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EXISTENCE OF MULTIPLE SOLUTIONS FOR NONLOCAL ROBIN
PROBLEMS WITH DEGENERACY

ABDESSAMAD EL KATIT1

Abstract. This paper is devoted to a nonlocal degenerate problem subject to
nonhomogeneous Robin boundary conditions. We show that the problem admits
multiple positive solutions, with their number being precisely twice the number
of zeros of the degenerate term. Our approach is based on a transition from a
variational framework to a one-dimensional fixed-point formulation, supplemented
by sub- and supersolution techniques and suitable truncations.

1. Introduction

In the present work, we consider the following nonlocal degenerate problem subject
to Robin boundary conditions

(P)


K

(∫
Ω
H(v(z)) dz

)
(−∆qv(z) + ξ(z)v(z)q−1) = α(z)g(v(z)), in Ω,

v > 0, in Ω,

|∇v|q−2 ∂v

∂n
+ β(z)|v|q−2v = φ(v), on ∂Ω,

where Ω ⊂ RN (N ⩾ 2) is a bounded domain; the diffusion factor K(·) ∈
C([0,+∞);R), ξ(·) ∈ L∞(Ω) is an indefinite potential function, H(s) := ∑m

j=1 λjs
σj

with σj > 1 and λj > 0, the boundary weight term β(·) ∈ C0,ρ(∂Ω) (0 < ρ < 1) with
β(z) ⩾ 0 for all z ∈ ∂Ω, the reaction term g(·) ∈ C([0, s∗];R) for some s∗ > 0, the term
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on the boundary φ(·) ∈ C1,ν([0, s∗]) (0 < ν < 1), the weight function α(·) ∈ L∞(Ω),
with α := essinfΩ α > 0, n is the outer normal, and

−∆qv := −div(|∇v|q−2∇v),
denotes the classical q-Laplacian operator with q ∈ (1,+∞).

The q-Laplacian problem with Robin boundary conditions arises naturally in a
variety of nonlinear physical, biological, and engineering contexts, in which both the
interior dynamics and the boundary interaction play crucial roles. For instance, in
heat transfer through materials with nonlinear conductivity, Robin conditions model
convective exchange with an external environment, while in nonlinear electrostatics
they represent imperfectly conducting interfaces with capacitive properties. Moreover,
similar formulations appear in population dynamics, where the Robin term models
semi-permeable boundaries allowing migration driven by both density and flux, we
refer to [1, 19,23,25–27,29,30].

Nonlocal problems of the form (P ) with q = 2, H(u) = u and ξ(u) = 0 are motivated
by biological models describing population diffusion, in which the diffusion coefficient
is

ν = −a
(∫

Ω
u dz

)
∇u,

depending only on the total population [10], regardless of whether individuals are
uniformly distributed or accumulated, where u(z) represents the population density
at point z. Furthermore, when N = 1, such nonlocal models find other applications in
the description of transversal vibrations of elastic strings subject to potentially large
displacements [8].

Later, a more general type of diffusion was considered, where H(u) = up with p > 1,
leading to a diffusion coefficient of the form

ν = −a
(∫

Ω
up dz

)
∇u.

In this scenario, large subdomains increase dispersion compared to a uniform distri-
bution of population, since up (with p > 1) amplifies high-density regions, thereby
making their contribution to the velocity integral disproportionately larger.

The study of nonlocal problems of this type has witnessed considerable advances in
recent years. Notable contributions include Gasiński et al. [15,16] on the Laplacian,
Candito et al. [5] and Crespo-Blanco et al. [12] on the q-Laplacian, and the recent
work [6] on the q-Laplacian.

Papageorgiou et al. [28] considered the Robin problem with an indefinite potential
−∆u+ ξ(z)u = f(z, u), in Ω.

Applying variational tools, truncation, and critical groups, they proved the existence
of at least three smooth solutions, positive, negative, and nodal, providing precise sign
information. Under C1-regularity of the reaction, a fourth nodal solution is obtained.

This paper is devoted to the study of a nonhomogeneous Robin problem in which the
standard Lp-type nonlocal term is generalized to

∫
Ω H(v) dz, where H(v) = ∑m

j=1 λjv
σj ,
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and whose diffusion is modulated by a coefficient K(·) that undergoes multiple sign
changes.

