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ALTERNATIVE APPROACH TO CERTAIN GENERALIZED
(p,q)-FRACTIONAL FOURIER INTEGRAL TRANSFORM WITH
AN ANGLE «

SHRIDEH AL-OMARI!

ABSTRACT. This article provides definitions and characteristics of (p, ¢)-analogues
of a fractional Fourier integral transform, as well as their application to spaces of
(p, q)-generalized functions. It also presents (p, ¢)-differential operators and (p, q)-
convolution products to generate certain (p, ¢)-differentiable functions and classes of
(p, 9)-Boehmians. Furthermore, it demonstrates that the relevant (p, ¢)-analogues
are linear and continuous across the spaces of construction. Additionally, it investi-
gates the generalized (p, g)-fractional Fourier integral transforms, their characteris-
tics, and inversion formulas on the aforementioned classes of (p, ¢)-Boehmians.

1. INTRODUCTION

The notion of obtaining g-analogous solutions without the need for limitations lies
at the heart of the field of g-calculus theory. Jackson was the first to methodically
establish the g-calculus theory [4]. He provided a general definition for the terms ”¢-
integral“ and "g-difference operator”. Excellently, sets of non-differentiable functions,
various classes of integral operators, orthogonal polynomials, and numerous classes of
g-Bessel functions, ¢g-hypergeometric functions, ¢-beta and g-gamma functions, and
many more can all be handled with the help of the theory of ¢g-calculus [5-8]. Tt is a key
concept in several physical scientific domains, including conformal quantum mechanics,
strings, mathematics and physics. In addition, it covers issues in quantum theory,
mechanics, theory of relativity, orthogonal polynomials, hypergeometric functions,
combinatorics, and number theory [29-38].
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In [39], Chakrabarti and Jagannathan introduced (p, ¢)-calculus as a generalized
version of the g-calculus when p = 1. Consequently, in [6,7,10, 11,41, 42], numerous
concepts on (p, q)-integral, (p,q)-derivative, (p,q)-Taylor formulae, and the (p,q)-
fundamental theorem of calculus have been the subject of comprehensive research and
development by numerous scholars.

In [9], Sadjang looked into properties of the (p, q)-Laplace transform and solving
certain (p, q)-difference equations. After that, he investigated the (p,q)-Sumudu
transforms and provided traits that aid in the solution of (p, ¢)-difference equations.
Furthermore, several authors developed thorough (p, ¢)-analogues of the Laplace and
Sumudu transforms utilizing the (p, ¢)-Aleph function. In order to solve several (p, q)-
differential equations, Jirakulchaiwong et al. [7] and some other authors [47-54] have
recently created the (p, ¢)-Laplace-type integral transformations and discussed various
applications.

Applied physics and engineering problems have made substantial use of generalized
functions (distributions), which are continuous linear forms defined over sets of infin-
itely smooth functions [15]. Distributions are helpful in smoothing out discontinuous
functions and describing physical occurrences as point charges. A structure in algebra
that is comparable to the field of quotients outlines the modern generalized function
space, referred to as the space of Boehmians [18,19,26]. Various Boehmian spaces are
generated from the structure when they are applied to different function spaces when
multiplication is regarded as a convolution [5,42]. While building Boehmian spaces,
delta sequences or the so-called approximating identities with declining support to
the origin is necessary. This, in fact, lead to the uniqueness theorems, that are seen as
uncertainty principle for the dynamics of Boehmians [44], see [20,43,45]. Nonetheless,
because Boehmians have a definition in abstract algebraic notion, they permit various
interpretations of those operators to constitute isomorphisms between the various
Boehmian spaces.

In this article, we provide a brief overview of the (p, ¢)-calculus theory and the
(p, q)-theory of Boehmians in Sections 2. In Section 3, we establish theorems on (p, q)-
convolutions and derive some characteristics of the (p, ¢)-fractional Fourier transfrom.
We discuss spaces of (p, ¢)-Boehmians in Section 4 and 5 and, in Section 6, several
features of the generalized fractional integral operator are derived and some extensions
are also examined.

