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GENERAL CLASSES OF SHRINKAGE ESTIMATORS FOR THE
MULTIVARIATE NORMAL MEAN WITH UNKNOWN VARIANCE:
MINIMAXITY AND LIMIT OF RISKS RATIOS

ABDELKADER BENKHALED! AND ABDENOUR HAMDAQUI?

ABSTRACT. In this paper, we consider two forms of shrinkage estimators of the
mean 6 of a multivariate normal distribution X ~ N, (6,021,) in RP where o2 is
unknown and estimated by the statistic S? (S? ~ 02x?2). Estimators that shrink
the components of the usual estimator X to zero and estimators of Lindley-type,
that shrink the components of the usual estimator to the random variable X. Our
aim is to improve under appropriate condition the results related to risks ratios of
shrinkage estimators, when n and p tend to infinity and to ameliorate the results of
minimaxity obtained previously of estimators cited above, when the dimension p is
finite. Some numerical results are also provided.

1. INTRODUCTION

Shrinkage estimates are alternative estimates that use information from all studies
to provide potentially better estimates for each study. While these estimates is
biased, they have a considerably smaller variance, and thus tend to be better in
terms of total mean squared error. For example, Xie et al. [21] introduced a class
of semiparametric/parametric shrinkage estimators and established their asymptotic
optimality properties, Hansen [9] compared the mean-squared error of ordinary least
squares (OLS), James-Stein, and least absolute shrinkage and selection operator
(Lasso) shrinkage estimators and shows that neither James-Stein nor Lasso uniformly
dominates the other, Selahattin et al. [15] provided several alternative methods for
derivation of the restricted ridge regression estimator (RRRE).
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Mean vector parameter estimation is an important problem in the context of shrink-
age estimation and has been widely applied in many scientific and engineering prob-
lems. This fact is certainly reflected by the abundant literature on the subject, let us
cite for instance. Stein [16] showed the inadmissibility of the usual estimator X of the
mean 6 of a multivariate normal distribution X ~ N, (6,021,) when the dimension
of the space of the observations p > 3. James and Stein [10], introduced the class of
shrinkage estimators d, = (1 — aS%/ || X||*)X, that improving the usual estimator X
under the quadratic loss function. Many developments in this field has realized by
Lindley [12], Baranchik [1], Stein [17] and Selahattin and Issam [13]. Tsukuma and
Kubokawa [20] addresses the problem of estimating the mean vector of a singular mul-
tivariate normal distribution with an unknown singular covariance matrix. Selahattin
and Issam [14], introduced and derived the optimal extended balanced loss function
(EBLF) estimators and pridictors and discuss their performances.

When the dimension p is infinite, Casella and Hwang [4], studied the case where
02 is known (02 = 1) and showed that if the limit of the ratio ||#||* /p is a constant
¢ > 0, then the risks ratios of the James-Stein estimator 6”° and the positive-part
of the James-Stein estimator 67T, to the maximum likelihood estimator X, tend
to a constant value ¢/(1 + ¢). Benmansour and Hamdaoui [2], have taken the same
model given by Casella and Hwang [4], where the parameter o2 is unknown and they
established the same results. Hamdaoui and Benmansour [6], considered the model
X ~ N, (0,0°1,) where 0% is unknown and estimated by 5% (5% ~ o2x2). They studied
the following class of shrinkage estimators &, = §7° +1(S%¢(S2, || X||?)/[| X ||*) X, where
[ is a real parameter. The authors showed that, when the sample size n and the
dimension of space parameters p tend to infinity, the estimators J, have a lower
bound B,, = ¢/(1 + ¢) and if the shrinkage function ¢ satisfies some conditions, the
risks ratio R(dy,0)/R(X,6) attains this lower bound B,,, in particulary the risks
ratios R(67%,0)/R(X,0) and R(§7°*,0)/R(X,0). In Hamdaoui et al. [8], the authors
studied the limit of risks ratios of two forms of shrinkage estimators. The first one has
been introduced by Benmansour and Mourid [3], §,, = 67 +1(S%y(S?, | X]|%) /|1 X]1*) X,
where [ is a real parameter and ¢ (-, u) is a function with support [0, b] and satisfies
some conditions different from the one given in Hamdaoui and Benmensour [6]. The
second is the polynomial form of shrinkage estimator introduced by Li and Kio [11].
Hamdaoui and Mezouar [7], studied the general class of shrinkage estimators 64 =
(1 — S2%¢ (5’2, ||X||2) / ||X||2) X. They showed the same results given in Hamdaoui
and Benmansour [6], with different conditions on the shrinkage function ¢.

