% fy (t, 1, ..., xx) , we know that t7 fy, (t, 21, . . ., 2 ) is uniformly
continuous on [0,1] x [, A]".
Hence, for all ¢t € [0, 1] and for each € > 0, there exists p > 0(p < 1), with

(2.1) 9% fi (b1 (8) . (1) = 7 o (2 (), 2R ()] < e
where (21, 22,...,2,) € S, and ||(x1, 29, ..., 2,) — (29,29, ...,20)||g < p. Then
HA(xl,:vQ...,a:n) —A(x?,x%,...@%) ‘S
(22) =max [ Ac (o, we) (1) = A (o, o) O]

We have

/t (t—s) s h
max
te[0,1] Jo ['(aq)

t(t—s)* " g P

oo

sP 1 (s, 11 (5)) — s fy (s, Y (s)) ‘ ds, k=1,

Bk
max [ o s% i (5,20 (8), ..., 2k (8))
% fu (5,0 (5), - 2 (5))| ds + max —F— 5
1 (1 _ S)Ozkﬂskqfl s B 5
></0 I' (i — 0k—1) s™ fie (s, 21 (s) ..o 2k (8))

—sPefy (s, 20 (s), ..., 20 (s))‘ds, k=23,...,n.
Using (2.1), we obtain

(2.3) Ak (@, m) () = A (2, 20) ()]
—° max /t (t—s) s Pds, k=1
I () tef0.1] Jo ’ ’
t
< © max (t —s) ' s7Prds

T () el Jo
el (k — dp—1) 1 /1 o
t 1 — g) %1 Br
(k - 1)'F (O[k, — 5k_1>t€rl1[3}1{} 0 ( S) S S,
k=23,...,n,
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B<a171 _51) a1—pB1 o
ot ﬁ%%t ; k_<2 Ses) B (s — 01— )
< B (o, 1 — P onpr L (K= 0k—1) Blag —0p—1,1 = b
6( D) i ot (k= DI (ar — 0p-1) )
k=2,3,...,n,
['(1-06) B
€F<&1+1_51), k=1,
- ['(1— ) (k= 6r—1)T (1 — B) _
€<F(ak+1—ﬁk)+(k;—1)!F(ak—5k_1+1—ﬁk)>’ k=23....n
We pose:
_ I'd-5)
(2.4) Ay _F(al -5
I'(1 - B) ['(k—6r—1) T (1 — B)

(g +1—=0k) (K= (g —dp_1+1—05%)
By (2.3) and (2.4), we have

(2.5) HAk (z1,...,25) (t) — Ap (m?ﬂfg) (t)Hoo < { Zﬁ; ii ; 3,...

Thanks to (2.2) and (2.5), we get

HA (x1,29...,2,) — A (.:E(l),a:g, - 7.7:2) HS < elrgi?gank'
Therefore,
HA(xl,a:Q...,xn) —A(x?,x%,...,x%)”s — 0,
as
H(xl,xg B (x(l),xg, . ,mg)HS — 0.

Hence, A : S — S is continuous.
Let 6§ C S be bounded. Then, there exists a positive constant ¢ such that

[(z1,29...,2,)|lg < <, for all (z1,22...,2,) € 0. Since 7 fy (t,x1,...,21), k =
1,2,...,n, are continuous on [0, 1] X [—g, g}k, there exist positive constants Ly, k =
1,2,...,n, such that

(2.6)

’tﬁ’“fk (t,zq (b)), ...,z (t))‘ < Ly, forallte|0,1], forall (z1,29...,2,) € 0.
Then

(2.7) |A(z1,20...,20)|lg = 121%}(” 1Ak (21, .., 28)] o -
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We have
HAIC ('Tla"‘?xk)Hoo
(t—s) s
/ s) s (s,xl)‘ds—l—’aé, k=1,
t_ k_ —B
/ ) i ﬂ’“fk (s,xl,...,xk)’ds
<) selal @mt
J 0 gl tefo1] 5 (k—1)! teo]]
1 (1 . S)Oék k—1—1 S—Bk 5
d
X/O P(ak_ék—l) S fk (Saxla 7xl€)‘ S,
k=23,...,n

