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EXISTENCE OF MULTIPLE SOLUTIONS FOR NONLOCAL ROBIN
PROBLEMS WITH DEGENERACY

ABDESSAMAD EL KATIT!

ABSTRACT. This paper is devoted to a nonlocal degenerate problem subject to
nonhomogeneous Robin boundary conditions. We show that the problem admits
multiple positive solutions, with their number being precisely twice the number
of zeros of the degenerate term. Our approach is based on a transition from a
variational framework to a one-dimensional fixed-point formulation, supplemented
by sub- and supersolution techniques and suitable truncations.

1. INTRODUCTION

In the present work, we consider the following nonlocal degenerate problem subject
to Robin boundary conditions

K ([ 30(2)) dz ) (~Ag0() +E0(2)) = al=)g(0(2), in @,
(P) v >0, in €,

0
(Vo225 + B()lol v = p(v), on 99,

where @ C RY (N > 2) is a bounded domain; the diffusion factor X(-) €
C([0,+00);R), &(-) € L>®(R2) is an indefinite potential function, H(s) := 372, A;js%
with o; > 1 and \; > 0, the boundary weight term §(-) € C%?(9Q) (0 < p < 1) with
B(z) = 0for all z € 09, the reaction term g(-) € C([0, s.]; R) for some s, > 0, the term
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1030 A. EL KATIT

on the boundary o(-) € C**([0, s.]) (0 < v < 1), the weight function «a(-) € L=(Q),
with a := essinfg a > 0, n is the outer normal, and

— A = —div(|Vv|7?Vo),

denotes the classical ¢-Laplacian operator with ¢ € (1, 400).

The g-Laplacian problem with Robin boundary conditions arises naturally in a
variety of nonlinear physical, biological, and engineering contexts, in which both the
interior dynamics and the boundary interaction play crucial roles. For instance, in
heat transfer through materials with nonlinear conductivity, Robin conditions model
convective exchange with an external environment, while in nonlinear electrostatics
they represent imperfectly conducting interfaces with capacitive properties. Moreover,
similar formulations appear in population dynamics, where the Robin term models
semi-permeable boundaries allowing migration driven by both density and flux, we
refer to [1,19,23,25-27,29, 30].

Nonlocal problems of the form (P) with ¢ = 2, H(u) = u and &(u) = 0 are motivated
by biological models describing population diffusion, in which the diffusion coefficient

is
V:—(Z(/Udz)vu,
Q

depending only on the total population [10], regardless of whether individuals are
uniformly distributed or accumulated, where u(z) represents the population density
at point z. Furthermore, when N = 1, such nonlocal models find other applications in
the description of transversal vibrations of elastic strings subject to potentially large
displacements [8].

Later, a more general type of diffusion was considered, where H(u) = u? with p > 1,
leading to a diffusion coefficient of the form

V:—a</updz)Vu.
Q

In this scenario, large subdomains increase dispersion compared to a uniform distri-
bution of population, since u? (with p > 1) amplifies high-density regions, thereby
making their contribution to the velocity integral disproportionately larger.

The study of nonlocal problems of this type has witnessed considerable advances in
recent years. Notable contributions include Gasinski et al. [15,16] on the Laplacian,
Candito et al. [5] and Crespo-Blanco et al. [12] on the ¢-Laplacian, and the recent
work [6] on the ¢-Laplacian.

Papageorgiou et al. [28] considered the Robin problem with an indefinite potential

—Au+£&(2)u= f(z,u), in Q.

Applying variational tools, truncation, and critical groups, they proved the existence
of at least three smooth solutions, positive, negative, and nodal, providing precise sign
information. Under C'-regularity of the reaction, a fourth nodal solution is obtained.

This paper is devoted to the study of a nonhomogeneous Robin problem in which the
standard LP-type nonlocal term is generalized to [o H(v) dz, where H(v) = 371, Aju%,
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and whose diffusion is modulated by a coefficient K(-) that undergoes multiple sign
changes.

Set
o) el

Te s—>0Jr 5917

Vg = lim

s—0+ g4—1’

and assume the following hypotheses.

(Hy) &() € L>=(Q2) with & := essinfoé > 0.
(Hy) B(-) € C**(09Q) with p € (0,1) and 3(z) > 0 for all z € 9.
(Hs) a(-) € L>®(Q2), with a := essinfg a > 0.

(Hy) g(-) € C([0, s4];R) for some s, > 0, such that g(s) > 0 for all s € (0,s,),
g(s.) =0, and the map (0, s.) 3 s — ¥(s) := g(s) is strictly decreasing.

