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ON THE BOUNDEDNESS OF ¢-HAUSDORFF OPERATORS ON
¢-HARDY SPACES

OTHMAN TYR!

ABSTRACT. E. Liflyand and F. Moricz proved that the Hausdorff operator generated
by a function p € L(R) is a linear operator bounded on the real Hardy space H!(R)
by using the classical Fourier transform and the Hilbert transform, they also proved
that this operator commutes with Hilbert transform. In this work, we extend these
results to the context of g-harmonic analysis associated with the g-Rubin’s operator,
we introduce the ¢-Hilbert transform on the real line, we study some of its main
properties. Next, we define the g-Hardy spaces Hé (Rq) by means of the ¢-Hilbert
transforms, we finally study the g-Hausdorff operator and we prove the boundedness
property and the commuting relation of this operator and g-Hilbert transform in
g-Hardy spaces.

1. INTRODUCTION AND PRELIMINARIES

The Hausdorff operator is one of the important operators in harmonic analysis, it
has a deep root in the study of the Fourier analysis. Particularly, a one-dimensional
Hausdorff operator in Euclidean space is closely related to the summability of the
classical Fourier series. The modern theory of Hausdorff operator started with the
work of Siskakis in the complex analysis setting and with the work of Liflyand-Moéricz
in the Fourier transform setting [20], for more information about the background and
the development of the Hausdorff operator one can refer to [7,13,15,18,19,21] and
references therein. For a locally integrable function ¢ on (0, +00), the one-dimensional
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Hausdorff operator is defined in the integral form by

r@ = [ (5

0

It is worth pointing out that if the kernel function ¢ is taken appropriately, then the
Hausdorff operator reduces to many classical operators in analysis such as the Hardy
operator, the Cesaro operator, the Riemann-Liouville fractional integral operator and
the Hardy-Littlewood average operator (see, e.g. [7,13] and references therein).

Let L'(R), be the space of all Lebesgue measurable and integrable complex-valued
functions defined on R endowed with the usual norm

171 := [ 17Ot < +oo.

Then, we define the Fourier transform f of a function f € L'(R) by the following
equality

~

Fla) = (2m) 112 / f(t)e~"=dt, for all z € R.
R
We also consider H(f) the Hilbert transform of a function f € L'(R) in the form

(L) H(f)(@) ::iP_v, / Wdyzlhm 4o f(x —y) = flz +y)

T el0 Je

dy,

for all x € R. We recall the definition of the Hardy space H!(R) as follows (see [20])
H'(R) == {f € L'(R) : H(f) € L'(R)},

endowed with the norm ||f||g: = ||f||zr + ||H(f)||z:. It has been proved in [2,24]
that J is a linear multiplier operator given by

F(F)(t) = —i sgn(t)f(t), forallteR,
where sgn(t) equals +1 for ¢t > 0, —1 for ¢ < 0 and cancels at 0. This familiar identity
is valid for all f € H'(R) and plays a crucial role in this work.

In [20], E. Liflyand and F. Moéricz studied the Hausdorff operators related to the
Fourier transform on the real Hardy spaces H'(R) and proved the boundedness
property and the commuting relations of these operators and Hilbert transforms.
These results were recently obtained for the Dunkl-Hausdorff operator in [8]. For
further details, the reader is invited to consult the following references [1,3,7,12,20,26].

In the present paper, by using some elements of the g-harmonic analysis associated
to the ¢g-Rubin’s operator introduced in [22,23], we attempt to explore the validity of
these results in case of the ¢-Fourier transform. To describe our results, we introduce
some necessary fundamental concepts of quantum analysis which will be used in this
paper. For this purpose, we refer the reader to the book by G. Gasper and M. Rahman
[10], for the definitions, notations and properties of the g-shifted factorials and the
g-hypergeometric functions. We can also see the following references [4,9-11,25].
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We mention that, in this paper, we will follow all the so-mentioned works which,
for a convergence argument, they imposed that the parameter 0 < ¢ < 1 satisfies the
condition

log(1 —q)

log(q)
Throughout this paper, we assume 0 < ¢ < 1 and we denote
R, ={x¢":neZ}, RS ={¢":neZ} and R, = R, U {0}.
For a € C, the g-shifted factorials are defined by:

€ 2Z.

n—1 “+o00
(@9)o=1, (q)n=][0-0ad),n=12...., (a59)x=]](1—ad)
=0 =0
We also denote for all z € C and n € N
1—q" (¢; O
[]g = 1—q’ [n]gh =[]y X [2lg x -+ % [n]y = Wa [0]g! = 1.

