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SOLVABILITY OF FOURTH-ORDER COUPLED SYSTEM WITH
THREE-POINT BOUNDARY CONDITIONS

ROBERT DE SOUSA'2 AND MARCO ANTONIO DE SALES MONTEIRO FERNANDES!

ABSTRACT. In this paper we deal with a coupled system of fourth-order differen-
tial equations with three-point boundary conditions where the nonlinearities de-
pend on the unknown function and its first and second derivatives. More specifi-
cally, using Guo-Krasnosel’skii compression-expansion theory on cones, superlinear-
ity /sublinearity conditions near 0 and +o0o and putting some adequate estimates
and imposing certain positivity conditions on the Green’s function and its first and
second derivatives, we guarantee the existence of positive solutions to our problem.
The last section contains an example to illustrate the applicability of the theorem.

1. INTRODUCTION

Over the decades to the present, researchers around the world have been poring
over fourth-order differential equations and their applications.

Fourth-order differential equations are used essentially to study and model elastic
beams [9, 13, 14, 17], Abel-Gontscharoff interpolation [1], infinite beam resting on
granular foundations [20], soil settlement of compressed beams [10], suspension bridge
[7,19], systems modeling degenerate plates with piers [8], deformation of structures
and vibrations of shells and plates [23], beam columns and elasticity and many more
applications [24].

In the literature there are several works and techniques on fourth-order boundary
value problems and their applications with different conditions (two points, three
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points, impulsive, mixed, Lidstone type,...) [3,6,11,16,22,26]. However, in this work
we essentially focus on three-point boundary conditions.

Citing just a few works in three-points boundary value problems, we have for
example, in [2], Bai, by using Guo-Krasnosel’skii fixed point theorem in a cone,
obtains some existence results of positive solutions. Ma et al. in [18], study the
existence of positive solutions for the fourth-order p-Laplacian three-point boundary
value problem through Leggett-Williams fixed point theorem. Applying Schauder
fixed point theorem, the upper and lower solution method and the topological degree
theory, Cetin and Agarwal in [4], investigate the existence of solutions for fourth-order
three-point boundary value problems on a half-line.

On the other hand, systems of fourth-order differential equations appear less in the
literature. As a system model, we mention the work of Wang and Yang in [25], where,
by using fixed point theory in cones, they obtained the existence of positive solutions
with superlinear or sublinear nonlinearities for the system

ut(t) + B (t) — anu(t) = fi(t,u(t),v(t)), te(0,1),
vH(t) + Bov”(t) — azu(t) = folt, u(t), v(t), t€(0,1),
u(0) = u(1) = u"(0) = u"(1) = 0,
v(0) = v(1) = v"(0) ="(1) =0,

where f; € C([O, 1] x [0, +00) x [0, +00), [O,+oo)) and 3;,a; € R, for i = 1,2, satisfy

the conditions 3; < 22, —%’2 <a, %+ 5 <1
In [5], de Sousa and Minhos, apply lower and upper solutions and degree theory
to study the fourth-order coupled system composed of the nonlinear fully differential

equations
u () = ftut),o(t), o' (1), 0/ (1), u" (1), " (), u" (1), 0" (1)), t€(0,1),
oW () = h(t,u(t), v(t), ' (t), ' (t), u" (t),v" (), u" (t),0"(t)), te(0,1),

where f,h : [0,1] x R® — R are continuous functions, with the Lidstone boundary
conditions

u
(%

w(0) =u(l) = Ay, u"(0)= Ay, u"(1) = As,
v(0) =v(1) = By, 0"(0)=B;, v'(1) =B,
and A;, B; € R, for i =1,2,3.
In fact, coupled or not, systems of differential equations of the fourth-order with
three-point boundary conditions are scarce and little explored in terms of applications.
To contribute to filling this gap and motivated by the aforementioned works, we study

the nonlinear coupled system of fourth-order three-point boundary value problem,
more specifically

(1.1) ul(t) = f(t,ult),v(t),u' (1), v'(t), u"(t),0" (1),
(1.2) vi(t) = h(t,u(t), v(t), u'(t), v'(t), u"(t), 0" (1)),
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(1.3) w'(0) = u"(0) = u(1) = 0,
(1.4) au(0) = —u"(n),
(1.5) V(0) = v"(0) = v(1) = 0,
(1.6) av(0) = —v"(n),

where f,h : [0,1]x[0, +00)2xR* — [0, +00) are L>®-Carathéodory functions satisfying
adequate superlinear and sublinear conditions and 0 <7 <1, 1 < a < 6.

Note that our system, in addition to being fourth-order and nonlinear in the un-
known functions and their derivatives (first and second), has non-separated variables
and the boundary conditions are in three points. These characteristics make research
and above all applications in this type of system scarce and very interesting.

To obtain our results, that is, the existence of positive solutions, we base our study
on the work of Minhés and Robert in [21], we use Guo—Krasnosel’skii compression-
expansion theorem on cones, we impose the functions f and h conditions of superlin-
earity /sublinearity, in addition we guarantee that the Green’s function associated to
the linear problem and its first and second derivative are nonnegative with certain
conditions and verify some adequate estimates.

The paper is organized in the following way. In Section 2 we present some auxiliary
results and definitions. Section 3 contains an existence result for the existence of
positive solutions of the coupled system (1.1)—(1.6). In the last section, an example
is used to show the applicability of the main result.

