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CONVERGENCE ESTIMATES FOR GUPTA-SRIVASTAVA
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ABSTRACT. The Griiss-Voronovskaya-type approximation results for the modified
Gupta-Srivastava operators are considered. Moreover, the magnitude of differences
of two linear positive operators defined on an unbounded interval has been estimated.
Quantitative type results are established as we initially obtain the moments of
generalized discrete operators and then estimate the difference of these operators
with the Gupta-Srivastava operators.

1. INTRODUCTION

For f € C[0,00),n € N, c € NU{0} U{—1} and [ an integer, the generalized form
of the discrete operators are given by (cf. [5,15]):

(1) Mso(fo2) = 3 prsen(. ) (k) |

k=0 n

(2+1) (ca)t
— c k
where pr e r(2, c) =~ - (1) 2FEFE

k=7 +D(y+2)--(y+k—=1), (y)o=1.

These operators (1.1) reproduce only the constant function unlike other exponential
functions. In case [ = 0, we immediately get Szasz-Mirakyan operators for [ = 0,
¢ = 0; classical Baskakov operators for [ = 0, ¢ = 1, and Bernstein polynomials for
Il =0, ¢c= —1. In these special cases, these operators reproduce linear function too.

the rising factorial given by
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A family of linear positive operators for locally integrable functions was defined in
the year 2003 [18]. Durrmeyer variants of many hybrid operators have been extensively
studied in literature since then (cf. [6,9,14,17]). Varied approximation properties of
these operators have been studied and investigated (cf. [1,2,4,8,12,13,16,19,20], etc.).
For ¢, an integer and x € [0,00), V. Gupta and H. M. Srivastava [10] introduced a
modification of these family of operators as:

k=1
(12) + anc,o(ﬂf; C)f(o),

where pp4icx(, ¢) is as defined previously above. For ¢ = 0, we get the Phillips oper-
ators preserving linear functions and for ¢ = 1, we immediately obtain the Baskakov-
Durrmeyer type operators. For [ = 0, the operators (1.2) reduce to the operators
defined in [8, Example 2]. Very recently, Gupta [7] established a general estimate for
the difference of linear positive operators as follows.

Theorem A.([7]). Let ) € Cg[0,00),s € {0,1,2} (the class of bounded continuous
functions defined on the interval [0,00)) and x € [0, 00), then for n € N, we have

(G = Vo))l < ([ le(z) +w(f", 00) (1 + o)) + 2w(f, 62(2)),

Rn,l,c(fa l’) :[n + (l + 1)0] Z anrlc,k(:U? C) /pn+(l+2)c,kfl<ta C)f(t)dt
0

[e.e] Gn, Hn,
where || - || = sup |f(2)| < 00, a(z) = § 7o pus(w, ) (™" + pp ™) and
xe|0,00
52_100 Gnk Hy 52_00 bGnk_ank2
L= 5 2 Puk(@ ) (g™ ™), 05 =) pa(z, ) (B )%
k=0 k=0

We consider a family of functions G, : D — R, (k being a non-negative integer),
which are positive linear functionals defined on a subspace D of C[0,00), which
contains polynomials upto degree 6 and C[0,00), such that, G, x(eq) = 1, b+ :=
Gnr(er), ,LLan'k = Gprler — b%reg)", 1 € N, Also, let H,; be a similar family of
functions.

We extend the studies of [7] as we study a quantitative Voronovskaya type theorem
in terms of weighted modulus of continuity and estimate the difference of the two
operators having the same basis function, viz. the generalized Baskakov operators
and the genuine Gupta-Srivastava operators.

2. MOMENTS

In this section, we give the moments of generalized operators (1.1) with the help of
a recurrence formula.

Lemma 2.1. Form € N, the operators (1.1) satisfy the following recurrence relation:

_z(l+cx),

le
Mn,l76(6m+17 JZ) - n n,l,c(ema l‘) + (1 + n)*rMn,l,c(em) ZE),
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where e (y) = y™.
Proof. On taking the derivative of the operators M,,; ., we get

k m
M?Q,lc( an—l—lck T C)f <n> )

k=0
which implies that

o1+ )Myl 1) = 300+ el )] (1)

k=0
Now, using the identity x(1 + cz)p;, .1 (2, ¢) = [k — (n + lc)@]ppyicr (7, ¢), we obtain

1 M) =30k (0 elpmencn(on)f (£
ki:o L\ B\
St ()0 0t ()
=nM, 1 c(emi1,2) — (n —le)x My (em, x),
which derives the recurrence relation. 0

Remark 2.1. Using Lemma 2.1, first few moments of the operators (1.1) are given by
Mn,l,c(€07 l‘) :17