The ¢-Gamma function is given by (see [16])

- (q7Q)OO . 11—z T . _
Ly(z) = (qx;q)oo(l q) 7, #0,—-1,-2,...

It satisfies the following relations
Fy(z+1)=[z],ly(z), T,(1)=1 and limI,(z)=TI(z), Re(z)>0,

q—1-

and tends to the classical Gamma function I" when ¢ tends to 1~.
The g-derivative of a function f is given by

D,f(x) = W, if © #£0,

where D, f(0) = f'(0) provided f'(0) exists. We recall the following definition of the
g-trigonometric functions. We define the ¢-cosine by

2 io (n+1) "
cos(xz;q°) = ) (—=1)"¢"" ,
n=0 [2n]q|
and the ¢-sine by
) +oo (nt1) l,2n+1
sin(x; = —1)"¢"" —
(256°) ngo( )"q o0 1],
So, we deduce the g-analogue of the classical exponential function by
(1.2) e(iz; ¢*) = cos(z; ¢°) + isin(x; ¢*).

These three functions are entire on C and when ¢ tends to 17, they tend to the
corresponding classical ones pointwise and uniformly on compacts.
The following estimates are available for all z € R, (see [22])

1
(¢ Q>oo.

| cos(z; ¢%)| < , |sin(z;¢?)| <

(¢ 9)oo
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So,
o, 2
(1.3) le(iz; ¢7)| < TR

The Rubin’s ¢-differential operator is defined in [22,23] by

fla ')+ f(—q 'a)— f(qz)+f(—qz)—2f(—x) " 0
0g(f)(x) =1 . EEE: itz 0,
alnlgtl)aq(f)(x) in Ry, if  =0.

Remark that if f is differentiable at x, then liril 0,(f)(x) = f ().
q—1

The following equality for the g-exponential function (see [23])
(1.4) o.elitr; %) = ite(itr; ¢*), x € R,.

holds, for every t € C.
The g-Jackson integrals are defined by (see [16, Sections 1.10 and 1.11])

| @ = (1 - qa quaq [ i@ = [ sy~ [ s

[ e =00 3 75

n=—oo

/mf( )dex = (1 - q) Z " [f(q") + f(—=q™)],

-0 n=—00

provided the sums converge absolutely. In particular for a € R;,
+00
[ @ =0 -ga 3 s

Lemma 1.1. The g-analogue of the integration theorem by a change of variable can
be stated when u(x) = axﬁ a € C as follows:

/ f(u)d u—/ f(u(t)D prpu(t)d,st.

Proof. See [17]. O

The proof of Lemma 1.2 is straightforward: just use the definition of g¢-Jackson
integrals.

Lemma 1.2. If the stated integrals exist, then for all a € R,, we have the following.
o [If f is odd, then

/“ F(t)d,t = 0.

—a

o If f is even, then

/ " f(t)dgt =2 /0 " F()dt.

—a

In what follows, let us fix some notations.
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e CP(IR,) is the space of functions f, p times g-differentiable on ]Rz such that for

all 0 <n < p, 9] f is continuous on I@;.
o §,(R,) is the space of functions f defined on R, satisfying

Promg(f) = sup|a™0] f(x)| < +oo, foralln,m €N,
T€Ry
and
:lcl_r%a;(f)(:p) (in R,) exists.
o LP(R,), p € [1,+00], is the set of all functions defined on R, such that

+o0 1/p
</ |f(x)|pdqx> < 400, if 1 <p< +oo,

suﬁ|f(x)| < 400, if p=+4o00.
z€ERy

1 llqp =

Definition 1.1. The ¢-Fourier transform f (+; ¢?) associated with the g-Rubin operator
9y is defined for every function f in L;(R,) by
~ +oo
(15) i) = K [ f0e(=ita: )y,
for all z € I@; where K = (1+ q)"/2/2T2(1/2).

