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SOLVABILITY OF FOURTH-ORDER COUPLED SYSTEM WITH
THREE-POINT BOUNDARY CONDITIONS

ROBERT DE SOUSA1,2 AND MARCO ANTÓNIO DE SALES MONTEIRO FERNANDES1

Abstract. In this paper we deal with a coupled system of fourth-order differen-
tial equations with three-point boundary conditions where the nonlinearities de-
pend on the unknown function and its first and second derivatives. More specifi-
cally, using Guo-Krasnosel’skii compression-expansion theory on cones, superlinear-
ity/sublinearity conditions near 0 and +∞ and putting some adequate estimates
and imposing certain positivity conditions on the Green’s function and its first and
second derivatives, we guarantee the existence of positive solutions to our problem.
The last section contains an example to illustrate the applicability of the theorem.

1. Introduction

Over the decades to the present, researchers around the world have been poring
over fourth-order differential equations and their applications.

Fourth-order differential equations are used essentially to study and model elastic
beams [9, 13, 14, 17], Abel-Gontscharoff interpolation [1], infinite beam resting on
granular foundations [20], soil settlement of compressed beams [10], suspension bridge
[7, 19], systems modeling degenerate plates with piers [8], deformation of structures
and vibrations of shells and plates [23], beam columns and elasticity and many more
applications [24].

In the literature there are several works and techniques on fourth-order boundary
value problems and their applications with different conditions (two points, three
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points, impulsive, mixed, Lidstone type,...) [3, 6, 11, 16, 22,26]. However, in this work
we essentially focus on three-point boundary conditions.

Citing just a few works in three-points boundary value problems, we have for
example, in [2], Bai, by using Guo-Krasnosel’skii fixed point theorem in a cone,
obtains some existence results of positive solutions. Ma et al. in [18], study the
existence of positive solutions for the fourth-order p-Laplacian three-point boundary
value problem through Leggett-Williams fixed point theorem. Applying Schauder
fixed point theorem, the upper and lower solution method and the topological degree
theory, Çetin and Agarwal in [4], investigate the existence of solutions for fourth-order
three-point boundary value problems on a half-line.

On the other hand, systems of fourth-order differential equations appear less in the
literature. As a system model, we mention the work of Wang and Yang in [25], where,
by using fixed point theory in cones, they obtained the existence of positive solutions
with superlinear or sublinear nonlinearities for the system

u4(t) + β1u
′′(t) − α1u(t) = f1(t, u(t), v(t)), t ∈ (0, 1),

v4(t) + β2v
′′(t) − α2v(t) = f2(t, u(t), v(t)), t ∈ (0, 1),

u(0) = u(1) = u′′(0) = u′′(1) = 0,
v(0) = v(1) = v′′(0) = v′′(1) = 0,

where fi ∈ C
(
[0, 1] × [0,+∞) × [0,+∞), [0,+∞)

)
and βi, αi ∈ R, for i = 1, 2, satisfy

the conditions βi < 2π2, −β2
i

4 ≤ αi, αi

π4 + βi

π2 < 1.
In [5], de Sousa and Minhós, apply lower and upper solutions and degree theory

to study the fourth-order coupled system composed of the nonlinear fully differential
equations

u(4)(t) = f(t, u(t), v(t), u′(t), v′(t), u′′(t), v′′(t), u′′′(t), v′′′(t)), t ∈ (0, 1),
v(4)(t) = h(t, u(t), v(t), u′(t), v′(t), u′′(t), v′′(t), u′′′(t), v′′′(t)), t ∈ (0, 1),

where f, h : [0, 1] × R8 → R are continuous functions, with the Lidstone boundary
conditions

u(0) = u(1) = A1, u′′(0) = A2, u′′(1) = A3,

v(0) = v(1) = B1, v′′(0) = B2, v′′(1) = B3,

and Ai, Bi ∈ R, for i = 1, 2, 3.
In fact, coupled or not, systems of differential equations of the fourth-order with

three-point boundary conditions are scarce and little explored in terms of applications.
To contribute to filling this gap and motivated by the aforementioned works, we study
the nonlinear coupled system of fourth-order three-point boundary value problem,
more specifically

u4(t) = f(t, u(t), v(t), u′(t), v′(t), u′′(t), v′′(t)),(1.1)
v4(t) = h(t, u(t), v(t), u′(t), v′(t), u′′(t), v′′(t)),(1.2)
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u′(0) = u′′(0) = u(1) = 0,(1.3)
αu(0) = −u′′′(η),(1.4)
v′(0) = v′′(0) = v(1) = 0,(1.5)
αv(0) = −v′′′(η),(1.6)

where f, h : [0, 1]×[0,+∞)2×R4 → [0,+∞) are L∞-Carathéodory functions satisfying
adequate superlinear and sublinear conditions and 0 < η < 1, 1 < α < 6.

Note that our system, in addition to being fourth-order and nonlinear in the un-
known functions and their derivatives (first and second), has non-separated variables
and the boundary conditions are in three points. These characteristics make research
and above all applications in this type of system scarce and very interesting.

To obtain our results, that is, the existence of positive solutions, we base our study
on the work of Minhós and Robert in [21], we use Guo–Krasnosel’skii compression-
expansion theorem on cones, we impose the functions f and h conditions of superlin-
earity/sublinearity, in addition we guarantee that the Green’s function associated to
the linear problem and its first and second derivative are nonnegative with certain
conditions and verify some adequate estimates.

The paper is organized in the following way. In Section 2 we present some auxiliary
results and definitions. Section 3 contains an existence result for the existence of
positive solutions of the coupled system (1.1)–(1.6). In the last section, an example
is used to show the applicability of the main result.

2. Preliminary

Lemma 2.1. The pair of functions (u(t), v(t)) ∈
(
C4[0, 1], (0,+∞)

)2
is a solution of

problem (1.1)–(1.6) if and only if it is a solution of the following system of integral
equations

u(t) =
∫ 1

0
G(t, s)f (s, v(s), u(s), v′(s), u′(s), v′′(s), u′′(s)) ds,(2.1)

v(t) =
∫ 1

0
G(t, s)h(s, u(s), v(s), u′(s), v′(s), u′′(s), v′′(s))ds,(2.2)

where G(t, s) is the Green’s function associated to problem (1.1)–(1.6), defined by

(2.3) G(t, s) = 1
6(α− 6)



(αt3 − 1)(s− 1)3, 0 ≤ t ≤ η ≤ s ≤ 1,
(α− 6)(t− s)3 + (αt3 − 1)(s− 1)3

+ 6(t3 − 1),
0 ≤ s ≤ η ≤ t ≤ 1,

(α− 6)(t− s)3 + (αt3 − 1)(s− 1)3, 0 ≤ η ≤ s ≤ t ≤ 1,
(αt3 − 1)(s− 1)3 + 6(t3 − 1), 0 ≤ t ≤ s ≤ η < 1.