2. PRELIMINARY

Lemma 2.1. The pair of functions (u(t),v(t)) € (04[0, 1], (0, +oo))2 is a solution of
problem (1.1)—(1.6) if and only if it is a solution of the following system of integral
equations

(2.1) u(t) = /01 G(t,s)f (s,v(s),u(s),v'(s),u'(s),v"(s),u"(s)) ds,
(2.2) v(t) = /01 G(t, s)h(s,u(s),v(s),u'(s),v'(s),u"(s),v"(s))ds,

where G(t,s) is the Green’s function associated to problem (1.1)~(1.6), defined by

(at® —1)(s — 1)3, 0<t<n<s<l,
—6)(t —5)* + (at® —1)(s — 1)°
I L G Y
(2.3) G(t,8) = —= 1 +6(t°—1),
6(a — 6) 5 5 5
(a—=6)(t—s)+ (at®?—1)(s—1)°, 0<n<s<t<l,
(at® = 1)(s —1)> +6(t* — 1), 0<t<s<n<l.

Proof. Firstly, we solve the associated homogeneous system of (1.1)—(1.6) using the
method of variation of parameters for constant coefficients.
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Let uy(t) = At® + Bt* + Ct + D. Computing the Wronskian we get

B2t 1 0 t t 1
32 2t 1 0 0 2t 1 0
W=lg 2 00~ M=g 9 g o=2/0)
6 0 0 0 fH) 0 00
B30 t 1 B3 2 0 1
32 0 1 0 322 2t 0 0 )
We=lg o o o= 0/ Wa=lg o o o =670
6 f(t) 0 0 6 0 f(t) 0
B3 2t 0
Bt 2t 1 0| s
Wi=lg 9 ¢ o |=2070)
6 0 0 f(t)
Then, we have:
w, 1 W 1
ull = I/Vl = gf(t)a u/2: WQ = _§tf(t)v
Wy 1 W, 1
uy = W ith(t), uy = W —6t3f(t)-

The solution and its derivatives are expressed as
(24)  u(t)= AP+ B2 +Ct+ D+ é /Ot(tS ) (s + /Ot(tSZ — 25) f(s)ds,
(2.5)  W/(f) = 3A2 + 2Bt + C + ;ﬂ /Ot £(s)ds — t/ot sf(s)ds + ; /Ot 2 f(s)ds,
(2.6) W(t) = 6AL+ 2B +t/0tf(s)ds _ /Ot sf(s)ds,

(2.7) u"(t) =6A+ /Otf(s)ds.

Applying the boundary conditions on (2.4)—(2.7) we get

A=-D— (15/01(1 — 5% f(s)ds — ;/01(52 —5)f(s)ds,

1

p= 1 (/01(8_ 5 (s)ds + [ f(s)as).

Then,
Lla(s—1)3 n f(s
A:/O (6((04—16))> fls)ds + | Ofc(_)ﬁds.
So, (2.4) becomes

[t (a—=06)(t—s) 4 (at® = 1)(s — 1) Latd —1)(s —1)3
ult) _/0 6(c — 6) J(s)ds + /t 6(cc — 6)

f(s)ds
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n 6t —6

— ds.
* 0 6(a— 6)f<8) °
Giving us the Green’s function (2.3). O
Now consider the space X = C?[0, 1] equipped with the norm || - ||z, defined by
[wlic= = max {[|wlloc, [[t”oc, [1t"lloc} and [yloc := max [y(£)]
Lemma 2.2. (X, | - ||¢2) is a real Banach space.

Proof. 1t should be clear, from the linearity of the derivative, that X is a vector space.
So first we show that the space (X, || - ||¢2) is normed with

[wllce = max {||w]| oo, W] o, [ ||oc }
and

o = t)].
[yl Jﬁ&iﬁ'y( )

Given w € X, then clearly, ||w||c2 > 0 from the definition. So suppose, ||w||c2 = 0.
Then, ||w]sw = || = ||0"|le = 0, that is, w(t) = 0 for all ¢ € R. Conversely, if
w(t) =0 for all t € R, then ||w||e = [|w']|oc = [0 ||c = 0.

Take A € R. Then,

| Aw]| o2 = max{max [ w(t)|, max |(Aw)’(¢)|, max |(Aw)" ()}
= max{|\| max |w(t)|, |\| max |w'(t)|, |\ max [w" (t)|}
= (Al flwllce-
Let z,y € X. To show the triangle inequality, note that:
|z + y| <|z| + [y < max|z] + max [y,
2"+ '] <[2'] + |y'| < max 2’| + max |y,
2" + 3" <|2"] + |y"| < max[z"] 4 max [y"].
Taking the max of both sides gives
max |z + y| < max{max |z| + max |y|} < max |z|+ max|y|,
max |2’ + y'| <max{max |z’| + max |[¢/|} < max |2'| + max |/,
max |z” + y"| <max{max |z"| + max |¢"|} < max |z"| + max |y"|.
Thus,
max |z + y| < max |z| + max |y|
< max{max |z|, max |2|, max |z"|} + max{max |y|, max ||, max |y"|},
max |’ + | < max |z'| + max ||
< max{max |z|, max |z|, max |z"|} + max{max |y|, max ||, max |y"|},
max |z” + 3| < max |2"| + max |y

< max{max |z|, max |z’|, max |2"|} + max{max |y|, max ||, max |y"|},
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giving us

max{max |z + y|, max |2’ + ¢/, max |z" + 3|} <max{max |z|, max |z'], max |z"|}
+ max{max [y[, max [y'[, max [y"|}.

That is, ||z + y||lc2 < ||z||c2 + ||y||c2, thus showing us that the norm is well defined.
Lastly, we show that the space (X, || - ||¢c2) is complete in the norm

|z — y||c2 = max{max |z — y|, max |2’ — ¢/|, max |2" — y"|}.

