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MOLECULAR TREES WITH EXTREMAL VALUES OF THE
SECOND SOMBOR INDEX

ZIKAI TANG! AND HANYUAN DENG!*

ABSTRACT. A new geometric background of graph invariants was introduced by
Gutman, of which the simplest is the second Sombor index SO, defined as SO, =

SO2(G) = > ver lfggglfzgil’ where G = (V, E) is a simple graph and dg(v)
denotes the degree of v in G. In this paper, the chemical applicability of the second
Sombor index is investigated and it is shown that the second Sombor index is useful
in predicting physicochemical properties with high accuracy compared to some well-
established and often used indices. Also, we obtain a bound for the second Sombor
index among all (molecular) trees with fixed numbers of vertices, and characterize

those molecular trees achieving the extremal value.

1. INTRODUCTION

Let G be a simple connected graph with vertex set V(G) and edge set E(G), and
denote by n = |V(G)| and m = |E(G)| the number of vertices and edges, respectively.
The degree of a vertex v in G, denoted by dg(v) or d(u), is the number of its neighbors.
If the vertices u and v are adjacent, then the edge connecting them is labeled by
e = uv. In the mathematical and chemical literature, several dozens of vertex-degree-
based (VDB) graph invariants (usually referred to as "topological indices“) have been
introduced and extensively studied [1-5]. Their general formula is

TI(G) = Y F(dg(u),dg(v)),

wek

where F(z,y) is a function with the property F(z,y) = F(y, x).
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TABLE 1. Experimental values of the second Sombor index of for
octane isomers

Molecule SOs Molecule SOs
octane 1.2 2-methyl-heptane 2.5846
3-methyl-heptane 2.7692 4-methyl-heptane 2.7692
3-ethyl-hexane 2.9538 2,2-dimethyl-hexane 3.8471

2,3-dimethyl-hexane 3.3846 2,4-dimethyl-hexane 4.1538
2,5-dimethyl-hexane 3.9692 3,3-dimethyl-hexane 4.1647
3,4-dimethyl-hexane 3.5692 | 2-methyl-3-ethyl-pentane 3.5692
3-methyl-3-ethyl-pentane 4.4824 | 2,2 3-trimethyl-pentane  4.7117
2,2 4-trimethyl-pentane  5.2317 | 2,3,3-trimethyl-pentane  4.8447
2,3,4-trimethyl-pentane 4 2,2,3,3-tetramethylbutane 5.2941

Recently in [2] Gutman showed that geometry-based reasonings reveal the geo-
metric background of several classical topological indices (Zagreb, Albertson) and
introduced a series of new Sombor-index-like VDB invariants, denoted below by

S01,50s,...,504. The second Sombor index SO, of a graph G is defined as

\d2 (u) — dg,(v)|
(1.1) S0y = S0,(G) UUXE:E 2 (u) + &(v)
Also, Gutman pointed out at the end of the paper [2] that it would be interesting to
examine the properties of these geometry-based topological indices, and see if these
are usable in applications.

A molecular tree is a tree of maximum degree at most four. In this paper, the
chemical applicability of the second Sombor index is investigated and it is shown that
the second Sombor index is useful in predicting physicochemical properties with high
accuracy compared to some well-established and often used indices. Also, a bound for
the second Sombor index among all (molecular) trees with a fixed number of vertices
is obtained, and those molecular trees achieving the extremal value are characterized.

2. THE CHEMICAL APPLICABILITY OF THE SECOND SOMBOR INDEX

In this section, the chemical applicability of the second Sombor index is investi-
gated. We consider the data set of octane isomers for such testing and corresponding
experimental values of physico-chemical properties are collected from http: //www.
moleculardescriptors.eu/dataset /dataset. htm. First, we give experimental values of
the second Sombor index of octane isomers, which are listed in Table 1, where there
are two pairs of octane isomers with identical values of the second Sombor index since
they have the same degree coordinates.