It was shown in [23] that the g-Fourier transform fi (+; ¢*) verifies the following prop-
erties.

o If f,0,f € Ly(R,), then
@(x; @) =ixf(z;q?), forallze ]I/Q\q.
o If f € Li(R,), then %) € Co(R,) and we have
~ 2K
1.6 30 g < ——— .
(1.6) 17507 g, @ q)OOHqu,l

Theorem 1.1. (i) The q-Fourier transform f(.;q%) is an isomorphism from L2(R,)
into itself and satisfies the following q-Plancherel formula:

(1.7) G a* gz = 1 lge:  for all f € L3(R,).

(i) If f € Ly(R,) such that flig?) e Ly(Ry), then the g-inversion formula holds
and we have
+oo

flx) =K | f(t;q*)elitr;¢*)dyt, for all x € R,

The ¢-translation operator T, € R, is defined on 8,(R,) by (see [5,22])

~

Toa(F)y) = K/_:o F(t; q?)eite; ¢*)e(ity; ¢°)dgt,
Too(F) ) = f(y).
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In particular the product formula

(1.8) Tea(e(itsa))(y) = elitw; ¢*)elity: ), @,y,t € Ry,
holds. It was shown in [8] that the g-translation operator can be also defined on
L2(R,) and we have the following result.

Proposition 1.1. For all f € L2(R,), we have Ty f € LZ(R,) and
2 ~

Tz < , forallz e R,.

1T4.2(F) a2 (q;q)oonHq’2 f g

Furthermore, the g-translation operator verifies the following properties.
Proposition 1.2. For all f € Ly(R,), t,z € Ry, we have
Taa(f)(t) = Tau(f)(2),

[Tt = [ rwdy,

(1.9) Too (1)t %) = elita; ¢*) f(t: ¢%).
2. ¢-HILBERT TRANSFORM

In this section, we introduce the g-analogue of Hilbert transform and we study some
of its main properties by using the g-harmonic analysis associated with the ¢-Rubin
operator 0.

For f € §,(R,), we define the g-analogue of Hilbert transform under the ¢g-Rubin
operator J,, also called the g-Hilbert transform operator J, by the principal value of
the singular integral

oo T (F)(—t
(2.1) T, (f)(2) = a, P.V./ q’(ft)()dqt,

where a, = (1 + ¢)/2qI'2(1/2) and the principal value integral is defined to be
lim .

=0t Jit|>e

Remark 2.1. (1) Letting ¢ tends to 1~ subject to the formula (2.1), gives, at least
formally, the classical Hilbert transform given by the formula (1.1).
(2) In view of formula (1.9), the function T, ,(f) € 8§,(R,) and one can write

g [T Taa (N1 = T (@)
(2.2) Hy()(x) = aglim | ; dgt.

Let now us calculate the ¢-Hilbert transform of some basic functions, for this, we
need the following proposition.

Proposition 2.1. The following identities are valid

t 1 1+qg 1

—00 t
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Proof. See [14, Proposition 5.3]. O
Proposition 2.2. The following identities are fulfilled for all x € R,:
(24) H(cos(+; ¢*))(w) = sin(w; ¢*),
(2.5) H,(sin(+; ¢%))(x) = — cos(z; ¢°).
Proof. Using the linearity of the g-translation and (1.2), we conclude that
(2.6) To(e(i;0*) () = Tyu(cos(5¢*))(t) + iTgu(sin(; ¢*)) (2).
On other hands, it follows from (1.2) again that
e(iz; ¢*) - e(it; ¢°) = cos(x; ¢°) cos(t; ¢°) — sin(z; ¢°) sin(t; ¢%)
(2.7) +1 [cos(x; ¢*) sin(t; ¢*) + sin(z; ¢*) cos(t; QQ)} .
Using the product formula (1.8) and combining the relations (2.6) and (2.7), we have
Tea(cos(;;q%))(t) = cos(x: ¢°) cos(t; ¢*) — sin(x: ¢°) sin(t; ¢*),

Tew(sin(; ¢%))(t) = cos(x; ¢*) sin(t; ¢°) + sin(z; ¢°) cos(t; ¢%).
)

%) is even and sin(-; ¢?) is odd, it follows from

and Proposition 2.1 that

)
3, (cos(5 %) (@) = a lim | o0 Tgu(cos(-i g ))(—t>t—Tq,x(cos(~;q2)>(t)dqt

Therefore, by using the fact that cos(+; ¢
the definition of ¢-Hilbert transform (2.2