In this work, we consider the model X ~ N, (6,02[,) and independently of the
observations X, we observe S? ~ 02x? an estimator of % It’s well known that
the quadratic risk of the usual estimator X is po?. Consequently, any estimator of
0 which has a quadratic risk less than po? dominate X, then it is minimax. We

consider two different forms of shrinkage estimators of #: estimators of the form
0¥ = (1 — (52, | X||*)S?/ | X||)X, and estimators of Lindley-type given by 62 =
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(1 — p(S%,T%)S?/T?)(X — X) + X, that shrink the components of the maximum
likelihood estimator X to the random variable X. Our aim in this work is based on
two points. First, when n and p tend to infinity, we give results of the limit of risks
ratios of estimators defined above to the maximum likelihood estimator X, different
from the one obtained in our published papers. The second point is to generalize and
to improve the results of minimaxity obtained by Strawderman [18], Sun [19] and
Hamdaoui and Benmansour [6].

The paper is outlined as follows: In Section 2, we consider the form of shrinkage
estimators defined in (2.2) and we study the minimaxity and the limit of risks ratio to
these estimators to the usual estimator X. In Section 3, we consider the second form
of shrinkage estimators defined in (3.1) of Lindley-type. In this case, we follow the
same steps as we treated the first form (2.2). In Section 4, we graphically illustrate
some results given in this paper. In the end, we give an Appendix which contains
technical lemmas used in the proofs of our results.

2. SHRINKAGE TO ZERO

Let X ~ N, (6,0%1,) where 02 is unknown and estimated by S? (S* ~ o?x?2). The
aim is to estimate 6 by an estimator 0 relatively at the quadratic loss function

L(5,6) =164,
with [|-[|, is the usual norm in R?. We associate its risk function
R(6,0) = Ey (L (6,0)).
We denote the general form of a shrinkage estimator as follows

(2.1) 07 (X,8%) = (1—o (S IXI°) X5, G=1,....p.

We recall that ”f—y ~ Xz (A), where x2 (A) denotes the non-central chi-square distribu-

tion with p degrees of freedom and non-centrality parameter A = %. We also recall
the following Lemma given by Fourdrinier et al. [5], that we will use often in the next.

Lemma 2.1. Let X ~ N, (¥, 02Ip) with 0 € RP. Then
(a) forp >3 wehaveE( 1 ): 1E< 1 );.

1x 2 a2 p—2+2K
1) _1 1
(b) for p > 5 we have E (IIXH4) ==F ((p_2+2K)(p_4+2K)) ,
where K ~ P (%) being the Poisson’s distribution of parameter %.

For the next, we need the following results obtained by Hamdaoui and Benman-
sour [6].

Proposition 2.1 (Hamdaoui and Benmansour [6]). The risk of the estimator given
in (2.1) s

R (5¢’(X, 52, 9) =o’E {cbi Xorox — 20K <X12>+2K - 2K) +p} )
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where ¢ = ¢ (a2xfl, 02X12)+2K> and K ~ P <|I9H ) being the Poisson’s distribution of

parameter ”9”2 and X2 is the central chi-square distribution with n degrees of freedom.

Furthermore, R ((W (X, 5% ,9) > B, (0) with

Bp(e):GQ{p—z—E{m(}}.

We set by b, (0) = R()g 9)), it is clear that if pggloo |1|i|| = ¢ (> 0), then
lim b, (0) = ——.
p—00 1 +c

In the particular case where ¢(S2, || X|*) = dH;HQ we have

d 2 SQ
b (XS)z( —d“XH2>X,

hence

R (5d(X7 52),9) — o2 {p+ n [d2(n +2) —2d(p — 2)] E <p_21+2K>} .