Set
γg := lim

s→0+

g(s)
sq−1 , γφ := lim

s→0+

φ(s)
sq−1 ,

and assume the following hypotheses.
(H1) ξ(·) ∈ L∞(Ω) with ξ0 := essinfΩξ > 0.
(H2) β(·) ∈ C0,ρ(∂Ω) with ρ ∈ (0, 1) and β(z) ⩾ 0 for all z ∈ ∂Ω.
(H3) α(·) ∈ L∞(Ω), with α := essinfΩ α > 0.
(H4) g(·) ∈ C([0, s∗];R) for some s∗ > 0, such that g(s) > 0 for all s ∈ (0, s∗),

g(s∗) = 0, and the map (0, s∗) ∋ s 7→ ψ(s) := g(s)
sq−1 is strictly decreasing.

(H5) K(·) ∈ C([0,+∞);R) and there exist positive numbers 0 =: s0 ⩽ s1 <
s2 ⩽ s3 < s4 ⩽ · · · ⩽ s2ℓ−1 < s2ℓ (ℓ ⩾ 1) such that K > 0 in (s2i−1, s2i) and
K(s2i−1) = K(s2i) = 0 for any i ∈ Z(1, ℓ) := {1, . . . , ℓ}. Moreover,

sup
s∈(s2i−1,s2i)

K(s) < γg min
{

∥α∥L1(Ω)

S
,

α

λ̂1(ξ)

}
, S := ∥ξ∥L1(Ω) + ∥β∥L1(∂Ω),

where λ̂1(ξ) represents the first eigenvalue of the following problem

(1.1)


−∆qv(z) + ξ(z)|v(z)|q−2v(z) = λ|v(z)|q−2v(z), in Ω,

|∇v|q−2 ∂v

∂n
+ β(z)|v|q−2v = 0, on ∂Ω.

(H6) φ(·) ∈ C1,ν([0, s∗]), ν ∈ (0, 1], φ(s∗) = 0 with s∗ as in (H4) and φ(s) ⩾ 0 in
(0, s∗). Moreover, (0, s∗) ∋ s 7→ φ(s)

sq−1 is strictly decreasing and γφ < S/|∂Ω| where S is
given in condition (H5).

(H7) There is k ∈ Z(1,m), such that

min
{
λ1s

σ1
∗

∫
Ω
v̂σ1

1 dz, λ2s
σ2
∗

∫
Ω
v̂σ2

1 dz, . . . , λms
σm
∗

∫
Ω
v̂σm

1 dz
}

= λks
σk
∗

∫
Ω
v̂σk

1 dz

and
s2ℓ < mλks

σk
∗

∫
Ω
v̂σk

1 dz,

where v̂1 denotes the eigenfunction corresponding to the first eigenvalue λ̂1(ξ) of
problem (1.1), normalized with respect to the L∞-norm.

(H8) For any i ∈ Z(1, ℓ), there exists δ ∈ (s2i−1, s2i) such that

τ∥α∥∞ |Ω|Mg < K(δ) (δq − τ |∂Ω|Mφ) ,

where

(1.2) Mφ := sup
s∈[0,s∗]

sφ(s), Mg := sup
s∈[0,s∗]

sg(s), τ = q

ξ0
|Ω|q−1

(
m∑

i=1
λis

σi−1
∗

)q

.

The main result of this paper is the following theorem.
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Theorem 1.1. Suppose that (H1)-(H8) hold. Then, problem (P ) has at least ℓ pairs
of positive solutions vi,1, vi,2, which satisfy

t1 <
∫

Ω
H(v1,1) <

∫
Ω
H(v1,2) < t2 < · · · < t2ℓ−1 <

∫
Ω
H(vℓ,1) <

∫
Ω
H(vℓ,2) < t2ℓ.

The main idea of our approach is to reduce problem (P ) to a family of auxiliary
one-dimensional truncated fixed-point problems, formulated for each i ∈ Z(1, ℓ) and
θ ∈ (s2i−1, s2i), as follows

(Pi,θ,g∗)


K(θ) (−∆qv(z) + ξ(z)|v(z)|q−2v(z)) = α(z)g∗(v), in Ω,

|∇v|q−2 ∂v

∂n
+ β(z)|v|q−2v = φ∗(v), on ∂Ω,

where the truncations g∗(·) and φ∗(·) are defined by

(1.3) g∗(s) =


g(0), if s ≤ 0,

g(s), if 0 < s < s∗,

0, if s∗ ≤ s,

and

(1.4) φ∗(s) =


φ(0), if s ≤ 0,

φ(s), if 0 < s < s∗,

0, if s∗ ≤ s.