(Hs) X(-) € C([0,400);R) and there ex1st positive numbers 0 =: sy < s1 <
S9 K 83 < 84 < -0 K 891 < Syp (f = 1) such that X > 0 in (821'_1,820 and
K(s9i—1) = K(s9;) =0 for any i € Z(1,¢) := .., }. Moreover,

{1,
(e a

sup  K(s) <y mm{H 3 (Q)’ (& )} 8 := [[€llrc) + 181l @0,
1

s€(52i-1,52:) S
where 5\1(5 ) represents the first eigenvalue of the following problem
—Aqv(Z) §(2)(2)["7%0(2) = Ajo(2)["%0(2), in Q,

(1.1)
|Vo|7~ 2 + B(2)|v]972v = 0, on ON.

(Hg) ¢() € C’l’”([O,s*]), v € (0,1], p(s.) = 0 with s, as in (Hy) and ¢(s) > 0 in
(0, s,). Moreover, (0, s,) > s+ fq(—fi is strictly decreasing and ~, < 8/|092| where 8 is
given in condition (Hsj).

(H7) There is k € Z(1,m), such that

min{)\lsf,fl / 071 dz, Ags? / 592 dz, . .., AmsCm / oo dz} — st / 9% dz
Q Q Q Q

and
Sop < mAks‘j’“/ 07" dz,
Q

where v; denotes the eigenfunction corresponding to the first eigenvalue 3\1(5) of
problem (1.1), normalized with respect to the L>-norm.
(Hs) For any i € Z(1,{), there exists § € (sg;_1, S9;) such that

T/l QMg < K(0) (67 — 7 [0QM) ,

where

m q
(12) M= s sp(s) Myim swp sols), 7= Llop (D)
0 i=1

$€[0,54] S€E[0,8x]

The main result of this paper is the following theorem.
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Theorem 1.1. Suppose that (Hy)-(Hg) hold. Then, problem (P) has at least { pairs
of positive solutions v; 1, v; 2, which satisfy

t < /Qf}f(vlyl) < /Q}C(vl,g) <ty < ooe <ty < /Qf}f(vm) < /QJ{(WQ) < toy.

The main idea of our approach is to reduce problem (P) to a family of auxiliary
one-dimensional truncated fixed-point problems, formulated for each ¢ € Z(1, ) and
0 € (891, S2:), as follows

K(0) (=Aqv(2) + £(2)[v(2)[*7%0(2)) = a(2)gu(v), inQ,

(Piog.)
’ Vo200 4 Bl 2 = . 0), on 90,

where the truncations g.(-) and ¢.(-) are defined by

g(0), ifs<0,
(1.3) g:(s) =4 g(s), if0<s< s,
0, if s, <s,
and
©(0), if s <0,
(1.4) wi(s) =3 p(s), if0<s<s,,
0, if s, < s.

We first establish that (P g4, ) admits a unique positive solution vy satisfying vy < s..
This allows us to introduce the following map

Qi : (SQi_l,SQZ‘) — R, Q,(@) = /Qj'((?]@) dZ,

defined for every 6 € (s9;_1, S2;). This mapping is crucial to our proof. Indeed, by
the first step, for every 6 € (s2_1, S2;), the function vy solves (P, g,.). Furthermore,
if 6 € Fix(Q;), then the corresponding vy is also a solution to (P), where Fix(Q;) =
{0 € (s2i-1,2i) : Qi(0) = 0}, the fixed-point set of Q;. The final step is to establish
the existence of at least two fixed points for Q;.

The structure of the paper is as follows. In Section 2, we introduce the functional
framework and present some preliminary results. In Section 3, we establish key
auxiliary results that will be used in the main argument. Section 4 is devoted to the
proof of the main theorem, which ensures the existence of ¢ pairs of positive solutions,
each corresponding to a positive bump of the nonlocal term.
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2. FUNCTIONAL FRAMEWORK AND PRELIMINARIES

In this section, we recall some background on Sobolev spaces. For ¢ > 1, the
Sobolev space W14(.) is characterized by

Wha(Q) = {v e L(Q) : D*v e L(Q), [k <1},
Throughout the paper, we endow the Sobolev space W14(Q2) with the following norm

1/q
ol = (R@) + [ BNl do)

R) = IVollg+ [ el dz.
This norm is equivalent to the classical Sobolev norm, (cf. [3,14]), where || - ||, stands
for the L9(2)-norm.

We remind that the ¢g-Laplacian operator —A, : Wh(Q) — W-td (€2) is continuous,
bounded, monotone, and of (54 )-type (see [7, Example 2.110]).