Ford = =5 2 we obtain the James-Stein estimator which minimizes the risk of 6 (X, S%)
whose quadratlc risk is

R (875(X,5%),0) = {p - %(p —2)%F (@) } .

Proposition 2.2 (Hamdaoui and Benmansour [6]). If 1131 L'f”j = ¢, then
p oo

R (5°(X, 5%),0) c
lim >
n,p—>00 R(X,0) I+ec

and
R(675(X,8%),0) ¢
lim = i
np—oo R(X,0) 1+c

We note that from the Proposition 2.2, the risks ratio of any shrinkage estimator
5% (X, S?) of the form (2.1) dominating the James-Stein estimator §7% (X, S?), to the
maximum likelihood estimator attains the limiting lower bound B, = 15 (< 1),
when n and p tend simultaneously to infinity.

Now we rewrite the estimator in (2.1) by letting ¢ (SQ, ||X||2) = (52 | X|| )

as given by

(2.2) o7 (X,8%) = (1 — v (8% X% H)S(TIQ> X;, j=1,....p

2
1X11=7



GENERAL CLASSES OF SHRINKAGE ESTIMATORS 197

Using the Proposition 2.1, the risk function of estimator 6% (X, S?) given in (2.2), is

R(6%(X,5%),0) = o’ {@Z’%("QX?%)Z)) — by ((%)) (\ ok — 2K) + }

2 2.2
g (U Xp+2K o2 ok

2 2K
=P02+02E{Xi Vi [wg Xn —2<1— 2 )H
Xp+2K Xp+2K

where Vg = ¢ <02X721 a02X127+2K) )
We write Ay, = R ((w (X, 52) ,9) — R(X,6). As R(X,6) = po?, then

(2.3) sz(ﬁE{Xiw [X“W—2<1— 2K ﬂ}

Xp+2K Xp+2K

2.1. Limit of risks ratios. In this part, we are interested in studying of the limit
of risks ratios of estimators defined in (2.2), to the usual estimator X. So, we give
results different from the one given in our published papers.

Theorem 2.1. Assume that 6% (X, S?) is given in (2.2), such that p > 3 and ¥

satisfies: )

(H) % — ) (52, HXH2) < g(S?) a.s., where £ {92 (02xi+4>} =0 (n%), when
n is in the nezghborhood of 4o00.

If lim LQHQ = ¢, then

p—-+00

R (5% (X,5%),0) c
lim = )
n,p—>-+oo R(X,0) 1+c¢

Proof. We note a = 23 and ¢ (5’2 | X|| ) =1). As

and

then
Ass =R (6Y(X,5%),0) — R (679(X, 5%),0)

(o) 2o = [0 o)
[0vpep) o] o0 -ogep) 2 e
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QE} (o gr] [ (-5 ) <=0 )

Efo-o (-5

2<%
1X]

=2 {3 e (14 T ) ]

-5 |- )

=28 (o= 0 2] 4 [l 3]
oo ] 3 e v ol
25005+ 0 el 0

=1

Using the conditional expectation and the formula (2.7) given in Benmansour and
Mourid [3], we have

B (o0 i 0| = B {S |20 o}

l a — g[; o? Xn,U Xp+2 ()‘))) Xf,jzn()\)] ’

where A = Hi—‘f. Then
1 G4 St
A §2E{ (la=o]) 82| + % (@ =) =2 + a(la —v]) =
| I+3 xIP x|P

B [(\a b (0 o ) XX(A)] } |

From the hypothesis (H) and the independence of two variables S? and || X||*, we
have

Ags <2B[5% (87)] + B [s'¢? (8%)] B (H;H)
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+20E [5'g (%) E (II T >+2AE[52 (52)}E< : 1 )

Xpt2 (A)
=28 |52 |+ 2[5 ()] 2 ()

oz [5' (512 () + 2 |22 2 (51 )

Using the Lemma 5.1 of the Appendix and the fact that £ ( x21(/\)> < zﬁ we obtain

Ass

g (0 2Xi+4)
2

Xn+4
ak [9 (U2Xi+4)} E <X21()‘>> + \E (X iz+4
P n

g (0‘2X72z+4>] 4 n (n + 2) 02E [92 (02xi+4)]

Xpta p—2
g (U 2X721+4>
X3L+4 .