Using (2.6), we get
(2.8) || Ax (xl,... k)|

te[o 1 /

|
max/o (t—s)* s

r (Ozk)te[o,l}
T (k — 6 1) Ly
(k‘ — 1)'F (Oék — 6k—1)
I (1=5)
xto1 A k=1
r (a1 +1-— ﬁl)te[o,u + lagl, ’
['(1—p5) (k= 0p1) T (1—5)
L =Bk
k(r(@k—i-l—ﬁk)teg}l( +(/{3—1)!F(Oék—(5k_1+1—5k)
+Z i k=23,....n,
7=0
L1A1 + |CLO| k= 1,
k
‘, k=23,...,n

k=1,

=0

Jo (1 —s)™*~ 5’“*1 ! s‘ﬂkds, k=2,3,....n

0“_1 sds + ’a(l] ,

IN

IN

a;

IA

7=0

Then by (2.7) and (2.8), we get

2<k<n

A (21,25 .., 2,)]|g < max {L1A1+\a5 :

b
— J |
Thus, A (#) is bounded.
For all (zy,22...,2,) € 6, and for all t1,t, € [0,1], t; < t2, we have:

||A (271,1’2 e ,l’n) (tg) — A($1,$2 e ,[L’n) (tl)HS
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(2.9) = max || Ag (x1,. ..

1<k<

sxk) (ta) — Ag (1, - ) (H1) || o -

”Ak (1’1, C ,l’k) (tg) — Ak (ZEl, C ,l’k) (tl)”oo

2 (tz—S)al_ls_ﬂl 5
msll Sy A
t t a1l 5y
_/1 1 S S Sﬁlfl(s,ilfl)ds, k=1,
041
ak 187ﬁk ﬁ
k
tem/ P fo (s 24)
S tl ak S ﬁk
- e fy (s 24)
3| DOk=61) iy
g 2 \W T Ok=1) (k-1 k-1
+Eo <t i)JF (ESTC
1(1—5)‘“’“_ k=11 =Py 5
></O T (ar — or 1) Skfk(S,.Tl,.-.,iEk)’dS, k=23,...,n.
Hence,
(2.10) | Ak (z1, ..., xx) (t2) — Ak (21, .. zp) (E1)]] o
F(]-_Bl) a1 —B oa1—8
t 1—F1 _t 1 1 k _
F(a1+1—ﬁ1)( 1 ) ,

Lyl (1= By) (5% 7% — a2 k2 |ab] (8 — 4])
F(on + 1 Bo) L

IA

T (k= 0p—1) Ll (1= B) (8571 = £17)

+ , k=23,...,n.
(k} — 1)'F (ozk — 51@—1 + 1-— Bk)
Then, by (2.9) and (2.10), we obtain
(211) HA (ZEh.TQ . ,In) (tg) — A (.Z'l,ZL’Q e 7.Tn) (t1>HS
— 1— C“k Bk tak—ﬂk
< max LT (1 51) (tgl_ﬂl _ tliq—ﬂl) ’ ( Bk) ( 1 )
F(Ozl—i—l—ﬂl) F(Ozk—{—l—ﬂk)

+ -
jz% j' (k—l)'F (ak—ék_l—l—l—ﬁk)
The right-hand side of (2.11) is independent of (z1,z5...,z,) and tends to zero as

t;1 — ty. Thus A (0) is equicontinuous. By Arzela-Ascoli theorem, A is completely
continuous. O

c2laf| (6 -#) Th—8)LO1-5) (5" -47) } |
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k=1,..., o
Theorem 2.1. Assume that there exist nonnegative constants (wk) - Z, satisfying

=1,..,

k
(212) tﬁk |fk (tvxla cee ,LCk) - fk (tayla cee 7yk)’ < wa ‘xj _yj|7
j=1
for allt € [0,1] and all (z1,...,7%), (y1,...,yx) € R*.
If
(2.13) X = max (WlAhjlekAk) <1,

then the system (1.1) has a unique solution on [0, 1].

