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PROBABILITY LOGIC WITH APPROXIMATE JACCARD
SIMILARITY INDEX

NENAD STOJANOVIC!, MAJA LAKOVIC!, AND RADOSAV DJORDJEVIC!

ABSTRACT. The paper introduces a logical system whose language represents an
enriched propositional calculus with three lists of binary operators applied to propo-
sitional formulas: J¢,(«, 8), J>r(a, B), and Jxq(a, ). These represent, respectively,
“the Jaccard similarity index of formulas o and § is at most 7, "the Jaccard sim-
ilarity index of formulas a and S is at least r*, and "the Jaccard similarity index
of formulas « and § is approximately ¢*. For the specified axiomatic system, an ap-
propriate completeness theorem is proven, with respect to possible-world semantics
with probability measure on sets of worlds. Completeness is proved by using two
infinitary inference rules, one of which enables us to syntactically define the range
of the similarity function. This range is chosen to be the unit interval of a recursive
non-Archimedean field, allowing the expression of approximate similarity measures.

1. INTRODUCTION

Inferences derived from uncertain, vague, or imprecise data have been conducted
since Leibniz’s time, and likely even earlier. More recently, approaches to inference
linked to computing and artificial intelligence, closely tied with mathematical logic,
have been developed. Mathematical logic provides many answers to questions con-
cerning inference, becoming more efficient when it interacts with probability theory
or other theoretical frameworks. Recent interactions among these fields have led
to the formation of formal systems that serve as powerful tools for reasoning under
uncertainty. This interaction was initiated by Nils Nilsson [20], who, using a semantic
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approach, introduced methods for calculating bounds on the absolute probability of
conclusions based on the probabilities of premises. Such methods have, over recent
decades, motivated many researchers to develop semantic and proof-theoretic ap-
proaches with absolute probabilities, beginning with propositional calculus enhanced
by "probability operators® that act like modal operators. The semantics is based on
specialized Kripke models with finitely additive or o-additive probability measures
defined over possible worlds. A primary goal of any axiomatic system adopting this
approach is to ensure the completeness of the system, as accomplished in many prob-
abilistic logics (see [3-5,8-10,13,14,21-23,25-28], and references therein). Besides
interacting with probability functions, logical systems in recent years have also inter-
acted with distance functions (see [7,30], and references therein), where the objectives
of such systems mirror those in probabilistic logics.

When organizing data into clusters, mathematical tools are essential for examining
the qualitative attributes of each observed data point. Clustering is based on principles
that often focus on data similarity properties (in terms of specific characteristics) or
distance properties (see [6,16,18,19,32,34]). Despite the focus initiated, clustering
methods vary depending on the nature of the data and the mathematical concepts
representing the observed data set. For instance, the similarity between two vectors
is often determined by the value of their dot product. Many similarity indices are
used across research studies, and the so-called Jaccard similarity index, known for
its simplicity in value determination, attracts particular attention (see [15,31]). Due
to the few operations involved in calculating the Jaccard similarity index, it has
numerous applications (see [11,17,24,35]). The Jaccard similarity index ranges from
0 to 1, where a value of 0 indicates complete dissimilarity between the observed sets,
and a value of 1 indicates complete similarity (total overlap) between the observed
sets. In many studies, the Jaccard index is interpreted as the number of elements
present in both sets divided by the total number of elements appearing in either set.
The Jaccard index (denoted as J) can be expressed by the formula: J(A, B) = }ﬁgg},
where A and B are the data sets being compared, |A N B| denotes the number of
elements in the intersection of the sets, and |AU B| denotes the number of elements in
the union of the observed sets. As is known, this is not the only form of the Jaccard
index. In fact, the problem can be generalized to consider any arbitrary measure,
including the probability measure, which will be the subject of our research in the
following sections. The probability measure i can be used to calculate the Jaccard
similarity index for comparing sets A and B. This can be done as follows:

H(ANB)
J(AB)={ paup) MAYVB >0
1, n(AU B) = 0.

Considering the results presented in [12], where events with infinitesimal prob-
abilities are described-events that are mutually distinct and to which we devoted
attention in Section 2 - and relying on studies focusing on probabilistic logics (see
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[13,14,21,22,25,27,28]), we introduce a system that employs infinitary inference rules,
i.e., rules where a conclusion is derived from a countable set of premises. Therefore,
proofs can be countable, but all formulas, axioms, and theorems are finite. One of
the infinitary rules enables us to syntactically define the similarity index rank that
will appear in the interpretation. We force this rank to lie within the unit interval
of a recursive non-Archimedean field, which includes all rational numbers as well as
values infinitesimally close to or infinitely near a rational number. For example, such
a set of values includes Hardy’s field Q[¢], where ¢ is an infinitesimal. This rule was
introduced following a rule given in [1], and our aim is for the axiomatic system intro-
duced here to be sound and strongly complete. In this work, we enrich the language
of propositional logic with operators of the Jaccard similarity index: Jg,(a, 3) and
Jsr(ar, B), meaning "the Jaccard similarity index of formulas a and [ is at most r*
and "the Jaccard similarity index of formulas o and f is at least r*, respectively. It
is characteristic that usual probability operators of the form P-,a appear as a special
case of Jaccard similarity index operators, namely, Ps,a = Js.(«, T), where T is
any tautology. Since we have defined the similarity index rank as non-Archimedean,
it is also possible to introduce operators J,(c, ), meaning "the Jaccard similarity
index of formulas o and 3 is approximately ¢,“ thus enabling the representation of
knowledge about approximately similar formulas. As a consequence, we can use a
formula like Jx (v, ), which can be interpreted as "the formulas o and /3 are almost
identical“. Besides representing knowledge about similar formulas, this logic also
allows for discussions about the similarity index of formulas with zero probabilities.
Specifically, if the probability of formula a A 5 equals € and the probability of formula
a 'V [ equals 3¢, then the formulas o and 3 are similar with a similarity index of %

The results obtained during the study of the observed axiomatic system are pre-
sented in the paper as follows. Section 3 outlines the syntax of the logic under
consideration. Section 4 defines the corresponding models for the examined logic,
while Section 5 presents the axiomatic system with a finite number of axioms and
inference rules. For this axiomatic system, Section 6 provides a proof of the com-
pleteness theorem, as well as the properties necessary for its proof. In Section 7, we
summarize the obtained results and propose directions for future research related to
this axiomatic system.