<2n(n+2)0’E

+n(n+2)0°E g (0°X0) | B <x§1(A>>

b <xp+i (M) ]

+2n (n +2) o?

<2n(n+2)0’E

n(n+ 2)
p

o’E

+ 2n0?E [g (02X721+4>} + 2\
Thus,

Ays < 2n(n+2) |9 (02X3+4) n(n+ 2)

B T 19° (0"X0sa)]

po? = p Xit4
+ 20 [g (o72,)] + 2002 g ARE
p e p P Xa |

From condition E {92 (azxi +4>] =0 (#) and using the Schwarz inequality, when n

is in the neighborhood of +00, we obtain

2.2
5| (;%ﬁ%) < B[t (o"00)| < B [u%;)?]
< Vit < Vi~
n n

and
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where M is a real strictly positive. Then, when n is in the neighborhood of 400, we
have

Ays _2(n+2 2 2 2\ 2
ss 202 gqpy nH2 4 24 2Dy,

po* —  np np (p —2) p po*  mp
As lim 2 = lim ||9H22 = ¢, then
p——+o00 p—~o0 PO ’
lim —= <0
n,p——+0o00 po

Using the Proposition 2.2, we have
R (8% (X,8%),0) c
lim = :
n,p— o0 R(X,0) 1+c¢

Example 2.1. Let ¢ = z;é — (HS;)Q, therefore

" 2 _ B p—2_ S? 52
7 (X.57) O <n+2 u+s%ﬂuxw *

It is sufficient to take g (S?) = 5 then from the Lemma 5.1 of the Appendix, we

(1452)%"
have
2
o*Xn 4)
B¢ (0°Xnia)| = B )
)] = o
— (n+4)(n+6)'E lll
(14022 s)"
< (n+4)in+6)E [ 21 4]
o (Xn—i—S)
1 i)t 1 1
ot n(n+2)(n+4)(n+6) ot n?
Thus,

1
[ (") =0 ()
2.2. Minimaxity. In this part we study the minimaxity of estimators defined in

(2.2). We give another results that improve the one given in Strawderman [18], Sun
[19] and Hamdaoui and Benmansour [6].

Theorem 2.2. Assume that 6% (X, S?) is given in (2.2), such that p > 3 and v
satisfies:
(a) ¢ (5’2, ||X||2> is monotone non-decreasing in | X |)*;

(b) 0 < (S [1X]) < 222

— n+2
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A sufficient condition so that the estimator 6 (X, S?) is minimaz is, for any k,
E=0,1,2,...,
E {¢ (azxfhul ,02X123+2k:)} <FE {¢ (02Xi+2 a02X123+2k)} :

Proof. From the formula (2.3) and the condition (b), we have

2(p—2) v
n 2K
Ay <OPE N W—?(l— : )
Xp+2K Xp+2K

We will prove that the expectation on the right hand side being non-positive for any
K=k k=0,1,2,....
By using the conditional expectation, we obtain

[ 2 (p - 2>X2
n 2k
A¢§02EE ¢kX$L n+22—2<1— 5 ) Xi
Xp+2k Xp+2k
2 (p - 2) 2
2 2 2 n—+ 2 Xn 2k 2
<PEIN E(vn | X3) B || E——-2{1- Xa| (s
Xp+2k Xp+2k

the last inequality according to the condition (a) and the fact that the covariance of
two functions one increasing and the other decreasing is non-positive.
Using the Lemma 2.1, we obtain

[ 2(17—2) Xz
n 2k
E 7H‘22_2<1_ . > X2
Xp+2k Xp+2k
i 2
2(p—2) o(p—2) (X 4
- p—2+2k p—2+2k || X T p—2+2k

Then

(2.4) -2, {Xi ( Xa —1> wk}.
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From the Lemma 5.1 of the Appendix, we have

E {XZ <n>f2 - 1) Y/Jk} =nk {w (U2Xi+4 7‘72X;2;+2k) - (02X721+2 702X§+2k)} .