By the experimental values of AcenFac, S, SNar and HNar of octane isomers (from
http://www.moleculardescriptors.eu/dataset /dataset.htm) and Table 1, we find the
correlation of AcenFac, S, SNar and HNar with the second Sombor index SO, for
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TABLE 2. The square of correlation coefficient of the second Sombor
index with AcenFac, S, SNar and HNar.

AcenFac S SNar HNar
SOy | 0.9202 0.8433 0.9356 0.9512

octane isomers. The data related to octanes are listed in Table 2. The following
equations give the regression models for the second Sombor index.

AcenFac =0.4536 — 0.0314 x SO,
S =119.1755 — 3.6697 x SOq,

SNar =4.6576 — 0.3003 x SO,

HNar =1.7137 — 0.0815 x SOs.

Figure 1 (1)—(4) reveal the strength of structure property relationship between SOy
and acentric factor, entropy, SHar and HNar, respectively.
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FIGURE 1. Linear fittings of the second Sombor index (SO,) with
AcenFac, S, SNar and HNar for octane isomers.
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TABLE 3. The square of correlation coefficient of SO, with some
existing indices.

SO M, My F R SCI  SDD My
SO, | 0.918 0.9201 0.8679 0.9022 0.8969 0.9150 0.8820 0.9123

Abbreviations: SO, Sombor index; SCI, sum connectivity index; SDD, symmetric division
degree index.

By corresponding experimental values [6], we get the correlations of SO, with some
existing indices like Sombor index(SO), first (M;) and second (M) Zagreb indices,
forgotten topological index (F), connectivity index (R), sum connectivity index (SCI),
symmetric division degree index (SDD) and neighborhood Zagreb index (My), which
are listed in Table 3.

All these facts above show that the second Sombor index is useful in predicting
physicochemical properties.

3. EXTREMAL VALUE OF THE SECOND SOMBOR INDEX OF (MOLECULAR) TREES

Let G = (V, E) be a graph with order n and size m. By Definition 1.1 of the second
Sombor index of a graph, we have

max{dj( u),dZ (v)} 5
min d v
(3.1) 505(G) = > max{{dz((i G(< )ﬁ =m= > max{dZ (u),d (v)}
weFlR p 7] —|— 1 uveFE —2G + 1
€& min{dZ (u),dZ ()} min{dZ (u),d% (v)}

Note that 1 < %m < %Z, , where § and A are the minimum and maximum

degree in graph G, respectively. From (3.1), we straightforwardly obtain the following.

Theorem 3.1. Let G be a graph with m edges and the maximal degree A and the
minimal degree 6. Then,

A2 _ 52

AZ + 62

the left equality holds if and only if every component of G is reqular and the right

equality holds if and only if W =2 5 for any edge uv € E.

0< SO.(G) <m

Theorem 3.2. Let T be a tree with n > 1 vertices. Then,

6 (n? —2n)(n —1)
- < <
5 <500 < o 3

the left equality holds if and only if T is the path P, and the right equality holds if
and only if T' is the star S,.

Proof. From (3.1), we have

2
SOy (T) =n—1= > mex WG W)
uwek mln{d2 (u),d (U)}

b
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max{dy(u),dr(v)} _
and min{dg(u),d;(v)} sn 17 i
(n? —2n)(n—1)

n2—2n+2

SOy(T) <

with equality if and only if T"= S,,.

On the other hand, we know that f(x) = iz; is increasing for x > 0. Let E; be

the set of pendant edges in 7" and Fy = E — E;. Then, |E,| > 2, % > 2

for uv € Ey and % > 1 for uv € Ey. By (3.1), we have
2

SO5(T) =n—1- EE max(d (.5 (0)] | - z;; max(d% () B(0)] |
WEEL min{d2.(u),d2.(v)} WEE2 min{d2.(u),d2.(v)}

2 3 6
>n—1——|Ey| —|Es| = Z|Ey| > =
with equality holds if and only if T'= P,. O

Let CT,, be the set of molecular trees with n vertices. Let m;; be the number of
edges with end vertices of degree ¢ and j in T.

(1) n=0(mod4) (2) n=1(mod4)
(3) n=2(mod4) (4) n=3(mod4)

FIGURE 2. Four types molecular trees with n vertices.