We first establish that (Pi,θ,g∗) admits a unique positive solution vθ satisfying vθ ⩽ s∗.
This allows us to introduce the following map

Qi : (s2i−1, s2i) → R, Qi(θ) :=
∫

Ω
H(vθ) dz,

defined for every θ ∈ (s2i−1, s2i). This mapping is crucial to our proof. Indeed, by
the first step, for every θ ∈ (s2i−1, s2i), the function vθ solves (Pi,θ,g∗). Furthermore,
if θ ∈ Fix(Qi), then the corresponding vθ is also a solution to (P ), where Fix(Qi) =
{θ ∈ (s2i−1, s2i) : Qi(θ) = θ}, the fixed-point set of Qi. The final step is to establish
the existence of at least two fixed points for Qi.

The structure of the paper is as follows. In Section 2, we introduce the functional
framework and present some preliminary results. In Section 3, we establish key
auxiliary results that will be used in the main argument. Section 4 is devoted to the
proof of the main theorem, which ensures the existence of ℓ pairs of positive solutions,
each corresponding to a positive bump of the nonlocal term.
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2. Functional Framework and Preliminaries

In this section, we recall some background on Sobolev spaces. For q > 1, the
Sobolev space W 1,q(·) is characterized by

W 1,q(Ω) =
{
v ∈ Lq(Ω) : Dkv ∈ Lq(Ω), |k| ≤ 1

}
.

Throughout the paper, we endow the Sobolev space W 1,q(Ω) with the following norm

∥v∥β :=
(
R(v) +

∫
∂Ω
β(z)|v|q dσ

)1/q

,

where
R(v) := ∥∇v∥q

q +
∫

Ω
ξ(z)|v|q dz.

This norm is equivalent to the classical Sobolev norm, (cf. [3,14]), where ∥ · ∥q stands
for the Lq(Ω)-norm.

We remind that the q-Laplacian operator −∆q : W 1,q(Ω) → W−1,q
′
(Ω) is continuous,

bounded, monotone, and of (S+)-type (see [7, Example 2.110]).
We present the following proposition for problem (1.1), established by Fragnelli et

al. [13] (see also Mugnai et al. [22] and Papageorgiou et al. [24] where special cases of
(1.1) are studied).
Proposition 2.1. If hypotheses (H1)-(H2) hold, then problem (1.1) has a smallest
eigenvalue λ̂1 = λ̂1(ξ) ∈ R which is isolated, simple, and the infimum in (1.1) is
realized on the one-dimensional eigenspace of λ; the elements of this eigenspace do
not change sign and if v1 denotes the positive, Lq-normalized (that is, ∥v1∥q = 1)
eigenfunction, then v1 is nonnegative.
Definition 2.1. Let Lq

+(Ω) = {v ∈ Lq(Ω) : v ⩾ 0}. We state that v ∈ W 1,q(Ω) is a
sub-solution to (Pi,θ,g∗) if

K(θ)
(∫

Ω
(|∇v|q−2(∇v,∇ϕ)RN + ξ(z)|v|q−2vϕ) dz

)
+ K(θ)

∫
∂Ω
β(z)|v|q−2vϕ dσ

⩽
∫

Ω
α(z)g∗(v)ϕ dz + K(θ)

∫
∂Ω
φ∗(v)ϕ dσ, for all ϕ ∈ W 1,q(Ω) ∩ Lq

+(Ω).

We state that v ∈ W 1,q(Ω) is a super-solution to (Pi,θ,g∗) if

K(θ)
(∫

Ω
(|∇v|q−2(∇v,∇ϕ)RN + ξ(z)|v|q−2vϕ) dz

)
+ K(θ)

∫
∂Ω
β(z)|v|q−2vϕ dσ

⩾
∫

Ω
α(z)g∗(v)ϕ dz + K(θ)

∫
∂Ω
φ∗(v)ϕ dσ, for all ϕ ∈ W 1,q(Ω) ∩ Lq

+(Ω).