Using the sufficient condition

E W (02X721+4 a02X129+2k)} <FE W (02X31+2 70—2X12;+2k)} )

2
E{xi (nXH - 1) wk} <0.

Ay <0, 0

we obtain

Thus,

Example 2.2. Let 1hy = 2(57;22) In (1 + S?) exp (—S5?), therefore

_ 2 2 2
5¢2(X,SQ): 1_2(]9 2)51D(1+S)26Xp( S%) X
n+ 2 | X ]

Remark 2.1. (i) Using the Lemma 5.2 of the Appendix, it is clear that if ¢ (5’2, HX||2>

is monotone non-increasing in S?, then the sufficient condition:

E {w (02X3L+4 ’02X}27+2k)} <E {w (02Xi+2 ’U2X227+2k)}
is satisfied. Thus, the theorem 2.2 gives an improvement of the results of minimaxity
given in the first Theorem of Strawderman [18], Theorem 4.1 of Sun [19] and Theorem
4.1 of Hamdaoui and Benmansour [6].
(ii) Note that the James-Stein estimator satisfies the conditions of Theorem 2.2,
thus Theorem 2.2 gives another proof of the minimaxity of the James-Stein estimator.

3. ESTIMATOR OF LINDLEY-TYPE

Let the model be X/0,0% ~ N, (0,0%1,), where the parameters 6 and o? are
unknown and o? is estimated by S? (S? ~ 0?x2). The aim is to estimate the mean
0= (01,0,,... ,9p)t by shrinkage estimators of the form

(3.1) 09 (X, 817 = (1-¢(8%7%)) (X; -X)+X, j=12..p,

where
. 1 p p 2
X=-YX ad 7°=) (X;,-X),
Piza i=1
with the two random variables S? and 72 are independent. In the next, we follow the
same steps that we treated in Section 2, then we give a similar results to those given

in Section 2 with some changes in the proofs.

Lemma 3.1. For any functions f and g of the two variables S* and T?, such that
all expectations of (a) and (b) exist, we have

(a) E{f (527 TQ)} =F {f (0-2X72’L70-2X]2)—1+2K>};
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p
) E{g (5,7 £ (0= ) (X; - X) } = 20°F {Kg (¢, 0"\ 10n) }
where K ~ P (Z (GZ —9)2/202> being the Poisson’s distribution of parameter
=1
E (9 —9) /202 and 6 = * XP: 0;.
i=1 Piz1
Proof. Analogous to the proof of the Lemma 2.1 given by Sun [19]. U

The following proposition, gives the explicit formula of the risk of the estimator
6% (X, 52, T?) given in (3.1). For the proof see Appendix.

Proposition 3.1. Let 6 (X, S?%,T?) is given in (3.1), then for any p > 4 we have
(i) R (59(X, 5%,7%),0) = 02 {6321 carc — 20k (2oria — 2K) +p):
(i) R (5¢(X, SQ,TQ),H) > B, (0), where

2 2
X 1ror — 2K
O = ¢(02X$L,U2X12)_1+2K> and B, (0) = olE {p ( P J; ) };

Xp—1+2K

(iii) if c= lim Z (9 - 9) /po? exists, then

p—+00 ;=1

B, (6) B, (0) . _c
p—+oo R (X, 0) pLErHOO po? _pggrnoo by (0) = 14+¢

Now, we consider the special case when ¢ (S5?,T?) = d%, where d is a constant,
then the estimator given in (3.1) is written as

S? =\ = .
(3.2) 08 (X, 82,77 = (1 —dT2> (X, -X)+X, j=12....p
From the Proposition 3.1, we have
1
d 2 2 _o2) a2
R<5 (X,S85,T ),9) =0 {p [2dn(p 3) dn(n+2)}E<p_3+2K>}.