Denote by Ty the set of molecular trees 7' with n = 0 (mod 4) vertices, where
T has no vertex with degree 3, every vertex of degree 2 is adjacent to two vertices
of degree 4 in T and there is exactly a pair of vertices with degree 4 adjacent to
each other, i.e., T is a tree on n vertices with mqy = "T*‘L, Moy = "T_s, mas = 1,
Mg = M3 = Moy = Mag = Mgz = mzq = 0 (an example is shown in Figure 2 (1)).

Denote by T; the set of molecular trees 7' with n = 1 (mod 4) vertices, where T’
has no vertex with degree 3, every vertex of degree 2 is adjacent to two vertices of
degree 4 in T" and no two vertices of degree 4 are mutually adjacent, i.e., T is a tree
with my = 252, mag = 52, mys = mug = Moy = Moy = Mgz = mgs = mas = 0 (an
example is shown in Figure 2 (2)).
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Denote by T» the set of molecular trees T" with n = 2 (mod 4) vertices, where
T has no vertex with degree 3, exactly one of vertices of degree 2 is adjacent to a
vertex of degree 4 and a vertex of degree 1, and other vertices of degree 2 are adjacent
to two vertices of degree 4, i.e., T is a tree with myy = 5, Moy = "T"l, miy = 1,
13 = Mog = TNo3 = TN33 = 1MN34 = TNy4 = 0 (an example is shown in Figure 2 (3))

Denote by T3 the set of molecular trees 7" with n = 3 (mod 4) vertices, where
T has exactly one vertex of degree 3, which is adjacent to two vertices of degree 1
and one vertex of degree 4 and every vertex of degree 2 is adjacent to two vertices
of degree 4, i.e., T is a tree with myy = ”T’l, Moy = ”777, miz = 2, msyy = 1,
Mg = Mgy = Mg = M3z = myy = 0 (an example is shown in Figure 2 (4)).

Theorem 3.3. Let T' € CT,, withn > 5. Then,

126n — 108
1267;70307 n=0 (mOd 4),
6 #, n=1 (mod 4),
5 =50AT) =9 1967~ 102
m, n=2 (mOd 4),
n_
T57 n=3 (mOd 4),

the left equality holds if and only if T = P, and the right equality holds if and only if
TeT; forn=1i (mod4),i=0,1,2,3.

Proof. By Theorem 3.2, we have SOy (T) > g with equality if and only if T'= P,.
From the Definition 1.1 of the second Sombor index, we have

3 4 15 5 3 7
3.2 SO, (T) = = - — — - — .
(3.2) o(7T') 5m12 + 5m13 + 17m14 + 13m23 + 5m24 + 25m34

Let n; be the number of vertices of degree 7 in T', i € {1,2,3,4}. We can get the
following system of six linear equations which are satisfied by all molecular trees

ny+mne +ng+ng=n,
ny + 2ny + 3ng + 4ny = 2n — 2,
Mi2 + My3 + Mg = Ny,
miz + 2mag + Moz + Moy = 2ng,

m13 + Ma3 + 2mg33 + m3q = 3na,

Mg + Mag + M3g + 2Myg = 4ny.
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Solving this system with unknowns my4, Moy, n1, n9, n3 and ny, we can obtain

n+3  3miz Tmiz Mox Moz | M3z | M3y | May

=T > 6 2 6 6 T3 T
Mo :n -9 4 mi2 4 miz Mgz dMig3 o Tmss . 4dmsy . gy
2 2 6 2 6 6 3 2
n+3 mi2 mi3 ma2 ma3 mas3 M3y Mgy
(3.4) MTTT T2 76 2 6 6 3 e
n :TL — 5 3m12 7m13 4 3m22 4 mas . 7m33 . 2m34 . 3m44
2Ty 4 12 4 12 12 3 4
mi3 123 2mg3 M3y
I T T N
- :n— 1 M2 Mg Mg a3z 133 i m44.
4 4 4 4 4 4 4

Replacing my4 and may in (3.2) by (3.4), we have
. 126n — 30 36m12 11m13 6477122

SO,(T) = — -
(3.5) 2(T) 170 85 85 85
) _58m23 _ 47m33 B 96m34 _ 39m44
221 85 425 85

which is maximal for a fixed number of vertices when the values mqo, m13, Mmoo, Mmas3, Mss3,
may, and myy are equal to zero. However, in the case of molecular trees with n vertices,
the condition

(3.6) Mig = M3 = Mgz = Moz = M3z = Mzq = Myyg =0

can be satisfied only if n =1 (mod 4).