2. SIMILARITY OF EVENTS WITH INFINITESIMAL PROBABILITY

In the analysis of infinite sequences of random events, such as the idealized process
of infinitely tossing a fair coin, a key question concerns the way probabilities are
assigned to individual outcomes. In standard probability theory, each individual
infinite sequence (e.g., a sequence consisting entirely of heads) is assigned probability
zero. This is a direct consequence of the uncountability of the set of all infinite
sequences over H,T' (H-head, T-tail) and the regularity of the measure: if all singletons
have positive measure, the total sum must diverge.
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However, the principle of regularity - which holds that only impossible events may
have zero probability - has motivated the development of alternative approaches. One
of them involves the use of non-standard analysis, established by Abraham Robinson
in the mid-20th century [29]. He demonstrated the existence of an extension of the
real number line that includes infinitesimal and infinitely large numbers. Members
of this extension are known as hyperreal numbers, and particularly interesting are
elements of the hyperreal unit interval, which include positive infinitesimal numbers
as potential probability values.

Within this framework, it is possible to assign each individual outcome - for instance,
each infinite sequence of heads and tails - the same infinitesimal probability, thereby
preserving the principle of regularity. This avoids the issue that almost all singletons
receive zero probability, as occurs in standard measure theory. For example, the
event H(1...), denoting that all tosses result in heads, receives a positive infinitesimal
probability, while the event H(2...), in which heads appear from the second position
onward (with no constraint on the first toss), encompasses more sequences and may
also have an infinitesimal probability. In this way, the inclusion relation between
events and their respective probabilities is preserved.

The principle of regularity has attracted the attention of many researchers, and
Williamson, in his work [33], argued that even within the framework of hyperreal
probabilities, regularity must fail. He considers the same case of infinite coin tossing
and claims that at least one sequence must have probability zero. Williamson’s
argument sounds persuasive and is based on the assumption that individual outcomes
can be represented as "isomorphic events“ with respect to the standard setup. A
proper analysis, however, shows that Williamson’s conclusion rests on a misconception
regarding the isomorphism of events and on imprecise notation, and it also contradicts
the results of the study [2], which he himself cites.

A critique of the reasoning, logic, and conclusions presented in [33] was offered
in [12]. Specifically, Howson also examines the events H(1...) and H(2...), but
draws a series of conclusions, starting from the observation that the event H(1...)
represents a singleton, as it refers to exactly one sequence of outcomes - namely, the
sequence (H, H, H,...) in which a head appears at every position. In contrast, the
event H(2...) is a composite event, i.e., a set containing two possible sequences: one
where the first toss is a head followed by all heads, (H, H, H, ...), and another where
the first toss is a tail followed by all heads, (T, H, H,...). Thus, the event H(2...)
represents a disjunction: “either the first toss is a head and the rest are heads, or
the first toss is a tail and the rest are heads The key difference between H(1...)
and H(2...) lies in their cardinality: H(1...) contains one element, while H(2...)
contains two. Williamson’s error, as pointed out in [12], lies in attempting to use
isomorphism between these events to argue that they have the same probability. How-
ever, a singleton cannot be isomorphic to a two-element set - cardinal equivalence is a
necessary condition for isomorphism. Invoking isomorphism to equate their probabili-
ties is logically flawed and constitutes a central weakness in Williamson’s reasoning.
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Therefore, it is not justifiable to claim that pu(H(1...)) = p(H(2...)). In addition
to concluding that the observed events are not isomorphic, it is also concluded that
they do not have equal probabilities, not even in nonstandard (hyperreal) probability
models. This distinction is crucial, as it undermines Williamson’s attempt to show
that the regularity principle - that only impossible events can have probability zero -
must fail even within the hyperreal framework.

The use of the unit interval of hyperrational numbers from Hardy’s field allows
probabilistic quantities, including infinitesimals, to be expressed in a manner compat-
ible with rational approximations. At the same time, it enables the comparison of
probabilities of events such as H(1...) and H(2...), and allows for the formalization
of the inequality pu(H(1...)) < p(H(2...)), even though both values are infinitesi-
mal. This field is sufficiently rich to encompass all functional values that arise from
the enumeration of infinite sequences, while also being structured enough to support
operations with hyperrational measures over event spaces. Therefore, the choice of
the unit interval of Hardy’s field of hyperrational numbers is not merely a technical
convenience, but a mathematically justified solution that enables the preservation of
regularity, quantification of differences between infinite events, and axiomatization of
probabilistic logics with infinitesimal structures.

Indeed, in the hyperrational (non-standard) probability framework, the event
H(2...) is more probable than H(1...), because H(1...) refers to exactly one infinite
sequence - the one consisting entirely of heads. As a singleton in an uncountably large
space of all possible toss sequences, its probability in standard probability theory is ex-
actly zero. In a nonstandard theory (with hyperrational numbers), it can be assigned
a positive but infinitesimally small probability - an infinitesimal . The event H(2...)
includes two distinct sequences previously described. Although both are singleton
events individually, the set of two elements, within the hyperrational framework, is
assigned a probability equal to the sum of the probabilities of its members - that is,
a probability on the order of two infinitesimals, 2. This is still infinitesimally small,
but strictly greater than the probability of H(1...).