2. (p,q)-GENERALIZED FUNCTIONS

Hereafter, we outline several common concepts and symbols arise from the (p, q)-
calculus theory [40-42]. The definition of the (p, ¢)-analogue of the differential of a
function 9, d, ,9(x) = d(px) — I(gz), 0 < ¢ < p < 1, is the first step in learning the
(p, q)-theory. After saying this, we get the (p, g)-analogue of the ¥} derivative right
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away, which is known as the (p, ¢)-derivative,

Y(pz)—9(qz) 0
2.1 D, ) (x) = ,oaw » 270
1) Dpt) @)= { il 17D

If 9 is differentiable, then lim, , ,1 D, 9 (z) = 9" (x). Given two functions, ¥J; and ¥y,
the (p, g)-derivative of their product satisfies the following (p, ¢)-analog
(2.2) Dy q (0192) (x) = U1 (px) Dy g2 () + U2 (q2) Dy g1 (7).

Hereafter, [r], , and [r], ! will denote the (p,q)-analogues of numbers and those of

factorials Whiléfl are discussed by
P—q v
(23) [T]p,q = p o q and [T]pg! - HiZl [dpyq? [O]pg = 17

respectively. While, the (p, ¢)-analogue of the power function (t — v); o T=01..
z,v € R is introduced by

)

r r—1 i i
(2 =)y, = Hi:O (zp vl ) '
Hence, for r = 2, we have
(2.4) (t+ v);q =t’p+tv(p+q)+vi® — p2+2pzv+p?,  asqg—p .
The (p, q)-integral of a function 9 is defined by [4]

(2.5) /xﬁ(x)d :E:(p—q)xio ¢ gle 9 |P
0 Pq — pitl pitl q

provided the sum converge absolutely for real number x. The (p,q)-integral in a
generic interval [a, 0] is given by [4]

b b a
/a U (x) dpgr :/0 V() dpgr — /0 U (2) dp g,

[ Dy (2) g =0 1) — ia)

Definitions of the (p, ¢)-integral by parts for functions ¥; and 5 are provided by
(2.6)

[ 91 02) Dy () dyge = 02 6) 02 6) = 02 )91 (@) = [ 92 4) Dy (2) iy

Whereas the definitions of the two varieties of (p, ¢)-exponential functions are given
in [10]

> 1,

+oo

(2.7) Epy(@)=Yq"7 ——, w€C,
1=0 [Z]p,q'

and
+oo iie1) J]i

(2.8) epq () = Zp 2 - |z < 1.

=0 [ ]p,qr
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When p = 1 is substituted in (2.7) and (2.8), the g-exponential functions E, and
e, are obtained, respectively. The (p,q)-derivatives of the exponential function’s
(p, ¢)-analogues are also provided by

(2.9) D, 4epq(rt) =1e, (rpt) and D, E,,(rt) =rE,,(rqt).

Following our work in [46] we introduce the (p, ¢)-Boehmians as follows.

Suppose that U is a linear space V'’s subspace. The products of any pair of elements
6 € (V,%,,) and wy € (U, *,,) are then allocated as *,, and x,, such that:

(1) wi,ws € U implies wy 4 wo € U, wy %y 4 wWo = Wa *p 4 W1,

(i1) 0 € V, wy,we € U implies (0 %, 4 w1) *pq wo = 6 %, 4 (w %, g W),

(119) 61,60, € V, wy € U, r € R implies (61 + 62) #pq w1 = 01 %pq w1 + 02 %, 4wy,
7 (01 %pqwi) = (r61) *pq w1.

Let A (R) be a set consists of sequences from U. Then, if A (R) passes A; and A,,
it is a set of the so named delta sequences if the following hold.

(Py) For 01,0, € V, (6,) € A(R) and 6, %4 0, = 05 *,,, 0,,, we have 0; = 0, for all
n € N.

(P) (wn), (0,) € A(R) implies (wy, 4 ¥n) € A (R).

If S ={0.),(wn),(O) €V, (w,) € A(R), forall n € N}, then ((0,), (w,)) is a

pair of two quotients of sequences in S if and only if
(2.10) O *pq Wi = O *p g Wh,

for n and m being natural. The pairs ((6,,), (w,)) and ((9,) , (0,)) are equivalent pairs
of quotients according to the notation ~ if and only if

(2.11) O *p.q Om = U, *p g Wn,

for all natural numbers n and m. Accordingly, ~ creates an equivalent relation on the
set S, and as a result, f}—” represents an equivalence class called the (p, ¢)-Boehmian.
The new space of those resulting Boehmians is denoted by B. Two (p, ¢)-Boehmians

g—: and z—z, O, 0, € V and pu,, 60, € A for all natural n, can be added in B by the

equation
(2.12) Hl + % _ On *p.q tn + U ¥p g 5n.
On  fn On *p,g Hn
The (p, g)-Boehmian %2, ¥, € V and p, € A, can be multiplied in B by a real

number A as

9, A,
(2.13) A — ’

o, Hn

whereas the expansion of *,, and Dy, to the (p,q)-Boehmian B are expressed in the
form

