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ON THE BOUNDEDNESS OF q-HAUSDORFF OPERATORS ON
q-HARDY SPACES

OTHMAN TYR1

Abstract. E. Liflyand and F. Móricz proved that the Hausdorff operator generated
by a function φ ∈ L1(R) is a linear operator bounded on the real Hardy space H1(R)
by using the classical Fourier transform and the Hilbert transform, they also proved
that this operator commutes with Hilbert transform. In this work, we extend these
results to the context of q-harmonic analysis associated with the q-Rubin’s operator,
we introduce the q-Hilbert transform on the real line, we study some of its main
properties. Next, we define the q-Hardy spaces H1

q(Rq) by means of the q-Hilbert
transforms, we finally study the q-Hausdorff operator and we prove the boundedness
property and the commuting relation of this operator and q-Hilbert transform in
q-Hardy spaces.

1. Introduction and Preliminaries

The Hausdorff operator is one of the important operators in harmonic analysis, it
has a deep root in the study of the Fourier analysis. Particularly, a one-dimensional
Hausdorff operator in Euclidean space is closely related to the summability of the
classical Fourier series. The modern theory of Hausdorff operator started with the
work of Siskakis in the complex analysis setting and with the work of Liflyand-Móricz
in the Fourier transform setting [20], for more information about the background and
the development of the Hausdorff operator one can refer to [7, 13, 15, 18, 19, 21] and
references therein. For a locally integrable function φ on (0,+∞), the one-dimensional
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Hausdorff operator is defined in the integral form by

hφ(f)(x) =
∫ +∞

0

φ(t)
t
f
(
x

t

)
dt.

It is worth pointing out that if the kernel function φ is taken appropriately, then the
Hausdorff operator reduces to many classical operators in analysis such as the Hardy
operator, the Cesáro operator, the Riemann-Liouville fractional integral operator and
the Hardy-Littlewood average operator (see, e.g. [7, 13] and references therein).

Let L1(R), be the space of all Lebesgue measurable and integrable complex-valued
functions defined on R endowed with the usual norm

∥f∥1 :=
∫
R

|f(t)|dt < +∞.

Then, we define the Fourier transform f̂ of a function f ∈ L1(R) by the following
equality

f̂(x) = (2π)−1/2
∫
R
f(t)e−itxdt, for all x ∈ R.

We also consider H(f) the Hilbert transform of a function f ∈ L1(R) in the form

(1.1) H(f)(x) := 1
π

P.V.
∫
R

f(x− y)
y

dy = 1
π

lim
ε↓0

∫ +∞

ε

f(x− y) − f(x+ y)
y

dy,

for all x ∈ R. We recall the definition of the Hardy space H1(R) as follows (see [20])

H1(R) :=
{
f ∈ L1(R) : H(f) ∈ L1(R)

}
,

endowed with the norm ||f ||H1 := ||f ||L1 + ||H(f)||L1 . It has been proved in [2, 24]
that H is a linear multiplier operator given by

Ĥ(f)(t) = −i sgn(t)f̂(t), for all t ∈ R,

where sgn(t) equals +1 for t > 0, −1 for t < 0 and cancels at 0. This familiar identity
is valid for all f ∈ H1(R) and plays a crucial role in this work.

In [20], E. Liflyand and F. Móricz studied the Hausdorff operators related to the
Fourier transform on the real Hardy spaces H1(R) and proved the boundedness
property and the commuting relations of these operators and Hilbert transforms.
These results were recently obtained for the Dunkl-Hausdorff operator in [8]. For
further details, the reader is invited to consult the following references [1,3,7,12,20,26].

In the present paper, by using some elements of the q-harmonic analysis associated
to the q-Rubin’s operator introduced in [22,23], we attempt to explore the validity of
these results in case of the q-Fourier transform. To describe our results, we introduce
some necessary fundamental concepts of quantum analysis which will be used in this
paper. For this purpose, we refer the reader to the book by G. Gasper and M. Rahman
[10], for the definitions, notations and properties of the q-shifted factorials and the
q-hypergeometric functions. We can also see the following references [4, 9–11,25].
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We mention that, in this paper, we will follow all the so-mentioned works which,
for a convergence argument, they imposed that the parameter 0 < q < 1 satisfies the
condition

log(1 − q)
log(q) ∈ 2Z.

Throughout this paper, we assume 0 < q < 1 and we denote
Rq = {±qn : n ∈ Z}, R+

q = {qn : n ∈ Z} and R̂q = Rq ∪ {0}.
For a ∈ C, the q-shifted factorials are defined by:

(a; q)0 = 1, (a; q)n =
n−1∏
l=0

(1 − aql), n = 1, 2 . . . , (a; q)∞ =
+∞∏
l=0

(1 − aql).