Let (x,,) be an arbitrary Cauchy sequence in X. And let us denote ||z — yl||c2 by
d(x,y). Then, for any € > 0, there exists an N € R such that for all m,n > N

d(Zpm, Tp) = max{max |z, — z,|, max |(z,, — x,)'|, max |(x,, — x,)"|} < e.
So, for every fixed o € [0, 1] we have
max{|zm(to) — n(to)|, |[(Tm(to) — za(to))'], (zm(te) — za(to))"[} <€
that is,
[m(to) — znlto)| <&, [(@m(to) — za(to))'| <& |(zm(to) — 2alto))"| <e.

So, the sequence of numbers (x; (o), x2(to), z3(t0), - . . ), (@ (to), x5 (t0), ¥5(t0),...) and
(2] (to), x4 (to), 5 (to), ... ) are Cauchy, and each of them converges (see [15, Theo-
rem 1.4 —4]), i.e.,

Im(to) — ZE(to) € R, l‘{m(to) — I,(to) € R, I%(to) — ZEH(t()) € R,

as m — +o0o. So, z(t) € C?[0,1] = X, and the space X is complete and therefore a
Banach space. O

Remark 2.1. The product space F := X x X with the norm

1w, )| = max {{lull gz s [[v]l o=}

is also a Banach space.

The next lemmas provide some properties of the Green’s function and its first and
second derivatives.

Lemma 2.3. Let G(t,s) be given by (2.3) and 0 <n <1, 1 < a < 6. Then,

2(1 -5 +1
G(t h = ———>0.
(1) < ho(s) = 1 0>
Proof. Recall the Green’s function
(at® —1)(s — 1)3, 0<t<n<s<l,
(a—6)(t—s5)+ (at®—1)(s—1)3
1
G(t,s) = ——= < +6(t> — 1), 0<s<n<t<l,
6(a — 6)
(@=06)(t—s)’+(at’ —1)(s—1)°, 0<n<s<t<l,
(at® = 1)(s = 1> +6(£2 — 1), 0<t<s<n<l.
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For the first branch we have
(at> =1)(s —1)° (ot —1)(1—s)® < 6(1 — s)3 - 2(1—s)3+1
6(a — 6) 6(6 — ) ~ 6(6— ) n(6 — )
For the branch 2 we have
(@ —=6)(t—s)+ (at> —1)(s — 1> +6(t3—1)

6(a — 6)
_(6—a)(t—s)’ + (at® — 1)(1 - 5)° + 6(1 —t%) - 6—a)(l—s)2+5(1—s)3+6
6(6 — ) - 6(6 — )
<6(1—s)3+6(1—s)3+6:2(1—3)3+1 _ 2(1 —s)3+1
- 6(6 — ) 6 — n(6 — «)

For the branch 3 we have
(a—6)(t—s5)3+ (at3—1)(s —1)3 _(6 —a)(t—s)3+ (at®> = 1)(1 — s)?

6(a — 6) 6(6 — )
(6 —a)(1—s)*+5(1—s)
- 6(6 — )
6(1—s)°+6(1—s)® 2(1—s)?
- 6(6 — ) 6—«
21 — 5)* + 1
n(6 — )

For the branch 4 we have

(at? = 1) (1 =8> +6(1 —¢%) _6(1—s)+6 2(1—s)+1

< <
6(6 — ) -~ 6(6—aq) n(6 — «)
OJ
Lemma 2.4. Let 0 <n <1, 1< a<6 and % <t < 1. Then, for hg = 2(5(763_)31

and ko := % >0, we have
G(t,s) > ko(t, s)ho(s).

Proof. Clearly, %t(;)) < 1 from Lemma 2.3.

Now, we want to take the smallest possible positive expression for ky at each branch.
Branch 1 (0 <t<n<s<1).
We aim to satisfy
b < G(t,s)  (at? =1)(s—1)*(6—a)y (at® —1)(1—s)°n
"= he(s)  6a—6)2(1—s)3+1)  12(1—5)3+6

Now notice that

3 _ AY:

(o —D)(1=s5)"n

12(1—=s)2+6 —
since t > —~.

EH
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Branch 2 (0 < s <n <t <1). we have

G(t,s)  [(a—6)(t—s)+ (at®? —1)(s —1)° +6(t> — 1)]n(6 — )
= ho(s) 6(a—6)(2(1—s)3+1)
(6= a)(t— ) + (o — (1 — 5)° + 6(1— %)y
6(2(1 —s)3+1) '

(6 —a)(t—s)+ (at> = 1)(1 =8> +6(1 —t3)]n _ (at® —1)(1 —s)3p
621 =5y + 1) = (- spi6 =

Branch 3 (0 <n <s<t<1). Now,
)

b < Clts) _ [0 =6)(t = 5)° + (at* = 1)(s = 1Jn(6 — o)
= s 6l —6)2(1 —5)° + 1)
(6 a)(t— )" + (ot = 1)(1 — 5y
6(2(1 — s)3 + 1)

and

[(6 —a)(t —s)° + (at® = 1)(1 = 5)°]n _ (at’ = 1)(1 = s5)°n
6201 — 5) + 1) Z Ti—spr6 =V

Branch 4 (0 <t <s<n<1). We have
G(t,s)  [(at? —1)(s — 1) +6(t> — 1)](6 — a)n

e Y B [ TG B Iy
(e — 1)1 — 9+ 6(1— )l
6(2(1 —s)3+1)
and
(0t 1)L~ 60~ £)y _ (ot~ 11— 5y
6201 = 5) + 1) Z TBi—spt6 =
Hence,
(at® = 1)(1 —s)? 21 —s)*+1
606 — o) §G(t,s)<—n<6_a) )

O

Lemma 2.5. Let %(t, s) be the first derivative of the Green’s function given by (2.3),
with 0 <n<1andl <a<6. Then,

oG 3(1—s)2+1

E(t,s)<h1(s) = G- >0, forallt,sel0,1].