In the paper [12], the events H(1...) and H(2...) are discussed as distinct, though
no explicit statement is made regarding their similarity or the degree of their difference.
Initially, given the assigned probabilities pu(H(1...)) = ¢ and u(H(2...)) = 2¢, we
can determine the probability of the intersection of these two events. However, if
heads occurred from the very first position, then they certainly occurred from the
second position onward as well, so we can conclude that H(1...) € H(2...), and
thus H(1...)NH(2...) = H(1...). It follows that u(H(1...)NH(2...)) = ¢, and we
can easily compute that u(H(1...)U H(2...)) = 2¢. Now that we have determined
the probabilities of the union and the intersection of the events, we can calculate the
Jaccard similarity index for H(1...) and H(2...). That is,
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Thus, although the events H(1...) and H(2...) have infinitesimal probabilities,
they are indeed distinct events and have a similarity index of % Clearly, making
such a statement within the framework of standard probability theory would involve
significant difficulties. In a similar manner, we can compute the Jaccard similarity
index for the events H(1...) and H(3...), as well as for H(1...) and H(4...), and
observe that this index decreases, indicating that these events differ more from each
other than the events H(1...) and H(2...).

3. SYNTAX

The set of rational numbers Q, although powerful for data representation, has
certain limitations. Specifically, it is not possible to find a positive number ¢ in Q
such that ¢ < % for every natural number n. To overcome this, one may extend Q by
adding an infinitesimal element ¢ to obtain the smallest ordered field that contains all
rationals and one infinitesimal, known as the Hardy field and denoted by Q[e]. The
element € belongs to the nonstandard extension *R of the real numbers and satisfies
le] < % for all n € N. Clearly, the set Q[e] contains all rational numbers.

For the purposes of our study, we are interested only in the unit interval of the
Hardy field Q[e], which we denote by Q{g{”. In contrast, Q1) will denote the set of
all rational numbers within the interval [0, 1].

Let us recall that the Hardy field Qe| consists of all rational expressions of the
form %, where p(e) and ¢(e) are polynomials with coefficients from Q, and ¢(e) # 0.
Two such expressions % and 51—8 are considered equal if the polynomials p(e)q;(¢)
and p;(€)q(e) have equal non-zero coefficients.

Addition and multiplication in Q[e] are defined in the usual way, making it a
well-defined field. Each element n € Q[¢] can be written in a normalized form as

k n %
n= a +Zi:k+1a.ig , k<n0<m,
1+ Z;Tl:l bj€J
with uniquely determined integer k and leading coefficient a # 0, except in the case
n = 0. The order < on Qe] is defined such that n > 0 if and only if @ > 0. Hence, to
compare «, 3 € Q[e], we consider n = a— 8 and inspect the sign of @ in the normalized
form of 7.

As a result, the field Q[e] is a non-Archimedean ordered field because it contains an
infinitesimal ¢, and clearly Q & Q[e]. The elements of Q[e]\ Q are called non-standard
rational numbers.

Two elements z,y € Q[e] are said to be infinitely close, denoted x ~ y, if x — y is
infinitesimal. The unique integer k in the normalized form of 7 is called the order
of n, denoted ord(n), with the convention ord(0) = oco. If k& = 0, then n differs
infinitesimally from a nonzero rational number, and the rational number a is called
the standard part of 1, denoted st(n) = a. If k£ > 0, then st(n) = 0.

The set Q[e] enjoys the following several useful properties.
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e [t is countable and recursive; its operations are computable and its ordering is
decidable.

e It forms a dense subfield of *IR.

e The monad of a rational number ¢ € [0, 1], defined as monad(q) = {y € Qle] |
y ~ q}, can be characterized as

1 1
monad(q) = | [max {O,Q — } , min {1,q + H .
nelN+ n n
The language of the logic LPP7._, contains the following: a countable set of
propositional letters P = {p, q,r, ...}, classical propositional connectives = and A, and
three lists of binary operators in the forms (J>T)T€Q{3],1]’ (‘]@)re@{gll]’ and (Jxq)qenp -

The set Fore of all classical propositional formulas over P is defined in the usual way.
We will denote elements of the set Forg with lowercase Greek letters: «, 3,7, . ..

Assuming that « and 3 are classical propositional formulas and r € Q{g{l], q € Qo
then the formulas J-,(a, 5), J<,(a, ), and Jx, (e, B) are called elementary probability
formulas (it is clear that similarity operators are present in these formulas, but due to
the method of determining similarity indices, we refer to such formulas as probability
formulas). The set of probability formulas, denoted For,, is the smallest set that
satisfies the following properties.

e The set For; contains all elementary probability formulas.
e If A and B are probability formulas, then =A and A A B are also probability
formulas.

We will denote formulas from For; with uppercase Latin letters: A, B,C,.... Let
For(LPP7...4) = Forc U For;. We will denote formulas from the set For(LPP7...4)
with @, 9, ...

Based on the previously stated facts, note that mixing classical propositional and
probability formulas in constructing new formulas is not allowed, nor is the iteration of
the aforementioned operators permitted. Thus, we say that Joa(a, v) A 2Js1-2(5, )
and o — (V) are formulas, while the sequence of symbols Joi (ﬁ/\—'Jz% (=, ), 7)A
a does not represent a formula, as it includes the iteration of probability formulas
and the mixing of classical and probability formulas, which is not permitted.

The remaining propositional connectives V, —, and <+ are introduced in the usual
way: aV f =45 7(maA-f), @ = =45 VP, and @ < 5 =45 (@ = B)A (S — ).
We denote | for the formulas a A —a and A A = A, assuming the meaning is clear
from the context, while T denotes —_L. In the following text, some other binary and
unary operators will also appear, so we will denote:

o J_.(a,p) for =Js. (o, B), v, B € Forg, r € QE%]J]’

o Jo (o, B) for ~Je, (e, B), a, B € Fore, 1 € QE]J)’

o J_.(a,p) for Jo, (o, B) A I (e, B), o, B € Fore, 1 € @{8]’1],

o P for J..(a, T), a € Forg, r € @El}’ and r € {<, >, <, >, =},
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® quO[ for J%q(aa T)? a € Forg, g € Q[O,l]‘
We need three lists of binary operators because the operators J< and J> are not
interdefinable, i.e., they cannot be expressed in terms of each other.

4. SEMANTICS

To assign values to the formulas in the set For(LPP7.,.) we use models where
probabilities are defined over possible worlds.