We also denote for all x ∈ C and n ∈ N

[x]q = 1 − qx

1 − q
, [n]q! = [1]q × [2]q × · · · × [n]q = (q; q)n

(1 − q)n , [0]q! = 1.

The q-Gamma function is given by (see [16])

Γq(x) = (q; q)∞

(qx; q)∞
(1 − q)1−x, x ̸= 0,−1,−2, . . .

It satisfies the following relations
Γq(x+ 1) = [x]qΓq(x), Γq(1) = 1 and lim

q→1−
Γq(x) = Γ(x), Re(x) > 0,

and tends to the classical Gamma function Γ when q tends to 1−.
The q-derivative of a function f is given by

Dqf(x) = f(x) − f(qx)
(1 − q)x , if x ̸= 0,

where Dqf(0) = f
′(0) provided f

′(0) exists. We recall the following definition of the
q-trigonometric functions. We define the q-cosine by

cos(x; q2) =
+∞∑
n=0

(−1)nqn(n+1) x2n

[2n]q!
,

and the q-sine by

sin(x; q2) =
+∞∑
n=0

(−1)nqn(n+1) x2n+1

[2n+ 1]q!
.

So, we deduce the q-analogue of the classical exponential function by
(1.2) e(ix; q2) = cos(x; q2) + i sin(x; q2).
These three functions are entire on C and when q tends to 1−, they tend to the
corresponding classical ones pointwise and uniformly on compacts.

The following estimates are available for all x ∈ Rq (see [22])

| cos(x; q2)| ≤ 1
(q; q)∞

, | sin(x; q2)| ≤ 1
(q; q)∞

.
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So,

(1.3) |e(ix; q2)| ≤ 2
(q; q)∞

.

The Rubin’s q-differential operator is defined in [22,23] by

∂q(f)(x) =


f(q−1x)+f(−q−1x)−f(qx)+f(−qx)−2f(−x)

2(1−q)x , if x ̸= 0,
lim
x→0

∂q(f)(x) in Rq, if x = 0.

Remark that if f is differentiable at x, then lim
q→1−

∂q(f)(x) = f
′(x).

The following equality for the q-exponential function (see [23])
(1.4) ∂qe(itx; q2) = ite(itx; q2), x ∈ Rq.

holds, for every t ∈ C.
The q-Jackson integrals are defined by (see [16, Sections 1.10 and 1.11])∫ a

0
f(x)dqx = (1 − q)a

+∞∑
n=0

qnf(aqn),
∫ b

a
f(x)dqx =

∫ b

0
f(x)dqx−

∫ a

0
f(x)dqx,

∫ +∞

0
f(x)dqx = (1 − q)

+∞∑
n=−∞

qnf(qn),

∫ +∞

−∞
f(x)dqx = (1 − q)

+∞∑
n=−∞

qn [f(qn) + f(−qn)] ,

provided the sums converge absolutely. In particular, for a ∈ R+
q ,∫ +∞

a
f(x)dqx = (1 − q)a

−1∑
n=−∞

qnf(aqn).

Lemma 1.1. The q-analogue of the integration theorem by a change of variable can
be stated when u(x) = αxβ, α ∈ C as follows:∫ u(b)

u(a)
f(u)dqu =

∫ b

a
f(u(t))Dq1/βu(t)dq1/β t.

Proof. See [17]. □

The proof of Lemma 1.2 is straightforward: just use the definition of q-Jackson
integrals.

Lemma 1.2. If the stated integrals exist, then for all a ∈ Rq, we have the following.
• If f is odd, then ∫ a

−a
f(t)dqt = 0.

• If f is even, then ∫ a

−a
f(t)dqt = 2

∫ a

0
f(t)dqt.

In what follows, let us fix some notations.
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• Cpq(Rq) is the space of functions f , p times q-differentiable on R̂q such that for
all 0 ≤ n ≤ p, ∂nq f is continuous on R̂q.

• Sq(Rq) is the space of functions f defined on Rq satisfying
Pn,m,q(f) = sup

x∈Rq

|xm∂nq f(x)| < +∞, for all n,m ∈ N,

and
lim
x→0

∂nq (f)(x) (in Rq) exists.
• Lpq(Rq), p ∈ [1,+∞], is the set of all functions defined on Rq such that

∥f∥q,p =


(∫ +∞

−∞
|f(x)|pdqx

)1/p
< +∞, if 1 ≤ p < +∞,

sup
x∈Rq

|f(x)| < +∞, if p = +∞.

Definition 1.1. The q-Fourier transform f̂(·; q2) associated with the q-Rubin operator
∂q is defined for every function f in L1

q(Rq) by

(1.5) f̂(x; q2) = K
∫ +∞

−∞
f(t)e(−itx; q2)dqt,

for all x ∈ R̂q where K = (1 + q)1/2/2Γq2(1/2).