We present the following proposition for problem (1.1), established by Fragnelli et
al. [13] (see also Mugnai et al. [22] and Papageorgiou et al. [24] where special cases of
(1.1) are studied).

Proposition 2.1. If hypotheses (H:)-(Hz2) hold, then problem (1.1) has a smallest
eigenvalue N\, = A\ (&) € R which is isolated, simple, and the infimum in (1.1) is
realized on the one-dimensional eigenspace of \; the elements of this eigenspace do
not change sign and if v, denotes the positive, Li-normalized (that is, ||v1]l, = 1)
eigenfunction, then vy is nonnegative.

Definition 2.1. Let L1 () = {v € L9(Q) : v > 0}. We state that v € W4(Q) is a
sub-solution to (P g, ) if

x(0) / (192l"*(Ve, Vo)x + €l u0) dz ) +K(0) [ B)Iel* 2o do
< / V)¢ dz + K(0) /8 e do, forall g € WH(Q) N LL(Q).
We state that v € W4(Q) is a super-solution to (Pig,,) if
%) / (19312(V0, Vo)x + (01" 200) dz ) +K(6) [ Bl 20 do

> / 7)o dz + K(0) /8 e (0)p do, forall g € WH(Q) N LL(Q),

where

We say that v € WH(Q) is a solution to (P,g,,) if it is both a sub-solution and a
super-solution to (P, g,.), that is,
(2.1)

K(0) [ (Vel™2(V0, To)ax + €GNl 206) d=) +K(0) [ Bl 200 do
_ /Q a(2)g.(v) dz + K(6) /8Q 0. (0)6 do, for all ¢ € WH(Q).
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3. AUXILIARY RESULTS

The energy functional corresponding to problem (P4, ) is given by:

Jio(v) == 2%(0)“@“%— /Q a(2)G. (v) dz — K(0) / . (v) do,

o0

where G, (t) := [ g.(s) ds and ®,(t) := [5 p.(s)ds. We note that the critical points
of J;0(v) represent weak solutions to (P g, ).

Lemma 3.1. Suppose that hypotheses (Hy)-(Hg) hold. Then, for each i € Z(1,¢)
and 0 € (S2i—1,52;) fivzed, problem (Pig,.) admits a unique solution vy such that
0 < vy < S4. Moreover, vg € CP Q) for some X € (0,1).

Proof. From (Hy4) and (Hg), the functional J; g(v) is well defined, coercive and lower
semi-continuous. Invoking Tonelli-Weierstrass’ theorem (cf. [11]), there exists a global
minimum vy € WH4(Q) for J; o(v) which is a solution to (Pigy,).

Now, we prove that 0 < vy < s,. Let us consider (2.1) with the test function
¢1 = —(vg)~, we have

KOy I = [ a(2)g.w0)(~(00)) dz+%K(0) [ ulvn)(~(w0)") dor <0,

As a result, |lv, || = 0 and thus vy > 0. Invoking Proposition 2.1, we can apply
the strong maximum principle in [18, Theorem 6.4.6], which yields vy > 0.
By the same argument, we test (2.1) with ¢o = (vg — s.)™", we get

K)o = 5.1y = = [ ale)ge00)(va = 5.) dz = K(6) [ pulvn)(vo — 5.)* do
<0.

Therefore, vy < s,.
The uniqueness follows by an argument analogous to that of [12, Lemma 2.1].
Given that vy € L*°(Q) and ¢ € C**([0, s.]) by (Hg), [20, Theorem 2] ensures that
vg € C1A(Q) for some X € (0,1). O

We now establish that, for any i € Z(1, ), Q; is continuous and admits at least two
fixed points.

Proposition 3.1. Assume that (Hy), (H3)-(Hg) hold. Then, the mapping
Qi : (SQi_l,SQi) — R, QZ(Q) = / %(U@) dZ,
Q
is continuous for each i € Z(1,0), where vy is obtained from Lemma 3.1.

Proof. Let i € Z(1,/) be fixed. Consider a sequence (6,,),>1 C (S2;_1, S2;) converging
to some 0, € (S2;_1, S2;), and denote by vy, the corresponding minimizers of the energy
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functional associated with 6,,. Let ¢, = and v = 1, t small enough. A direct

computation yields

dig, (th1) _ XK(0,)8 /

1
1092

a(2)Ui(2) dz — K (6,) / Vi(2) do,

t o)) 90
where
L Gs* (twl) q o (I)s* (uﬁl) q
Ut('z) T (t¢1)q ¢17 V;f(z) . (t¢1)q ¢1'

Applying Hopital’s rule together with the dominated convergence theorem, we obtain

Yol e
/QO((Z)U,:(Z) dz — W’ /(99%(2) do — W’

as t — 07. Putting the limits together leads to

- Jip,(tY1) 1
tl_lf(% p = MESIE (fK(@n)S - 7g||O‘HL1(Q) - K(en)7w|aQ|) .