Definition 4.1. An LPP7,  -model is a structure M = (W, H, u1,v), where:

- W is a nonempty set of elements called worlds,

- H is an algebra of subsets of W,

- H— Q{E{l] is a finitely additive probability,

- v: W x P — {true, false} is a valuation assigning true or false to each world
and each propositional letter.

To clarify the previous definition, let’s consider an LPP7._  -model in the following
example.

Ezample 4.1. Let us consider a set of three propositional letters, i.e., P = {p,q,r},
and let model M = (W, H, j1,v) be given as follows:

- W= {wlvw27w3}7

- let H be the set P(IW) (the power set of W),

- p{ur}) = p{ws}) = 3 + ¢ and p({ws}) = 3 — 2, with other values eas-
ily determined, giving us: u(0) = 0, p({wy,ws}) = 3 + 2¢, p({ws, ws}) =
pl{uwr,wn}) = 2 — 2, (W) = L

- v(wy,p) = v(wy, q) = v(wy, ) = true, v(wy, —p) = v(wsy, q) = v(wy, —r) =
true and v(ws, —p) = v(ws, 7q) = v(ws, r) = true.

When observing an LPP7._ ;-model, say M, and a formula « € Forg, we identify
the set of all worlds in which the formula a holds. We denote this set by [, and
we can write

la)y ={w e W | v(w,a) = true}.
If it is clear from the context which structure M is being referenced, we will write
simply [a]. As in all similar logical systems, the satisfiability relation is defined
naturally.

Definition 4.2. An LPP7,_,-model M is measurable if [a]y € H for every o € Fore.
Let LPPT, 4 s denotes the class of all measurable LPPY, . ;-models.

Definition 4.3. Let M be any LPPT, 4 yeas-model. The satisfiability relation = is
defined as follows:

- if @ € Forg, M |= « if and only if for every world w € W, v(w, ) = true,

- for o, 5 € Fore, M = J>,(a, ) if and only if u([a]U[B]) = 0 or u([a]U[F]) >0

([ [8)
and ooy 2 T
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- for o, p € Fore, M ): J<r(a, ) if and only if u([a] U [B]) = 0 and r =1 or
p([a] U [B]) > 0 and 404088 < r,
- for o, 8 € Fore, M ): Jaq(ev, B) if and only if p(ja] U [F]) = 0 and ¢ =1 or

p([a] U[B]) > 0 and
W € ng+ [max{() q-— ! } ,min{l,q—i— iH = monad(q),

- for A € For;, M = —A if and only if M }~ A,
- for A,B € For;, M= AANBifand only if M = A and M = B.

A formula ¢ € For(LPPT, ) is satisfiable if there exists an LPPT, 4 \jeas-model M
such that M |= ¢. A formula ¢ is valid if for every LPPT, 4 yeas-model M, M |= . A
set of formulas is satisfiable if there is an LPPT, 4 yeas-model in which every formula
in the set is satisfiable.

To clarify the previously defined concepts, consider the following example.

Ezample 4.2. For a = (p A q) — r and = p A —r, let us examine the satisfiability of
the formulas

Jgo.:&(@,ﬂ) and  Jxo.2(—a, 3)
in the model M from the previous example.

We know that M = Jeos(a, B) if p([a] U[8]) > 0 and 404520 < 0.3.

First, from the formula o = —(p A ¢ A —r), we find that [o] = {ws, w3} and
[—a] = {w; }, while for the formula g = p A =r we find that [3] = {w}.
Since u([a] N [A]) = u(@) = 0, and p([a] U[B]) = pu({wr, we, ws}) =1 > 0, it follows

that 20T} — 0 < 0.3. Thus, M | J<os(a, B).

Similarly, since u([~a] 1 [8]) = p({wi}) = & + &, and u([=a] U[8]) = p({w}) =

3 +¢ >0, it follows that % = 1, so we conclude that M [~ Jvoo(—a, ).

5. AXIOMATIZATION

The axiomatic system of LPP7, 4 logic, denoted by Az(LPP7. ), contains the
following set of axiom schemes.

(A1) All Forg-instances of classical propositional tautologies.

A2) All For j-instances of classical propositional tautologies.
) Jzola, B).

) Jer(a, B) = Jes(a, B), 7 < s.

) Jar(e, B) = J<r (v, B).

) P>1(Oé < B) = (P=ra = P-.3).

) Pg <> P>1 P00

) (P-

)

)

)

a A Pfsﬂ VAN P>1_'(Ol N /6)) — P:min(l,r+s)<a \ 5)

AN N AN N N N S

(P,
Poo(av B) = (@, B).

(Pr(aV B) A P_y(ar A B)) = Js(a, B), 7 # 0.
Jx

(@, B) = Jsq (o, B), for every rational number ¢; € [0, q).
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(A12) Joy(ar, B) = J<g, (a, B), for every rational number ¢; € (g, 1].
And the following inference rules.

(R1) From a and oo — f3, infer 5.

(R2) If « € Fore, from « infer Ps;ar.

(R3) From A — P,a, for every r € QE”, infer A — L.

(R4) For every ¢ € Qo \ {0,1}, from A — J%_%(a, 3), for every natural number
n = %, and A — J<q+%(a,6) for every natural number n > rlq, infer A —
J%q(Oé, 6)

From A — J.,_1(a, 3), for all n > 1, infer A — Jxi(a, B).
From A — Jgi(na,ﬁ), for all n > 1, infer A — Jyo(, 5).

As mentioned at the beginning of this section, this axiomatic system will be denoted
by Az(LPP7..4). The motivation for introducing these axioms and inference rules
follows from the discussion below. Axioms Al and A2, as well as inference rule R1,
ensure that classical propositional logic is a sublogic of this observed logic. If, in
axiom A3, we replace the formula § with T, then axiom A3 states that each formula
is satisfied in a set of worlds with probability at least 0. The meanings of axioms
A4 and A5 are trivial, while axiom A6 means that equivalent formulas have equal
probabilities. The meaning of axiom A7 is straightforward, while axiom A8 ensures
finite additivity of probability. To ensure a well-defined system, and to ensure that if
the probability of the union is 0, then the similarity index of the observed formulas
is 1, we introduced axiom A9. Axiom A10 expresses the definition of the Jaccard
index of similarity in terms of probability measures. Axioms A1l and A12, together
with rule R4, describe the relationship between the value of the standard Jaccard
index and the value of the Jaccard index that is infinitely close to a rational number
q € Q.. It is easy to see that by using axioms A3 and A7, as well as inference rule
R2, we ensure that from a we infer P_ja. As we can see, rules R3 and R4 are infinite,

with rule R3 guaranteeing that the probabilities of formulas belong to the set QE”,

i.e., that the rank of the observed logic is the set QE”.