It was shown in [23] that the q-Fourier transform f̂(·; q2) verifies the following prop-
erties.

• If f, ∂qf ∈ L1
q(Rq), then

∂̂qf(x; q2) = ixf̂(x; q2), for all x ∈ R̂q.

• If f ∈ L1
q(Rq), then f̂(·; q2) ∈ C0

q(Rq) and we have

(1.6) ∥f̂(.; q2)∥q,∞ ≤ 2K
(q; q)∞

∥f∥q,1.

Theorem 1.1. (i) The q-Fourier transform f̂(.; q2) is an isomorphism from L2
q(Rq)

into itself and satisfies the following q-Plancherel formula:
(1.7) ∥f̂(·; q2)∥q,2 = ∥f∥q,2, for all f ∈ L2

q(Rq).

(ii) If f ∈ L1
q(Rq) such that f̂(.; q2) ∈ L1

q(Rq), then the q-inversion formula holds
and we have

f(x) = K
∫ +∞

−∞
f̂(t; q2)e(itx; q2)dqt, for all x ∈ R̂q.

The q-translation operator Tq,x, x ∈ R̂q is defined on Sq(Rq) by (see [5, 22])

Tq,x(f)(y) = K
∫ +∞

−∞
f̂(t; q2)e(itx; q2)e(ity; q2)dqt,

Tq,0(f)(y) = f(y).
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In particular the product formula
(1.8) Tq,x(e(it.; q2))(y) = e(itx; q2)e(ity; q2), x, y, t ∈ Rq,

holds. It was shown in [8] that the q-translation operator can be also defined on
L2
q(Rq) and we have the following result.

Proposition 1.1. For all f ∈ L2
q(Rq), we have Tq,xf ∈ L2

q(Rq) and

∥Tq,x(f)∥q,2 ≤ 2
(q; q)∞

∥f∥q,2, for all x ∈ R̂q.

Furthermore, the q-translation operator verifies the following properties.

Proposition 1.2. For all f ∈ L1
q(Rq), t, x ∈ Rq, we have
Tq,x(f)(t) = Tq,t(f)(x),∫ +∞

−∞
Tq,x(f)(t)dqt =

∫ +∞

−∞
f(t)dqt,

T̂q,x(f)(t; q2) = e(itx; q2)f̂(t; q2).(1.9)

2. q-Hilbert Transform

In this section, we introduce the q-analogue of Hilbert transform and we study some
of its main properties by using the q-harmonic analysis associated with the q-Rubin
operator ∂q.

For f ∈ Sq(Rq), we define the q-analogue of Hilbert transform under the q-Rubin
operator ∂q, also called the q-Hilbert transform operator Hq by the principal value of
the singular integral

(2.1) Hq(f)(x) := aq P.V.
∫ +∞

−∞

Tq,x(f)(−t)
t

dqt,

where aq = (1 + q)/2qΓ2
q2(1/2) and the principal value integral is defined to be

lim
ε→0+

∫
|t|>ε

.

Remark 2.1. (1) Letting q tends to 1− subject to the formula (2.1), gives, at least
formally, the classical Hilbert transform given by the formula (1.1).

(2) In view of formula (1.9), the function Tq,x(f) ∈ Sq(Rq) and one can write

(2.2) Hq(f)(x) = aq lim
ε↓0

∫ +∞

ε

Tq,x(f)(−t) − Tq,x(f)(t)
t

dqt.

Let now us calculate the q-Hilbert transform of some basic functions, for this, we
need the following proposition.

Proposition 2.1. The following identities are valid

(2.3)
∫ 0

−∞

sin(t; q2)
t

dqt =
∫ +∞

0

sin(t; q2)
t

dqt =
Γ2
q2(1/2)

1 + q−1 .



ON THE BOUNDEDNESS OF q-HAUSDORFF OPERATORS 1267

Proof. See [14, Proposition 5.3]. □

Proposition 2.2. The following identities are fulfilled for all x ∈ Rq:

Hq(cos(·; q2))(x) = sin(x; q2),(2.4)
Hq(sin(·; q2))(x) = − cos(x; q2).(2.5)

Proof. Using the linearity of the q-translation and (1.2), we conclude that

(2.6) Tq,x(e(i.; q2))(t) = Tq,x(cos(.; q2))(t) + iTq,x(sin(.; q2))(t).