We say that v ∈ W 1,q(Ω) is a solution to (Pi,θ,g∗) if it is both a sub-solution and a
super-solution to (Pi,θ,g∗), that is,
(2.1)

K(θ)
(∫

Ω
(|∇v|q−2(∇v,∇ϕ)RN + ξ(z)|v|q−2vϕ) dz

)
+ K(θ)

∫
∂Ω
β(z)|v|q−2vϕ dσ

=
∫

Ω
α(z)g∗(v)ϕ dz + K(θ)

∫
∂Ω
φ∗(v)ϕ dσ, for all ϕ ∈ W 1,q(Ω).
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3. Auxiliary Results

The energy functional corresponding to problem (Pi,θ,g∗) is given by:

Ji,θ(v) := 1
q
K(θ)∥v∥q

β −
∫

Ω
α(z)G∗(v) dz − K(θ)

∫
∂Ω

Φ∗(v) dσ,

where G∗(t) :=
∫ t

0 g∗(s) ds and Φ∗(t) :=
∫ t

0 φ∗(s) ds. We note that the critical points
of Ji,θ(v) represent weak solutions to (Pi,θ,g∗).

Lemma 3.1. Suppose that hypotheses (H1)-(H6) hold. Then, for each i ∈ Z(1, ℓ)
and θ ∈ (s2i−1, s2i) fixed, problem (Pi,θ,g∗) admits a unique solution vθ such that
0 < vθ ⩽ s∗. Moreover, vθ ∈ C1,λ(Ω) for some λ ∈ (0, 1).

Proof. From (H4) and (H6), the functional Ji,θ(v) is well defined, coercive and lower
semi-continuous. Invoking Tonelli-Weierstrass’ theorem (cf. [11]), there exists a global
minimum vθ ∈ W 1,q(Ω) for Ji,θ(v) which is a solution to (Pi,θ,g∗).

Now, we prove that 0 < vθ ⩽ s∗. Let us consider (2.1) with the test function
ϕ1 = −(vθ)−, we have

K(θ)∥v−
θ ∥p

β =
∫

Ω
α(z)g∗(vθ)(−(vθ)−) dz + K(θ)

∫
∂Ω
φ∗(vθ)(−(vθ)−) dσ ⩽ 0.

As a result, ∥v−
θ ∥β = 0 and thus vθ ⩾ 0. Invoking Proposition 2.1, we can apply

the strong maximum principle in [18, Theorem 6.4.6], which yields vθ > 0.
By the same argument, we test (2.1) with ϕ2 = (vθ − s∗)+, we get

K(θ)∥(vθ − s∗)+∥q
β = −

∫
Ω
α(z)g∗(vθ)(vθ − s∗)+ dz − K(θ)

∫
∂Ω
φ∗(vθ)(vθ − s∗)+ dσ

⩽0.

Therefore, vθ ⩽ s∗.
The uniqueness follows by an argument analogous to that of [12, Lemma 2.1].
Given that vθ ∈ L∞(Ω) and φ ∈ C1,ν([0, s∗]) by (H6), [20, Theorem 2] ensures that

vθ ∈ C1,λ(Ω) for some λ ∈ (0, 1). □

We now establish that, for any i ∈ Z(1, ℓ), Qi is continuous and admits at least two
fixed points.

Proposition 3.1. Assume that (H1), (H3)-(H6) hold. Then, the mapping

Qi : (s2i−1, s2i) → R, Qi(θ) :=
∫

Ω
H(vθ) dz,

is continuous for each i ∈ Z(1, ℓ), where vθ is obtained from Lemma 3.1.

Proof. Let i ∈ Z(1, ℓ) be fixed. Consider a sequence (θn)n⩾1 ⊂ (s2i−1, s2i) converging
to some θ∗ ∈ (s2i−1, s2i), and denote by vθn the corresponding minimizers of the energy
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functional associated with θn. Let ψ1 = 1
|∂Ω| and v = tψ1, t small enough. A direct

computation yields
Ji,θn(tψ1)

tq
= K(θn)S
q|∂Ω)|q −

∫
Ω
α(z)Ut(z) dz − K(θn)

∫
∂Ω
Vt(z) dσ,

where
Ut(z) := Gs∗(tψ1)

(tψ1)q
ψq

1, Vt(z) := Φs∗(tψ1)
(tψ1)q

ψq
1.