+oo gin(t: 2
= 2a, sin(z; q2)/ LH( 7)

d,t
0 t 1

= sin(z; ¢%).
Similarly we have
o0 Ty (sin(+; %)) (=) — Ty (sin(-5 ¢%)) (1)

H,(sin(; ¢*))(z) = q, 151%1 ; dgt
= —2a, cos(z; ¢°) /0+00 sin(i; qz)dqt
= —cos(z; ¢?).
Thus, Proposition 2.2 is proved. 0

Remark 2.2. From (2.4) and (2.5), we have
H,(e(i;¢*)(x) = —ie(iz; ¢°), = €R,.

Now, we are giving a very important property for the ¢g-Hilbert transform under the
g-Rubin operator, it has been proved in [24] and also in [2] that the Hilbert transform
is a multiplier operator. Now, in the following theorem, we give a ¢-Fourier version
of this result.



1268 0. TYR

Theorem 2.1. Let f € §,(R,). Then, the q-Hilbert transform is a multiplier operator
with

— ~

(2.8) I, ()t ¢%) = —i sgu(t) f(t; ¢°),
for allt € R,.
Proof. For £ € R,, we put

Ae(—ité; ¢?) — e(it€, ¢?
9q,£(€,A):/E ( £Q)t (gq)dqt, (e, A) € R} x R/

In view of (1.2), we get

Ge(e, A) — /8“ e(—it€; q2)t— e(its; ¢* )d P /EA Sm(ttf, )dqt

— —2i sgn(¢) /6 jg Sin(i; )

d,t.

Consequently, by (2.3), we have

[%(1/2)  —isgn(¢)
l+q¢'  a

li_r)% Sqe(e, A) = —2i sgn(§)

A—+o00

Furthermore, since
+oo /\
T,

0.2 (f)(t) = 20 () (&5 q*)e(ité; ¢*)dyt,

then, using Fubini’s theorem and dominated convergence theorem, we get

_ aq/ /+°° T E ) (6(—it£;q )t— e(ité; q )dq§> 0t

=a, hm / D& a%)Gge(e, A)dy
A—>+oo

=a, lim [ " e(i26 ) (& ) Gele, A€
A—+o00

+o00 —~
— =i [ sen(©) (€ a?)eling; )¢
By the uniqueness of ¢-Fourier transform, we get exactly (2.8). [l
Some direct application of the last theorem include the following.

Proposition 2.3. Let f € §,(R,). Then, the following equality is valid for the
q-Hilbert transform H,:

(2-9) j{q(g{qf) =—f
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Proof. Let t € R,, then by using (2.8), we get
Ho(Ho )t %) = —i sgn(t)F, f (£ 4°) = —i sgn(t) x —i sgn(t) f(; ¢*) = —f(t; ).

Hence, by uniqueness of ¢-Fourier transform, we have the result. O

Note that, from (2.9), we can see that Hgyq is a unitary operator in L2(R,) and
we have 3{2 = —J, where J denotes the identity operator in LZ(R ). From this, the
inverse ¢- Hﬂbert transform operator can be written symbolically as 3 = —%,, and
S0,

o) = e v, [ TGN,

Theorem 2.2. (i) The q-Hilbert transform H, is an isomorphism from 8,(R,) onto
itself. Moreover, for all f € 8,(R,), we have the following isometric property

(2.10) 1Fg(Nllg.2 = 1 Fllg.2-

(ii) The q-Hilbert transform can be uniquely extended to an isometric isomorphism
on L2(R,).

Proof. Let f € 8§,(R,). From (1.3) and (1.4), we can easily see that the g-Fourier
transform leaves §,(R,) invariant and by taking into account the relation (1.9), we
conclude that T,,(f) leaves §,(R,) invariant, too. Therefore, H,(f) € §,(R,) and
the application H, : §,(R,) — 8,(R,) is well defined. The bijectivity of H, follows
immediately from relation (2.9). On the other hand, in view of Theorem 2.1 and
g-Plancherel formula (1.7), we have

2 T 22
196,012 = IF RGO = [ 17F E )Pyt
+oo —~ oo
= [ Tl=ism®f Pt = [ Ifwa)

= 1752 = 11132
Then we have (2.10). The result of (ii) follows from (i) and the density of §,(R,) in
LZ(R,) (see [4]). O

Let Dy, s > 0, s € R,, be the dilation operator defined by D, f(z) = f(sx) and R
be the reflection operator Rf(z) = f(—xz). Then, the following properties are fulfilled
for the g-Hilbert transform J(,.