On other hands, it follows from (1.2) again that

e(ix; q2) · e(it; q2) = cos(x; q2) cos(t; q2) − sin(x; q2) sin(t; q2)

+ i
[
cos(x; q2) sin(t; q2) + sin(x; q2) cos(t; q2)

]
.(2.7)

Using the product formula (1.8) and combining the relations (2.6) and (2.7), we have

Tq,x(cos(·; q2))(t) = cos(x; q2) cos(t; q2) − sin(x; q2) sin(t; q2),
Tq,x(sin(·; q2))(t) = cos(x; q2) sin(t; q2) + sin(x; q2) cos(t; q2).

Therefore, by using the fact that cos(·; q2) is even and sin(·; q2) is odd, it follows from
the definition of q-Hilbert transform (2.2) and Proposition 2.1 that

Hq(cos(·; q2))(x) = aq lim
ε↓0

∫ +∞

ε

Tq,x(cos(·; q2))(−t) − Tq,x(cos(·; q2))(t)
t

dqt

= 2aq sin(x; q2)
∫ +∞

0

sin(t; q2)
t

dqt

= sin(x; q2).

Similarly we have

Hq(sin(·; q2))(x) = aq lim
ε↓0

∫ +∞

ε

Tq,x(sin(·; q2))(−t) − Tq,x(sin(·; q2))(t)
t

dqt

= −2aq cos(x; q2)
∫ +∞

0

sin(t; q2)
t

dqt

= − cos(x; q2).

Thus, Proposition 2.2 is proved. □

Remark 2.2. From (2.4) and (2.5), we have

Hq(e(i·; q2))(x) = −ie(ix; q2), x ∈ Rq.

Now, we are giving a very important property for the q-Hilbert transform under the
q-Rubin operator, it has been proved in [24] and also in [2] that the Hilbert transform
is a multiplier operator. Now, in the following theorem, we give a q-Fourier version
of this result.
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Theorem 2.1. Let f ∈ Sq(Rq). Then, the q-Hilbert transform is a multiplier operator
with

(2.8) Ĥq(f)(t; q2) = −i sgn(t)f̂(t; q2),

for all t ∈ Rq.

Proof. For ξ ∈ Rq, we put

Gq,ξ(ε, A) =
∫ A

ε

e(−itξ; q2) − e(itξ, q2)
t

dqt, (ε, A) ∈ R+
q × R+

q .

In view of (1.2), we get

Gq,ξ(ε, A) =
∫ A

ε

e(−itξ; q2) − e(itξ; q2)
t

dqt = −2i
∫ A

ε

sin(tξ; q2)
t

dqt

= −2i sgn(ξ)
∫ Aξ

εξ

sin(t; q2)
t

dqt.

Consequently, by (2.3), we have

lim
ε→0

A→+∞
Gq,ξ(ε, A) = −2i sgn(ξ)

Γ2
q2(1/2)

1 + q−1 = −i sgn(ξ)
aq

.

Furthermore, since

Tq,x(f)(t) =
∫ +∞

−∞
T̂q,x(f)(ξ; q2)e(itξ; q2)dqξ,

then, using Fubini’s theorem and dominated convergence theorem, we get

Hq(f)(x) = aq

∫ +∞

0

∫ +∞

−∞
T̂q,x(f)(ξ; q2)

(
e(−itξ; q2) − e(itξ; q2)

t
dqξ

)
dqt

= aq lim
ε→0

A→+∞

∫ +∞

−∞
T̂q,x(f)(ξ; q2)Gq,ξ(ε, A)dqξ

= aq lim
ε→0

A→+∞

∫ +∞

−∞
e(ixξ; q2)f̂(ξ; q2)Gq,ξ(ε, A)dqξ

= −i
∫ +∞

−∞
sgn(ξ)f̂(ξ; q2)e(ixξ; q2)dqξ.

By the uniqueness of q-Fourier transform, we get exactly (2.8). □

Some direct application of the last theorem include the following.

Proposition 2.3. Let f ∈ Sq(Rq). Then, the following equality is valid for the
q-Hilbert transform Hq:

(2.9) Hq(Hqf) = −f.
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Proof. Let t ∈ Rq, then by using (2.8), we get
̂Hq(Hqf)(t; q2) = −i sgn(t)Ĥqf(t; q2) = −i sgn(t) × −i sgn(t)f̂(t; q2) = −f̂(t; q2).

Hence, by uniqueness of q-Fourier transform, we have the result. □

Note that, from (2.9), we can see that Hq,α is a unitary operator in L2
q(Rq) and

we have H2
q = −I, where I denotes the identity operator in L2

q(Rq). From this, the
inverse q-Hilbert transform operator can be written symbolically as H−1

q = −Hq, and
so,

f(x) = −aq P.V.
∫ +∞

−∞

Tq,x(Hqf)(−t)
t

dqt.

Theorem 2.2. (i) The q-Hilbert transform Hq is an isomorphism from Sq(Rq) onto
itself. Moreover, for all f ∈ Sq(Rq), we have the following isometric property
(2.10) ∥Hq(f)∥q,2 = ∥f∥q,2.