Proof. We will prove that A is a contractive operator on S.
Let (x1,22...,2,), (Y1,Y2...,ys) € S and t € [0, 1], we have

A (@122 20) — Ay, g un)lls
(2.14) =max ||Ag (z1,...,2%) (t) — Ak (1, -, ue) (D)

1<k<n

Then

[Ak (1, wk) (8) = Ak (Y1, 0k) (D)o

t (¢ — )al 1 —p 8,
max P g e m ) = s ()lds, k=1

t (t — S>ak _Bk ﬁ
k
mas | Dlag ° HeEm )2 ()

(
— fr (S Y1 (S)a ..,yk( ))|d8—|—tré1[6a}1(]wtk—l

X/ Lotk S fi (s, 21 (5) -2 ()
0 F(Oék 5k 1) sy L1 PR )
—fe(s,01(8),- - ue (8)|ds, k=2,3,...,n

Thanks to (2.12), we can write

(2.15) | Ak (1, x) (8) — Ap (Y, - ue) (8] o

1

IN

- |71 — 11l /t (t— S)(’“_1 sPds, k=1
(o) te [0 1] ’ ’
(wh llz1 = gnllog + -+ + wf lon — all)

< t(t— s)ak_l s Pk
X max/ ds
t€[0,1] Jo F(Oék)
F(k—ék_l) /1 S -1 _
1 — ) %1 Prds|, k=2,3,...,n,

+(l{3 — 1)'F (Ozk — 5k—1) 0 ( S) 5 5 n
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aAB 1= 8l =l
[ (aq) t€[0,1] ’
, ag, 1 — B) o
< X_Z%gggg |7k — il (W%E‘?ﬁt P
(k 51971) B (Oék - 51471, 1- 5k)>
, k=23,...,n,
(l{? — 1)'F (Oék; — 5k—1)
(1-751)
- k=1
F(C\q + 1 _61) Hxl yl”oo? )
< iw'-“( I'(1— 6 I'(k = 0,—1) T (1 = f) )
j=1 J F(Ozk—i-l—ﬁk) (k—l)!r(ak—ék—l‘i‘l—ﬁk)
X (1 =y, o —ye)llg, E=2,3,...,n

By (2.14) and (2.15), we obtain
||A (.Tl,l’g, s 7'Tn) - A (yl;yQa s 7yn)||5’

k
< max (wlAl,Zw Ak) H(3€1 Y, Tk —yk)Hs-

2<k<n
7=1

By (2.13), we have ¥ := maxo<r<p (w%Al, E§:1 w}“Ak> < 1. Hence, A is a contractive
operator. Consequently, by Banach fixed point theorem, A has a fixed point which is

the unique solution of system (1.1). This completes the proof. O
FExample 2.1. Consider the following singular fractional system:
3 sin xy (t)
Dizg, (t)= —212  0<t<]1,
V0= v =
t) — t
Din, (1) = cos xy (t) c;)sxg( )7 0<t<1,
16737
Dy (1) = (sinzy (t) + sinz, (3t) + cosx3 (t))’ 0<i<l,
24mts
(2.16) Digy (t) = — 11O F 22+ (t) + o ()] C0<t<l,
327t3 (14 |xy (t) + 2o () + 23 (t) + 24 (1)])
al (O) = 1,
72 (0) = V2, D2ay (1) =0,
3
23(0) = £, 24(0) =23, Di; (1) =0,
1
22(0) = 35, #4(0) = V5, 24 (0) =1, Dizy (1) = 0
We have:
3 3 7 7 1 4 5
TL:4, OZIZZa 042:5, 0[3Z§, 04425, 51_57 52:§7 53_57
3 1
a(l)zl, agzﬂ, agzg, a?zQ\/g, aé:i’ a‘ll:\/g, aézl
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Then, for each t € [0,1] and (x1, 22, T3, 74) , (Y1, Y2, Y3, y1) € R, we have:

1

65 | fy (1) — fi (t )

’— 1271 ‘1’1 y1’>

~=
\w—‘

6 t
t7 t — t <
|f2( ,I1,$2) f2( ,yl,y2)| = 1678 |

7
& |f3 (t,.’El,{EQ,l'g) - f3 <t7y17y2ay3)|

\/%I |+ﬁ| |+7\/% | |
x p— pE—
Y T1 — U1 Y 2 — Y2 Y 3 Y3l ),

1
t2 | fa (t, 21, w0, 3,24 ) — fa (8, Y1, Y2, Y35 Ya) |

— 1|+ —— 12—l

163

IN

_ 5 15 5 15
< |$1—y1|+7|$2—y2|+%|933—y3|+%|x4—y4| ;

W =1,
2
G =el= g Y=L
j=1
swi=wi=ui= o, Tui=o
j=1

On the other hand, we get
Ay =2.7958, Ay =13.4869, Az =9.4443, A, = 0.5908.
Thus,
2 3 4
wiAy =0.0742, > wihy =0.0544, Y wlAy=0.3759, > wjAs=0.0235.
j=1 j=1 j=1

Then the singular fractional system (2.16) has a unique solution on [0, 1].