0., P O *po Uy v, Dg U,
(2.14) —Hpg — = ——+— and Dy —=-L1— ack

On Pn  On ¥pg fin s fn
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The product *,, can be enlarged to B x,, V' by the equation

Uy, Uy, Uy,
(2.15) T g = e eyt e B
[in Lin Lin
Furthermore, if 8, € B, then f3, RN [ in B, if there can be found a delta sequence
(9,,) such that
(2.16) lim B, %y, 0k =B%pq0, nV,

n—-+0o

for (B *pq V%) and (B #,,9;) €V, n, k € N.

3. THE (p,q)-FRACTIONAL FOURIER TRANSFORMS AND CONVOLUTION
THEOREMS

The fractional Fourier integral operator usually extends the traditional Fourier
integral operator into a fractional domain. Although this operator has been defined in
a variety of ways, the most logical one has been to extend the idea of rotations across
an angle /2 in the conventional Fourier integral operator. The fractional Fourier
integral operator correlates to a rotation over an angle a. In contrast, a rotation
on the time frequency plane a = an/2, a € R, corresponds to the standard Fourier
integral operator.

Definition 3.1 ([27]). Given a signal ¥ and an angle «, the fractional Fourier integral
operator can be defined both explicitly and formally using the integral equation

+oo
(3.1) Fo (9) (w) = / 9 (1) X (t,w) dt,

such that

o)

9 exp (ja (@) (£ +w?) — 2b(a) w a # nw
(3.2) Xa(t,w):{ ver. p (ja (@) (2 +w?) = 2b(a)wt) ), a+#nr,

2 )

ﬁ

where a (o), b(a) and ¢ (a) are given by <4<, sec, and /1 — cot a, respectively.

From (3.2) and (3.1), the inversion formula has been retrieved as

(3.3) 9(t) = \/127 / zo Fy () () X_o (£, w) duw.

Nevertheless, the fractional Fourier integral operator satisfies the following formulas
for specific values of a: Fy(¥)(w) = d(—w), Fo(9)(w) = d(w) and (7/2)(V)(w) =
F(9)(w), where F' is the conventional Fourier integral of . It does, in fact, have
applications in the time filtering [28], optical systems [1], quantum mechanics [2],
solving ordinary differential equations and some pattern recognitions [3,16,24]. A
few characteristics are worth mentioning. It is noteworthy that many characteristics
of this amazing integral include associativity, commutativity, index additivity, and



1144 S. AL-OMARI

linearity Fio,Fo, = Foytas, (FayFay) Fas = Fu, (Fa,Fag) of the fractional Fourier
integral operator have been discussed in [21] (see also [12,13,15].

Definition 3.2. Let ¢ be a signal. Then, we define the (p, ¢)-analogue of the fractional
Fourier transform with an angle a of ¥ of the first-type as

“+oo
(3.4 Fraa @) (@) = [~ 0(8) Xy (b0) dyt.
such that

f/(%ep,q (jpa (@) ((t* + pw?) — 2pb (a) wt) )7 a # nm,

P,q —i
2r ) o =3,

(3.5) K, g0 (t,w) =

where a (o), b(a) and ¢ () are given by <4<, sec o, and /1 — cot a, respectively.

Definition 3.3. Let ¢ be a signal. Then, we define the (p, ¢)-analogue of the fractional
Fourier transform of the signal ¥ of the second-type as

v +oo o
(3.6) Fraa @) (@) = [~ 0(0) Xy (t0) dyt.
such that
BT X (fw) = { f/(%Epvq(jqa (o) ((£* 4+ pw?) — 2¢b (o) wi) >, a # nm,
' L I _x
Vor ) o = oY)

where a (), b(a) and ¢ () are given by <4<, sec o and /1 — cot a, respectively.

In order to prove (p, ¢)-convolution theorems for the preceding (p, ¢)-analogues, we
first propose a convolution product restricted to the condition ¢ — p~ as follows.

Definition 3.4. The (p, g)-convolution product between two signals ¥ and 9y and an
angle « is given by
+oo

(3.8) (9 %2, 90) (1) = / 9 (2) 9o (t — 2) Uy (£, 2) doy o,

where 1, , (¢, 2) = e,4 (2pgjz (2 — z;) a(w)).

Theorem 3.1. Let a (), b(a) and c(a) be given by %%, seca and /1 — cota,
respectively. Then, we have

(3.9 Fpga (19 *g,q 190) (w) = c\/(iep,q (—jpga () wz) (Fpga?) (W) (Fpgat0) (w) .