Proof. Firstly, we solve the associated homogeneous system of (1.1)–(1.6) using the
method of variation of parameters for constant coefficients.
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Let uh(t) = At3 +Bt2 + Ct+D. Computing the Wronskian we get

W =

∣∣∣∣∣∣∣∣∣
t3 t2 t 1
3t2 2t 1 0
6t 2 0 0
6 0 0 0

∣∣∣∣∣∣∣∣∣ = 12, W1 =

∣∣∣∣∣∣∣∣∣
0 t2 t 1
0 2t 1 0
0 2 0 0
f(t) 0 0 0

∣∣∣∣∣∣∣∣∣ = 2f(t),

W2 =

∣∣∣∣∣∣∣∣∣
t3 0 t 1
3t2 0 1 0
6t 0 0 0
6 f(t) 0 0

∣∣∣∣∣∣∣∣∣ = −6f(t), W3 =

∣∣∣∣∣∣∣∣∣
t3 t2 0 1
3t2 2t 0 0
6t 2 0 0
6 0 f(t) 0

∣∣∣∣∣∣∣∣∣ = 6t2f(t),

W4 =

∣∣∣∣∣∣∣∣∣
t3 t2 t 0
3t2 2t 1 0
6t 2 0 0
6 0 0 f(t)

∣∣∣∣∣∣∣∣∣ = −2t3f(t).

Then, we have:

u′
1 = W1

W
= 1

6f(t), u′
2 = W2

W
= −1

2tf(t),

u′
3 = W3

W
= 1

2t
2f(t), u′

4 = W4

W
= −1

6t
3f(t).

The solution and its derivatives are expressed as

u(t) = At3 +Bt2 + Ct+D + 1
6

∫ t

0
(t3 − s3)f(s)ds+ 1

2

∫ t

0
(ts2 − t2s)f(s)ds,(2.4)

u′(t) = 3At2 + 2Bt+ C + 1
2t

2
∫ t

0
f(s)ds− t

∫ t

0
sf(s)ds+ 1

2

∫ t

0
s2f(s)ds,(2.5)

u′′(t) = 6At+ 2B + t
∫ t

0
f(s)ds−

∫ t

0
sf(s)ds,(2.6)

u′′′(t) = 6A+
∫ t

0
f(s)ds.(2.7)

Applying the boundary conditions on (2.4)–(2.7) we get

A = −D − 1
6

∫ 1

0
(1 − s3)f(s)ds− 1

2

∫ 1

0
(s2 − s)f(s)ds,

D = 1
6 − α

(∫ 1

0
(s− 1)3f(s)ds+

∫ η

0
f(s)ds

)
.

Then,

A =
∫ 1

0

(
α(s− 1)3

6(α− 6)

)
f(s)ds+

∫ η

0

f(s)
α− 6ds.

So, (2.4) becomes

u(t) =
∫ t

0

(α− 6)(t− s)3 + (αt3 − 1)(s− 1)3

6(α− 6) f(s)ds+
∫ 1

t

(αt3 − 1)(s− 1)3

6(α− 6) f(s)ds
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+
∫ η

0

6t3 − 6
6(α− 6)f(s)ds.

Giving us the Green’s function (2.3). □

Now consider the space X = C2[0, 1] equipped with the norm ∥ · ∥C2 , defined by
∥w∥C2 := max {∥w∥∞, ∥w′∥∞, ∥w′′∥∞} and ∥y∥∞ := max

t∈[0,1]
|y(t)|.

Lemma 2.2. (X, ∥ · ∥C2) is a real Banach space.

Proof. It should be clear, from the linearity of the derivative, that X is a vector space.
So first we show that the space (X, ∥ · ∥C2) is normed with

∥w∥C2 := max {∥w∥∞, ∥w′∥∞, ∥w′′∥∞}
and

∥y∥∞ := max
t∈[0,1]

|y(t)|.

Given w ∈ X, then clearly, ∥w∥C2 ≥ 0 from the definition. So suppose, ∥w∥C2 = 0.
Then, ∥w∥∞ = ∥w′∥∞ = ∥w′′∥∞ = 0, that is, w(t) = 0 for all t ∈ R. Conversely, if
w(t) = 0 for all t ∈ R, then ∥w∥∞ = ∥w′∥∞ = ∥w′′∥∞ = 0.

Take λ ∈ R. Then,
∥λw∥C2 = max{max |λw(t)|,max |(λw)′(t)|,max |(λw)′′(t)}

= max{|λ| max |w(t)|, |λ| max |w′(t)|, |λ| max |w′′(t)|}
= |λ| · ∥w∥C2 .

Let x, y ∈ X. To show the triangle inequality, note that:
|x+ y| ≤|x| + |y| ≤ max |x| + max |y|,

|x′ + y′| ≤|x′| + |y′| ≤ max |x′| + max |y′|,
|x′′ + y′′| ≤|x′′| + |y′′| ≤ max |x′′| + max |y′′|.

Taking the max of both sides gives
max |x+ y| ≤ max{max |x| + max |y|} ≤ max |x| + max |y|,

max |x′ + y′| ≤ max{max |x′| + max |y′|} ≤ max |x′| + max |y′|,
max |x′′ + y′′| ≤ max{max |x′′| + max |y′′|} ≤ max |x′′| + max |y′′|.

Thus,
max |x+ y| ≤ max |x| + max |y|

≤ max{max |x|,max |x′|,max |x′′|} + max{max |y|,max |y′|,max |y′′|},
max |x′ + y′| ≤ max |x′| + max |y′|

≤ max{max |x|,max |x′|,max |x′′|} + max{max |y|,max |y′|,max |y′′|},
max |x′′ + y′′| ≤ max |x′′| + max |y′′|

≤ max{max |x|,max |x′|,max |x′′|} + max{max |y|,max |y′|,max |y′′|},
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giving us
max{max |x+ y|,max |x′ + y′|,max |x′′ + y′′|} ≤ max{max |x|,max |x′|,max |x′′|}

+ max{max |y|,max |y′|,max |y′′|}.
That is, ∥x+ y∥C2 ≤ ∥x∥C2 + ∥y∥C2 , thus showing us that the norm is well defined.

Lastly, we show that the space (X, ∥ · ∥C2) is complete in the norm
∥x− y∥C2 = max{max |x− y|,max |x′ − y′|,max |x′′ − y′′|}.

Let (xm) be an arbitrary Cauchy sequence in X. And let us denote ∥x− y∥C2 by
d(x, y). Then, for any ε > 0, there exists an N ∈ R such that for all m,n > N

d(xm, xn) = max{max |xm − xn|,max |(xm − xn)′|,max |(xm − xn)′′|} < ε.

So, for every fixed t0 ∈ [0, 1] we have
max{|xm(t0) − xn(t0)|, |(xm(t0) − xn(t0))′|, |(xm(t0) − xn(t0))′′|} < ε,

that is,
|xm(t0) − xn(t0)| < ε, |(xm(t0) − xn(t0))′| < ε, |(xm(t0) − xn(t0))′′| < ε.