Proposition 2.4. The g-Hilbert transform H, commutes with q-translations T,
z € Ry, positive dilations Dy and anticommutes with the reflection R, that means

(2.11) He(Taaf) = Taa(Hof),
(2.12) Hy(Dsf) = Ds(IH,f),
(2.13) Ho(Rf) = =R(H,f),

forall f € L2(R,).
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Proof. Let t € R,, according to the formula (1.9) and Theorem 2.1, we have
Toudof (8 4°) = elite; ¢*) T, f (1 4°) = —i sen(t)e(itz; ¢°) f (£ )
=—1l Sgn<t)7q,xf(t; q2) = j_ng‘q,acf(t; q2)-

By injectivity of g-Fourier transform, we get (2.11). To prove (2.12), let f € LZ(R,),
then D, f € LZ(Rq) and by a simple change of variable, we can see that

D/\Sf(t;qQ) = s_lf(t/s;qQ), t,se R, s> 0.
From this and (2.8), we have
D f(t¢%) = —i sen(t)D,f(t:q%) = —i sen(t)s ' f(t/510%)
— s (i sgn(t/s) [(t/s:4%) = 57 TG L (15 6%) = D (b ).
By uniqueness of g-Fourier transform, we get (2.12) and it is equally obvious that
Hy(Dsf) = —Dy(H,f), fors<D0.
From this, (2.13) is proved in the case s = —1. O

3. THE ¢-HAUSDORFF OPERATORS IN ¢-HARDY SPACES

To give the main results of this work, we first introduce the g-analogue of Hardy
spaces using the ¢ Hilbert transform on the image under the ¢-Fourier transform.
Next, we prove the boundedness of g-Hausdorff operator by using the closed graph
theorem and the fact that if f € L}(R,) satisfies

f(t;¢®) =0, fort<0(ort>0)teR,,
then f € H(R,).
Let f € Ly (R,) and = € R,. Since for all z,t € Ry, |e(—itz;¢?)| <
t— e(itz; ¢*) is in L (R,), then

“+o0o “+oo
/ / ‘f(z)e(z'tq:; q*)e(—itz; q2)‘ dgtdyz

2
(6:9)o0’ and

< 2 /+w/+w]f(z)|‘e(itx'q2)‘dtdz
(@ @)o0 S0 S0 o
Ml s, <+

Therefore, we can define the g-Hilbert transform on Lj(R,) as

~

+oo
Ho(f)l@) = =i [ sen() flt:g)elit: ¢*)dt
So, the g-Hardy space H,(RR,) is an important subspace of L}(R,) defined by

Hy(R,) == {f € Ly(R,) : 3,(f) € Ly(R,)},
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endowed with the norm

(3.1) [ ey == 1 g+ 11Ha (g1

This space is a Banach algebra under pointwise addition, scalar multiplication and
convolution. It is much better adapted to problems arising in the theory of ¢g-harmonic
analysis.

Furthermore, it follows from (2.8) that, if f € H(R,), then

(3.2) H,f(t:q%) = —i sgn(t) f(t; %)
and
(3.3) Ho(FH f)t) = —f(t), teR,

From (3.3), we can easily see that J(, is a bounded operator from H,(RR,) into itself.
In particular, if f € H(R,), then 3, (f) € H(R,) and we have

[FHq ()l ez = 1S ez

In what follows, we give some auxiliary results interesting in themselves.

Proposition 3.1. If f belongs to H)(R,), then

“+oo
(3.4) / F(t)d,t = 0.
Proof. Since f € H;(RQ), then by using the definition of ¢-Hardy space, we have
f e Ly(Ry) and H,(f) € Ly(R,), by using the relation (1.6) and the fact that

~ 4K
17 (3 ) llg.oo SWHquJ < oo,

— 4K
190.f (-3 ) .00 SWHJ{q(f)HqJ < oo,

we have f(-;q%), H,f (- q%) € CY(R,). From (3.2), it follows that

~

Hof(0;4°) = =i f(0;¢°) = if (0; ).
So, f(0;¢%) = 0, which gives (3.4). O
Proposition 3.2. If f belong to Ly(R,) and satisfies:

(3.5) f(t; ¢*)=0, fort>0andteR,,
or
(3.6) ft;¢*) =0, fort>0andteR,,

then f € Hy(R,).
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Proof. 1t follows from (2.8) and (3.5) that
Hof(t:q%) = —i sen(t) f(t;4°) = i (t; 4°).