Proof. By aid of the definition of F,,, (3.4), the definition of K,,, (3.5) and the
product x5 (3.8) , we are led to write

C

\/(%3 /_—:O (’19 *z,q 190) (t) Xpgo (t’ w) dpqt

Fya (fﬁ £ 190) (w) =
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paa (B, W) dp gt
_C\/(%i /:O /_:019 (2) 00 (t — 2) epyq (jpa () t2>

X epq (Jp7a (@) w?) ey (—jp* () a(a)b(a))

X Py (L, 2) dygtd, 2.

By using the fact ,, (t,2) = e,, (2pgjz (z —t) a(a)), a () b(a) = (sec @) (cot ar) =
csca, we get

Frga (19 *pa 190) (w) :c\/(%z /—;oo /—:O V(2) U (T — 2) €y, <jPCO; atQ)
X €pa (jpza (@) w2) €p.q (—jp2 (wt) csc a)
(3.10)

X €pq (jp2z (z —t) cot oz) dy qtdy 2.
The alteration of variables v = ¢t — z results in
« c (OJ) oo +oo . 2
Foae (9450 90) () =22 [ 7 [ 0G0y (0) ey (jpa (@) (0 + 27)

X epq (PP (@) w?) e (=9 (10 (v + 2) esca))
(3.11) X €pq (—ij,zv cot a) dp.q2dp 4V
Hence, by moving the items around in (3.11) and (2.4) we obtain

Fyga (19 0 190) (w) :i/(%z /J:O /;OO U (2) Vo (V) epgq (jpa () (pZQ + 2pzv +p1}2>)

X €pg (p2a (a) w2) €p.g (—jp2 (w (v + z) csc a))

X €pq (—ijZU cot a) dy q2dp 4.
c

[ T 0@ @ e (i (@) )
X €pg (jp2a (@) 23“) €pq (ija (a) U2)
X €pq (an () w2) €p.q (—jp2 (wva () b (a)))

X €pgq (—jp2 (wza (@) b (a))) g (_QjPQZUa (a)) dpq2dp qv-
Therefore, we establish that

an,a (19 *g’q 190) (w) :i/(;ﬂ)_ /_;OO 9 (z) €p.q (jp2a (a) 32) €pq (jp2a (a) w2)
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(3.12) X €pq (—ijwz (csc a)) €pq (—ijwv (csc a)) dy 42

Multiplying (3.12) < Up*a (o) w?) yields

Fpga (045, %0) (w) C\/(%zem (79%a (0) w?)

:C\/(Qa_w /_;OO VU (2) epgq (jp2 (cot @) 22)

X €pq (jpza (o) w2) €pq (—jp2wz (csc a)) dp,qu/(%z /_J:O Yo (V) €pq (jp2a (a) v2)

X €pq (ija (o) w2) €pq (—ijwv (csc a)) dp.qV.
Hence, this yields

(3.13) Fpgo (955, 00) (w) i/(;i)em (7p%a (@) w?) = (Fud) (w) (Fatlo) (w) .
Multiplying both sides of (3.13) by o) vields
27

(3.14) Fyqa (19 £ 190) (w) epq (ija (a) w2> = (Fo9) (w) (Fuvy) (w).

a)
Once again, upon multiplying (3.14) by e, , (—jp a( ) w?) reveals

(3.15)  Fpga (945, o) <w>:gep,q (—ra(a) w?) (Fyyad) (w) (Fpgao) (w)

The proof is finished. O
Theorem 3.2. Let a(a), b(a) and c(a) be given by %%, seca and /1 — cota,

respectively. Then, we obtain

v

(3.16) Fpga (955, 00) (w) = S By (—id*a(a)w?) (Fpga?) (w) (Fpgavo) (w),

as q —p-.
Due to [13] and Zemanian [45] as well, we offer the definition that follows.

Definition 3.5. An infinitely (p, ¢)-differentiable complex-valued signal ¥ is in the
class Sy, . (R) if and only if
(3.17) Yrpq (V) = SUDPier ‘trD;’#? (t)‘ < 400,
where r and v are constants.
Alternatively, (3.17) can usually be written as

Jrw (0) = sup,ep (1 + |t] ) Dy v (t)‘ < +o0, r,veN.
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We denote by the subspace of S¥_(R) of those functions of compact supports over

r.pq
R such that

SUP¢er ‘D;,qﬁ (t)‘ < +00,
is denoted by DY (R).