After presenting the set of axioms and inference rules, it is important to emphasize
that our aim was not to introduce new proof techniques or to innovate within the
Henkin-style framework with infinitary rules. Our formal system adopts the founda-
tional structural principles from [28], with the key distinction lying in the semantic
approach. Specifically, we introduce the Hardy field as a nonstandard domain for
interpreting probabilities and connect it with notions of similarity between events,
thereby providing a theoretical foundation for modeling infinitesimal probabilities
within the context of probabilistic logics.

We define the concepts of proof theory necessary for further work. All concepts are
defined similarly to other axiomatic systems.

Definition 5.1. A formula ¢ is deducible from a set T" of formulas, denoted T F
o, T C For(LPPJ,.q), if there is an at most denumerable sequence of formulas
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0o, P1, - - -, such that every formula ¢; is either an axiom, a member of the set T,
or can be derived from the previous formulas in the sequence by applying one of the
inference rules. A formula ¢ is a theorem (denoted I ) if it is deducible from the
empty set of formulas.

Definition 5.2. A set T of formulas is consistent if there are at least a formula from
Fore and at least a formula from For; that are not deducible from T'; otherwise, T is
an inconsistent set.

Definition 5.3. A consistent set of formulas 7" is a maximal consistent set of formulas
if it satisfies:

- for every formula « € Fore, if T+ o, then aw € T" and P>1a0 € T'; and
- for every formula A € Fory, either A € T or ~A € T.

Definition 5.4. A set T is deductively closed if for every formula ¢ € For(LPP7, 4),
it holds that if T F ¢, then p € T'.

6. SOUNDNESS AND COMPLETENESS

At the beginning of this section, we prove that the axiomatic system Az(LPP7..4)
is sound, i.e., we prove the following theorem.

Theorem 6.1 (Soundness theorem). The aziomatic system Ax(LPP7. .q) is sound
with respect to the class of models LPPT, 4 veas-

Proof. We need to show that every instance of an axiom schema is true in every
LPPT, ;4 Meas-model and that the inference rules preserve validity in the sense that if
all premises of a rule hold in a model, then the conclusion derived from these premises
also holds in that model. The proof is fairly straightforward and trivial in many parts.
For illustration, let’s show that rule R4 preserves validity.

Let ¢ € Qpq \ {0, 1} and let M be an LPPT, 4 \feos-model. From the fact that

1 1
M = {A = Jog1(a,B) [n > q} U {A_> Jegri(a,B) | n > 1_q}7

we need to show that M = A — Jy,(a, 5). Assume that M = A. Then we have
M = J>q_%(a,6) for every n > é and M = J<q+%( ,3) for every n > t—. It is not
possible that x([a] U [8]) = 0, because M |= J_ 1(a,f3) and ¢+ 1 < 1 for n > l—_q
(see Definition 4.3). Therefore, we have p([a] U [ﬁ]) > (0. Then &0elBl) > < for

w([uB])
every n > 1, and u([zmgB ¢+ * for every n > . We thus get
1 1
([ ] [ ]) c ﬂ [max{o q— }7m]n{1’q+}:| :monad(q),
p([a]UB]) e "
e, 2IA0AD 0 and so M = Jug(a, ) .
L.e., w(lajulg) ~ g, and so ): ~g\ & D)
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The completeness theorem and its proof are structured in several clear steps. We
begin by establishing the deduction theorem and proving several auxiliary results that
will be used later. Then, we demonstrate how a given consistent set of formulas can
be systematically extended to a maximally consistent set, denoted T™. Finally, we
construct the canonical model M for the logic LPPT, 4 veas based on the formulas

in 7. This model is defined in such a way that a formula ¢ is satisfied in M (i.e.,
M = ¢) if and only if ¢ € T™.

Theorem 6.2 (Deduction theorem). Let ¢ and 1) be formulas of the same type. If T
is a set of formulas and T U{p} 1, then T + o — 1.

Proof. We proceed by transfinite induction on the length of the proof of the formula
¢ from the set T'U {}. If the proof has length 1, the existing cases are easy to show,
as well as the case where the formula ¢ is obtained by applying inference rule R1.

Let the formula ¢» = P> a be obtained from the set T'U {y} applying inference rule
R2, and let ¢ € For;. However, since o € Fores and ¢ € Fory, ¢ is not used in the
proof of a from T'U {¢}, and we have:

TF a,

T Ps1a by Rule R2,

TE Poa— (¢ — Psa),

TF ¢ — Psio by Rule R1.

Now, assume that the formula ¢y = A — L is obtained by applying rule R3 to the
set T'U {¢}, and ¢ € For,;. Then:

T,pA— P, for every r € Q%’H,

TFe— (A— Pga), for every r € @EI]’ by the Induction hypothesis,

TH(eNA) — P, for every r € Q%gh],

T+ (pANA) — L, by Rule R3,

TEp—1.

Finally, assume that the formula ¢y = A — Jy, (o, 3) is derived from T, ¢ by R4
with premises A — J>q_%(a,ﬁ), n > %, A— J<q+%(a,5), n > 1%(1, q € Qa1 \{0,1}.