M, c(e1,2) =2 <1 + >,

Al A2 ¢ 2 el 1
Miyc(e2, 7) =2 <1+2+2+ +>+x< 2+>,
n n non n2  n

M 3 203l 3C3l2 03l3 262 602l 3C2l2
nieles, @) =271+ n3 + n3 + n3 +ﬁ+ n2 - n2

3 3cl
ot n>
+x2<302l+3c212+30+6d+3> ( )
n3 n3 n? n?> n n3
A 6ctl 11?6t Mt 63 2203l 18312 433
My c(eq,x) =z <1+ e e s Mo ul s S 5t

112 1821  6c%12  6¢  4cl
TR R e

n? n? n? n

3 1231 18312 6A%12  12¢2 36¢21  18¢%12  18¢  18cl
+ - + + e+ - +

nt nt nt n3 n3 n3 n? n?
n 6>+ 9 702l+7c2l2+7c+140l+ 7 n cl n 1
n n n4 n3 n3 n2 nt n3)’

5 24c°l  50c°12  35°12 10681 AP 24¢ 100t
Myoles,a) =2 14+ ==+ + + e

nd nd nd nd nt nt
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105¢42  40¢* 3 5t 5063 105631 60¢%12 104303
+ + + + +

nt nt nt n3 n3 n3 n3
35¢2 40’1 10¢*12 10c¢ 5el

ottt — + —
n n n n n

L[ 60ch T 110c? 60cM 10cMt 60c® 220¢%l 180312
t 5 e LY R Hey i M
n n n n n n n

403013 1102 180¢%1  60c?1? 60c 40¢l 10
+ + + + b —

nt n3 ns ns n? n? n

4 (5031 75312 25¢%3 50c? 150c¢*l THAE? The
+a + + +—+ + +—

n’ n’ nd n4 n4 n4 n3
75cl 25
e e
o (15c¢*l  15c%1%2  15¢  30cl 15 cd 1
el Tt T ) T s )

6 1200 274512 2256803 85c81F 154515 SI6 0 120¢°
Mn,l7c(667x) =T 1+ TLG + TLG + TL6 + n6 + n6 + n6 + n5

548c¢°1  675cP12 340c°13  ThePIt 6P 274¢ 6T5cM
+ + + o +

nd nd nd nd nd nt nt
510412 15043 154 225¢2 340¢31 150312 206313
+ ya i Tt 5 T R —
n n n n n n n
85¢2  Thc?l  15c%12  15c  6cl
+—+ + + =+ —
n? n? n? n n

5(360c°l 750> 525¢°13 150c°1*  15¢°1°  360c*
Tz 6 T 5 Tt 65 T 5 T 6 T 5
n n n n n n

1500¢  1575¢4%  600c*® 75t 750¢%  1575¢
+ + + + +

nd nd nd nd nt nt
900312 150312 525¢2  600c2l  150¢*1?2  150c  75cl
ya yu e 3+ 3 T T3
n n n n n n n
15 4 390 715¢4 2 39044 65¢t 39063 1430¢31
ot et et e ——
n n n n n n
1170312 260313 715c2 117021 39022 390c  260cl
5 T 5 T 1 T FE i e M
n n n n n n n
65 3 180¢31 270312 904313 180¢2  540c¢2l 270212
e B e e
n n n n n n n

nb nb nd nd nt

270c  270cl 90) 2(3102l 3122 3le 62 31)
+ += | +z - + =+

nt nt n3
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cl 1

Remark 2.2. Denote i, () := Rpyc((t — )™, x). Then, using [10, (6)], the central
2z(14+cz)
n+(m—1)c

moments are given by /LZTZ?O(I) =1, ,uffl (x) =0, and /LlnCQ(ac) = - Higher central

moments can be obtained easily.

3. GRUSS-VORONOVSKAYA-TYPE APPROXIMATION RESULTS

The Voronovskaya theorem in quantitative form for a class of sequences of linear
positive operators is one of the most significant pointwise results. We obtain these by
making using of Taylor series expansion. Let us see at some notations.

Let C[0,00) be the set of all continuous functions f defined on [0,00) and
Bs[0,00) == {f : |f(x)] < My(1+ z*) with M; > 0}. Also, let C5[0,00) denote
the subspace of all continuous functions in Bs[0,00). Further C5[0, 00) denotes the
closed subspace of 3]0, 00) for which lim |f(x)](1+2%)~! < C for some constant C'
and || - |l = sup,cp,00) [f (#)[(1422)". In [11], Ispir considered for each f € C5[0, 00),
the following weighted modulus of continuity:

_ |fl@+h)— f(=)]
Q(f,0) _x;)hl}z)\d 1+ 22)(1 + h2)

The quantitative Voronovskaya-type theorem in weighted spaces is as follows.