FOURTH-ORDER COUPLED SYSTEM 565

Proof. The first derivative of (2.3) is given by
Sat?(s — 1)3,

0 < s <
3a—6)(t—s)?+3at?(s—1)3+18t?, 0<s<n<t<l1
3(a—6)(t—s)? + 3at?(s — 1), 0
3at?(s — 1)% + 18¢%,

oG 1
2t = 5 =)

Branch 1:
3at?(s —1)3
6(a —6)
Branch 2:

3a(l —s)3

a(l —s)? - 6(1—s5)* 3(1—s)2+1
6(6 — )

~2(6—a) T 2(6—a«)

3(a—6)(t —s)* +3at*(s — 1) + 18*  3(6

—a)(t — 8)? + 3at?(1 — s)3 — 18t?

6(a — 6)

6(6 — «)

<3(6 —a)(1—s)*+3a(l —s)?

6(6 — )
(6—a)(1—s)?+a(l—s)?
2(6 — )

(6 —a)(1—s)?+a(l—s)?
2(6 — )
(1-25)2%(6—a+a)
2(6 — )
<3(1 —s)? 31-s)?+1
(6 —a) n(6 —a)

Branch 3:

3(a—6)(t—s)?+ 3at?*(s —1)3 <3(6 —a)(1—=s)*+3a(l—s)?
6(c — 6) - 6(6 — )
(6 —a)(1—s)?+a(l—s)?
2(6 — «)
(6 —a)(1—s)?+a(l—s)?
2(6 — a)
(1-25)2%(6—a+a)
2(6 — «)
3(1—5)? 3(1—s)2+1
S6—a) T alo-a)

Branch 4:

Bat?(s —1)* 4+ 18t 3at*(1 —s)® — 18t2

3a(l —s)3
6(c— 6) 66-a) =

~ 6(6— )
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a(l—s5)  3(1—-s)? 3(1-s)?2+1
=306-a) “n6-a) = n6-a)

O

Lemma 2.6. Under the assumptions 0 < n < 1, 1 < a < 6,7 < s <1 and
3%/5 < t <1, the first derivative of the Green’s function satisfies

oG
a(t’ S) > kl (tu 8)h1(8)7
with
C3(1—-s)2+1 _at*(1—s)y
hl(S) = W and kl(t,S) = m

Both hy(s) and ki(t,s) are positive in their respective domains.

Proof. We analyze each branch of the Green’s function derivative where the inequality
holds.

Branch 1 (0 <t <n < s <1). The derivative is

%( - Bat? (s —1)°  at*(1—s)?
ot T T6la—6)  26-a)
Therefore,

oG 1 at?l-s)?®  n6-a)

e T 26— 302+l
at?(1 — s)3n - at?(1 — s)3n

~ B2l e —sprz )
Branch 3 (0 <7 < s <t <1). The derivative is
oG ‘s — 3a—6)(t—s)* +3at*(s —1)° (6 —a)(t —s)* +at*(1 —s)?
o bs) = 6(c — 6) - 2(6 — ) ‘
Then, it follows that
aﬁ(t ) 1 (6-a)(t—s)’+at?1-5)° n(6-a)
ot " hi(s) 2(6 — ) 3(1—s)2+1
_l6—a)(t- s)? + at*(1 — s)%n
2[3(1 —s)2 + 1]
Since (6 — a)(t — s)? > 0, we have:
(6 —a)(t — s)? + at?(1 — s)3n S at?(1 — s)3n > k(. 5).

2[3(1 — )2 + 1] T oB(1—s)2+1] =

using the same inequality as in Branch 1.
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On the other hand, the positivity of k; is ensured for 3%/5 <t<landn<s<l,

since > 0, ¢ > 0,7 >0, 6(1 —s)>+2 >0 and (1 —s)®> > 0 for s < 1. Therefore, in
both relevant branches we have

%@7 5) Z k1<t7 8)h1<3)' O
ot
Lemma 2.7. Let £5(t, 5) be the second derivative of (2.3) and0 <n<1,1 < a <6.

o2
Then,

2
885(1&, 5) < ha(s) = (m > 0.
Proof. The second derivative of (2.3) is given by
6at(s —1)3, 0<t<n<s<l,
5’27G(t5): 1 6(a—6)(t —s) +6at(s—1)>+36t, 0<s<npn<t<l,
otz 6(a—6) |6(a —6)(t — 5) + 6at(s — 1)3, 0<n<s<t<l,
6at(s — 1) + 36t, 0<t<s<n<l1
Branch 1:

6at(s —1)3 < a(l —s)3 < a(l —s)

6(1—s) 6(1—s)+1
6(a—6) — (6—a) — (6—a) '

S06-a) = n6-a)

Branch 2:
6(cv — 6)(t — s5) 4+ 6at(s — 1)° + 36t (6 — a)(t —s) 4+ at(l —s)* — 6t
6(cc — 6) B (6 — )
<(6—a)(1—5)+a(1—s)3
B (6 — )
(1=5)(6—a+a(l—-s)?)
)
(1—=9)(6 — a4 a—2as+ as?)
(6 — )
(1 —15)(6—2a+ )
=T 6w
(1-95)(6—a) 6(1—s) 6(1—s)+1
T 6-a) S 6-a) " g6-a)
Branch 3:
6(a—6)(t — s) + 6at(s —1)3 <(6—a)(1 —5)+a(l —s)?
6(a — 6) - (6 —«)
(1—35)(6—a+a(l—s)?)