Applying Höpital’s rule together with the dominated convergence theorem, we obtain∫
Ω
α(z)Ut(z) dz →

γg∥α∥L1(Ω)

q|∂Ω|q
,

∫
∂Ω
Vt(z) dσ → γφ

q|∂Ω|q−1 ,

as t → 0+. Putting the limits together leads to

lim
t→0+

Ji,θn(tψ1)
tq

= 1
q|∂Ω|q

(
K(θn)S − γg∥α∥L1(Ω) − K(θn)γφ|∂Ω|

)
.(3.1)

Meanwhile, by hypotheses (H5)-(H6) we have

sup
s∈(s2i−1,s2i)

K(s) < γg

∥α∥L1(Ω)

S − γφ|∂Ω|
,

where S is given in condition (H5). Combining the last estimate with (3.1), we
conclude that, for t > 0 sufficiently small, dθn ⩽ Ji,θn(tψ1) < 0 where

dθn := Ji,θn(vθn) = inf
v∈W 1,q(Ω)

Ji,θn(v).

This yields

(3.2) ∥vθn∥q
β ⩽

q

K(θn) (∥α∥∞Mg |Ω| + K(θn)Mφ|∂Ω|) .

Therefore, (vθn)n⩾1 ⊂ W 1,q(Ω) is a bounded sequence. Thus, by [4, Theorem 4.9],

vθn → v∗, in L1(Ω),(3.3)
vθn(z) → v∗(z), a.e. in Ω,

for some v∗ ∈ W 1,q(Ω). By testing (2.1) with ϕ = vθn − v∗, then taking lim supn→∞
and exploiting the boundedness of g∗ and φ∗, together with the convergence θn → θ∗
and (3.3), we deduce

K(θ∗) lim sup
n→+∞

⟨−∆qvθn , vn − v⟩ ⩽ 0.

Applying the (S+)-property of the q-Laplacian operator, we conclude that vθn → v∗
in W 1,q(Ω). To prove that v∗ is nontrivial, we introduce the constant

K̄ := sup
i∈Z(1,ℓ)

sup
s∈(s2i−1,s2i)

K(s).
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Thanks to (H4), the map ψ(·) is strictly decreasing and thus admits an inverse
ψ−1 : (0, γg) → (0, s∗). Hence, by (H5), for any ϵ ∈

(
0, γg − 1

α
λ̂1(ξ)K̄

)
, it makes sense

to consider the function

(3.4) yθn := ψ−1
( 1
α
λ̂1(ξ)K(θn) + ϵ

)
v̂1.

We note that yθn ∈ W 1,q(Ω) and it holds that yθn ⩽ s∗ in Ω. Moreover, ψ(·) is
strictly decreasing. Therefore

qG∗(yθn) ⩾ q
g∗(yθn)
yq−1

θn

∫ yθn

0
tq−1 dt = g(yθn)yθn .(3.5)

On the other hand, exploiting the positivity of φ(·) and K(θn), it follows that

(3.6) Ji,θn(yθn)
∥yθn∥q

∞
⩽

1
q
K(θn)∥v̂1∥q

β −
∫

Ω

α(z)G∗(yθn)
∥yθn∥q

∞
dz.

Using (3.5), the definition of yθn , the fact that ψ(·) is strictly decreasing and ∥v̂1∥∞ = 1,
we deduce that

(3.7) G∗(yθn)
∥yθn∥q

∞
⩾
g(yθn)yθn

q∥yθn∥q
∞

⩾
g(yθn)
qyq−1

θn

v̂q
1 ⩾

g(∥yθn∥∞)
∥yθn∥q−1

∞
v̂q

1 = ψ(∥yθn∥∞)v̂q
1.

Combining the last inequality with (3.7), and substituting these relations into (3.6),
together with Proposition 2.1, we infer

dθn ⩽ Ji,θn(yθn) ⩽ −ε

q
∥yθn∥q

∞

∫
Ω
α(z)v̂q

1 dz.

Passing to the limit, it follows that

Ji,θ∗(v∗) ⩽ −ε

q
ψ−1

( 1
α
λ̂1(ξ)K(θ∗) + ϵ

)q ∫
Ω
α(z)v̂q

1 dz < 0.