We note that when d = 0, the estimator §° (X, S? T?) given in (3.2) becomes the
maximum likelihood estimator X, its risk equal po?. In this case, the James-Stein
estimator is obtained by minimizing the risk R <5d(X , 8% T?), 9), the James-Stein
estimator is given by

—-35? =\ = .
(3.3) 53.’5(X,S2’T2):<1_§+2P>(Xj—X)+X, j=1,2,....p.
Its risk is
JS 2 2 _n g2 1
s Rt -l et (o))

where K ~ P (£ (6:-7) /20%)
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Proposition 3.2. (a) If p > 4, the James-Stein estimator 6'° (X, 5% T?) given in
(3.3) is minimaz.

. N2
(b) If pll)I_Eloo Zgl (92- — 0) /po® = c(>0), then

y R (875 (X,82,1%),0) c
npr oo R(X,0) 1+

Proof. (a) It is obviously from the formula (3.4).
(b) For p > 6 and from the Lemma 3.1 given by Sun [19], we have

1p 2§E< >§ 1p 27
> (6:-9) p—3+2K > (6:-9)
p_3_|_1:1T p_5+lle
then
Ji’(<5"S(X,SZ,T2),9)>1 n  (p—3)° 1
R(X.0) ot 2 Sy
@_'_i:l
p po?
and
R(éJS(X,SQ,T2)79)<1 n (p—3)° 1
R(X,0) = n+2  pP S (0,-7)°
ﬂ_,r_z':l
p po?
Thus,
C 1 . R<5JS(X7527T2)79) 1 C
=1- < lim <1- = )
l+c¢ 1+ c¢ = npatoo R(X,0) l+c 1+c¢

Remark 3.1. From Propositions 3.1 and 3.2, we note that the risks ratio of any shrink-
age estimator §¢ (X, S%,T?) of the form (3.1) dominating the James-Stein estimator
675 (X, S2,T?), to the maximum likelihood estimator attains the limiting lower bound

B, = 157, when n and p tend simultaneously to infinity.

Next, we consider the general form of shrinkage estimators of Lindley-type, defined
by

T2
We write A, = R (0¥ (X, 5%,7?),0) — R(X,0). Then
A

2 2K
Xp—1+2K Xp—1+2K

where o = ¢ (U2X%7 0'2X;2;—1+2K) :

(3.5) 5;?(X,52,T2):<1—¢(52,T2) 52) (Xj—Y)JrY, i=1,2....p.




GENERAL CLASSES OF SHRINKAGE ESTIMATORS 205

3.1. Limit of risks ratios.

Proposition 3.3. Assume that §% (X, S%,T?) is given in (3.5), such that p > 3 and
© satisfies

(H) |25 — (5% T2)’ < g(5?) a.s., where E{g2 (a2xi+4)} =0 (%) :

If lim Z (9 —9) /po? = c, then

p—+00 ;-1
p BOP(XT%).0)  c
n,p—>-+oo R(X,0) S l4c

Proof. We follow the same steps of the proof of Theorem 2.1, endeed we write v = %
and ¢ (S?,T?%) = p. As

R (5(X, 5%, T2),6) = E{Zp: _<1 - %i) (X: - X) —ei_Q}

and R (579(X,5%,17%),0) = E{z: (1 —afj) (x, - X) —9{2},
WeAh:e_R (5@(X,52,T2),9) R(679(X, 82T 2) 9)
28 {3: o= 5 (5T |(1- 52 (v-X) o
(a+¢ )S) 2
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S2 p _ —
=K {(a — @)ﬁ Z(Xz — X)(0; — 9>}
=1
X2
—=20%F {K (a — @(szi, 02X129_1+2K)) 2n} '
Xp—142K

S4

1 5 54
Ajg SZE{(|04—Q0|)52+2(04—<P) 75 talla—el) =

+202K (o — ¢ (633, X2 14010 )|) ” Xiw} .
2

From hypothesis (H) and the independence to two variables S? and T2, we have

Ayg <2 {E [529 (52)} + ;E [54g2 (52” E( 1 )

+aE [$'g ($?)] E (;)} +20°F [529 (%) Xi_ile
<2n [0 < st ()] 6 ()

+20E [% (5%)] E (T12> +20%E [549(52) K 1 .