(6—a)
(1—15)(6—a+a—2as+ as?)
(6 — )
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<(1—s)(6—2a+a) _ (1—15)(6— )

N (6 — ) (6 —a)
6(1—s) 6(1—s)+1

“(6-a)  p6—a)

Branch 4:
6at(s —1)3+36t _ a(l—s)—-6 _a(l—s) 6(1—s)+1
6a-6 - (6-a) ~(6-a) = n6-a)

Lemma 2.8. Let0<n<1l,1<a<6,n<s<1 and%\/a<t§1. Then,
0*°G
9 ——(t,8) > ka(t, $)ha(s),
where 6 )41
1—s)+
h = —
1) =" 6-a)

Moreover, ko(t,s) >0 fort > 3%/& and s < 1.

AN
at(l—s)n >0,

>0 and ko(t,s) = 6l—s)+1=

Proof. We analyze the second derivative of the Green’s function in the relevant
branches.
Branch 1 (0 <t <17 < s <1). The second derivative is

827G(t ) = 6at(s —1)°  at(l—s)?
2" T T6(a—6)  6-a
So,
0?G 1 at(l—s)? n6—a)  at(l—s)y
ot? <t’s)h2(s) T 6-a 6(1-s)+1 6(1—s)+1 = ka(t, 5)
and

0*G
ﬁ(t’ s) = ka(t, s)ha(s).

Branch 3 (0 <7 < s <t <1). The second derivative is

82G(t 5 = 6(a—6)(t — s) + 6at(s — 1)° _ (66—t —s)+at(l—s)?
ot? 6(c — 6) 6—a '
Furthermore, given that (6 — a)(t —s) > 0 for t > s and a < 6
<927G(t 59— _(6—a)t—s)+oat(l—s) n6-a)
ot2 7 hy(s) 6 — « 6(1—s)+1
{6 —a)(t —s)+at(l—s)*ln _ at(l—s)’n
- 6(1—s)+1 25—y 1 relbs)
Therefore,
0*G

9 —(t,8) > ka(t, $)ha(s).
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The additional inequality
at(l—s)3  9°G

< t
6—a — Ot? (t,5)
holds because in Branch 1 we have equality and in Branch 3:
0°G at(l — s)3 at(l —s)3
)= (=) > ————
8t2(’s) 6—« +l=9)2 6—«

Lemma 2.9. The set
K = {w e X :w(t) > O,Htlei?w(t) > k0||w||oo,r£1€i}1w'(t) > ky||w']| oo,

: " > "
minw'(8) 2 kol .
is a cone, where ko, ki, ko are given by Lemma 2.4, 2.6 and 2.8, respectively, and
= (L
I = ( e 1} .
Proof. 1t is trivial that K is non-empty and not identically zero.
Let 7,8 € RT and for all x,y € K. Then, x € K implies

: > i > inz'(t) > ! i (1) > 1"
veX:at) > O,Iglel}w(t) > kol!xllm71{1€1}1x (t) > k1l|2]| o, Amin (t) > Kal|2"[| o,
and y € K implies
: > . > . / > / . ! > /! )
yeX:y(t) > Oyrgel}ly(t) > kollylloo,ngel}ly (t) > killy ||oo,/\1§1€1§1y (t) > k2|l |l oo

By Lemma 2.2, X is a Banach space, so for the linear combination vz 4+ fy € X we
have

min (ya(t) + By(t)) = ymina(t) + Smin y(?)
> vkol|z[loe + Bkollylloc = Ko (V|2 ]loc + Bllylloo)
> ko |[vz(t) + Byt »

min (ya(t) + By (1))’ = ymin ((t))" + Smin (y(t))
> vk |20 + BRallY lloo = Fr (V12" + Bl l|o)
> || (ralt) + By

and
. " o . " . "
min (yz(t) + fy(t))" = ymin (x(t))” + Sumin (y(?))
> vholl2"loo + Bk2lly " lloo = k2 (Vl|2"]loc + BllY"[| )
> ko (ra(t) + By(e)]
So, yvr + Py € K, and K is a cone. O

The regularity of the nonlinear functions f and A is given by the following definition.
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Definition 2.1. A function g : [0,1] x R™ — [0, +00), for m a positive integer, is
L>°-Carathéodory if
i) g(+, z) is measurable for each fixed z € R™;
it) g(t,-) is continuous for a.e. ¢ € [0, 1];
i17) for each p > 0, there exists a function ¢, € L* ([0, 1]) such that g(¢,z) < ¢,(¢)
for z € [—p, p] and a.e. t € [0, 1].

The Guo-Krasnoselskii fixed point existence theorem, for expansive and compressive
cones theory, will be a key tool in the arguments.

Lemma 2.10 ([12]). Let (X, || - ||) be a Banach space, and P C X be a cone in X.
Assume that Q0 and Qs are open subsets of X such that 0 € Qy, Q; C Q.
IfT: PN (Q\ Q) — P is a completely continuous operator such that either

(1) |Tu]] < JJull, w e PNOQ and ||[Tul] > ||ul|, v € PN OQ,,
or
(ii) [|Tul| > ||u|l, w € PNOQY and [|[Tu]] < ||lul|, u € PN 0Ny,

then T has a fized point in PN (Q\Q1).
For the purposes of the main theorem, in order to guarantee non-negativity in the

Green’s function, as well as strict positivity for k;, and bounded h;, for 1 =0, 1,2, we
impose the following restrictions.

(A1) For fixed constants o and 7, with 0 <7 < 1 and 1 < a < 6, we impose

1
——=<t<1 and n<s<l1.