Theorem 3.1. If f € C[0,00) and f" € C3[0,00), then, for x € [0,00), we have

lc T 174
Ruio(f, o) — f(z) — " i(tn:ixl))d f(z)| <16(1 + 2*)Q| £, (ZZCEESCD

l,c
X :U’n,Q(x)'
Proof. Using the Taylor series expansion of f, we can write
/()
2!

where H(t,z) = %(f”(g) — f"(x)), £ is a number lying between ¢ and x.

Applying the operators R, ;. to the above expansion, we have

Rugel ) = 1) = F o) + 2 ke

Using Remark 2.2, we obtain

Ft) = fz) + (t —2)f'(z) + (t — 2)* + H(t, x),

() = Ruic(H(t,x),x).

P it )| < RusellH(t.2)] ).

(31) Rn,l,c(fa {L‘) - f(l‘) +
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Now, using the property of weighted modulus of continuity given in [11], it follows
that

1

PO T Lo je - a1+ (€~ 2)) (1 +2)

2!
<G Tt = a1+ (= 0))(1+2%)
< (1 + ¢ _5 x') (14 )Qf",8) (14 (t — 2)*)(1 + 22).
Moreover,
716 = (@) _ {2<1+62><1 x2)f(2t(f” )> t—a| <,
2! 2(1 4 02)(1+ 2%)——=Qf",0), |t—a| >0

For 0 <4 < 1, we get

f"(&) = f"(x)
2!

< 8(1 +4?) (1 i “‘6@4) A" 8).

So, we have

) <80+ (- 02+ S o),

Thus, (3.1) implies

Rn,l7c(f7 $> - f(ZL') +

f”(x)( 2z(1 + cx) >|

2 \n+(m—1)c
<81+ %) (o) + S3utie(@) Q7. 6)

<8(1+ x2),uf;2( ) (1 + ;Z;Lcﬁgx;) Qf",9).
er{cﬁ( )

C

Mn2( )

Following is the Griiss-Voronovskaya-type result.

Theorem 3.2. If f,g € C[0,00) and f",g" € C5]0,00), such that, fg € C[0,00) and
(f9)" € C5]0,00). Then for x € [0,00), we have

1/4
Choosing 6 = ( ) , we get the conclusion. 0J

Rn,l,c(fgv CL’) - Rn,l,c(fv x>Rn,l7c(g) [E) - MifQ(x)f,(x)gl(x)

lc " 1/4
<I6(1+ 2*)npiy(a) 2| (f9)', (“ il ))
lj’n,Q(‘T)
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o))
+ 17 a(1+2%)0 g( 5 )
2 ()

e (. 1/4
+lgll(1 +x2>9(f", (“Zf( )) )} 1S (F)Sn(g),

Mn,Q(x)

(L+2%) (1 1. 20 g, 1 .
where S, (f) = [[f"[|2 5 (2,“;,2(%) + mﬂfm(@ + MMM@)) :

Proof. Applying Taylor expansion of f, using the fact that R, ;.(e;, z) = ¢;, e;(y) =
for i = 0,1, and (fg)" () = f"(2)g(z) + 2 (2)(x) + g (2) (x), we have

Rn,l,c(fga .Z') - Rn,l,c(fa x)Rn,l,c(gv $) - Rn,l,c((t - x)Qa x)f’(x)g'(x)

= Rl - folate) = L2 R0 0,0

gl/(x)
2!

~4(0) [Rugetor) = 10) = LD R = 27,0

+ (g(x)Rn,l,c(g7x)) : (Rn,l,c(fv [L‘) - f(l’))
2251 + SQ + 53 + 54.

. [Rn,lvxg, o) —g@) - LR (-2, x)]

Next,

Rn,l,c(fg7 'I) - Rn,l,c(fa x)Rn,l,c<ga l’) - Rn,l,c((t - 33)27 x)f’(a:)g'(x)

§|S1| + |Sg| + |53| + |S4|.

By Theorem 3.1, we have the following estimates

lLe . 1/4
11| <16(1 + 2)Q ((fg)”, (Z Z’fﬁx;) ) pinSy(),

(s L
|Ss| <f<:c)16<1+x2)ﬂ<g’, (Zl,f( ) 155 (),

Lo 1/4
/ n,6\L c
[S5] <lg(x)[16(1 +2%)Q2 (f@ (Zz,f( )> )/fﬁ,z(ﬂ?)'
Now, as f” € C5]0, 00),

Rusel ) = F(x) = F@ba(n) + 5 Ruse (/€00 — 2, )
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So,
Rusel ) = F(0)] <5 Ruse (Ot — ), )

<"l g (14 €000 = 22,2,

where ¢ is a number between ¢ and z. There are two possible cases now.
Ift <& <a, then 1 +&2 <1+ 2% So, we get

2
Buelfoz) — F@)] < 171t o),

If v < &<t then 1+&2<1+t% So, we get

g, 2) = @) <l R (1 )t~ 2)?,2)

1 & & &
=15l (14 2o (@) + 2wpia () + s ()

Combining these two cases, we obtain

(1 + xZ) C QZB C 1 C
|Rne(foz) — f(z)] §||f”||2T (Qﬂf%,z(x) + mﬂﬁw(x) + HmQerlA(x))

:=S,(f).