T’p7q

Definition 3.6. By SV (R) we denote the set of all signals ¢ such that

T‘7p7q

Vrpa (9) = SUD, ez [27AVTY ()| < 400,

where
o vae . 2V1—cota
(3.18) At = (Dp;q —]pzﬁ (cota) x| .

Based on the previous analysis, we arrive to the following conclusion.

Proposition 3.1. Let K, ,, (z,§) be the kernel function of the fractional Fourier
transform. Then, we have

oz .9V 1—cota !
Ap:q (Xp,q,a (1‘75» = (‘]Iﬁmf csca | Xpga (x7§)7 v € Np.

Proof. Through the use of (p, ¢)-differentiation rules we obtain

DU Xy o (2,€) =D (i/(%zep,q (jpa (@) (22 + p€?) — 20b () &)))

:C\/%ijpa (a) (pr + gz — 2pb () €)
x epq {dpa(a) (2% +pg?) — 2pb(a) &x) }
:;(%Z ipa (a) (pz + pa — 2pb () €)
x cpq (ipa(a) (2 + pe?) - 2pb () £x))
Cj%z jpa (@) (2px — 2pb (@) €)
x epq(jpa (@) (22 + pg?) — 2pb (a) &)
‘i/%z jpa (@) (2pz — 2pb () €) Xpgua (2, €).

Consequently, if K, , o = Kp4.q (z,€), then the equation above can be simply expressed
as

v c(a) . c(a) .
(3.19) Dp:q Kpgo — Ejpa (@) 2p2 Ky g0 = E]PG (@) (—2pb (@) &) Kpga-
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Hence, by motivating the equation we obtain

20) (35— 72 (@)20) X0 (06 = =00 (0)20() €, (1.6).

Therefore, taking into account the real values of a («),b(«) and ¢ («) we establish
that

V1 —cot V1 = cot
(D;?ﬁ - jpz\/;;a (cot a) 95) Xpga (2,8 = <—jp2\/2i:a (cot o) € sec a)

< V1 —cota Cot a )

= _.]p D,q,0
where X, ;0 = X} 40 (2,€). Continuing this process, assuming qua = 6,
indeed gives

(3.21)

. T=cota v V1—cota . °
(Dp:q — 727ij (Cot a):v Xpga = —T]p 5(CSC a) Xpaa-

This finishes the proof. O

Proposition 3.2. The (p, q)-derivative of the (p,q)-analogue F,,  is given by

855 (rga) (€ = B ( (a2 o) 00)) 6.

Proof. By taking into account (3.18) and Definition 3.2, we get

AL (Foga®) (€) = [ 0(2) AL X (2,6) dy

:/:‘)19(55) <_jpzvl‘\/§to‘ (csca)> Xpgio (2,€) dp g
L csw)

qua z,§) dp g

.9V 1—cota
=fpga || —Jp W z (
This ends the proof. 0

Theorem 3.3. F}, . : Sy, (R) = S0 (R) is linear and continuous.

Proof. Linearity of F),,, is obvious. To prove continuity, let (¢,) € S (R). Then,
by Proposition 3.2, we have

(3.22) AU (Fpgath) (€) = Fpga ((—1_““

o <csca>) 2, <x>) ©.
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Therefore, (3.18) gives

/—1 — v
ilelﬂlg )f’BA (Fpq.0Un) ‘ = Sup ¢°F, P, ((_\/gtosz% (csc a)) Ip (x)) (5)‘

Since ¥, € S}, (R) we have ( Jp 7”\/9t°‘x (csca)) U, (x) € S7,, (R). Hence, it

follows that

(3.23) Fpoa

() a5
)

Therefore, if ¥, () — 0 as n — +o00, then

V1 —cota a
3.24 sup |€°F, .o | | —3p? (csca) | I, 0, asn— +oo.
( ) EEIE 3 D4, (( Jp /_271' > ‘
This completes the proof of our result. O

4. THE (p,q)-SPACE 4 (S0 (B). (D2, 4 (R) 52, ) .50, Ase))

P,q P,q ? ' DPq

In the present section, it is aimed to establish the space of (p, ¢)-Boehmians with
the sets S7,  (R), Dy, (R),*5  and Aa @), Therefore, we introduce the new class of
(p, q)-delta sequences as follows.

Definition 4.1. Let A%®) denote the set of sequences (8,) of D¥_ . (R) such that the
following hold:

+oo X 2
4.1 O, (1) P =1, forallm €N,
p,q P,q
+o0 . 2
(4.2) / 16, (£)] 2@ 4, 1 < A,
(4.3) maxi>s |0, (£)| = 0, as n — +oo for all 6 > 0,

where A is a real number.
We now prove the subsequent theorem.