Consequently, v∗ is nontrivial. This completes the proof. □

4. Proof of Main Result

This section is devoted to the proof of the main theorem, where we establish both
existence and multiplicity of positive solutions to (P ).

Lemma 4.1. Assume that (H1)-(H6) are satisfied. Then,

(4.1) vθ ⩾ χθ := ψ−1
( 1
α
λ̂1(ξ)K(θ)

)
v̂1, for all i ∈ Z(1, ℓ), θ ∈ (s2i−1, s2i).

Proof. Fix i ∈ Z(1, ℓ) and θ ∈ (s2i−1, s2i). We consider the following truncated
problem

(Pi,θ,g̃)


K(θ) (−∆qv + ξ(z)|v|q−2v) = α(z)g̃(z, v), in Ω,

|∇v|q−2 ∂v

∂n
+ β(z)|v|q−2v = φ̃(z, v), on ∂Ω.
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where

g̃(z, s) =

g∗(s), if s > χθ(z),
g∗(χθ(z)), if s ≤ χθ(z),

and

φ̃(z, s) =

φ∗(s), if s > χθ(z),
φ∗(χθ(z)), if s ≤ χθ(z).

By proceeding as in Lemma 3.1, we get a unique solution ṽθ of (Pi,θ,g̃) fulfilling
0 < ṽθ ⩽ s∗.

Given that ψ(·) is strictly monotone, hypothesis (H5) holds, and ∥v̂1∥∞ = 1, it
necessarily follows that

(4.2) λ̂1(ξ)K(θ)
α

= g (∥χθ∥∞)
∥χθ∥q−1

∞
⩽
g(χθ)
χq−1

θ

.

By (H2), (H4), (H6), and Proposition 2.1, we obtain, for each ϕ ∈ W 1,q(Ω) ∩ Lq
+(Ω),

(4.3) K(θ)⟨T (χθ), ϕ⟩ = C(θ)
∫

Ω
v̂q−1

1 ϕ dz = λ̂1(ξ)K(θ)
∫

Ω
χq−1

θ ϕ dz,

where
C(θ) := λ̂1(ξ)K(θ)

(
ψ−1

( 1
α
λ̂1(ξ)K(θ)

))q−1
,

and T : W 1,q(Ω) → W−1,q
′
(Ω) denotes the monotone operator defined by

⟨T (v), ϕ⟩ :=
∫

Ω

(
|∇v|q−2(∇v,∇ϕ)RN + ξ(z)|v|q−2v ϕ

)
dz +

∫
∂Ω
β(z) |v|q−2v ϕ dσ.

By (4.2) and since χθ ⩽ s∗, we deduce that, for all ϕ ∈ W 1,q(Ω) ∩ Lq
+(Ω),

(4.4) λ̂1(ξ)K(θ)
∫

Ω
χq−1

θ ϕ dz ⩽
∫

Ω
α(z)g(χθ)

From (H6), it follows that φ∗(χθ) = φ(χθ) ⩾ 0 on ∂Ω, which together with (4.3)–(4.4),
yields that

K(θ)⟨T (χθ), ϕ⟩ ⩽
∫

Ω
α(z)g∗(χθ)ϕ dz + K(θ)

∫
∂Ω
φ∗(χθ)ϕ dσ,

for each ϕ ∈ W 1,q(Ω) ∩ Lq
+(Ω). Consequently, χθ is a sub-solution to (Pi,θ,g∗).

Testing (Pi,θ,̃g) with ϕ = (χθ − ṽθ)+ and using the fact that χθ is a sub-solution to
(Pi,θ,g∗), we have

K(θ)⟨T (ṽθ), (χθ − ṽθ)+⟩

=
∫

Ω
α(z)g̃(z, ṽθ)(χθ − ṽθ)+ dz + K(θ)

∫
∂Ω
φ̃(z, ṽθ)(χθ − ṽθ)+ dσ

=
∫

Ω
α(z)g∗(χθ)(χθ − ṽθ)+ dz + K(θ)

∫
∂Ω
φ∗(χθ)(χθ − ṽθ)+ dσ

⩾K(θ)⟨T (χθ), (χθ − ṽθ)+⟩.
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Since T is strictly monotone on W 1,q(Ω), we deduce
(4.5) χθ ⩽ ṽθ, in Ω.
Hence, for all ϕ ∈ W 1,q(Ω), it follows that