So, the sequence of numbers (x1(t0), x2(t0), x3(t0), . . . ), (x′
1(t0), x′

2(t0), x′
3(t0), . . . ) and

(x′′
1(t0), x′′

2(t0), x′′
3(t0), . . . ) are Cauchy, and each of them converges (see [15, Theo-

rem 1.4 − 4]), i.e.,
xm(t0) → x(t0) ∈ R, x′

m(t0) → x′(t0) ∈ R, x′′
m(t0) → x′′(t0) ∈ R,

as m → +∞. So, x(t) ∈ C2[0, 1] = X, and the space X is complete and therefore a
Banach space. □

Remark 2.1. The product space E := X ×X with the norm
∥(u, v)∥E := max {∥u∥C2 , ∥v∥C2} ,

is also a Banach space.

The next lemmas provide some properties of the Green’s function and its first and
second derivatives.

Lemma 2.3. Let G(t, s) be given by (2.3) and 0 < η < 1, 1 < α < 6. Then,

G(t, s) < h0(s) := 2(1 − s)3 + 1
η(6 − α) > 0.

Proof. Recall the Green’s function

G(t, s) = 1
6(α− 6)



(αt3 − 1)(s− 1)3, 0 ≤ t ≤ η ≤ s ≤ 1,
(α− 6)(t− s)3 + (αt3 − 1)(s− 1)3

+6(t3 − 1), 0 ≤ s ≤ η ≤ t ≤ 1,
(α− 6)(t− s)3 + (αt3 − 1)(s− 1)3, 0 ≤ η ≤ s ≤ t ≤ 1,
(αt3 − 1)(s− 1)3 + 6(t3 − 1), 0 ≤ t ≤ s ≤ η < 1.



FOURTH-ORDER COUPLED SYSTEM 563

For the first branch we have
(αt3 − 1)(s− 1)3

6(α− 6) = (αt3 − 1)(1 − s)3

6(6 − α) ≤ 6(1 − s)3

6(6 − α) <
2(1 − s)3 + 1
η(6 − α) .

For the branch 2 we have
(α− 6)(t− s)3 + (αt3 − 1)(s− 1)3 + 6(t3 − 1)

6(α− 6)

=(6 − α)(t− s)3 + (αt3 − 1)(1 − s)3 + 6(1 − t3)
6(6 − α) ≤ (6 − α)(1 − s)3 + 5(1 − s)3 + 6

6(6 − α)

≤6(1 − s)3 + 6(1 − s)3 + 6
6(6 − α) = 2(1 − s)3 + 1

6 − α
<

2(1 − s)3 + 1
η(6 − α) .

For the branch 3 we have
(α− 6)(t− s)3 + (αt3 − 1)(s− 1)3

6(α− 6) =(6 − α)(t− s)3 + (αt3 − 1)(1 − s)3

6(6 − α)

≤(6 − α)(1 − s)3 + 5(1 − s)3

6(6 − α)

≤6(1 − s)3 + 6(1 − s)3

6(6 − α) = 2(1 − s)3

6 − α

<
2(1 − s)3 + 1
η(6 − α) .

For the branch 4 we have
(αt3 − 1)(1 − s)3 + 6(1 − t3)

6(6 − α) ≤ 6(1 − s)3 + 6
6(6 − α) <

2(1 − s)3 + 1
η(6 − α) .

□

Lemma 2.4. Let 0 < η < 1, 1 < α < 6 and 1
3√α

< t ≤ 1. Then, for h0 = 2(1−s)3+1
η(6−α)

and k0 := (αt3−1)(1−s)3η
12(1−s)3+6 ≥ 0, we have

G(t, s) ≥ k0(t, s)h0(s).

Proof. Clearly, G(t,s)
h0(s) < 1 from Lemma 2.3.

Now, we want to take the smallest possible positive expression for k0 at each branch.
Branch 1 (0 ≤ t ≤ η ≤ s ≤ 1).
We aim to satisfy

k0 ≤ G(t, s)
h0(s)

= (αt3 − 1)(s− 1)3(6 − α)η
6(α− 6)(2(1 − s)3 + 1) = (αt3 − 1)(1 − s)3η

12(1 − s)3 + 6 .

Now notice that
(αt3 − 1)(1 − s)3η

12(1 − s)3 + 6 ≥ 0,

since t ≥ 1
3√α
.
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Branch 2 (0 ≤ s ≤ η ≤ t ≤ 1). we have

k0 ≤ G(t, s)
h0(s)

= [(α− 6)(t− s)3 + (αt3 − 1)(s− 1)3 + 6(t3 − 1)]η(6 − α)
6(α− 6)(2(1 − s)3 + 1)

= [(6 − α)(t− s)3 + (αt3 − 1)(1 − s)3 + 6(1 − t3)]η
6(2(1 − s)3 + 1) .

Again,

[(6 − α)(t− s)3 + (αt3 − 1)(1 − s)3 + 6(1 − t3)]η
6(2(1 − s)3 + 1) ≥ (αt3 − 1)(1 − s)3η

12(1 − s)3 + 6 ≥ 0.

Branch 3 (0 ≤ η ≤ s ≤ t ≤ 1). Now,

k0 ≤ G(t, s)
h0(s)

= [(α− 6)(t− s)3 + (αt3 − 1)(s− 1)3]η(6 − α)
6(α− 6)(2(1 − s)3 + 1)

= [(6 − α)(t− s)3 + (αt3 − 1)(1 − s)3]η
6(2(1 − s)3 + 1)

and
[(6 − α)(t− s)3 + (αt3 − 1)(1 − s)3]η

6(2(1 − s)3 + 1) ≥ (αt3 − 1)(1 − s)3η

12(1 − s)3 + 6 ≥ 0.

Branch 4 (0 ≤ t ≤ s ≤ η < 1). We have

k0 ≤ G(t, s)
h0(s)

= [(αt3 − 1)(s− 1)3 + 6(t3 − 1)](6 − α)η
6(α− 6)(2(1 − s)3 + 1)

= [(αt3 − 1)(1 − s)3 + 6(1 − t3)]η
6(2(1 − s)3 + 1)

and
[(αt3 − 1)(1 − s)3 + 6(1 − t3)]η

6(2(1 − s)3 + 1) ≥ (αt3 − 1)(1 − s)3η

12(1 − s)3 + 6 ≥ 0.

Hence,
(αt3 − 1)(1 − s)3

6(6 − α) ≤ G(t, s) < 2(1 − s)3 + 1
η(6 − α) .

□

Lemma 2.5. Let ∂G
∂t

(t, s) be the first derivative of the Green’s function given by (2.3),
with 0 < η < 1 and 1 < α < 6. Then,

∂G

∂t
(t, s) < h1(s) := 3(1 − s)2 + 1

η(6 − α) > 0, for all t, s ∈ [0, 1].
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Proof. The first derivative of (2.3) is given by

∂G

∂t
(t, s) = 1

6(α− 6)


3αt2(s− 1)3, 0 ≤ t ≤ η ≤ s ≤ 1,
3(α− 6)(t− s)2 + 3αt2(s− 1)3 + 18t2, 0 ≤ s ≤ η ≤ t ≤ 1,
3(α− 6)(t− s)2 + 3αt2(s− 1)3, 0 ≤ η ≤ s ≤ t ≤ 1,
3αt2(s− 1)3 + 18t2, 0 ≤ t ≤ s ≤ η < 1.