Theorem 4.1. The collection (A“ o

s pq) forms a collection of (p, q)-delta sequences.

Proof. We show (8,2, 7,) € A],, for all (&,).(7,) € A% As (4.2) and (4.3)
have simple proofs, it is sufficient to demonstrate that (3.24) holds. Upon using the
theorem of (p, ¢)-convolutions at w = 0, we derive

(4.4) Fpgo (8045, 90) (0) = g/g

Therefore, by applying (3.4) and multiplying by f/(—%)r we obtain

i;%i /_;OO (5” *pa 7”) (t) epgq (jpa () t2) dyqt

(Fp.g.a0n) (0) (Fpg.07n) (0) .
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i/ﬂ \/ﬂ/ °° t) epq (]pa( ) 2) dp gt

(4.5) < N / T () e (jpa (@) ) d,,,qt>.

Thus, employing (4.1) for 7, and d,,, we get

/_J:O (5” *;q 7n> () epq (jpa () t2) dyq t = 1.

The proof is completely finished. O

Theorem 4.2. The discussed product x;; . is commutative in Sy, (R), i.e., Vx5 Jo =
’&0 x¢ 9.
p,q

Proof. According to the (p, ¢)-convolution theorem, we can say that

\V2r
¢(a)
V2T ‘
:@ep’q <_jp2a (Oé) ’u}2) (Fp7q7a’190) (w) (prq’aﬁ) (w)

(4.6) =Fpqa (Y05, 1) (w).

The given result is obtained by using the inverse F}, , . transform. 0

(R). Then, 03, (D9 %5, h) = (955, 05) %5, h.

Fpga (055, %0) () =~<e,0 (—ipa (a) w?) (Fq.a) () (Fpgath) (w)

Theorem 4.3. Let ¢,9q,h € S?

r.p,q
Proof. By applying Theorem 4.2, we have
g (955, (9055, 1)) (w)

= —epq (=i a (@) w?) (Fpga?) (@) (Fpga (D0 ¥5q 1) ) ()
= Cra (_jpza (a) w2) (Fpg.a?) (w)

X @) (—ira (@) w?) (Fypgato) () (Fpgah) (w)

=~ ey (—ip*a (@) w?) (Fpgad 5y 90) () (Fpgah) (w)
=F) 40 ((19 g ?90) o h) (w).
This ends the proof. [l

Simple calculations can be used to obtain a proof for the following two theorems.
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Theorem 4.4. If § € D
n — +oo, then

(7) (0 + o) 5, 0 =0 %5 0+ Vo5, 0,

(79) U %5, 0 — 0 %5 0 as n — 400,

(1ii)n (19 *& 9) = (7719 £ 9) , for every complex number 1.

R) and ¥y € D}, (R), then ¥ x5 Jo € S7,, (R).

P9
Theorem 4.6. Let (w,) € A% 9 € S (R). Then, ¥ 0 wWn — U as n — +oo.

R) and 9,9,,9y € S’

™D,q

poa (R), such that ¥, — ¥, as

Theorem 4.5. If ¢ €

rpq(

p.q ™Dp,q

Proof. By aid of (3.17), we get

v Dy, (945,00 - 9) 0] = | D5, ([ O; 0. (6) = 9 (0) wn (2) 2

< Jm

as n — +oo, where 9 (t —z) = 9, (t), C is a compact subset of R containing the
support of (w,), for all n € N, and |w,| < A, A is a constant.
The proof is ended. ]

M|t Dy, (0. = ) (£)| dpgz — 0,

The space 3, , ( Y oa = Brna (S;qu( ), (D;qu (R), *;‘)‘7(1) . A“ o )) of Boehmi-
ans is defined. The sequences (¢, w,) and (0, pn) in 37, , are equlvalent, (D, i) ~
(O, i) , if
(4.7) O *p g B = O ¥, wn,  for all m,n € N.