T,pFA— J>q_%(a,ﬁ), for every n > %,

T,p-A— J<q+%(a,ﬁ), for every n >

17,(]7
TrHe— (A= J,, 1(a,B)), for every n > %, by the Induction hypothesis,
ThHp—= (A= Jo,

"

3

[

a, 3)), for every n > 1%(17 by the Induction hypothesis,

3

(
TH(pNA) = Joy i(a, ), for every n > é,
TH(pNA) — J<q+%(a,5), for every n > l—iq’
THE(pANA) = Jyy(a, ), by Rule R4,
Tt o — (A= Jeg(a, B)).
ThHp—. u

The following theorem provides some auxiliary statements needed for the proof of
the completeness theorem.
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Theorem 6.3. Let a and 8 be classical formulas. Then, the following holds.

(1) s, B) = Jor(a, B), s > 1.

(2) Jes(a, B) = Jer(a, B), s <.

(3) J=S(a75) - _‘J=r(0576>7 &) 7é r.

(4) Jos(a, B) = = Jsp(, B), s <.

(5) Jos(a, B) = ~Jr(e, B), s > 1.

(6) J=g(a, B) = Jxq(, B), q € Qpo,1-

(7) qul(a: ) — ﬂquz( 5)7 for qi1,q2 € Q[0,1]; @ F Q-
(8) Poo(aV ) = —Jer(a, ), forr < 1.

(9) Paa

Proof. The proofs for (1) and (2) follow directly from axioms A4 and A5. The
properties expressed by these statements can be referred to as the monotonicity of the
similarity operator. As an illustration, we prove statements (3) and (6). For brevity,
we omit details related to obvious arguments.

Indeed, from

FJes(a, B) = Jov(a, B), s < r by axiom A4,

F Jss(a, B) = Jsr(a, B), s > r by axiom A4,

FJes(a, B) = —dsp(a, B), s<r

Fs(a, 8) = —Je (@, 8), s >

F (Jes(a, B) A Jos(a, B) = (2o, B) V —dep (e, B)), s #

FJos(a, B) = —Jop(a, B), s £ r

we conclude that the considered statement holds.
Finally, we verify statement (6) for ¢ € Qpq \ {0, 1}.

- J=q(04>5) A J>q(a>ﬁ) A ng(a,ﬂ),

= Jog(a, B) = J 7%(04 B),n = %
FJeg(a, B) — J<q+%(a,6), n > ﬁ
FJ_g(o, B) — J>q7%(a,5), n > é
= Jog(, B) — Jéq—i—%(a?ﬂ)? nz %_q
FJ_g(a, B) = Jxg(a, B).

U

Theorem 6.4. Fvery consistent set of formulas T can be extended to a mazimal
consistent set.

Proof. Let T be a consistent set of formulas. Denote by Cong(T') the set of all classical

consequences of T. Let the sequence of formulas Ag, Ay, As, ... be a sequence of all
formulas from the set For;, and let the sequence ag, aq, as, ... be a sequence of all
formulas from the set Foro. We define a sequence of sets T;,7 = 0,1,2, ..., as shown
below.

(1) To =T UConc(T) U{Ps1a | a € Cone(T)},
(2) for every i > 0, we have the following:
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(a) if the set Ty; U {A;} is consistent, then Ty 11 = To; U {A;};
(b) otherwise, if the set To; U {A4;} is not consistent, we have the following:
(i) if the formula A; is of the form A — Jy,(«, 8), then Ty = To; U
{_|AZ', A— _|J>q_i(04, 6)} or T2i+1 = TQZ'U{_‘AZ" A— _|J<q+i(06, B)},
for some non—nega%ive integer n, chosen such that T5;,; is consistent
(we will show that this is possible);
(11) otherwise, TZiJrl = Tgi U {ﬁAi},

(3) for every i > 0, Toiro = Toi1 U {P=r;}, where r is chosen to be any arbitrary
element of the set @{3],1] such that Ty; 9 is consistent (we will show that this is
possible),

(4) for every i > 0, if the set T; is enriched with a formula of the form P_ya, we
add the formula -« to the set T; U { P—pa}.

We need to show that every set T; is consistent. The set T} is consistent because it
is the set of consequences of a consistent set. The sets obtained in steps 2.a and 2.b.ii
are clearly consistent. Now, let us consider step 2.b.i. Suppose that the formula A; is
of the form A — Jy,(a, B) and that the set Ty, U {A — Jx,(a, 5)} is not consistent.
Also, assume that all sets Th; U {=(A — Joy(o, 8)), A — —|J>q_%(a,5)}, for every
non-negative integer n such that ¢ — £ > 0, and Ty U {=(4 — Jxg(e, 8)), A —
—|J<q+%(a, B)}, for every n such that ¢ + % < 1, are inconsistent. Then, the following

contradicts the consistency of Ty;:

Toi, (A = Jag(a, B)), A — ﬂJ>q7%(a, B) L, for every n,
Toi, (A = Jaga, B)), A — ﬂngJr%(a, B) L, for every n,
T, (A — Jog(o, B)) FA— J>q7%(a, ), for every n,
T, (A — Jug(o, B)) FA— J<q+%(a ), for every n,

~—

TQia _\(A — qu(Oé, 6)) FA— qu(Oé, ﬁ

Now consider step 3 of our construction. Suppose that for every r € QE”, the
set Thip1 U {P-yc;} is not consistent. Let Th 1 = Ty U Ty, where T3, ., denotes
the set of all formulas B € For; that were added to Ty in the previous steps of the
construction. Then, the following contradicts the consistency of T :

To, T5; s P—ya; = L, for every r € QE”, by the Hypothesis,

Ty, Ty, F ~P—,ay, for every r € Q{g{”, by Deduction theorem,

To F (A BeTy,, B) — = P_,q, for every r € QE”, by Deduction theorem,

To + (/\BETz/i+1 B) — L, by Rule R3,

Finally, consider step 4 of our construction. Suppose that for some a € Forg,
T; U {P-oc,ma} = L. By the Deduction theorem, we have T; U { Py} - «. Since
a € Forg, a a is a consequence of Cong(T), the set of all classical formulas that are
consequences of 7', and o € Cong(T). Now, by the construction, we have Psja € Ty
which contradicts T; U { P—pa}, as follows:

, by Rule R4.
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T;, P—oa = P<ya, by Theorem 6.3.(9),

T;, P.pa = P>y, since Poia € Ty C 15,

T;, P_oa = P—_ja, by the definition of the operator P_q,
T; F P_oa — P_;«, by the Deduction theorem,

T, F P_ya — = P—cr, by Theorem 6.3.(3),

T;, Popa = L.