Meanwhile, by hypotheses (Hs)-(Hg) we have

(3.1)

ol o)
sup  K(s) < Yy,
S€(82i—1,52;) '8 — ’Y‘P|aQ’

where § is given in condition (Hs). Combining the last estimate with (3.1), we
conclude that, for ¢ > 0 sufficiently small, dp, < J;, (t1)1) < 0 where

dy,, := Jie,(v,) = eri/fllg(ﬂ) dio,(v).

This yields

q
(32 o1 < g5 Ulally 19+ KON 02
Therefore, (vg, )n>1 C WH9(Q) is a bounded sequence. Thus, by [4, Theorem 4.9],
(3.3) vg, — vy, in L'(Q),

v, (2) = v4(2), a.e. in Q,

for some v, € WH4(2). By testing (2.1) with ¢ = vy, — v,, then taking limsup,,_,
and exploiting the boundedness of g, and ., together with the convergence 6,, — 0,
and (3.3), we deduce

K(0,) lim sup(—A,vg, , v, —v) < 0.
n—+oo
Applying the (S, )-property of the g-Laplacian operator, we conclude that vy, — v,
in W4(Q). To prove that v, is nontrivial, we introduce the constant

K := sup sup  K(s).
1€Z(1,€) s€(s2i—1,52:)
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Thanks to (Hy), the map (:) is strictly decreasing and thus admits an inverse
=1 (0,7,) — (0,s,). Hence, by (Hs), for any € € (O,vg - 55\1(5)5(), it makes sense
to consider the function B

(3.4) =07 (SROK(6) + )

We note that yp, € W14(Q) and it holds that yp, < s. in Q. Moreover, (-) is
strictly decreasing. Therefore

* n Yon —
On
On the other hand, exploiting the positivity of ¢(-) and K(6,), it follows that
dio,(vo,) _ 1 - a(2)G.(vo,)
3.6 s < =K (6, vq—/indz.
o0 [ R S 7N 2

Using (3.5), the definition of y,, , the fact that () is strictly decreasing and ||0; ]| = 1,
we deduce that

G(o,) < 9We Yo, — 9We.) ¢ — 9(lYa,lloc) - N
(3.7) D e — 01 = U([[Ya, [loo) V-
o, 1%~ dllve. )%~ qui ' ya, 14"

Combining the last inequality with (3.7), and substituting these relations into (3.6),
together with Proposition 2.1, we infer

6 A
o, < Bion(0,) < =l % /Q a(2)0? dz.

Passing to the limit, it follows that
1~ q
Jip. (vs) < —E@/J_l <>\1(§)JC(9*) + e) / a(2)vf dz < 0.
q [e] Q

Consequently, v, is nontrivial. This completes the proof. 0

4. PROOF OF MAIN RESULT

This section is devoted to the proof of the main theorem, where we establish both
existence and multiplicity of positive solutions to (P).

Lemma 4.1. Assume that (Hy)-(Hg) are satisfied. Then,
1~
41) vy i= ! <a)\1(§)9<(9)> B1, for alli € Z(1,0),0 € (531, 55).

Proof. Fix 1 € Z(1,¢) and 0 € (s9;-1,52;). We consider the following truncated
problem

K(0) (—Aqv +£(2) o] ?v) = a(2)g(z,v), inQ,

Pz' -
Fioa) Vo0l L Bl = @), ondn
n
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where
e = gx(s), if s > xo(2),
9=9) {g*m(z)), if s < xo(2),
and
3(s 5) — 90*(5)7 if s > XG'(Z)?
P(zs) {w*(xe(Z)), if s < xo(2).

By proceeding as in Lemma 3.1, we get a unique solution ¥y of (P, 45) fulfilling
0 < vg < Ss.