By uniqueness of ¢g-Fourier transform, we get

(3.7) Hy(H)(8) = f (1),
for almost all ¢ € R,, therefore the result follows from (3.7). A similar proof is
obtained from (3.6). O

Proposition 3.3. If f € Hé(Rq), then there are two functions f, and fy both in
H,(Ry) such that f = fi+ fo and

ﬁ(t; ¢*) =0, fort>0andtcR,,
fat:?) =0, fort>0andteR,.

Proof. We set

£i(t) = ft) + izfq(f)@) and  fo(t) ft) — ig{q(f)(t).
By (3.3), we have fi, f, € H(R,). Furthermore, assume that ¢t < 0 with ¢ € R, and

according to the formula (3.2), we get

-~ ~

2fi(t:0°) = F(t:¢°) + i, f(t:0°) = f(t:4°) + i (i sen(®)f(t:4))
= (1+sen(t)f(t;¢°) =0,

and analogously, we have

~

2f>(t; %) = (1 —sgn(t)) f(t;¢%) =0, fort>0,te R,,
which completes the proof. 0
In the following, we introduce the g-analogue of Hausdorff operator in ¢-Fourier
analysis, also known as the ¢g-Hausdorff operator. We define the g-Hausdorff operator

hg. of a function f € Lé(Rq) generated by a function ¢ belonging also to Lé(Rq) as
follows:

— +oo
(3.8) bt G%) = [ flzig)@d,a, teR,
provided the integral is convergent, where
+o0 t
(3.9) hof () = [ w‘;) (f) dt, TR,

For z > 0, x € R, by a change of variables, one has
+o0 f t T
hoof (@) = [ ‘i’) () dt
The existence of such a function hy f in L;(Rq) will be clear from the proof of the
following theorem.
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Theorem 3.1. Let f,1) belong to Ly(R,). Then, the q-Hausdorff operator hyy :
Li(Ry) — Li(R,) is a bounded operator with

g f g < [ fllqall®llg,
and the formula (3.8) holds.

Proof. Let f, 1 € Ly(R,), from (3.9), we have
+o0 t
tant @1 < [ A7 (5)

Putting £ = z/t and by using Fubini’s theorem, we have

o lar = [ Vg ()ldga
(3) o

_/loo dt/m
= N () e [ dt/m (5)
= [T wola [ i@l [ e \dt/ &)l
= [Tlld [ 5@l

= 15 ol

which completes the proof of boundness of gy on Li(R,). Finally, to get (3.8), it
follows from (1.5) and (3.9) that

d,x

qwftq K/ —itz; ¢*)hgp f (2)d,x
oo oo b (§)
—K/ zwq)dm/ioo ‘f’f<)Q€

_/+°° (;dgf(/ () —itz; ¢¥)d,x
_/_OO v qg}(/ <> —itz; ) dya

:/0 W(&)d §K/ (—it€u; ¢°)d,
0 oo
+ /_ W(OAEK [ f(uel(=itcui )y
:/+°° qu/+oo (—itéu; ¢*)d,

—/ Ft& ) (€)dy€.
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Then, Theorem 3.1 is proved. ([l
Theorem 3.2. Let ¢ belongs to Ly(R,), such that

(3.10) Y(t) =0, fort<0,teR,.

Then, hey : Hi(Ry) — HL(R,) is a bounded operator.

Proof. Assume that ¢» € L} (RR,) such that condition (3.10) is satisfied. Let f € HJ(R,).
By Proposition 3.3, there are two functions f; and f, both in Hé(RQ) such that
f = fi+ fa. The ¢-Hausdorff operator is clearly linear, hence

(3.11) hguwf = hgpfi + hqyfo

Furthermore, from (3.8) and by a change of variable, we get

hod 6 = [ Flem e =1 [ e (& Puie/nd,

_ |t1| / +: F& (/1) dyg.