Now, let T* = U, T;. The key point is to show that the set 7™ is a maximal consistent
set.

Initially, note that if P_.a € T*, then for every formula B from the set Forj, it
holds that B — P_,a € T*. If we assumed that this is not the case, based on the
given construction, for some formula B from For; and some j, we would have that
both P_,a and =(B — P_,a) belong to the set T;. This statement would lead us to
the conclusion that T = P_,a A ~P—,a, which is a contradiction. In the continuation
of the proof, it is necessary to show that the set T* is a deductively closed set which
does not contain all formulas. If the formula « belongs to the set Fors, based on
the construction of the set Ty, we have that a and —a cannot both belong to Tj
simultaneously. For a formula A from the set For;, the set 7™ does not contain both
formulas A = A; and =A = A;, because the set Ti,ax(2i2}+1 1S consistent.

If the formula « is from the set Forc and T*  «, then based on the construction of
the set Ty, we have that a € T* and P>« € T*. Now, let us consider the formula A
from the set For;. By induction on the length of the inference, it can be shown that
if 7"+ A, then A € T*. Note that if A = A; and T; F A, it must hold that A € T™,
because the set Tiax(i2j1+1 is consistent. Suppose that the sequence of formulas
01, P2, ..., Ais a proof for the formula A from T*. If the assumed sequence is finite,
then there must exist a set T; such that T; - A and A € T*. Therefore, suppose
that the observed sequence is countably infinite. We can show that for each i, if the
formula ¢; is obtained by applying an inference rule and all premises belong to the set
T*, then ; € T must also hold. If the inference rule is finite, then by reasoning as
above, we conclude that ¢; € T*. In the following steps, we are interested in infinite
inference rules.

Let o, = A — 1 be a formula obtained by applying inference rule R3 to the set of
premises of the form A — —P_,« for all r € @{8]’1]. Assume that ¢; ¢ T*. Based on

step (3) of the construction described above, there exists some 7, € Q%g]’l] and an index
[ such that P_, o € T;. Reasoning as above, we conclude that A — P_, a € T™. Thus,
there must be some j such that A — -P_, a0, A = P_,a €T}, T; - A = =P_, ,
T;FA— P_,a,and Tj = A — 1, which means that p; = A — L € T™, which is a
contradiction.

Let p; = A — Jxy(a, B) be a formula obtained by applying inference rule R4 to the
set of premises of the form A — J>q7%(a, ) for every non-negative integer n such

that ¢ — % > 0and A — J_,  1(a, ), for every n such that ¢ + % < 1. Assume that
i ¢ T*. Based on step 2.b.i. of the construction described above, there exist some n



736 N. STOJANOVIC, M. LAKOVIC, AND R. DJORDJEVIC

and some j such that the formulas A — =J,, _1(a,3) or A — =J , 1(a, 3) belong
to the set 7. Assume that the first formula bglongs to it, while the case with the
second formula will be similar. The previously mentioned statement means that there
exists some [ such that A — J>q7%(a,6),A — —|J>q,%(oz,6) € T;. Thus, we obtain
that T} - A — L and T} - A — Jy,(a, B). Therefore, we obtain that ¢; € 7%, which
is a contradiction. 0

Theorem 6.5. T™ has the following properties.

(1) T* contains all theorems.

9) [f J%(h (avﬂ) €T" and Q2 € Q[UJ] \ {QI}7 then J%QZ(a?ﬁ) ¢ T

Proof. We will prove properties (5), (6), and (7). The proofs for (1)-(4) are standard,
so we omit them. The proof for (8) is carried out in the same way as for (7), and the
proof for (9) directly follows from Theorem 6.3.(7).

(5) Based on Theorem 6.3.(3), if it holds that P_,a € T*, then for every value

s # r, we have P_ga ¢ T*. If it were true that for every r € QE”, -P_,a € T%,

then T* F = P_.« for every r € QEH' By the application of inference rule R3, we get
T* F L which is a contradiction with the consistency of the set T™.

(6) According to (5), for any classical propositional formulas o and 3, there exists
exactly one s € QE]J] and exactly one t € QE}J] such that P_ (o V 3) € T* and
P_i(aNp)eT* If s =0, then for r = 1, we have J_;(a, ) € T* by axiom A9. For
s # 0, there exists a unique r = £ such that J_,(c, 8) € T* by axiom A10.

(7) Now suppose Js,(«, 5) € T*. From item (6) of this statement, there exists
exactly one s € QE” such that J_s(«, §) € T*. It follows from Theorem 6.3.(4) that
s cannot be less than r. Thus, it must be s > r. O

Using T, we can define the structure M = (W, H, u,v) as follows:

- W ={w = Cone(T)} contains all the classical propositional interpretations
that satisfy the set Cong(T) of all classical consequences of the set T,

- for each formula a € Forg, let [a]| ={w e W |w [E a} and H ={[o] | a €
Forg},

- for every world w and every propositional letter p € Var, v(w, p) = true if and
only if w = p, and

- p is defined on H by p([e]) = r if and only if P_,a € T*.



PROBABILITY LOGIC WITH APPROXIMATE JACCARD SIMILARITY INDEX 737

The next theorem states that M is an LPPT,_ 4 yeas-model.

Theorem 6.6. Let M = (W, H, u,v) be defined as above. Then, the following hold.
(1) p is well-defined.
(2) H is an algebra of subsets of W.
(3) p is a finitely additive probability measure.
(4) For every classical formula o, p([a]y) = 0 if and only if [y = 0.