(ii) The q-Hilbert transform can be uniquely extended to an isometric isomorphism
on L2

q(Rq).

Proof. Let f ∈ Sq(Rq). From (1.3) and (1.4), we can easily see that the q-Fourier
transform leaves Sq(Rq) invariant and by taking into account the relation (1.9), we
conclude that Tq,x(f) leaves Sq(Rq) invariant, too. Therefore, Hq(f) ∈ Sq(Rq) and
the application Hq : Sq(Rq) → Sq(Rq) is well defined. The bijectivity of Hq follows
immediately from relation (2.9). On the other hand, in view of Theorem 2.1 and
q-Plancherel formula (1.7), we have

∥Hq(f)∥2
q,2 = ∥Ĥq(f)(.; q2)∥2

q,2 =
∫ +∞

−∞
|Ĥqf(t; q2)|2dqt

=
∫ +∞

−∞
| − i sgn(t)f̂(t; q2)|2dqt =

∫ +∞

−∞
|f̂(t; q2)|2dqt

= ∥f̂(.; q2)∥2
q,2 = ∥f∥2

q,2.

Then we have (2.10). The result of (ii) follows from (i) and the density of Sq(Rq) in
L2
q(Rq) (see [4]). □

Let Ds, s > 0, s ∈ Rq, be the dilation operator defined by Dsf(x) = f(sx) and R

be the reflection operator Rf(x) = f(−x). Then, the following properties are fulfilled
for the q-Hilbert transform Hq.

Proposition 2.4. The q-Hilbert transform Hq commutes with q-translations Tq,x,
x ∈ Rq, positive dilations Ds and anticommutes with the reflection R, that means

Hq(Tq,xf) = Tq,x(Hqf),(2.11)
Hq(Dsf) = Ds(Hqf),(2.12)
Hq(Rf) = −R(Hqf),(2.13)

for all f ∈ L2
q(Rq).
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Proof. Let t ∈ Rq, according to the formula (1.9) and Theorem 2.1, we have
̂Tq,xHqf(t; q2) = e(itx; q2)Ĥqf(t; q2) = −i sgn(t)e(itx; q2)f̂(t; q2)

= −i sgn(t)T̂q,xf(t; q2) = ĤqTq,xf(t; q2).

By injectivity of q-Fourier transform, we get (2.11). To prove (2.12), let f ∈ L2
q(Rq),

then Dsf ∈ L2
q(Rq) and by a simple change of variable, we can see that

D̂sf(t; q2) = s−1f̂(t/s; q2), t, s ∈ Rq, s > 0.
From this and (2.8), we have

ĤqDsf(t; q2) = −i sgn(t)D̂sf(t; q2) = −i sgn(t)s−1f̂(t/s; q2)

= s−1(−i sgn(t/s)f̂(t/s; q2)) = s−1Ĥqf(t/s; q2) = D̂sHqf(t; q2).
By uniqueness of q-Fourier transform, we get (2.12) and it is equally obvious that

Hq(Dsf) = −Ds(Hqf), for s < 0.
From this, (2.13) is proved in the case s = −1. □

3. The q-Hausdorff Operators in q-Hardy Spaces

To give the main results of this work, we first introduce the q-analogue of Hardy
spaces using the q Hilbert transform on the image under the q-Fourier transform.
Next, we prove the boundedness of q-Hausdorff operator by using the closed graph
theorem and the fact that if f ∈ L1

q(Rq) satisfies

f̂(t; q2) = 0, for t < 0 (or t > 0), t ∈ Rq,

then f ∈ H1
q(Rq).

Let f ∈ L1
q (Rq) and x ∈ R̂q. Since for all z, t ∈ Rq, |e(−itz; q2)| ≤ 2

(q;q)∞
, and

t 7→ e(itx; q2) is in L1
q (Rq), then∫ +∞

−∞

∫ +∞

−∞

∣∣∣f(z)e(itx; q2)e(−itz; q2)
∣∣∣ dqtdqz

≤ 2
(q; q)∞

∫ +∞

−∞

∫ +∞

−∞
|f(z)|

∣∣∣e(itx; q2)
∣∣∣ dqtdqz

= 2
(q; q)∞

∥f∥q,1
∥∥∥e(ix·; q2)

∥∥∥
q,1
< +∞.

Therefore, we can define the q-Hilbert transform on L1
q(Rq) as

Hq(f)(x) = −i
∫ +∞

−∞
sgn(t)f̂(t; q2)e(itx; q2)dqt.

So, the q-Hardy space H1
q(Rq) is an important subspace of L1

q(Rq) defined by

H1
q(Rq) :=

{
f ∈ L1

q(Rq) : Hq(f) ∈ L1
q(Rq)

}
,
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endowed with the norm

(3.1) ||f ||H1
q

:= ||f ||q,1 + ||Hq(f)||q,1.