Ja
(A2) All Lemmas 2.3-2.8 are satisfied.
The nonlinearities will verify either one of the following growth assumptions.
(B1) Fori=0,1,2and j =0,1,2

(2 8) hmsup maxf(t7x07y0;xl,yl,x2,yz)
i ]| =0, ]ly;]|—0 tEL max { ||z ||, ||yl }

h(t
limsup max (t, 0, Yo, T1, Y1, T2, Y2) 0

il =0,y —0 €1 max {|lz;l| , [y, }

=0,

and

t
(2'9) lim inf minf( ,1’0,y07$1,91,$2>yz) — 400,
s —+o0, 1y —++oo tel max { ||| , [|y;]}

. h(t7 Lo, Yo, L1, Y1, T2, yz)

limin m = 400
lzill—-+oo,lly;ll—+oo t€l  max { ||| , [ly;]|}
(B2) Fori=0,1,2and j =0,1,2
t
(2.10) lim inf 'nf( ,900790,$1,y1,$27y2) — 100,

s =0.ly; -0 tel max {||a]|, |y, }
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.. . h(tax()uyovxlvylax%y?)
lim inf min
lzall=0,lly; -0t max {||a]| , [ly;]}

and

t
(2.11) lim sup maxf( » 20, Y0, T1, Y1, T2, Y2) —0,

il —-+ooullys | —+oo t€1 max { |||, [ly;[}

h(t, x ,T1, Y1, T,
1imsup max (7 0, Y0, L1, Y1, L2 y2) —0.

il oo, lysll»+oo t€L  max {||zi|, [ly;]}

3. MAIN RESULT

The main result is given by the next theorem and provides the existence of at least
one nonnegative solution of problem (1.1)—(1.6).

Theorem 3.1. Let f,h : [0,1] x [0,+00)? x R* — [0,4+00) be L>*-Carathéodory
functions such that conditions (A1) and (A2) hold, and either (B1) or (B2) hold. Then,

the problem (1.1)—~(1.6) has at least one positive solution (u(t),v(t)) € E = K x K,
that is, u(t) >0, v(t) > 0, for allt € I = (3%/57 1}.

Proof. Consider the operators 17 : E — K, T, : E— K, T : E — FE such that
1
T (u, v)(t) :/ G(t,3)f(s,u(s),v(s),u'(s),v'(s),u"(s),v"(s))ds,
n

To(u,v)(t) = /nl G(t, s)h(s,u(s),v(s),u'(s),v'(s),u"(s),v"(s))ds

and

T(u,v)(t) = (Ta(u, v)(t), Ta(u, v)(1))-

We need to prove that the solutions of the initial system are fixed points of the
operator T := (11, T5).

Step 1. T} and T5 are well defined in K.

It suffices to prove that 77 is well defined in K since the proof is analogous for T5.

Take (uy,us) € E. Then, by conditions (A1) and (A2),

I3 (1, 102) oo = mae /n LGt S (b ult), 0() 2 (6.0 (6, (E). o () ds

</ () F (&, u(t), o(t), w (6), v/ (), u (£), " (£))ds
and

min 7 (uy,u2) (t) > ko /771 ho(s)f(t,u(t),v(t),u'(t),v'(t),u"(t),v"(t))ds

tel
> kol|T (w1, u2) ||oo-
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On the other hand, for i =1, 2,

/n 1 i;f (£, 8) F (£, u(t), v(t), ' (£), ' (), " (£), " (£))ds

(T (u, u9))? || = max

S/n hi(s)f(t,ult), v(t), ' (), v'(t), u"(t), v" (t))ds

and

tel tel

min (7} (u1, u2))” = min /n 1 %f(t, $) f(t, u(t), v(t), u' (), V' (t), u"(t), V" (t))ds

> kil (1 (un,12))" oo
So, for 1 = 0,1, 2,
min Ty (uy, uz) (8) 2 e[ 71 (ur, ua) [z,

with 0 < ¢ <max{k;:1=0,1,2} < 1.

Therefore, TV E C K. Analogously, TobFE C K and so TE C F.

Step 2. T and T5 are completely continuous in K, that is, 77 and T3 are uniformly
bounded and equicontinuous on K.

e T is uniformly bounded in K.

Let (uy,ug) € E such that ||(ug,us2)||g < p, for some p > 0. By conditions (A1),
(A2) and Definition 2.1,

1Ty (un, u2) [loo = max [Ty (ur, uz) (2)]
< [ Bttt 0000, 0.0, ()
< /77 s)ds < +o0,
and, for i = 1,2,

T o =
(7 1, 0) o = max

1 A()
/n aaf“’ $)f (t u(t), v(t), o/ (), v/ (), u" (1), 0" (¢))ds

< /1 hi(s) f(t,u(t), v(t), ' (¢),v'(t), u" (t), 0" (t))ds
< / s)ds < +o0.

Therefore, ||T7(u1,us)||c2 < 400, and, so, T} is uniformly bounded in K. Analogously,
T’ is uniformly bounded in K, and so 7" is uniformly bounded in E.

e T is equicontinuous in K.