Proof. (1) It follows from Theorem 6.5. property (5), that for every a € Forg there
is exactly one r € QEI] such that u([a]) = r. On the other hand, let [o] = [5] for
some «, € Fore. Essentially, this means that for every w € W, w = o <» 8. By
the completeness of classical propositional logic, we have a «» § € Cong(T). And
using the previously described construction, we find that Psq(a <+ 3) € T*. Now, A6
guarantees that P_,a € T if and only if P, € T*. Thus, [o] = [f] implies that
p(led) = p(lp])-

(2) H is an algebra of subsets of W, because for every classical formula «, the
following holds:

(i) W=l|aV-al € H;

(1) if [o@] € H, then the complement of [«], which is [-a], belongs to H;

(zi1) if [aq], ..., [an) € H, then U [ay] € H, because [a;]U- - -Ula,] = [ag V- - - Vay,].

(3) Based on axiom A3 and the fact that if we set § = T, we find that p: H — [0, 1].
Let o € Forg. Then W = [aV —al, aV —~a € T*, and Psq(a V —«a) € T*. From the
previous, we have that u(W) = 1. Let a, 8 € Forg, [a]N[B] = 0, and let pu([a]) = r and
w([B]) = s. Since, [a] N [B] = 0, we have that [-(a A )] = W, and u([-(a A B)]) = 1.
From the assumptions, we have that P_,.«, P_sf, Ps;—(a A B) € T*. Using A8 we
get Po,ys(aV B) € T*, ie., we find that u([aV B]) =r + s = u([a]) + u([5]).

(4) The statement follows directly from the construction of the maximal consistent

set, i.e., from the construction given in the proof of Theorem 6.4.
O

Theorem 6.7 (Extended completeness theorem). A set T' of formulas is consistent
if and only if T' has an LPPT, 4 veas-model.

Proof. If T has an LPPT,_ 4 yjeas-model, then the set T'is consistent, which follows from
Theorem 6.1. Let us prove the reverse. Assuming that 7" is consistent, we construct
an LPPT, 4 meas-model as described above and prove that for every ¢ € For(LPPT, ),
M |= ¢ if and only if p € T™.

Let ¢ € Forgc. If ¢ € T*, then certainly ¢ € Cong(T), and for every w € W,
w = ¢, so we conclude that M = ¢. Conversely, if M = ¢, then by the completeness
of classical propositional logic, we have ¢ € Cong(T), and ¢ € T*.

Let ¢ = = A, where A € For;. Indeed, it holds that M |= —A if and only if M = A
does not hold, if and only if A ¢ T*, if and only if =A € T™.

Let ¢ = AN B, where A, B € For;. Indeed, it holds that M = A A B if and only
if M |=Aand M |= B ifand only if A € T* and B € T* if and only if AN B € T*.
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Let ¢ = Jo.(a, ). First, assume that J>,.(«, §) € T*. By Theorem 6.5. property
(5), there are unique values s,t € @{8{1] such that u([aAf]) = s and u([aVvp]) =1, ie.,
P_s(aNpB),P_i(a Vv B) € T*. If t = 0, by Definition 4.3. we have M = Js,(a, ). If
t # 0, based on A10, we have J_s(a, 3) € T*. It follows from Theorem 6.3. property
(4), that 3 > r, so M |= J>.(a, ). Conversely, assume that M = J..(a,3). In the
first case, let u([aV3]) = 0. We have that P_o(aV ) € T*, and by A9, J_;(«, 5) € T*.
Now, by Theorem 6.3. property (1), we have Js,(«, 3) € T*. In the second case, let
p(la A B]) = s and p([a Vv f]) =t, where t > 0 and 7 > r. Based on A10, we must
have J_:(a, ) € T, so it easily follows that J.,(a, B) € T*.

The case for ¢ = Je,.(a, 8) is shown in a similar manner.

Finally, let ¢ = Jx,(c, 8). To show the equivalence, first assume that Jy,(a, 8) €
T*. In the case that u([aV(]) = 0, by A9 and properties (6) and (7) from Theorem 6.3,
it must be that ¢ = 1, and M = Jxi(«, 5). If p([a VvV 5]) > 0, by A1l and A12, we
have Jo,, (o, B), J<g, (a0, B) € T, for all rational numbers ¢;, g such that 0 < ¢; <
¢ < ¢2 < 1. Applying the reasoning described previously, we have M = Jo, (o, §)
and M = Jeg, (o, §), which actually means that M = Jy,(a, 5). To prove the second
implication, assume that M = Jy,(«a, 5). Then, for all rational numbers ¢y, g» such
that 0 < ¢1 < ¢ < ¢ <1, we have M = Jo4, (o, f) and M |= J<,, (o, B). Based on the
facts obtained, we have J>,, (o, 8), J<q, (o, B) € T*. If we assumed that Jy, (o, ) ¢ T*,
by the construction of the set T* we would obtain that for some rational number g,
either ¢p < ¢ and —Jsy (o, f) € T* or gy > q and —Jy (v, ) € T, which in either
case is a contradiction, because the set T is consistent. Therefore, Jx,(c, ) € T*,
which is what we aimed to prove. O

7. CONCLUSION

In this paper, we present a new logical system denoted as LPP7, 4, in which the
language of probabilistic logic is enriched with binary operators Je.(a, 8), J>.(a, B),
and Jx,(a, 5), whose intended meaning is motivated by the Jaccard similarity index.
The main result of the paper lies in the proof of soundness and strong completeness
of the axiomatic system, thereby establishing a theoretical foundation for further
exploration of logics that combine probability and similarity.

One possible direction for future research concerns the role of infinitesimal proba-
bilities in fine-grained differentiation among events, particularly those that would all
be assigned zero probability in the standard framework. Although this paper does
not introduce conditional probabilities, it remains an open question whether com-
bining infinitesimal values with similarity-based indices could contribute to a better
understanding or alternative formalizations of certain forms of uncertain reasoning.

Additionally, the study of operator iteration and its combination with classical
propositional formulas requires special care, as such systems often entail deeper
changes in the semantic framework. For that purpose, it is necessary to develop
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an independent line of investigation, which would require a new semantics and a thor-
ough analysis of meta-theoretical properties. This opens the possibility for research
that connects similarity-based structures with richer linguistic and semantic layers.
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