This space is a Banach algebra under pointwise addition, scalar multiplication and
convolution. It is much better adapted to problems arising in the theory of q-harmonic
analysis.

Furthermore, it follows from (2.8) that, if f ∈ H1
q(Rq), then

(3.2) Ĥqf(t; q2) = −i sgn(t)f̂(t; q2)

and

(3.3) Hq(Hqf)(t) = −f(t), t ∈ Rq.

From (3.3), we can easily see that Hq is a bounded operator from H1
q(Rq) into itself.

In particular, if f ∈ H1
q(Rq), then Hq(f) ∈ H1

q(Rq) and we have

||Hq(f)||H1
q

= ||f ||H1
q
.

In what follows, we give some auxiliary results interesting in themselves.

Proposition 3.1. If f belongs to H1
q(Rq), then

(3.4)
∫ +∞

−∞
f(t)dqt = 0.

Proof. Since f ∈ H1
q(Rq), then by using the definition of q-Hardy space, we have

f ∈ L1
q(Rq) and Hq(f) ∈ L1

q(Rq), by using the relation (1.6) and the fact that

∥f̂(·; q2)∥q,∞ ≤ 4K
(q, q)∞

∥f∥q,1 < +∞,

∥Ĥqf(·; q2)∥q,∞ ≤ 4K
(q, q)∞

∥Hq(f)∥q,1 < +∞,

we have f̂(·; q2), Ĥqf(·; q2) ∈ C0
q(Rq). From (3.2), it follows that

Ĥqf(0; q2) = −if̂(0; q2) = if̂(0; q2).

So, f̂(0; q2) = 0, which gives (3.4). □

Proposition 3.2. If f belong to L1
q(Rq) and satisfies:

(3.5) f̂(t; q2) = 0, for t > 0 and t ∈ Rq,

or

(3.6) f̂(t; q2) = 0, for t > 0 and t ∈ Rq,

then f ∈ H1
q(Rq).
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Proof. It follows from (2.8) and (3.5) that

Ĥqf(t; q2) = −i sgn(t)f̂(t; q2) = if̂(t; q2).
By uniqueness of q-Fourier transform, we get
(3.7) Hq(f)(t) = if(t),
for almost all t ∈ Rq, therefore the result follows from (3.7). A similar proof is
obtained from (3.6). □

Proposition 3.3. If f ∈ H1
q(Rq), then there are two functions f1 and f2 both in

H1
q(Rq) such that f = f1 + f2 and

f̂1(t; q2) =0, for t > 0 and t ∈ Rq,

f̂2(t; q2) =0, for t > 0 and t ∈ Rq.

Proof. We set

f1(t) = f(t) + iHq(f)(t)
2 and f2(t) = f(t) − iHq(f)(t)

2 .

By (3.3), we have f1, f2 ∈ H1
q(Rq). Furthermore, assume that t < 0 with t ∈ Rq and

according to the formula (3.2), we get

2f̂1(t; q2) = f̂(t; q2) + iĤqf(t; q2) = f̂(t; q2) + i
(
−i sgn(t)f̂(t; q2)

)
= (1 + sgn(t))f̂(t; q2) = 0,

and analogously, we have
2f̂2(t; q2) = (1 − sgn(t))f̂(t; q2) = 0, for t > 0, t ∈ Rq,

which completes the proof. □

In the following, we introduce the q-analogue of Hausdorff operator in q-Fourier
analysis, also known as the q-Hausdorff operator. We define the q-Hausdorff operator
hq,ψ of a function f ∈ L1

q(Rq) generated by a function ψ belonging also to L1
q(Rq) as

follows:

(3.8) ĥq,ψf(t; q2) =
∫ +∞

−∞
f̂(tx; q2)ψ(x)dqx, t ∈ Rq,

provided the integral is convergent, where

(3.9) hq,ψf(x) =
∫ +∞

−∞

ψ(t)
|t|

f
(
x

t

)
dqt, x ∈ Rq.

For x > 0, x ∈ Rq, by a change of variables, one has

hq,ψf(x) =
∫ +∞

−∞

f(t)
|t|

ψ
(
x

t

)
dqt.

The existence of such a function hq,ψf in L1
q(Rq) will be clear from the proof of the

following theorem.
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Theorem 3.1. Let f, ψ belong to L1
q(Rq). Then, the q-Hausdorff operator hq,ψ :

L1
q(Rq) → L1

q(Rq) is a bounded operator with
∥hq,ψf∥q,1 ≤ ∥f∥q,1∥ψ∥q,1,

and the formula (3.8) holds.