Indeed, ~ expresses an equivalence relation on 3, .. The equivalence class in /3
containing (¢, w,) is denoted as

™Dp,q

Uy,
4.8 -
(4.9 -
and is a (p, ¢)-Boehmian. The following is an embedding between S7' ) (R) and 3,
*& Wy,
(4.9) y — Lpa%n
Wn
for all m and n € N. If 22 € 3¢~ and € € 37, , then we have (%) *pq € = 197

5. THE (p,q)-SPACE B2, (S‘” (R), (D‘“’ (R), p) of Aaa)

D,q D,q ’ TP

To define the ultra space of (p,q)-Boehmians, let Sp” (R) and Dy (R) be the

r.p,q
collection of F}, 4, of Sy, (R) and D} (R), respectively. By similar technique, let

T.p,q
A“ @) be the collection of fractional Fourier transforms of F, ..o of all sequences in

A“ a . Then, an operation on S%" is defined by

D,q

(5.1) (Ut V) (w) = ;/gem (—dpa () w?) U (w) V (w).

Consequently, the following theorem can be easily proved by using this foundation.
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Theorem 5.1. Let U,U,, H,V € Sg7 (R), U, = U asn — +oc and Y € D}, .
Then, the identities listed below hold.

() (U+V)olY =UoclY +VolY.

(1) Uy qu—)quY asU —>Uasn—>—|—oo

(441) qu V= Voq U.

(iv) U ot (v o H) = (Ut V) ot H.

(v)n(UogV) = (nUogV), n e C.

Proof. The proofs for (i) and (éi) are simple since they resemble the proofs provided
to the space 3/, , ( g (R), (Dﬁpq (R), *gq) . A“(a ) :

The proof of (i) Let 9,7, € Sy, , (R) be such that U F,g09 and V = F, , .U,
then by (5.1), we have

(o)

:\/(2_7;%(1 (—jpa (a) wz) (Fpg.a?) (w) (Fpgado) (w)

(U ol V) (w) €paq (—jpa (a) w2) U(w)V (w)

=Fpqa (U5, %0) (w) € S22, (R).

Since ¥ 5 Jo = U 5, ¥ it happens from (5.1) that

(5.2) (Ut V) (w) = Fpga (055, 9) (w) = (VoL U) (w) € S22, (R).

While the proof of (v) is simple, the proof of (iv) is comparable to the proof of (iii).
This finishes the proof. O

Theorem 5.2. Let (0,,), (vn) € Agfg and U € S (R). Then, (Hn of gon) € Agfg‘)

7,psq
and lim,_, ., U of 0,=U.

Proof. Let (6,), (¢,) € Agf;) be such that F),, .0, = 0, and F,,,¥, = ¢, for all
n € N. Then, by (5.1) we have

(en of son) (w) = ;/g;ep,q (— jpa () w2) 0, (W) @ (W) = F, g0 (5n % wn) (w) .

Hence, (Qn 0 gpn) belongs to Agfq since (6n 0 1%) belongs to Ag’(qo‘). In a similar

manner, the proof of the second part of the theorem can be derived.
The proof is therefore ended. 0

The space (27 (SO‘” (R), (Da” ) od A“a) of ultraBoehmians is obtained.

P9 P4 T.p,q’ TP

The (Fq.0Un, Fpgan) and (Fpgabn, Fpgatn) in are equivalent if

qu

F,

p,q,&

19OF

p,q,x m

=F

p,q,x

Qmo F

p.g.00n, forallm,neN.



ALTERNATIVE APPROACH TO CERTAIN GENERALIZED (p,q)-FRACTIONAL FOURIERI1153

In fact, ~ establishes an equivalence relation on 377 . An ultraBoehmian in 37, is
written as
* )
Fp7q7a9n
where (F,ga0n) € &0 (R) and (Fpgab,) € A%, The equivalence class in 327,
.. . Fy o oabn . .
containing (£}, ga¥n, Fpq.adn) is denoted as 72" and is called Boehmian. An em-
p,q,a¥n
) . 9By g.00n
bedding between 57, (R) and o, 1s expressed as y — %, for all m,n € N.
Fp.q,aUn a,v a,v
If sy € Brng and € € 077, then
q
Fp,q,aﬂn ol g = vaqvaﬁ" °p €
Fp7q7a5n p Fp7q7a6n

Comparable ideas of addition, convergence, and scalar multiplication may be found

: a,v v
ln 7”7]77(] and /8T7P7q'

Definition 5.1. Let (6,) € A%®) and (¢,,) € S, (R). Then, the extended (p, q)-

.p,q
. . Oy - v .
fractional Fourier operator F}, 4 of §* in 87, , can be given as
(5.4) rao |5 | =5 5
n p,q,a¥n

which indeed a member of 7" .

6. CHARACTERISTICS AND AN INVERSION FORMULA FOR Fm,a

The generalized fractional Fourier operator prq,a is examined in this section along
with some of its characteristics. To prove that F,,, is well-defined, we have the
following theorem.