Any molecular tree satisfying (3.6) has no vertices of degree 3, all its vertices of
degree 2 are adjacent to two vertices of degree 4, and no two vertices of degree 4 are
mutually adjacent (see (2) in Figure 2).

Hence, if n =1 (mod 4), then for any molecular tree with n vertices,

126n — 35
50y(1) < 0=
with equality if and only if T' € T;.

If n# 1 (mod 4), then (3.6) cannot be satisfied by any molecular tree on n vertices.
In order to find the molecular trees with the maximal SO,-value, we have to find
the values of the parameters mqs, M3, Moo, Mag, M3z, M34, and myy as close to zero
as possible compatible to the existence of a molecular tree, i.e., for which the right-
hand sides of (3.4) are integers, and for which a graph exists and we have that
mig + Ma3 + 2m33 + m3q has to be a multiple of 3 from ng = "3 + =28 4 QWT“ +

By (3.5), we know that there is must be ng =0 or ng =1 for n Z1 (mod 4) if T
is a molecular tree with the maximal SO5(T")-value.
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TABLE 4. All (mlg, Moz, 33, m34) satisfy mMi3 + Mas + 2ms33 +msgy = 3,
— 11 58 47 96
where t = ]5 1713 + 591 11023 + g5 11033 + 195771034

mi3 | Mag | M33 | M3q t mi3 | Mag | M33 | M3q t
1 1 0 1 10617715 1 0 1 0 10.682341
0 1 1 0 10815374 | O 0 1 1 10.778823
2 1 0 0 10521233 1 2 0 0 |0.654266
1 0 0 2 10.581164 | 2 0 0 1 |0.484682
0 2 0 1 10.750748 | O 1 0 2 10.714197

Case 1. If nsg = O, then mMi3 = Moz = 133 = MN34 = 0, and

126n — 30 3677112 64m22 39m44
3.7 T) — _ _ _ .
(3.7) S0:(T) 170 85 85 85

To find the molecular tree(s) with the maximal SO (T)-value, we only need to consider
miz + mag + myg = 1.
If n =2 (mod 4), there are two types of molecular trees such that mjs+maos+myy =
1, i.e., mig = 1, mog = myy = 0 or myzs = 0, Moy = 1, myy = 0. By simply computing
and comparing, for any molecular tree T with n = 1 (mod 4) vertices,
126n — 102
170 7

SO,(T) <

with equality if and only if T' € Ts.

If n =0 (mod 4), there is only one type of molecular trees such that mjg + mag +
myy = 1, i.e., mig = moy = 0, myy = 1. Then, for any molecular tree with n = 0
(mod 4) vertices,
126n — 108

with equality if and only if T" € Ty,
If n =3 (mod 4), then there is no molecular trees such that mqy + mag + myy = 1.
Case 2. If ng = 1, then mq3 + mos + 2ms3 + ms4 = 3. To find the molecular trees
with the maximal SO9(T)-value, we only need to consider all possible choices of (m;3,
mas, M33, m34) such that mis -+ mos + 2m33 + msq — 3 mis + mMos + 2m33 + ms3qy — 3.
From Table 4 and (3.5), a molecular tree on n vertices and n3 = 1 with the maximal

SOs-value must satisfy
(3.8) Mig = Moy = Muag = Moz = Mgz =0, my3 =2, mgs =1,
and it can be satisfied only if n = 3 (mod 4). Then, for any molecular tree with n = 3
(mod 4) vertices,
315n — 281
SOy(T) < —————
(1)< =5
with equality if and only if T' € Ts. O
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