This step will show that T} is equicontinuous in K. As for T5 the proof is analogous
and will be omitted.
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Let t1, ty € I. Then,
| T1 (u, uz) (t1) — Th (ur, u2) (£2)]]

S/WIHG(% s) = Gtz s)|| f(t, u(t), v(t), o' (), o' (t), u" (£), 0" (t))ds

g/anG(tl, Glta, 8] 9p(s)ds — 0 as by — b,
fore=1,2,
[(Th (U17U2)) (1) = (T (un, u2)) V) (t2))]
/n B tl, %lt?(tg, s)|| f(tu(t),v(t),u (t), v (t),u"(t),v"(t))ds
0'G 0'G

IN

w,(s)ds = 0 ast; — to.

oo %)~ g (129)

Therefore, T} is equicontinuous in K. Consequently, T is equicontinuous in F£.
By the Arzela-Ascoli Theorem, T' is completely continuous in F.
Assume that condition (B1) holds.
Step 3. ||T(U1,U2)||E S ||(U1,U2)||E s for (Ul,UQ) e EnN 891 with Ql = {(U1,U2) €
E : |[(u1,us)||g < p1}, for some p; > 0.
To prove that
max { || 71 (uy, uz) ez, | T2(ur, uz)lc2} < ||(ur, u2)| s,

it suffices to prove that

[ T1(ur, u2)|[e2 < [[(ur, up)|le and  [|To(ur, ug)|le> < ||(ur, u2)| -
Set (u1,uz) € ENIQy. Then, ||(u1,u2)||g = p1. For i =0, 1,2, we define

) 1
(3.1) €= mm{fnlhi(s)ds}'
By (2.8), there exists 0 < p; < 1 such that
(3.2) St u(t), v(t), o' (t),0' (1), u” (t),0" (1)) < ell(ur, ua)le,

for ||(uy, us)||g < p1. By (3.1), and (3.2),
G(t,s)f(t,u(t),v(t),u'(t),v'(t),u"(t),v"(t))ds

and, for i =1, 2,

(1 (w1, u) (1)) :/17 g (L 8)f (8 ult), v(t), o' (1), v'(2), w"(2), v"(¢))ds
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/ hiel|(u1, u2)||eds < p1 = ||(u1, u2)| &
n
<

Therefore, ||T1(uy,us)l|cz < ||(u1,u2)||g, for (u,us) € E N OQ. Similarly, it can
be proved that [|T5(u1,us)||c2z < ||(u1,u2)| g, and so, || T (uy, u2)||g < || (w1, u2)|| g, for
(U,l, UQ) e BN 691

Step 4. ||T (uy,u2) ||g > ||(u1,u2)|| g , for (uy,ug) € ENOQ with Qo = {(uy,usz) €
E :||(u1,u2)||g < p2}, for some py > 0. If there is iy € {0,1,2} or jo € {0,1,2}, such
that u{® (¢) = 400 and u¥® (t) — +o0, then ||(uy, uz)|z — +oo.

Taking notice of conditions (A1) and (A2), define, for i =0, 1,2,

1
3.3 0= —_— .
(3:3) e { i [ ha(s)ds }
By (2.9), there exist § > 0 such that when ||(u1,us)||r > 6 we have
(34) f(t’ u(t)7 U<t>7 ul(t)v Ul@)? U”(t), U”(t)) 2 6“ (ulv u2> HE

Let (uy,us) € E be such that ||(uy,us)||g = p2, with pa < p1. Now, from (3.3) and
(3.4),

Ty (ug,ug) (t) = /nl G(t,s)f(t,u(t),v(t),u'(t),v'(t),u"(t),v"(t))ds
> ko /771 ho f(t,u(t),v(t),u'(t),v'(t),u"(t),v"(t))ds
> ko /n1 oo s, u2) | s

1
= kodpz | ho(s)ds = po = [|(t1, ) |
U
analogously, for ¢+ = 1, 2, we find that

(T1 (g, u2) (E) > [|(un, u2)]| -

Therefore, ||T1(u1,us)||c2 > |[(u1, u2)|| g, for (ui,us) € EN0Qy.

Similarly, ||T2(u1, u2)|lcz > |[[(u1,ue)| g, for (ui,us) € E N 0Qs, and, therefore,
||T(U1, u2)||E Z ||(U1, UQ)HE, for (Ul,UQ) e BN OQZ o

By Lemma 2.10, the operator T" has a fixed point in F N (€22\€2;) which in turn is
a solution of our problem.

Now assume that (B2) holds.

Step 5. ||T (u1,u2) || > ||(u1,u2)||g, for u € ENOQs with Q3 = {(u1,u2) € E :
|(ur, us)|| g < p3}, for some ps > 0.

Taking 6 > 0 as in (3.3), we see that by (2.10) there exists 0 < p3 < 1 such that

F@tu(t), v(t), w'(£),0' (), u" (), 0" (1) = 0](u1, uz)|| -

Consider (uy,us) € E such that ||(u1,us2)||p = p3. Then, applying similar inequalities
as in Step 4, we obtain that ||T(u1, us)||g > || (u1, u2)| £-
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Step 6. || T (u1,us)||p < |[(u1,us)||g , for (uy,ug) € EN Oy with Qg = {(ug,us) €
E :||(u1,u2)||g < pa}, for some py > 0.

Case 6.1 Suppose that f is bounded.

Then there is an N > 0 such that f(¢, u(t),v(t), (), v (t), u"(t),v"(t)) < N for all
(t,u(t),v(t),u/'(t),v'(t), u"(t),v"(t)) € [0,1] x [0,400)* x RE. Let us define

1
P4 = Mmax {pg + 1,N/ hi(s)ds :i =0, 1,2}
n
and take (uy,us) € E with ||(u1,us)||g = ps. Then,
1
Ty ) (1) = [ Gt )7t ), o(0) (6, /1) (1) (1)) s
n
1
< N/ ho(s)ds < py, fortel,
n
and for i =1, 2,

(T rs2) () = [ S 05) £, 00,000, 0,00 (0, (1)

1
gN/ hi(s)ds < py, fortel.
n

Thus, [Ty (uy, uz)lle> < [ (us, u2)|e-

The same arguments can be applied to show that |75 (u1, us2)|lc2 < |[(u1,us)||g. So,
1T (ur, u2) | < [[(ur, w2l

Case 6.2 Suppose that f is unbounded.