Similarly, we can obtain |R,,;.(g,2z) — g(z)] < S,.(g) and hence, we get the desired
result. O

4. DIFFERENCE OF OPERATORS

We compute the magnitude of difference of the two operators having the same basis
function, viz. the generalized Baskakov operators and the genuine Gupta-Srivastava
operators in this section. Varied researchers have studied in this direction (cf. [3,7]
and references therin).

Consider

Mn,l,c(f, x) = i anC,k(x’ C>Gn,k(f)

k=0
and

Rn,l,c(f7 ZE) - ipn—&-lc,k(x; C)Hn,k(f)a

k=0

where G, ,(f) = f(%) and H,,(f) = [n+ (I + 1) Zfoanr(Hg)Qk1(t,c)f(t)dt,
1 <k < oo, Hy(f) = f(0).

Remark 4.1. By simple computation, we have 0%+ := G, 1.(e) = % and

MS""“ = Gupler — b9Feg)> =0 and Mf”’k = G i(er — breg)t = 0.
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Now,
H, i(e,) =[n+ (14 1) /anr(Hg)c,k,l(t, o)t dt
0
Bl k) T () :
:[n+(l—|—1)6]< e 1 )0/(1+ct e Ut
D+l k 7 ()t
_407« k—1 ) (1+Ct)%+l+k+1
m+{+1)c (2+1+k n
= c —_ — ]_
= E 1 B k:+7“,c+l r+
Tk+r)T(24+1—r+1
_[n+(l+1)c]<’g+l+k> (k+7) <C+ T )
- r+1 E—1
‘ r<g+z+k+1>
I+ ke — T (2l —r+1)
et (k=D r(2+41+2)
Remark 4.2. bfnk .= H, ;(e;) = ﬁ and we have

koY k
p™* = Hy ey — bmkeg)® = Hyiles) + ( > — 2Hux(e1) ( >

n+lc n+lc
B kln + c(l + k)]
 (n+le)2n+ (I - 1)
and
H”vk P an 4
My .—Hmk(el — b 60)
ot —d(—F Voo +6 () Houten
—1Iin - n,k\€ n
k€4 n+lc kA3 n—+lc 2

o\ !
-4 (n—l—lc) Hng(er) + <n+lc>

33— 1)(1 = 2)(1 — 3) + (k + 1)k +2)(k + 3)Ic—
(k+ 1) (k+2)(k—9)lc*n + (18 + 17k + k3) len? + 3(2 + k)n?
+3c2k? (2(k + 1)(1 = 2)(1 = 3)lc+ (12 + k 4+ 2(k — 5)l — (k — 2)I*) n)

+ck< —4(k+ 1) (k+2)(1 — 3)Ic®* + 2(k + 1)(24 — 3k — 81 + 2kl)lcn

F(6(k+4) — (k2 +8)1) n2>

(n+le)*n+ (I —1)c][n+ (I —2)]n+ (I —3)
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As an application of Theorem A, we have the following quantitative estimate for
the difference between the operators M, ;. and R, ..

Theorem 4.1. Let f® € Cp[0,00), s € {0,1,2} and x € [0,00), then for n,c € N,
we have

(M 1e = Bo) (f,2)] < (/") +w(f”,61(2)) (1 + a(@)) + 2w(f, 02(2)),

where

1 & G .\ r(14cx)[n+ (I +1)c]
g gy Prtekl:) (™ 12") = S i+ =1

1 G, H,
5%(1') ::E E :pn-i—lc,k(x,c) (M4 4 Ly k)
k=0

a(z) =

1
:§(n +lo)x

[6(n +1c)® — (8c(l — 3) — 11lec — 3n)(n + 1c)*(1 + (n+ (I + 1)c)x)]
+6(n +lc) (21 —2)(1 = 3) + Ic* + ¢(=2(l — 3)lc +n))
1+ (n+(+1)c)z(3+c(l+2)x+nz))

X — (303(l — 1) =2)(I —3) +c(2lc —n)(2(l — 3)lc — In)

—le(lc* —len +n?) — 3¢ (n+ (1 —2)(2(1 — 3)lc — ln)))
I+ (n+(+De)x(T+ (c(l+2) +n)x(6 + c(l + 3)x +nx))) |

and
o0

2 lex le
5§(x) = an+lc,k($, c) (bG"’k — bH””“) = <1 + )

= (n+lc) n

Proof. The proof immediately follows using Remark 2.1, 4.1 and 4.2. We omit the
details. U
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