Using the conditional expectation, we have

52 X;Q)—1+2K
g(8*) K g(s?) K
E[S“ o~ = E{E( |55 — S?
Xp—1+2K Xp—-1+2K

f <(l§§ﬁg)'p3ﬁzf<lsz>}
B |52

N~ N =

< 2

From the Lemma 5.1 of the Appendix, the independence of two variables x?,, and

Xo_112x and the fact that E ( o ) =F (ﬁ) < -1 we obtain

p—14+2K P’
g (o*xa 1 !
Ajs <2 (n +2) 02 {E (X,LMH) + §E {92 (02X721+4>] E <X§1+2K>}

g <U2Xi+4)

Xn+4

o (nt2)o? (aE ()] + B

1
£( i)
Xp—1+2K
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<on (n+2) 0*E g <U2Xi+4)] + n(n+ Z)UQE [92 (02X2+4>}

Xid p—3
g (‘7 2X?z+4)
X721+4 '

9 o (n+2)

+ 2no’E [9(02xi+4>}+ o P E

Thus,

E [92 (02X31+4)}

g (02X31+4) ]

2
Xn+4

Ays <2n(n+2)E [9 (02X721+4)] N n(n+2)

po? = p Xoi4 p(p—3)

+ 2;‘12 9 (0*X2 )] + ;;2 & ;"_JF;) E

where \ = i ((% - 5)2 /o

i=1
From the condition FE {92 (02X2+4)} =0 (#) , when n is in the neighborhood of
400, we have
A 2 2 2 2
i 2D Ay Ay B 2 Dy
po? np np (p — 3) p02 np
where M is real strictly positive.

A ,
As lim = = lim Z (Hi — 9)2 /po? = ¢, hence

p%—&-oop p—+00 ;=1

Ays
lim —— § 0.
n,p—>—+00 pg

Thus, from Propositions 3.1 and 3.2, we have
lim R(0%(X,5%,7?%),0) ¢
n,p—>-+oo R(X,0) 14

3.2. Minimaxity.
Proposition 3.4. Assume that 6% (X, S? T?) is given in (3.5), such that p > 4. If

(a) ¢ (S?,T?) is monotone non-decreasing in T?;

2(p—3)

b) 0 < p(S2%,T?) < ——2.

() 0< ¢ (57,77 < L
A sufficient condition so that the estimator 6% (X, S?,T?) is minimax is, for any k,
k=0,1,2,..., and for each fived T?

E {80 (02X31+4 702X;27—1+2k)} <FE {90 (O-QX?L-FQ 702X;2>—1+2k)} .

Proof. The proof is similar to proof of Theorem 2.2. Endeed, from condition (b), we

obtain
2K
A, —0’F {Xn % [X" LS 2 (1 — )] }
Xp 1+2K Xp 142K
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2(p=3) ., 2
o 2K
SUQE{Xi oK [Z“ X —2<1—2 )”
Xp—-1+2K Xp—1+2K

We will prove that the expectation on the right hand side being non-positive for any
K=Fk k=0,1,2,...
By using the conditional expectation, we have

2(p=3) , 2

“nt2 Xn 2k
ES X2 ¢x 2”—2(1— > )] Xa

Xp-1+2k Xp—1+2k
2(p=3) |2

o 2k

sy (1o ) e,
Xp—1+2k Xp—1+2k

the last inequality according to the condition (a) and the fact that the covariance of
two functions one increasing and the other decreasing is non-positive.