Branch 1:
3αt2(s− 1)3

6(α− 6) ≤ 3α(1 − s)3

6(6 − α) ≤ α(1 − s)2

2(6 − α) ≤ 6(1 − s)2

2(6 − α) <
3(1 − s)2 + 1
η(6 − α) .

Branch 2:
3(α− 6)(t− s)2 + 3αt2(s− 1)3 + 18t2

6(α− 6) =3(6 − α)(t− s)2 + 3αt2(1 − s)3 − 18t2
6(6 − α)

≤3(6 − α)(1 − s)2 + 3α(1 − s)3

6(6 − α)

=(6 − α)(1 − s)2 + α(1 − s)3

2(6 − α)

≤(6 − α)(1 − s)2 + α(1 − s)2

2(6 − α)

=(1 − s)2(6 − α + α)
2(6 − α)

≤3(1 − s)2

η(6 − α) <
3(1 − s)2 + 1
η(6 − α) .

Branch 3:
3(α− 6)(t− s)2 + 3αt2(s− 1)3

6(α− 6) ≤3(6 − α)(1 − s)2 + 3α(1 − s)3

6(6 − α)

=(6 − α)(1 − s)2 + α(1 − s)3

2(6 − α)

≤(6 − α)(1 − s)2 + α(1 − s)2

2(6 − α)

=(1 − s)2(6 − α + α)
2(6 − α)

≤3(1 − s)2

η(6 − α) <
3(1 − s)2 + 1
η(6 − α) .

Branch 4:
3αt2(s− 1)3 + 18t2

6(α− 6) =3αt2(1 − s)3 − 18t2
6(6 − α) ≤ 3α(1 − s)3

6(6 − α)
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≤α(1 − s)2

2(6 − α) ≤ 3(1 − s)2

η(6 − α) <
3(1 − s)2 + 1
η(6 − α) .

□

Lemma 2.6. Under the assumptions 0 < η < 1, 1 < α < 6, η ≤ s ≤ 1 and
1

3√α
< t ≤ 1, the first derivative of the Green’s function satisfies

∂G

∂t
(t, s) ≥ k1(t, s)h1(s),

with

h1(s) = 3(1 − s)2 + 1
η(6 − α) and k1(t, s) = αt2(1 − s)3η

6(1 − s)3 + 2 .

Both h1(s) and k1(t, s) are positive in their respective domains.

Proof. We analyze each branch of the Green’s function derivative where the inequality
holds.

Branch 1 (0 ≤ t ≤ η ≤ s ≤ 1). The derivative is

∂G

∂t
(t, s) = 3αt2(s− 1)3

6(α− 6) = αt2(1 − s)3

2(6 − α) .

Therefore,

∂G

∂t
(t, s) 1

h1(s)
= αt2(1 − s)3

2(6 − α) · η(6 − α)
3(1 − s)2 + 1

= αt2(1 − s)3η

2[3(1 − s)2 + 1] ≥ αt2(1 − s)3η

6(1 − s)3 + 2 = k1(t, s).

Branch 3 (0 ≤ η ≤ s ≤ t ≤ 1). The derivative is

∂G

∂t
(t, s) = 3(α− 6)(t− s)2 + 3αt2(s− 1)3

6(α− 6) = (6 − α)(t− s)2 + αt2(1 − s)3

2(6 − α) .

Then, it follows that

∂G

∂t
(t, s) 1

h1(s)
= (6 − α)(t− s)2 + αt2(1 − s)3

2(6 − α) · η(6 − α)
3(1 − s)2 + 1

= [(6 − α)(t− s)2 + αt2(1 − s)3]η
2[3(1 − s)2 + 1] .

Since (6 − α)(t− s)2 ≥ 0, we have:

[(6 − α)(t− s)2 + αt2(1 − s)3]η
2[3(1 − s)2 + 1] ≥ αt2(1 − s)3η

2[3(1 − s)2 + 1] ≥ k1(t, s),

using the same inequality as in Branch 1.
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On the other hand, the positivity of k1 is ensured for 1
3√α

< t ≤ 1 and η ≤ s < 1,
since α > 0, t2 > 0, η > 0, 6(1 − s)3 + 2 > 0 and (1 − s)3 > 0 for s < 1. Therefore, in
both relevant branches we have

∂G

∂t
(t, s) ≥ k1(t, s)h1(s). □

Lemma 2.7. Let ∂2G
∂t2 (t, s) be the second derivative of (2.3) and 0 < η < 1, 1 < α < 6.

Then,
∂2G

∂t2
(t, s) < h2(s) := 6(1 − s) + 1

η(6 − α) > 0.

Proof. The second derivative of (2.3) is given by

∂2G

∂t2
(t, s) = 1

6(α− 6)


6αt(s− 1)3, 0 ≤ t ≤ η ≤ s ≤ 1,
6(α− 6)(t− s) + 6αt(s− 1)3 + 36t, 0 ≤ s ≤ η ≤ t ≤ 1,
6(α− 6)(t− s) + 6αt(s− 1)3, 0 ≤ η ≤ s ≤ t ≤ 1,
6αt(s− 1)3 + 36t, 0 ≤ t ≤ s ≤ η < 1.

Branch 1:
6αt(s− 1)3

6(α− 6) ≤ α(1 − s)3

(6 − α) ≤ α(1 − s)
(6 − α) ≤ 6(1 − s)

η(6 − α) <
6(1 − s) + 1
η(6 − α) .

Branch 2:
6(α− 6)(t− s) + 6αt(s− 1)3 + 36t

6(α− 6) =(6 − α)(t− s) + αt(1 − s)3 − 6t
(6 − α)

≤(6 − α)(1 − s) + α(1 − s)3

(6 − α)

=(1 − s)(6 − α + α(1 − s)2)
(6 − α)

=(1 − s)(6 − α + α− 2αs+ αs2)
(6 − α)

≤(1 − s)(6 − 2α + α)
(6 − α)

=(1 − s)(6 − α)
(6 − α) ≤ 6(1 − s)

(6 − α) <
6(1 − s) + 1
η(6 − α) .

Branch 3:
6(α− 6)(t− s) + 6αt(s− 1)3

6(α− 6) ≤(6 − α)(1 − s) + α(1 − s)3

(6 − α)

=(1 − s)(6 − α + α(1 − s)2)
(6 − α)

=(1 − s)(6 − α + α− 2αs+ αs2)
(6 − α)
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≤(1 − s)(6 − 2α + α)
(6 − α) = (1 − s)(6 − α)

(6 − α)

≤6(1 − s)
(6 − α) <

6(1 − s) + 1
η(6 − α) .

Branch 4:
6αt(s− 1)3 + 36t

6(α− 6) ≤ α(1 − s)3 − 6
(6 − α) ≤ α(1 − s)

(6 − α) <
6(1 − s) + 1
η(6 − α) .

□

Lemma 2.8. Let 0 < η < 1, 1 < α < 6, η ≤ s ≤ 1 and 1
3√α

< t ≤ 1. Then,

∂2G

∂t2
(t, s) ≥ k2(t, s)h2(s),

where
h2(s) = 6(1 − s) + 1

η(6 − α) > 0 and k2(t, s) = αt(1 − s)3η

6(1 − s) + 1 ≥ 0.