Proof. Let f, ψ ∈ L1
q(Rq), from (3.9), we have

|hq,ψf(x)| ≤
∫ +∞

−∞

∣∣∣∣∣ψ(t)
t

∣∣∣∣∣ ·
∣∣∣∣f (xt

)∣∣∣∣ dqt.
Putting ξ = x/t and by using Fubini’s theorem, we have

∥hq,ψf∥q,1 =
∫ +∞

−∞
|hq,ψf(x)|dqx

=
∫ +∞

−∞

∣∣∣∣∣ψ(t)
t

∣∣∣∣∣ dqt
∫ +∞

−∞

∣∣∣∣f (xt
)∣∣∣∣ dqx

=
∫ +∞

0

|ψ(t)|
t

dqt
∫ +∞

−∞

∣∣∣∣f (xt
)∣∣∣∣ dqx−

∫ 0

−∞

|ψ(t)|
t

dqt
∫ +∞

−∞

∣∣∣∣f (xt
)∣∣∣∣ dqx

=
∫ +∞

0
|ψ(t)|dqt

∫ +∞

−∞
|f(ξ)|dqξ +

∫ 0

−∞
|ψ(t)|dqt

∫ +∞

−∞
|f(ξ)|dqξ

=
∫ +∞

−∞
|ψ(t)|dqt

∫ +∞

−∞
|f(ξ)|dqξ

= ∥f∥q,1∥ψ∥q,1,
which completes the proof of boundness of hq,ψ on L1

q(Rq). Finally, to get (3.8), it
follows from (1.5) and (3.9) that

ĥq,ψf(t; q2) =K
∫ +∞

−∞
e(−itx; q2)hq,ψf(x)dqx

=K
∫ +∞

−∞
e(−itx; q2)dqx

∫ +∞

−∞

ψ(ξ)
|ξ|

f

(
x

ξ

)
dqξ

=
∫ +∞

0

ψ(ξ)
ξ

dqξ K
∫ +∞

−∞
f

(
x

ξ

)
e(−itx; q2)dqx

−
∫ 0

−∞

ψ(ξ)
ξ

dqξ K
∫ +∞

−∞
f

(
x

ξ

)
e(−itx; q2)dqx

=
∫ +∞

0
ψ(ξ)dqξ K

∫ +∞

−∞
f(u)e(−itξu; q2)dqu

+
∫ 0

−∞
ψ(ξ)dqξ K

∫ +∞

−∞
f(u)e(−itξu; q2)dqu

=
∫ +∞

−∞
ψ(ξ)dqξ K

∫ +∞

−∞
f(u)e(−itξu; q2)dqu

=
∫ +∞

−∞
f̂(tξ; q2)ψ(ξ)dqξ.
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Then, Theorem 3.1 is proved. □

Theorem 3.2. Let ψ belongs to L1
q(Rq), such that

(3.10) ψ(t) = 0, for t < 0, t ∈ Rq.

Then, hq,ψ : H1
q(Rq) → H1

q(Rq) is a bounded operator.

Proof. Assume that ψ ∈ L1
q(Rq) such that condition (3.10) is satisfied. Let f ∈ H1

q(Rq).
By Proposition 3.3, there are two functions f1 and f2 both in H1

q(Rq) such that
f = f1 + f2. The q-Hausdorff operator is clearly linear, hence
(3.11) hq,ψf = hq,ψf1 + hq,ψf2.

Furthermore, from (3.8) and by a change of variable, we get

ĥq,ψf(t; q2) =
∫ +∞

−∞
f̂(tx; q2)ψ(x)dqx = 1

t

∫ +∞

−∞
sgn(t)f̂(ξ; q2)ψ(ξ/t)dqξ

= 1
|t|

∫ +∞

−∞
f̂(ξ; q2)ψ(ξ/t)dqξ.

According to Proposition 3.3, we have
(3.12) f̂1(ξ; q2) = 0, for ξ < 0,
and the condition (3.10) yields to
(3.13) ψ(ξ/t) = 0, for t < 0 and ξ > 0.
Therefore, from (3.12) and (3.13), we conclude that

(3.14) ĥq,ψf1(t; q2) = 1
|t|

∫ +∞

0
f̂1(ξ; q2)ψ(ξ/t)dqξ = 0, for t < 0.

In the same way, we establish that

(3.15) ĥq,ψf2(t; q2) = 1
|t|

∫ +∞

0
f̂2(ξ; q2)ψ(ξ/t)dqξ = 0, for t > 0.