Given that (-) is strictly monotone, hypothesis (Hj) holds, and ||t = 1, it
necessarily follows that

(42 MOKO) _g(lvl) _ 90x)
@ holle™ = X

By (H,), (H,), (Hg), and Proposition 2.1, we obtain, for each ¢ € Wh4(Q) N LL(Q),
(43)  KOT(w).¢) = C0) [ 370 d= = M(OKO) [ i d

where

c0) = hexe) (v (Shoxe))
and 7' : WH(Q) — W14 (Q) denotes the monotone operator defined by
(T(0),6) i= [ (IVo"*(Vo, Volan +EEII206) dz+ [ BE) ol 20 do.
By (4.2) and since xg < s., we deduce that, for all ¢ € W4(€) N LL(€),
(4.4) MEOXO) [ xb0 dz < [ al=)90w)

From (Hyg), it follows that v.(xs) = ¢(xe) = 0 on 092, which together with (4.3)—(4.4),
yields that

KON (). 9) < [ al)g.(x0)6 dz +K(6) [ ¢.(x)o do.

for each ¢ € WH1(Q) N LL(2). Consequently, xy is a sub-solution to (P, ).
Testing (P, ,7) with ¢ = (xp — )" and using the fact that x, is a sub-solution to
(Pio,4.), we have

X(0) <T<ﬁe> (x0 = %))

= [ a(2)3(,T)(xo = 30)* dz+ () | B=50) (xo — )" do
- / a(2)g. (x0) (xo — )" d=+ K(6) [ .(x0) (x0 — 00} do
>K 9><T< > < X0 = T)").

e}

— 2
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Since T is strictly monotone on W4(Q), we deduce
(45) X0 g 179, in ).
Hence, for all ¢ € Wh4(Q), it follows that

KONT(@0),0) = [ a(2)9.@0)6 d= +K0) [ .06 do,
that is, 7y is a positive solution to (P4, ) such that 75 < s.. As a consequence of the
uniqueness result in Lemma 3.1, we obtain that
(4.6) Ug = vy, in Q.
Inserting (4.6) into (4.5) yields (4.1). This completes the proof. O

Proposition 4.1. Suppose that (Hy), (Hs)-(Hg) hold. Then, the map Q; admits at
least two fized points 0;1,60;9 € (S2i—1, S2;) such that 0;1 < 0,9, for any i € Z(1,().

Proof. Fix i € Z(1,¢). By (4.1), for every 0 € (s9;_1, S2;), we have

m ' m B 1~ g4 .
Q,(6) :/Qi}((vg) dz:;Ai/Qvgz dz)z;)\i (w ! (pmc(@))) /Qvl’ dz,

which along with (H,), yields
lim inf Q;(¢) > Zx\isf"/ 07" dz and liminf Q;(0) > Z)\isgi/ % dz.
i=1 & 1 Q

+ —
0—s5._ 4 0—s5,; i

Consequently, condition (H7) implies

hminf QZ(Q) > So9i—1 and lim inf QZ(Q) > So;.

6—s5, 055,

We shall prove the existence of some 0y € (s9;_1, S2;) such that
Qi(6p) < by.
To this end, fix 6 € (s9;_1, S2;) and consider the following auxiliary problem:

47 SA VT = h(), i Q2
(4.7) |Vu|9722% 4 B(2)|v]|7 20 =0, on I
on ’ )

where h(vg) := Y7L, Avp7 " and vy refers to the unique solution of (Pg.,.).
Applying the Minty-Browder’s Theorem [4, Theorem 5.16], problem (4.7) admits a
unique positive solution uyg.
Testing (4.7) with vy yields

(4.8) Q,(8) = /Q H(vg) dz = (T'(ug), ve).

Applying Hélder’s inequality to each term on the right-hand side of (4.8), we infer
that

(4.9) Qi(0) < [luslf [lvalls.
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On the other hand, testing (4.7) with ug and applying Holder’s inequality, we obtain

h o Q| a
(410) Hue”%fl :/ (U@)U@ Hué’“q Z}\ H j 1 | | Z}\ 80'7,71.
Q

luolls S T s 5= ¢

Inserting (3.2) and (4.10) into (4.9), we arrive at

1/q m
Qi(@) < (CZ(H)‘Q‘(]1> Z/\jsgjfl :
0 j=1

where

Cy(0) = (192f[[aflocMy +3(0)|02M,)

.
%(0)

Therefore, from (Hg), there exists at least one 0y € (s2;_1, S9;) such that Q;(6y) < 6.
This completes the proof. 0

Proof of Theorem 1.1. Proposition 4.1 ensures that the map Q; has at least two fixed
points. Hence, problem (P) admits at least two positive solutions for each i € Z(1, /),
which satisfy

1

< /Qf}f(vlyl) < /QSH(ULQ) <ty <o <tgyg < /QSH(U“) < /QJ{(WQ) < toy.
U
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