Moreover, k2(t, s) > 0 for t > 1
3√α

and s < 1.

Proof. We analyze the second derivative of the Green’s function in the relevant
branches.

Branch 1 (0 ≤ t ≤ η ≤ s ≤ 1). The second derivative is
∂2G

∂t2
(t, s) = 6αt(s− 1)3

6(α− 6) = αt(1 − s)3

6 − α
.

So,
∂2G

∂t2
(t, s) 1

h2(s)
= αt(1 − s)3

6 − α
· η(6 − α)

6(1 − s) + 1 = αt(1 − s)3η

6(1 − s) + 1 = k2(t, s)

and
∂2G

∂t2
(t, s) = k2(t, s)h2(s).

Branch 3 (0 ≤ η ≤ s ≤ t ≤ 1). The second derivative is
∂2G

∂t2
(t, s) = 6(α− 6)(t− s) + 6αt(s− 1)3

6(α− 6) = (6 − α)(t− s) + αt(1 − s)3

6 − α
.

Furthermore, given that (6 − α)(t− s) ≥ 0 for t ≥ s and α < 6
∂2G

∂t2
(t, s) 1

h2(s)
= (6 − α)(t− s) + αt(1 − s)3

6 − α
· η(6 − α)

6(1 − s) + 1

= [(6 − α)(t− s) + αt(1 − s)3]η
6(1 − s) + 1 ≥ αt(1 − s)3η

6(1 − s) + 1 = k2(t, s).

Therefore,
∂2G

∂t2
(t, s) ≥ k2(t, s)h2(s).
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The additional inequality
αt(1 − s)3

6 − α
≤ ∂2G

∂t2
(t, s)

holds because in Branch 1 we have equality and in Branch 3:
∂2G

∂t2
(t, s) = αt(1 − s)3

6 − α
+ (t− s) ≥ αt(1 − s)3

6 − α
.

□

Lemma 2.9. The set

K =
{
w ∈ X : w(t) ≥ 0,min

t∈I
w(t) ≥ k0∥w∥∞,min

t∈I
w′(t) ≥ k1∥w′∥∞,

min
t∈I

w′′(t) ≥ k2∥w′′∥∞

}
,

is a cone, where k0, k1, k2 are given by Lemma 2.4, 2.6 and 2.8, respectively, and
I =

(
1

3√α
, 1
]
.

Proof. It is trivial that K is non-empty and not identically zero.
Let γ, β ∈ R+ and for all x, y ∈ K. Then, x ∈ K implies
x ∈ X : x(t) ≥ 0,min

t∈I
x(t) ≥ k0∥x∥∞,min

t∈I
x′(t) ≥ k1∥x′∥∞,∧min

t∈I
x′′(t) ≥ k2∥x′′∥∞,

and y ∈ K implies
y ∈ X : y(t) ≥ 0,min

t∈I
y(t) ≥ k0∥y∥∞,min

t∈I
y′(t) ≥ k1∥y′∥∞,∧min

t∈I
y′′(t) ≥ k2∥y′′∥∞.

By Lemma 2.2, X is a Banach space, so for the linear combination γx+ βy ∈ X we
have

min
t∈I

(γx(t) + βy(t)) = γmin
t∈I

x(t) + βmin
t∈I

y(t)

≥ γk0∥x∥∞ + βk0∥y∥∞ = k0 (γ∥x∥∞ + β∥y∥∞)
≥ k0 ∥γx(t) + βy(t)∥∞ ,

min
t∈I

(γx(t) + βy(t))′ = γmin
t∈I

(x(t))′ + βmin
t∈I

(y(t))′

≥ γk1∥x′∥∞ + βk1∥y′∥∞ = k1 (γ∥x′∥ + β∥y′∥∞)

≥ k1

∥∥∥(γx(t) + βy(t))′
∥∥∥

∞

and
min
t∈I

(γx(t) + βy(t))′′ = γmin
t∈I

(x(t))′′ + βmin
t∈I

(y(t))′′

≥ γk2∥x′′∥∞ + βk2∥y′′∥∞ = k2 (γ∥x′′∥∞ + β∥y′′∥∞)

≥ k2

∥∥∥(γx(t) + βy(t))′′
∥∥∥

∞
.

So, γx+ βy ∈ K, and K is a cone. □

The regularity of the nonlinear functions f and h is given by the following definition.
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Definition 2.1. A function g : [0, 1] × Rm → [0,+∞), for m a positive integer, is
L∞-Carathéodory if

i) g(·, z) is measurable for each fixed z ∈ Rm;
ii) g(t, ·) is continuous for a.e. t ∈ [0, 1];
iii) for each ρ > 0, there exists a function φρ ∈ L∞ ([0, 1]) such that g(t, z) ≤ φρ(t)

for z ∈ [−ρ, ρ] and a.e. t ∈ [0, 1].

The Guo-Krasnoselskii fixed point existence theorem, for expansive and compressive
cones theory, will be a key tool in the arguments.

Lemma 2.10 ([12]). Let (X, ∥ · ∥) be a Banach space, and P ⊂ X be a cone in X.
Assume that Ω1 and Ω2 are open subsets of X such that 0 ∈ Ω1, Ω1 ⊂ Ω2.

If T : P ∩ (Ω2 \ Ω1) → P is a completely continuous operator such that either
(i) ∥Tu∥ ≤ ∥u∥, u ∈ P ∩ ∂Ω1 and ∥Tu∥ ≥ ∥u∥, u ∈ P ∩ ∂Ω2,

or
(ii) ∥Tu∥ ≥ ∥u∥, u ∈ P ∩ ∂Ω1 and ∥Tu∥ ≤ ∥u∥, u ∈ P ∩ ∂Ω2,

then T has a fixed point in P ∩ (Ω2\Ω1).

For the purposes of the main theorem, in order to guarantee non-negativity in the
Green’s function, as well as strict positivity for ki, and bounded hi, for i = 0, 1, 2, we
impose the following restrictions.

(A1) For fixed constants α and η, with 0 < η < 1 and 1 < α < 6, we impose
1

3
√
α
< t ≤ 1 and η ≤ s < 1.

(A2) All Lemmas 2.3–2.8 are satisfied.
The nonlinearities will verify either one of the following growth assumptions.

(B1) For i = 0, 1, 2 and j = 0, 1, 2

lim sup
∥xi∥→0,∥yj∥→0

max
t∈I

f(t, x0, y0, x1, y1, x2, y2)
max {∥xi∥ , ∥yj∥}

= 0,(2.8)

lim sup
∥xi∥→0,∥yj∥→0

max
t∈I

h(t, x0, y0, x1, y1, x2, y2)
max {∥xi∥ , ∥yj∥}

= 0

and

lim inf
∥xi∥→+∞,∥yj∥→+∞

min
t∈I

f(t, x0, y0, x1, y1, x2, y2)
max {∥xi∥ , ∥yj∥}

= +∞,(2.9)

lim inf
∥xi∥→+∞,∥yj∥→+∞

min
t∈I

h(t, x0, y0, x1, y1, x2, y2)
max {∥xi∥ , ∥yj∥}

= +∞.