Finally, by Theorem 3.1, Proposition 3.2 and combining the formulas (3.14) and
(3.15), both hq,ψf2 and hq,ψf2 belongs to H1

q(Rq). From (3.11) it follows that hq,ψf ∈
H1
q(Rq), which completes the proof. □

Remark 3.1. In the general case, we decompose ψ ∈ L1
q(Rq) in the trivial way:

ψ(x) = ψ1(x) + ψ2(x),
where

ψ1(x) = ψ(x)χ(0,+∞)(x) and ψ2(x) = ψ(x) − ψ1(x),
χ(0,+∞)(x) being the indicator function on (0,+∞). Clearly, we have

hq,ψf = hq,ψ1f + hq,ψ2f, f ∈ H1
q(Rq),

and the special cases in Theorem 3.2 apply separately to hq,ψ1f and hq,ψ2f , respectively.
Therefore, we have hq,ψf ∈ H1

q(Rq) whenever f ∈ H1
q(Rq).
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Theorem 3.3. If ψ belongs to L1
q(Rq), then the q-Hausdorff operator hq,ψ : H1

q(Rq) →
H1
q(Rq) is a bounded operator.

Proof. In this proof, we shall apply the closed graph theorem, which says that a linear
operator mapping a Banach space into another Banach space is bounded if and only
if it is closed. Linearity of the q-Hausdorff operator hq,ψ1 is obvious. We have to show
that the graph of hq,ψ is closed. To this effect, assume that a sequence of functions
{fn : n = 1, 2, . . .}, belonging to H1

q(Rq) exists, such that

fn → f and hq,ψfn → g, as n → +∞,

with f, g ∈ H1
q(Rq). This implies that

||fn − f ||H1
q

→ 0 and ||hq,ψfn − g||H1
q

→ 0.

From (3.1), the above expression yields

||fn − f ||q,1 + ||Hq(fn − f)||q,1 → 0, as n → +∞,

and
||hq,ψfn − g||q,1 + ||Hq(hq,ψfn − g)||q,1 → 0, as n → +∞.

Hence,
||fn − f ||q,1 → 0 and ||hq,ψfn − g||q,1 → 0, as n → +∞.

By Theorem 3.1, we have hq,ψ : L1
q(Rq) → L1

q(Rq) is a bounded operator and hence
by the closed graph theorem its graph must be closed.

Since
(fn, hq,ψfn) → (f, g), as n → +∞.

Hence,
(f, g) ∈ graph(hq,ψ),

whence we conclude that hq,ψf = g. This implies that the graph of hq,ψ is closed in
H1
q(Rq). □

Theorem 3.4. If ψ belongs to L1
q(Rq), then for all f ∈ H1

q(Rq), we have

Hq(hq,ψf) = hq,sgn(·)ψ(·)(Hq(f)).

Proof. Let us put
ψ̃(t) = sgn(t)ψ(t), t ∈ Rq,

and let f ∈ H1
q(Rq), then by Theorem 3.3, we have hq,ψf ∈ H1

q(Rq), thus Hq(hq,ψf) ∈
L1
q(Rq), then in view of formula (3.2) and the fact that the function signum verify

sgn(t) × sgn(x) = sgn(tx), for all t, x ∈ Rq,
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we have conclude that
̂Hq(hq,ψf)(t; q2) = − i sgn(t)ĥq,ψf(t; q2) = −i sgn(t)

∫ +∞

−∞
f̂(tx; q2)ψ(x)dqx

= −i sgn(t)
∫ +∞

−∞
sgn2(x)f̂(tx; q2)ψ(x)dqx

=
∫ +∞

−∞
−i sgn(tx)f̂(tx; q2)ψ̃(x)dqx

=
∫ +∞

−∞
Ĥqf(tx; q2)ψ̃(x)dqx = ̂h

q,ψ̃
(Hqf)(t; q2).

Then, by uniqueness of the q-Fourier transform, we have the desired result. □

A consequence of the last theorem is to give another version of the proof of Theo-
rem 3.3.

Theorem 3.5. If ψ belongs to L1
q(Rq), then for all f ∈ H1

q(Rq), we have hq,ψf ∈
H1
q(Rq) and

||hq,ψf ||H1
q

≤ ||f ||H1
q
||ψ||q,1.

Proof. Assume that f ∈ H1
q(Rq). Then, Hq(f) ∈ L1

q(Rq). Thus, in view of (3.1) and
Theorem 3.1, we get

||hq,ψf ||H1
q

= ||hq,ψf ||q,1 + ||Hq(hq,ψf)||q,1 = ||hq,ψf ||q,1 + ||h
q,ψ̃

(Hqf)||q,1
≤ ||f ||q,1||ψ||q,1 + ||Hqf ||q,1||ψ̃||q,1
= ||f ||q,1||ψ||q,1 + ||Hqf ||q,1||ψ||q,1 = (||f ||q,1 + ||Hqf ||q,1)||ψ||q,1
= ||f ||H1

q
||ψ||q,1. □
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