Theorem 6.1. The generalized (p, q)-fractional Fourier operator Fm@ FBrpg = B
is well-defined.

Proof. 1f it is assumed that g—" = % € 07,4 Then, the concept of quotients of

sequences in 37 establishes that 19: 5 g Em = Om xp o 0n, myn € N. Thus, applying
the analogue F,, ;. reveals that

(6.1) Fpgo (9 %50 €m) = Fpgo (Om 45 0n) . m,m e N.

Therefore, according to the (p, ¢)-convolution theorem,
(6.2)

€p.q (—ija (@) w2) (Fpg.a¥n) (Fpgatm) = €pq (_jpza (a) w2) (Fpg.abm) (Fp,g.adn) -
Alternatively, this might be written as
(6.3) (Fpg.aUn) Og (Fpg.0tm) = (Fpgabm) Og (Fp.g.a0n) -
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As a consequence of the idea of quotients and (6.3) in

Fp’q7a/l9n Fp7q7a9n
= , m,n € N.
Fy g.00n Fpqan

Thus, it has been obtained that

I 1911 v 9n
Fp,q,a <5> = Fp,q,a (8) y m,n € N.

This ends the proof. U

imply that

qu

Both of the following theorems have simple proofs. Thus, details have been removed.

Theorem 6.2. The operator F .., : Brpq = Bray 18 linear.

Theorem 6.3. Let 3 € 3, ,,8=0. Then, FWW (8) = 0.
Theorem 6.4. Let py, 8 € B, ,. Then, we have

Fpg (505, 8) (0) = 2y (1770 2) ) By (5o) B 5).

Proof. Let 5y = 19” , B = 9" € 587, be given. Then, by employing *7  we get

C o I, *¢ 0,
Fyg (ﬁo *p.gq B) = Fpga ((5 - ) .
n *pq €
Hence, Theorem 3.1 reveals

Fp,q,a (50 *a 5) (w) = C\/(%zem (ija (@) w2) qu o (o) F; pasa (B)-

This ends the proof. O
Definition 6.1. Let 5y € 5;5,, Bo = Ipg.a¥n Then, the inverse operator of F

FP1Q70¢57L pga

y o
(Fp,q,a) L B, = By, is presented as

o -1 Y,
(64) (Fp,q,a) (60) = 577
for cach (4,) € A,
Theorem 6.5. The inverse operator (Fp,q,a)i By = Brpq s well-defined and
linear.
Proof. Let By = B in B, Bo = ?izz”j:, 8= gﬁngz Then,

F, q.a0, ol Fp7q7a5m = quoﬂmo F, 4,00,

for some (6,,) , (¢,) in Sy, . (R). By aid of the (p, g)-convolution theorem (Theorem
3.1) we obtain

9 N o .
Fpga (ﬁ” *p.g 5m) = Fpga (Qm *pq n) , m,n & N.
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Therefore, by the benefit of the the inverse operator (6.4) we get 0, 5, &, = O, *

dn (m,n € N). Therefore, the concept of (p, g)-qoutient of 3;, , we find that

e
p,q

On  En

g -1
. . . . _ Fpgan 3 _ Fpgabn
To establish linearity of the inversion (Fp,q,a) , let By = oL B = Folecr be

members in 577, then by addition of 57 and the (p, ¢)-convolution theorem we
write

(Fpgﬂ)_l (60 n ﬁ) _ (prq’O()—l (Fpﬂ,a ((1971) *gﬂ En + <9n *IC;’q 5n)>) |

«
Fpoa (5n K0 5n)
Therefore, considering the inversion formula we get
_ Un g Ent On kg 0n

On g En

(Fp,q,a>_1 (50 + 5)

Hence, by aid of the (p, g)-addition in 37, , the proof of our theorem follows.

7. CONCLUSIONS

This study examined a new generalized post-quantum calculus theory and explained
its fundamental concepts, including (p, ¢)-delta sequences, (p, ¢)-distribution spaces,
(p, q)-Boehmian spaces, and a few other concepts. Additionally, we presented (p, q)-
analogues to the fractional Fourier transform and developed several axioms that led
to new generalized spaces of (p, ¢)-Boehmians. The extended fractional transform of a
(p, q)-Boehmian is then demonstrated to be a well-defined (p, ¢)-Boehmian that meets
several generalized properties. A few inversion formulas for the fractional Fourier
transform are also discussed.

Acknowledgements. The authors would like to express many thanks to the anony-
mous referees for their corrections and comments on this manuscript.
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