(B2) For i = 0, 1, 2 and j = 0, 1, 2

lim inf
∥xi∥→0,∥yj∥→0

min
t∈I

f(t, x0, y0, x1, y1, x2, y2)
max {∥xi∥ , ∥yj∥}

= +∞,(2.10)
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lim inf
∥xi∥→0,∥yj∥→0

min
t∈I

h(t, x0, y0, x1, y1, x2, y2)
max {∥xi∥ , ∥yj∥}

= +∞

and

lim sup
∥xi∥→+∞,∥yj∥→+∞

max
t∈I

f(t, x0, y0, x1, y1, x2, y2)
max {∥xi∥ , ∥yj∥}

= 0,(2.11)

lim sup
∥xi∥→+∞,∥yj∥→+∞

max
t∈I

h(t, x0, y0, x1, y1, x2, y2)
max {∥xi∥ , ∥yj∥}

= 0.

3. Main Result

The main result is given by the next theorem and provides the existence of at least
one nonnegative solution of problem (1.1)–(1.6).

Theorem 3.1. Let f, h : [0, 1] × [0,+∞)2 × R4 → [0,+∞) be L∞-Carathéodory
functions such that conditions (A1) and (A2) hold, and either (B1) or (B2) hold. Then,
the problem (1.1)–(1.6) has at least one positive solution (u(t), v(t)) ∈ E = K × K,
that is, u(t) > 0, v(t) > 0, for all t ∈ I =

(
1

3√α
, 1
]
.

Proof. Consider the operators T1 : E → K, T2 : E → K, T : E → E such that

T1(u, v)(t) =
∫ 1

η
G(t, s)f(s, u(s), v(s), u′(s), v′(s), u′′(s), v′′(s))ds,

T2(u, v)(t) =
∫ 1

η
G(t, s)h(s, u(s), v(s), u′(s), v′(s), u′′(s), v′′(s))ds

and

T (u, v)(t) = (T1(u, v)(t), T2(u, v)(t)).

We need to prove that the solutions of the initial system are fixed points of the
operator T := (T1, T2).

Step 1. T1 and T2 are well defined in K.
It suffices to prove that T1 is well defined in K since the proof is analogous for T2.
Take (u1, u2) ∈ E. Then, by conditions (A1) and (A2),

∥T1 (u1, u2) ∥∞ = max
t∈I

∫ 1

η
G(t, s)f(t, u(t), v(t), u′(t), v′(t), u′′(t), v′′(t))ds

≤
∫ 1

η
h0(s)f(t, u(t), v(t), u′(t), v′(t), u′′(t), v′′(t))ds

and

min
t∈I

T1 (u1, u2) (t) ≥ k0

∫ 1

η
h0(s)f(t, u(t), v(t), u′(t), v′(t), u′′(t), v′′(t))ds

≥ k0∥T1 (u1, u2) ∥∞.
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On the other hand, for i = 1, 2,

∥ (T1 (u1, u2))(i) ∥∞ = max
t∈I

∥∥∥∥∥
∫ 1

η

∂iG

∂ti
(t, s)f(t, u(t), v(t), u′(t), v′(t), u′′(t), v′′(t))ds

∥∥∥∥∥
≤
∫ 1

η
hi(s)f(t, u(t), v(t), u′(t), v′(t), u′′(t), v′′(t))ds

and

min
t∈I

(T1 (u1, u2))(i) = min
t∈I

∫ 1

η

∂iG

∂ti
(t, s)f(t, u(t), v(t), u′(t), v′(t), u′′(t), v′′(t))ds

≥ ki

∫ 1

η
hi(s)f(t, u(t), v(t), u′(t), v′(t), u′′(t), v′′(t))ds

≥ ki∥ (T1 (u1, u2))(i) ∥∞.

So, for i = 0, 1, 2,
min
t∈I

T1 (u1, u2) (t) ≥ c∥T1 (u1, u2) ∥C2 ,

with 0 < c ≤ max {ki : i = 0, 1, 2} ≤ 1.
Therefore, T1E ⊆ K. Analogously, T2E ⊆ K and so TE ⊂ E.
Step 2. T1 and T2 are completely continuous in K, that is, T1 and T2 are uniformly

bounded and equicontinuous on K.
• T1 is uniformly bounded in K.
Let (u1, u2) ∈ E such that ∥(u1, u2)∥E ≤ ρ, for some ρ > 0. By conditions (A1),

(A2) and Definition 2.1,
∥T1 (u1, u2) ∥∞ = max

t∈I
∥T1 (u1, u2) (t)∥

≤
∫ 1

η
h0(s)f(t, u(t), v(t), u′(t), v′(t), u′′(t), v′′(t))ds

≤
∫ 1

η
h0(s)φρ(s)ds < +∞,

and, for i = 1, 2,

∥(T1 (u1, u2))(i) ∥∞ = max
t∈[0,1]

∥∥∥∥∥
∫ 1

η

∂(i)G

∂ti
(t, s)f(t, u(t), v(t), u′(t), v′(t), u′′(t), v′′(t))ds

∥∥∥∥∥
≤
∫ 1

η
hi(s)f(t, u(t), v(t), u′(t), v′(t), u′′(t), v′′(t))ds

≤
∫ 1

η
hi(s)φρ(s)ds < +∞.

Therefore, ∥T1(u1, u2)∥C2 < +∞, and, so, T1 is uniformly bounded in K. Analogously,
T2 is uniformly bounded in K, and so T is uniformly bounded in E.

• T1 is equicontinuous in K.
This step will show that T1 is equicontinuous in K. As for T2 the proof is analogous

and will be omitted.
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Let t1, t2 ∈ I. Then,
∥T1 (u1, u2) (t1) − T1 (u1, u2) (t2)∥

≤
∫ 1

η
∥G(t1, s) −G(t2, s)∥ f(t, u(t), v(t), u′(t), v′(t), u′′(t), v′′(t))ds

≤
∫ 1

η
∥G(t1, s) −G(t2, s)∥φρ(s)ds → 0 as t1 → t2,

for i = 1, 2,
|(T1 (u1, u2))(i)(t1) − (T1 (u1, u2))(i)(t2)|

≤
∫ 1

η

∥∥∥∥∥∂iG

∂ti
(t1, s) − ∂iG

∂ti
(t2, s)

∥∥∥∥∥ f(t, u(t), v(t), u′(t), v′(t), u′′(t), v′′(t))ds

≤
∫ 1

η

∥∥∥∥∥∂iG

∂ti
(t1, s) − ∂iG

∂ti
(t2, s)

∥∥∥∥∥φρ(s)ds → 0 as t1 → t2.

Therefore, T1 is equicontinuous in K. Consequently, T is equicontinuous in E.
By the Arzelà-Ascoli Theorem, T is completely continuous in E.
Assume that condition (B1) holds.
Step 3. ∥T (u1, u2)∥E ≤ ∥(u1, u2)∥E , for (u1, u2) ∈ E ∩ ∂Ω1 with Ω1 = {(u1, u2) ∈

E : ∥(u1, u2)∥E < ρ1}, for some ρ1 > 0.
To prove that

max {∥T1(u1, u2)∥C2 , ∥T2(u1, u2)∥C2} ≤ ∥(u1, u2)∥E,

it suffices to prove that
∥T1(u1, u2)∥C2 ≤ ∥(u1, u2)∥E and ∥T2(u1, u2)∥C2 ≤ ∥(u1, u2)∥E.