Theorem 2.2. Letk —1 < ap <k, k=1,2,...,n,n € N—{0,1}, 0 < g < 1.
Assume that fr : (0,1] x R¥ — R is continuous with lim,_o+ fi (t,...) = oo and
tP fi (t,...) is continuous on [0,1] x R¥. Then, the system (1.1) has at least one
solution on [0,1].

Proof. Let P, = m[g,}l(] to% | fi (t, 21(t), ..., 21(t))|, and define the set A C S by
tefo,

A = {(,Il,l'Q,...,l'n) € S: ||($17$2a"‘7$n)||s S 74}’
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mz@

J=0 7!

We will prove that A: A — A. For (zq,2s,...,2,) € A and t € [0,1], we have
(2.17) A (z1,22,...,2,)|lg = max Ak (21, ..., x) (1)]]

1<k< o0

where

2<k<n

r = max (P1A1 + ‘a(l) ,

Then
[ Ak (@1, 2n) ()]l o

t(t— )M s

trél[éa}li] 0 I (1) - |f1(s,x1)|ds+‘a(1)" k=1,
)T, o]
<{ mex | NP e (s, 21, .. @y !d8+j2% iy maxt
T (k—6,_1) i 1/1 (1— )™ % s he
—_ o k d
;— (k‘-l) In[g}f} 0 F(O‘k_(;k—l) S |fk (871‘17 ,l’k)| S,
=2,3,..
P
< P max/ (t — )™ " ﬁ’“ds—l—Z’ ‘
| T'(ag)tel0,1]Jo =
I'(k—0,_1) B 1 _
(k:_(1>ur(£klz 5 1>/ (1—s)™ 7% s hds, k=23,....n.
Thus,
018 Ao n) O
I (1= )
ax (1= k=1
r (oq +1-— Bl)te[o 1) +lagl ’
I'(1—B) N I'(k—0k—1) 0 (1= Bg)
P, Xtk Pe
< T (ar + 1 — By)eclon) (k—1DT (ap — Op14+1—Bp) )
—i—ZU, k=23,...,n
P1A1 + |Cl(l)| ) k= 1,
< k-2 |gk
- pkAk—i_Z]"a k:2,3,...,n
j=0 J:

Using (2.17) and (2.18), we can write

2<k<

k=2 |4k
‘C‘j‘
— J!

(2.19) |A (21,29, . .., 20)| ¢ < max (P1A1+ ag|
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Hence, ||A(z1,22,...,2,)|l¢ < 7. By Lemma 2.1, we have A (z1,2s,...,2,)(t) €
C (0,1]). Moreover, for (x1,z3,...,2,) € A, we have A(x1,2,...,2,) € A. So,
A(A) C Ayand A : A — A. Then from Lemma 2.2, we get A is completely continuous.

By Lemma 1.5, the system (1.1) has at least one solution on [0, 1]. Theorem 2.2 is
thus proved. [l

Example 2.2. Consider the following system:

Dzxy (t) =t se'sinz (£), 0<t<1,
4 cos xy (t)
D3y (1) = L 0<t<l,
2 () Vi (m —|—tsinx2 (1)) -
Dizs(t) = B L 0<t<l,
t5 (47 + sin (21 + 22))
—2t :
Dlog(t) — 3o sm@itm) gy
16 + cos (x5 + x4)
14 . COS(U1+U2+U3+U4>
(220) D Ty (t) == t%et y 0<t S 1,
g (0) = \2/§a
2 (0) =3, Dixzy (1) =0,
1
23(0) = —1, 24(0) =, D23 (1) =0,
7 1 5 1
n© =YL -1 -2 pin-o
4 3 2v3
BO=1 40 -1 40-2 @0-22 pram-o
We have:
1 4 9 7 14 1 3
n =09, 041—5, 042_§, CY3=Z, 04425, 045—§, 5121, 52257
11 10 2 1 VT
53237 54_37 (Ié:\/g, agzga agz_la ai’ziv ag:7a
czA‘:1 a4:£ ag =1 (15—% a5—§ a5:—2\/§
1 47 2 3 ? 0 ? 1 37 2 77 3 5 :

For /61 = %7
solution on [0, 1

—_—

3. ULAM STABILITY

In this section, we study the Ulam-Hyers stability and the generalized Ulam-Hyers
stability of solutions for system (1.1).