According to Proposition 3.3, we have

(3.12) hl&a) =0, for&<0,
and the condition (3.10) yields to
(3.13) P(&/t) =0, fort<0and¢>D0.
Therefore, from (3.12) and (3 13), we conclude that
B1) ke = o [ REuE/ndg =0, fori <o
In the same way, we establish that
+oo
(3.15) hewfa(t: %) = f2(& )€/ t)d,E =0, fort > 0.

[¢] Jo

Finally, by Theorem 3.1, Proposition 3.2 and combining the formulas (3.14) and
(3.15), both hgyfo and hyy fo belongs to Hi(R,). From (3.11) it follows that hy,f €
H (R,), which completes the proof. O

Remark 3.1. In the general case, we decompose 1) € L}I(Rq) in the trivial way:

Y(x) = i(z) + Ya(2),
where
P1(z) = V(@)X (0,400)(¥) and  Po(z) = Y(x) — ¢1(x),

X(0,4+00) () being the indicator function on (0, +00). Clearly, we have

hQﬂ/Jf = h¢17w1f+hq,¢2f7 fe H;(Rq);

and the special cases in Theorem 3.2 apply separately to hy ., f and hy 4, f, Tespectively.
Therefore, we have hyy f € H}(R,) whenever f € H(R,).
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Theorem 3.3. If ¢ belongs to L) (R,), then the q-Hausdorff operator hq, : H}(R,) —
H, (R,) is a bounded operator.

Proof. In this proof, we shall apply the closed graph theorem, which says that a linear
operator mapping a Banach space into another Banach space is bounded if and only
if it is closed. Linearity of the g-Hausdorft operator h,, is obvious. We have to show
that the graph of h,, is closed. To this effect, assume that a sequence of functions
{fn:n=1,2,...}, belonging to H((R,) exists, such that

fo—f and hgyfn — g, asn— 400,
with f, g € H,(R,). This implies that
[ fo = fllmy — 0 and  [[hgyfo — gllm — 0.

From (3.1), the above expression yields

1 fo = fllax + 1Hq(fa = F)llgr = 0, asn — o0,
and
hqw frn = gllaa + [1Hq(hgpfn — 9)llgr = 0, as n — +o0.
Hence,
I fo— fllga — 0 and  ||hgyfn —9gllga — 0, asn — 4o0.

By Theorem 3.1, we have hgy : Li(Ry) — Lj(R,) is a bounded operator and hence
by the closed graph theorem its graph must be closed.
Since

(fo, hgufn) = (f.9), asn — +oo.

Hence,

(f,9) € graph(hqy),

whence we conclude that hyf = ¢g. This implies that the graph of hy is closed in
Hé(Rq). OJ

Theorem 3.4. If ¢ belongs to Ly(R,), then for all f € H}(R,), we have
Ho(hgwf) = hasencye) (Hq(f))-
Proof. Let us put

U(t) = sgn(t)b(t), teR,,

and let f € H(R,), then by Theorem 3.3, we have hg, f € H(R,), thus I, (hgyf) €
Li(R,), then in view of formula (3.2) and the fact that the function signum verify

sgn(t) x sgn(x) = sgu(tx), forallt,ze R,
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we have conclude that

— — +oo
Ho(hawf)(t; %) = — isgn(t)hgu f (t;¢*) = —isgn(t) /m J(tw; ) (x)dgz
+o0 —~

= —isgn(t) [ sen®(2) flta; )(a)dya
+00 ~ ~

= / —isgn(tz) f(tz; ¢*)v(x)d,x
+oo ~ —

= [ I )@, = b (5, ().

Then, by uniqueness of the g-Fourier transform, we have the desired result. U

A consequence of the last theorem is to give another version of the proof of Theo-
rem 3.3.

Theorem 3.5. If ¢ belongs to Li(R,), then for all f € HL(R,), we have heyf €
H, (R,) and
(g F Iy < [ f 1w [19]]g,1-

Proof. Assume that f € H}(R,). Then, H,(f) € Li(R,). Thus, in view of (3.1) and
Theorem 3.1, we get

hgw Iy = [lhgwfllax + 113 (P g = [P fllar + 17, 5(Hof)lga
< 1 aallellg + 113 f gl 1]
= [[fllgallllgn + [1Hafllqallllgr = (1 lgx + [1Haf g [lg
= HfHHéHqu,l- 0
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