Set (u1, u2) ∈ E ∩ ∂Ω1. Then, ∥(u1, u2)∥E = ρ1. For i = 0, 1, 2, we define

ε := min
{

1∫ 1
η hi(s)ds

}
.(3.1)

By (2.8), there exists 0 < ρ1 < 1 such that
f(t, u(t), v(t), u′(t), v′(t), u′′(t), v′′(t)) ≤ ε∥(u1, u2)∥E,(3.2)

for ∥(u1, u2)∥E ≤ ρ1. By (3.1), and (3.2),

T1 (u1, u2) (t) =
∫ 1

η
G(t, s)f(t, u(t), v(t), u′(t), v′(t), u′′(t), v′′(t))ds

≤
∫ 1

η
h0(s)ε∥(u1, u2)∥Eds

= ερ1

∫ 1

η
h0(s)ds ≤ ρ1 = ∥(u1, u2)∥E,

and, for i = 1, 2,

(T1 (u1, u2) (t))(i) =
∫ 1

η

∂iG

∂ti
(t, s)f(t, u(t), v(t), u′(t), v′(t), u′′(t), v′′(t))ds
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≤
∫ 1

η
hiε∥(u1, u2)∥Eds ≤ ρ1 = ∥(u1, u2)∥E.

Therefore, ∥T1(u1, u2)∥C2 ≤ ∥(u1, u2)∥E, for (u1, u2) ∈ E ∩ ∂Ω1. Similarly, it can
be proved that ∥T2(u1, u2)∥C2 ≤ ∥(u1, u2)∥E, and so, ∥T (u1, u2)∥E ≤ ∥(u1, u2)∥E, for
(u1, u2) ∈ E ∩ ∂Ω1.

Step 4. ∥T (u1, u2) ∥E ≥ ∥(u1, u2)∥E , for (u1, u2) ∈ E ∩ ∂Ω2 with Ω2 = {(u1, u2) ∈
E : ∥(u1, u2)∥E < ρ2}, for some ρ2 > 0. If there is i0 ∈ {0, 1, 2} or j0 ∈ {0, 1, 2}, such
that u(i0)

1 (t) → +∞ and u
(j0)
2 (t) → +∞, then ∥(u1, u2)∥E → +∞.

Taking notice of conditions (A1) and (A2), define, for i = 0, 1, 2,

δ := max
{

1
ki

∫ 1
η hi(s)ds

}
.(3.3)

By (2.9), there exist θ > 0 such that when ∥(u1, u2)∥E ≥ θ we have
f(t, u(t), v(t), u′(t), v′(t), u′′(t), v′′(t)) ≥ δ∥(u1, u2)∥E.(3.4)

Let (u1, u2) ∈ E be such that ∥(u1, u2)∥E = ρ2, with ρ2 < ρ1. Now, from (3.3) and
(3.4),

T1 (u1, u2) (t) =
∫ 1

η
G(t, s)f(t, u(t), v(t), u′(t), v′(t), u′′(t), v′′(t))ds

≥ k0

∫ 1

η
h0f(t, u(t), v(t), u′(t), v′(t), u′′(t), v′′(t))ds

≥ k0

∫ 1

η
h0δ∥(u1, u2)∥Eds

= k0δρ2

∫ 1

η
h0(s)ds ≥ ρ2 = ∥(u1, u2)∥E,

analogously, for i = 1, 2, we find that

(T1 (u1, u2) (t))(i) ≥ ∥(u1, u2)∥E.

Therefore, ∥T1(u1, u2)∥C2 ≥ ∥(u1, u2)∥E, for (u1, u2) ∈ E ∩ ∂Ω2.
Similarly, ∥T2(u1, u2)∥C2 ≥ ∥(u1, u2)∥E, for (u1, u2) ∈ E ∩ ∂Ω2, and, therefore,

∥T (u1, u2)∥E ≥ ∥(u1, u2)∥E, for (u1, u2) ∈ E ∩ ∂Ω2.
By Lemma 2.10, the operator T has a fixed point in E ∩ (Ω2\Ω1) which in turn is

a solution of our problem.
Now assume that (B2) holds.
Step 5. ∥T (u1, u2) ∥E ≥ ∥(u1, u2)∥E, for u ∈ E ∩ ∂Ω3 with Ω3 = {(u1, u2) ∈ E :

∥(u1, u2)∥E < ρ3}, for some ρ3 > 0.
Taking δ > 0 as in (3.3), we see that by (2.10) there exists 0 < ρ3 < 1 such that

f(t, u(t), v(t), u′(t), v′(t), u′′(t), v′′(t)) ≥ δ∥(u1, u2)∥E.

Consider (u1, u2) ∈ E such that ∥(u1, u2)∥E = ρ3. Then, applying similar inequalities
as in Step 4, we obtain that ∥T (u1, u2)∥E ≥ ∥(u1, u2)∥E.
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Step 6. ∥T (u1, u2)∥E ≤ ∥(u1, u2)∥E , for (u1, u2) ∈ E ∩ ∂Ω4 with Ω4 = {(u1, u2) ∈
E : ∥(u1, u2)∥E < ρ4}, for some ρ4 > 0.

Case 6.1 Suppose that f is bounded.
Then there is an N > 0 such that f(t, u(t), v(t), u′(t), v′(t), u′′(t), v′′(t)) ≤ N for all

(t, u(t), v(t), u′(t), v′(t), u′′(t), v′′(t)) ∈ [0, 1] × [0,+∞)2 × R4. Let us define

ρ4 := max
{
ρ3 + 1, N

∫ 1

η
hi(s)ds : i = 0, 1, 2

}
and take (u1, u2) ∈ E with ∥(u1, u2)∥E = ρ4. Then,

T1 (u1, u2) (t) =
∫ 1

η
G(t, s)f(t, u(t), v(t), u′(t), v′(t), u′′(t), v′′(t))ds

≤ N
∫ 1

η
h0(s)ds ≤ ρ4, for t ∈ I,

and for i = 1, 2,

(T1 (u1, u2) (t))(i) =
∫ 1

η

∂iG

∂ti
(t, s)f(t, u(t), v(t), u′(t), v′(t), u′′(t), v′′(t))ds

≤ N
∫ 1

η
hi(s)ds ≤ ρ4, for t ∈ I.

Thus, ∥T1(u1, u2)∥C2 ≤ ∥(u1, u2)∥E.
The same arguments can be applied to show that ∥T2(u1, u2)∥C2 ≤ ∥(u1, u2)∥E. So,

∥T (u1, u2)∥E ≤ ∥(u1, u2)∥E.
Case 6.2 Suppose that f is unbounded.
By (2.11), for every M > 0 such that ∥(u1, u2)∥E ≤ M , there exists µ > 0 such that

max
{
µ
∫ 1

η
hi(s)ds : i = 0, 1, 2

}
≤ 1(3.5)

and
f(t, u(t), v(t), u′(t), v′(t), u′′(t), v′′(t)) ≤ µ∥(u1, u2)∥E.(3.6)

Define
ρ4 := max{M,ρ3 + 1}.