Definition 3.1. The singular fractional system (1.1) is Ulam-Hyers stable if there
exists a real number p > 0, such that for all (€1, €s,...,€,) > 0, and for all solution
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(x1,22,...,2,) € S of

|D%xy (t) — fi(t, 21 ()] < e,
|D2xy (t) — fo(t, 21 (1), 22 (1))] < €2,

| Dy, (1) — fr (txy (8) 22 (8) .. y2n ()] <€, 0<t<1,

(3.1)

there exists a solution (y1, 42, ...,yn) € S satisfying

Dy (t) = fi(t,y (1)),
D2y (t) = fa (t,y1 (1), 92 (1)),

39 Dox, (t) = fr (tyr (8) 02 () 5.,y (t), 0<t<1 k=1,
(3.2) e

yl.(())—%a

yW(0)=af, k=23,...,n,j=01,... k-2,
D‘Sk—lyk(l):(), k=23,....,nk—2<dp1<k—1,
E—1<ap<k, k=12...,n,

with
||(x1_y17"'axn_yn)HSS:uea e > 0.

Definition 3.2. The singular fractional system (1.1) is generalized Ulam-Hyers stable

if there exists ¢ € C' (RT,R*), ¢ (0) = 0, such that for all ¢ > 0, and for each solution
(x1,29,...,2,) € S of (3.1), there exists a solution (y1,y2,...,y,) € S of (3.2) with

H(xl_yla"'axn_yn)HSS¢(6)7 €>0.

Theorem 3.1. Letk—1<ap <k, k=1,2,....n,n e N—{0,1} and 0 < . < 1.
Assume that:
(Hy) fr:(0,1]xR*¥ — R is continuous with lim,_o+ f (t,...) = oo and t% fi. (¢,...)
is continuous on [0, 1] x RF;

P1A1+’a(1)|7 kzl,
Br Do k=2 |k
(i) [PDva| =3 pa, 5 |T,| k=23 .n
i=0 7

(H3) all the assumptions of Theorem 2.1 are satisfied;
k
(H4) Zwé? <1, k=12,...,n.
j=1
Then, the singular fractional system (1.1) is generalized Ulam-Hyers stable.

Proof. Using (H;) we receive (2.19). Thus, for all solution (z1,xs,...,2,) € S of
(3.1), we can write

Pt k=1
33 < k—2 al?
!

J=0
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Then, by combining (Hs) with (3.3), we get
(3.4) |2kl < ||t DM ]|

On the other hand, using (H3), there exists a solution (y1,ys,...,y,) € S satisfying
(3.2). Therefore, by (3.4) we can write:

2 = el < [|t% D (ar — i)

<[t (D% — fro (t, 21, .. ) — 5% (D% — fr (tyn, -2 ur))
+¢6k(fk(t7$1,--.,xk)“f%(tayl,.--7yk)ﬂLm

9 (D%ay — fi (w1, w)| [ (D% = fie by, )|
+ ﬁ%(ﬁ(h$1w.w1%)—xﬁ(tyh.~7y0)wm

15k (D% xp — fi (t, 21, ... 2n)) |
MDDy = fi (tyns - we))l oo

+ tﬁk (fk (taxla"'vxk) - fk’ (t7y1a7yk:))”oo
From (2.12), (3.1) and (3.2), we obtain

IN

IN

k
k
[(zr — yp)ll o < e +]Z_:1wj max {2k — i) | oo -

Then
It Mo < g = = - ;
max [[(ze = i)l < 7 uF T po - e= GRS T Wb

Hence,
H(xl — Y-, Tp — Z/n)”s < HE.

Using (Hy) , we get ;1 > 0. Thus, system (1.1) is Ulam-Hyers stable. Taking ¢ (¢) = ue,
we get system (1.1) is generalized Ulam-Hyers stable. This ends the proof. 0
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