K(θ)⟨T (ṽθ), ϕ⟩ =
∫

Ω
α(z)g∗(ṽθ)ϕ dz + K(θ)

∫
∂Ω
φ∗(ṽθ)ϕ dσ,

that is, ṽθ is a positive solution to (Pi,θ,g∗) such that ṽθ ⩽ s∗. As a consequence of the
uniqueness result in Lemma 3.1, we obtain that
(4.6) ṽθ = vθ, in Ω.
Inserting (4.6) into (4.5) yields (4.1). This completes the proof. □

Proposition 4.1. Suppose that (H1), (H3)-(H8) hold. Then, the map Qi admits at
least two fixed points θi,1, θi,2 ∈ (s2i−1, s2i) such that θi,1 < θi,2, for any i ∈ Z(1, ℓ).

Proof. Fix i ∈ Z(1, ℓ). By (4.1), for every θ ∈ (s2i−1, s2i), we have

Qi(θ) =
∫

Ω
H(vθ) dz =

m∑
i=1

λi

∫
Ω
vσi

θ dz ⩾
m∑

i=1
λi

(
ψ−1

(
1
ρ
λ̂1K(θ)

))σi ∫
Ω
v̂σi

1 dz,

which along with (H4), yields

lim inf
θ→s+

2i−1

Qi(θ) ⩾
m∑

i=1
λis

σi
∗

∫
Ω
v̂σi

1 dz and lim inf
θ→s−

2i

Qi(θ) ⩾
m∑

i=1
λis

σi
∗

∫
Ω
v̂σi

1 dz.

Consequently, condition (H7) implies
lim inf
θ→s+

2i−1

Qi(θ) > s2i−1 and lim inf
θ→s−

2i

Qi(θ) > s2i.

We shall prove the existence of some θ0 ∈ (s2i−1, s2i) such that
Qi(θ0) < θ0.

To this end, fix θ ∈ (s2i−1, s2i) and consider the following auxiliary problem:

(4.7)

−∆qv + ξ(z)vq−1 = h(vθ), in Ω,
|∇v|q−2 ∂v

∂n
+ β(z)|v|q−2v = 0, on ∂Ω,

where h(vθ) := ∑m
j=1 λjv

σj−1
θ and vθ refers to the unique solution of (Pi,θ,g∗).

Applying the Minty-Browder’s Theorem [4, Theorem 5.16], problem (4.7) admits a
unique positive solution uθ.

Testing (4.7) with vθ yields

(4.8) Qi(θ) =
∫

Ω
H(vθ) dz = ⟨T (uθ), vθ⟩.

Applying Hölder’s inequality to each term on the right-hand side of (4.8), we infer
that

Qi(θ) ⩽ ∥uθ∥q−1
β ∥vθ∥β.(4.9)
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On the other hand, testing (4.7) with uθ and applying Hölder’s inequality, we obtain

∥uθ∥q−1
β =

∫
Ω

h(vθ)uθ

∥uθ∥β

⩽
∥uθ∥q

∥uθ∥β

m∑
j=1

λj∥v
σj−1
θ ∥q′ ⩽

|Ω|
1
q

′

ξ
1
q

0

m∑
j=1

λjs
σi−1
∗ .(4.10)

Inserting (3.2) and (4.10) into (4.9), we arrive at

Qi(θ) ⩽
(
Cq(θ)
ξ0

|Ω|q−1
)1/q

 m∑
j=1

λjs
σj−1
∗

 ,
where

Cq(θ) = q

K(θ) (|Ω|∥α∥∞Mg + K(θ)|∂Ω|Mφ) .

Therefore, from (H8), there exists at least one θ0 ∈ (s2i−1, s2i) such that Qi(θ0) < θ0.
This completes the proof. □

Proof of Theorem 1.1. Proposition 4.1 ensures that the map Qi has at least two fixed
points. Hence, problem (P ) admits at least two positive solutions for each i ∈ Z(1, ℓ),
which satisfy

t1 <
∫

Ω
H(v1,1) <

∫
Ω
H(v1,2) < t2 < · · · < t2ℓ−1 <

∫
Ω
H(vℓ,1) <

∫
Ω
H(vℓ,2) < t2ℓ.

□
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