Then, for (u1, u2) ∈ E ∩ ∂Ω4 we have ∥(u1, u2)∥E = ρ4 and, by (3.6),
f(t, u(t), v(t), u′(t), v′(t), u′′(t), v′′(t)) ≤ µ∥(u1, u2)∥E ≤ µρ4.(3.7)

By (3.5),

T1 (u1, u2) (t) ≤
∫ 1

η
h0(s)µρ4ds ≤ µρ4

∫ 1

η
h0(s)ds ≤ ρ4,

and for i = 1, 2,

(T1 (u1, u2) (t))(i) ≤
∫ 1

η
hi(s)µρ4ds ≤ µρ4

∫ 1

η
hi(s)ds ≤ ρ4.

Therefore, ∥T1(u1, u2)∥C2 ≤ ∥(u1, u2)∥E, for (u1, u2) ∈ E ∩ ∂Ω4.
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In the same way we can have ∥T2(u1, u2)∥C2 ≤ ∥(u1, u2)∥E, for (u1, u2) ∈ E ∩ ∂Ω4,
and therefore, ∥T (u1, u2)∥E ≤ ∥(u1, u2)∥E, for (u1, u2) ∈ E ∩ ∂Ω4.

By Lemma 2.10, the operator T has a fixed point in E ∩ (Ω4\Ω3) that, in turn, is
a solution of the problem (1.1)–(1.6).

□

4. Example

Consider the following fourth-order nonlinear system

u(4)(t) = (t4 + 2t2 + 1)
(
e−|v′(t)u(t)| +

√
|u′(t) + v′′(t)|

)
,

v(4)(t) = 3t6
[
(u(t) + v(t))4 + cos2(v′(t) + u′′(t))

]
,

u(0) = u′(0) = u′′(1) = 0,

3u(0) = −u′′
(1

2

)
,

v(0) = v′(0) = v′′(1) = 0,

3v(0) = −v′′
(1

2

)
.(4.1)

This problem is a particular case of the system (1.1)–(1.6) with

f(t, a1, a2, a3, a4, a5, a6) := (t4 + 2t2 + 1)
(
e−|a4a1| +

√
|a3 + a6|

)
,

h(t, a1, a2, a3, a4, a5, a6) := 3t6
[
(a1 + a2)4 + cos2(a4 + a5)

]
,

η = 1
2 and α = 3.

The functions f and h are L∞-Carathéodory, since for ρ > 0, whenever

max {|a1|, |a2|, |a3|, |a4|, |a5|, |a6|} < ρ,

there exist functions φρ, ψρ ∈ L∞ ([0, 1]) such that

f(t, a1, a2, a3, a4, a5, a6) ≤ (t4 + 2t2 + 1)
(

1 +
√

|2ρ|
)

:= φρ,

h(t, a1, a2, a3, a4, a5, a6) ≤ 3t6(16ρ4 + 1) := ψρ.

The Green’s function, its first and second derivatives are given by

G(t, s) = − 1
18


(3t3 − 1)(s− 1)3, 0 ≤ t ≤ 1

2 ≤ s ≤ 1,
−3(t− s)3 + (3t3 − 1)(s− 1)3 + 6(t3 − 1), 0 ≤ s ≤ 1

2 ≤ t ≤ 1,
−3(t− s)3 + (3t3 − 1)(s− 1)3, 0 ≤ 1

2 ≤ s ≤ t ≤ 1,
(3t3 − 1)(s− 1)3 + 6(t3 − 1), 0 ≤ t ≤ s ≤ 1

2 < 1,
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∂G

∂t
(t, s) = − 1

18


9t2(s− 1)3, 0 ≤ t ≤ 1

2 ≤ s ≤ 1,
−9(t− s)2 + 9t2(s− 1)3 + 18t2, 0 ≤ s ≤ 1

2 ≤ t ≤ 1,
−9(t− s)2 + 9t2(s− 1)3, 0 ≤ 1

2 ≤ s ≤ t ≤ 1,
9t2(s− 1)3 + 18t2, 0 ≤ t ≤ s ≤ 1

2 < 1,

∂2G

∂t2
(t, s) = − 1

18


18t(s− 1)3, 0 ≤ t ≤ 1

2 ≤ s ≤ 1,
−18(t− s) + 18t(s− 1)3 + 36t, 0 ≤ s ≤ 1

2 ≤ t ≤ 1,
−18(t− s) + 18t(s− 1)3, 0 ≤ 1

2 ≤ s ≤ t ≤ 1,
18t(s− 1)3 + 36t, 0 ≤ t ≤ s ≤ 1

2 < 1.

If we assume that condition (A1) is verified, that is, for t ∈
(

1
3√3 , 1

]
and 1

2 ≤ s < 1,
the condition (A2) is also confirmed. More precisely,

0 < G(t, s) ≤ 4(1 − s)3 + 2
3 := h0(s),

0 < ∂G

∂t
(t, s) ≤ 6(1 − s)2 + 2

3 := h1(s),

0 < ∂2G

∂t2
(t, s) ≤ 12(1 − s) + 2

3 := h2(s)

and for

k0 = (3t3 − 1)(1 − s)3

24(1 − s)3 + 12 ,

k1 = 3t2(1 − s)3

12(1 − s)3 + 4 ,

k2 = 3t(1 − s)3

12(1 − s) + 2 ,

we have

G(t, s) ≥ k0h0(s),
∂G

∂t
(t, s) ≥ k1h1(s),

∂2G

∂t2
(t, s) ≥ k2h2(s).

Furthermore, as for i = 0, 1, 2 and t ∈ I =
(

1
3√3 , 1

]

lim inf
u(j),v(j)→0

min
t∈I

(t4 + 2t2 + 1)
(
e−|v′(t)u(t)| +

√
|u′(t) + v′′(t)

)
max {∥u(j)∥ , ∥v(j)∥}

= +∞,

lim inf
u(j),v(j)→0

min
t∈I

3t6
[
(u(t) + v(t))4 + cos2(v′(t) + u′′(t))

]
max {∥u(j)∥ , ∥v(j)∥}

= +∞
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and

lim sup
u(j),v(j)→+∞

max
t∈I

(t4 + 2t2 + 1)
(
e−|v′(t)u(t)| +

√
|u′(t) + v′′(t)

)
max {∥u(j)∥ , ∥v(j)∥}

= 0,

lim sup
u(j),v(j)→+∞

max
t∈I

3t6
[
(u(t) + v(t))4 + cos2(v′(t) + u′′(t))

]
max {∥u(j)∥ , ∥v(j)∥}

= 0,

the condition (B2) is confirmed.
So, by Theorem 3.1, the problem (4.1) has at least one positive solution (u(t), v(t)) ∈

(C2[0, 1])2, that is u(t) > 0, v(t) > 0, for all t ∈
(

1
3√3 , 1

]
.
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