A, < o’E

<o’E {xi E(pl X3) E

As
< 2
e X 2k | _ 2= GEE-Y|
E 2 —2(1-= | Xn| = E I Xn
Xp—1+2k Xp—1+2k p—3+2
2
2(0-3)(25-1)
N p—3+2k
then
2
2(;;—3)( %:2 —1)
2 2 n 2
2 (p - 3) o’ 2 X2
= - F n__] )
p—3+2k "1 \nt2 ok
Using the sufficient condition
E {90 (02X721+4 702X12;—1+2k)} <E {%0 <02X721+2 02X§—1+2k)} ’
we have
2
X
E{N? n__ 1 <0
hence A, < 0. ]

Remark 3.2. Note that the James-Stein estimator given in (3.3) satisfies the conditions
of the Proposition 3.4, thus the James-Stein estimator is minimax.
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4. SIMULATION

We illustrate the graph of the upper bound given by the formula (2.4) for the risk
difference Ay of the estimator 6%2 (X, S?) given in the Example 2.2 and the maxi-
mum likelihood estimator, divided by the risk of the maximum likelihood estimator
R(X,6) = po?, as a function of d = ||4||* and s = o2, for various values of n and p.

]

0044

FIGURE 1. n=10 and p =14

FIGURE 2. n=25and p =10

In Figure 1 and Figure 2, we note that an upper bound of risks difference of the
estimator §%2 (X, S?) given in the Example 2.2 and the maximum likelihood estimator
X, divided by the risk of the maximum likelihood estimator is negative, thus the
estimator 6% (X, S?) is minimax for n = 10 and p = 4 and for n = 25 and p = 10.
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5. APPENDIX
Lemma 5.1 (Casella and Hwang [4]). For any real function h such that
E (h (Xg (/\)) X; ()\)) exists, we have
E{n(x2N) 2N} =aB{h (W)} +2B{n (2, ()}

Lemma 5.2 (Benmansour and Hamdaoui [2]). Let f be a real function. If for p > 3,
Eam(f(U)] exists, then

(a) if f is monotone non-increasing, we have
E ol(F(U)] < Eeml(f(U)];
(b) if f is monotone non-decreasing, we have

Ee ol(f(U)] = Exm(fU)).

Xp+2

Proof. (Proposition 3.1) (i)

R( (x,52.72),0) =B 32 [(1 -6 (527)) (6~ X) + X -0

—5|[1- o (527 S (6= %)+ B[S (X -0
428 “ ~o (7] 3 (X~ X) (X—Gi)] |

N—

As
P “1_¢(52 )3 (x- %) ] _E[(1 - 6x)* T
(5.1) =0*B [(1— ¢x)” X210k
and
B3 (x-0)] -5 |s (x-717-0)]
8|S (X-0) [+ (- 0) 42 (L 0-0)) (X -7)
(5.2) —o? 4 2: (G-0)".

The last equality comes from the distribution of X, X ~ N, (?, ";) and the fact that
p _
2 (5-0)-

=1
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Furthermore, we have
28 “1 o (s2.1?)] i (.- %) (¥ - 91.)]
__op| — 0
—_2p| — 0

—2E_ — ¢

G
G
(*
G

:—2E- —¢

T =1

p _
The last equality follows from the fact that > (Xi - X ) =0.
i=1
Using (b) of Lemma 3.1, we have

63) -2 [[1 o (8.7 3 (X - X) (- e)] — APB[K (1- ).

=1

> (09’

From formulas (5.1), (5.2) and (5.3) and the fact that F (K) = = , we have

20-2
R(6%(X,8%,1%),0) = E{o* (1= ¢x)* X2 1j0x + 07 +20°K — 40°K (1 — ) }
=0’E {Qﬁ( X?)—1+2K — 20K <X§—1+2K - QK) + p} .

(ii) We note that R (5¢ (X, 52,177 ,6) can be written as

(2 —2K)’
R ((W (X, 527T2) 79) —o’E {p B p—l-;QK }

Xp—1+2K

2
2K
+0°E {X§_1+2K <¢K -1+ 2) }
Xp—1+2K

2
2 — 2K
>0’FE {p - (Xp 1J;ZK ) } =B,(0).

Xp—1+42K

(iii)
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4K?
= | (e - ) )
Xp—142K

4K?
= d{p—E|lp—14+2K+ ——— — 4K
U{p PR TR TR

cofpr-sf )

Thus, from Lemma 3.1 given in Sun [19], we obtain

[1]

B, (0
lim b,(6) = lim pg): c. O
p—+oo p—+oo  po 1+c
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