By (2.11), for every M > 0 such that ||(uy, us)||p < M, there exists u > 0 such that

(3.5) max {,u/l hi(s)ds : 1 =0, 1,2} <1

and

(3.6) Ftu(t),v(t), u'(8), v'(2), u"(t), " (1)) < pl (us, u2) |-
Define

p4 = max{M, ps + 1}.
Then, for (uj,us) € E N0y we have ||(u1,us2)||p = ps and, by (3.6),

BT ul), o), W@, 0.0 (0,07(8) < pll(ur, uz)|s < ppa
By (3.5),

T (ur,0a) (1) < [ hols)uouds < o [ ha(s)ds < i,
and for i = 1,2,

(Ts (un,02) (0)° < [ i(s)pads < g [ hi(s)ds < pu

Therefore, ||T1(u1,us2)||cz < |[(u1,us2)|| g, for (ui,us) € E N OLy.
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In the same way we can have || Ty (u1, u2)||c2 < |[(u1, u2)| g, for (ur,us) € E N 0Qy,
and therefore, ||T(u1, u2)||p < |[(u1, u2)|| g, for (uy,us) € E N 0Qy.

By Lemma 2.10, the operator T has a fixed point in E N (2,\Q3) that, in turn, is
a solution of the problem (1.1)-(1.6).

O

4. EXAMPLE

Consider the following fourth-order nonlinear system

wWﬂ:w+mhqmeWWW+ W@+w@0,

v (t) = 318 [(u(t) +u(t)* 4 cos?(v'(t) 4+ u (75))}
u(0) = w/(0) = u'(1) = 0,

3u(0) = —u” <;> ,
v(0) ='(0) =v"(1) =0,

(4.1) 3v(0) = =" (;) :

This problem is a particular case of the system (1.1)—(1.6) with
f(t, a1, a9, as,a4,as,a¢) == (t* +2t* 4+ 1) (e““‘“ +/|as + a6|) :
h(t, ar, as, as, as, as, ag) := 3t° [(@1 +az)" + cos®(as + a5)] ,
1
= — d = 3.
n=5 eand o

The functions f and h are L*>-Carathéodory, since for p > 0, whenever

maX{|a1|7 |CL2|, |6L3|, |(1,4|, |CL5|, |a6|} < P,

there exist functions ¢,, 1, € L* ([0, 1]) such that

h(t, ar, as, as, as, as, ag) < 3756(16,04 +1) =1,

The Green’s function, its first and second derivatives are given by

)(5_1)7 OStS%SSSL

_ _ 3 3 _ 3 1
Oty =~ L )73l — s+ (3 = )(s —1P+6(t ~1), 0<s<g<t<l,
18 —3(t—3)3—|—(33 )(5_1)37 OS%SSStSI,
(3t3—1)(s —1)3+6(t> — 1), 0<t<s<i<i,
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9t?(s — 1)3

(s =1)% 0<t<;<s<l,
aG(t ) 1) =9t —s)+9t%(s—1)3+ 182, 0<s<i<t<1,
[ ,S —_
ot 18 | —=9(t — s)* 4+ 9t*(s — 1), 0<3<s<t<l,

9% (s — 1)% + 18¢2, 0<t<s<i<l,
18t(s — 1)3, 0<t<3<s<1,
82G<t ) = 1 | —18(t—s)+18t(s —1)* +36t, 0<s<3;<t<l1,
8 _
ot? 18 | —18(t — s) + 18t(s — 1)3, 0<1<s<t<l,
18t(s — 1)® + 36t, 0<t<s<i<l
If we assume that condition (A1) is verified, that is, for ¢ € (% 1} and 1 < s <1,
the condition (A2) is also confirmed. More precisely,
4(1 —s)2 +2
0 < Glt,s) < <§)+ — ho(s),
oG 6(1—s)?+2
0< S l(ts) < <3) — hn(s),
0*G 12(1 —s)+2
0< 52 —(t,s) < — 3 = ha(s)
and for
. (33 —1)(1 —s)3
07 U1 —spP 127
3t2(1 —s)3
kl = )
12(1 —s)3+4
3t(1 —s)3
by=
12(1— ) + 2
we have
G(t,S) > kohg(S),
oG
ot —(t,8) = kiha(s),
0*G
12 (t S) > k’ghg( )
Furthermore, as for i =0,1,2 and t € [ = (\/gv 1}
(t4 +2t2 + 1) (€7|v’(t)u(t)| + |ul(t) +/U//<t))
liminf min 4 . = 400,
ul) )50 tel max {||[u@]] , [[v@] }
35 [ (u(t) + v(t))" + cos(V/() + u"(t))]
liminf min = 400

w0 tel max {||u@]| , [[v@]|}



578 R. SOUSA AND M. FERNANDES

and

(t4 + 242 + 1) (e—lv’(t)u(t)| + ]u’(t) + U”(t))
limsup max : /
w@) p() —4oo TEL max {||[u@]] , [[v@]}

sy ma 35 [ (u(t) + v(t))" + cos(v/ () + u”(t))]

wl) w() —qoo €L max {||[u@ ]|, |[v@ |}

=0,

=0,

the condition (B2) is confirmed.
So, by Theorem 3.1, the problem (4.1) has at least one positive solution (u(t),v(t)) €

(C?[0,1])°, that is u(t) > 0, v(t) >0, for all t € (g, 1].
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