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NONLOCAL NEUTRAL FUNCTIONAL SEQUENTIAL
DIFFERENTIAL EQUATIONS WITH CONFORMABLE
FRACTIONAL DERIVATIVE

NAJAT CHEFNAJ!, SAMIRA ZERBIB!, KHALID HILAL!, AND AHMED KAJOUNI!

ABSTRACT. In this paper, we investigate the existence, uniqueness, and stability
results of second-order neutral evolution differential equations within the framework
of sequential conformable derivatives with nonlocal conditions. Utilizing Krasnosel-
skii’s fixed-point theorem, we establish results concerning the existence of at least one
solution, while the uniqueness of the solution is derived using Banach’s fixed-point
theorem. The final section is devoted to an example that illustrates the applicability
of our findings.

1. INTRODUCTION

Differential equations with nonlocal conditions are essential in various scientific
fields, including engineering and physics. Numerous researchers have explored the the-
ory of these equations concerning different types of derivatives. Hernandez [6] studied
the second-order Cauchy problem with nonlocal conditions for the classical derivative.
Recently, fractional differential equations have gained popularity in modeling various
problems in biology, chemistry, and other applied areas [8,9,11-17]. In [18], Shur et
al. treated a fractional Cauchy problem of order a € (1,2) with non-local conditions
using the Caputo fractional derivative. Their study primarily focused on the results
of the existence and uniqueness of mild solutions. For physical interpretations of the
non-local conditions, we refer to references [2,3,10].
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The authors in [4] investigated the existence and regularity of solutions for some
partial differential equations with nonlocal conditions in the a-norm for the following
problem:

L (y(t) = F (t,y(ha(1))) = =B (y(t) — F (t,y(ha (1)) + G (£, y(ha(t)), t€[0,4],
y(0) = yo + »(y),

where B : D(B) C Y — Y is the infinitesimal generator of an analytic semigroup
(T'(t))t>0 on a Banach space Y. The functions F, G, ¢, hy and hy are continuous
functions.

In [5], the authors considered the following fractional conformable problem:

L (y(t) = F (Ly((t) = =B (y(t) — F Ly (1) + G (Ly(ha(1)), te€0,al,
y(0) = yo + (),

d—ig is the conformable fractional derivative of 5 € (0,1). B is a sectorial

where

dt
operator which generates a strongly analytic semigroup (7'(t)) on a Banach space Y.
The functions F, G, ¢, hy and hy are continuous functions.

Motivated by the previously mentioned publications, we are interested in a related
problem: the second-order sequential Cauchy problem with non-local conditions,
using the conformable derivative. More precisely, we are interested in second-order
sequential conformable differential equations characterized by the following non-local
conditions:

(1.1)
5T g8

&5 |5 () = F (Ly(m(®))] = B®) = F Ly (1) + G (t,y(ha(t)) ¢ € [0,a),

y(BO) =yo +¢(y),

45 (1(0) = F(0,y(11(0)))) = y1 + (),

d—[; is conformable fractional derivative of order 3. The operator B is the

where

inﬁnitegmal generator of a family of cosines {C(t), S(t) }+er on a Banach space (Y, ||-]|).
yo and 7, are two elements in the Banach Y. The expression € = € ([0, a],Y’) denotes
Banach space of continuous functions y with the norm |y| = sup{||y(¢)||,¢ € [0, a]}.
The functions F: [0,a] xC =Y, G:[0,a] XY =Y, p:C =Y, ¢:C—Y, hy and
hy are continuous functions.

This paper is summarized as follows. In Section 2, we review some tools related to
the conformable derivative as well as some needed results. Section 3 will be devoted
to the statements and the proof of the main results. In Section 4, as application, we
investigate a second-order sequential conformal partial differential equation with a
non-local condition.

2. PRELIMINARIES

We begin by recalling some fundamental concepts of conformable calculus [7].
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Definition 2.1. The conformable derivative of order [ for a function H is defined as

follows: 5 s
dPFH(t) — lim H(t + et'=F) —fJ-C(t)’ t>0
dth e—0 €

If this limit exists, we say that H is (f)-differentiable at ¢.
If H is (5)-differentiable and lim, o+ % exists, we define

dHO) _ A7)

it hov dtP
The (B)-fractional integral of a function H is given by

ﬂﬁ@yjf@—ﬁw1ﬁwm@

0
Theorem 2.1. If 3 € D(I) is a continuous function, we obtain
dP(IPH(t))

dtP

The Laplace transform associated with the conformable derivative is given by the
following definition.

= H(t).

Definition 2.2 ([1]). The conformable fractional Laplace transform of H of order
is defined by

+oo +B
77 te ™ E H(t)dt.

Lo = [

0

The following proposition shows the effect of the fractional Laplace transform on
the conformal derivative.

Proposition 2.1. If H(t) is differentiable, we obtain

B
B
e (T3 ) 00 =M ) - )

So let’s recall certain results related to the theory of the cosine family [19].

Definition 2.3. A family (C(§))¢er of bounded linear operators on Y is defined as a
strongly continuous family of cosines if and only if:

(a) C(0) = I;
(b) C(v+ &) +C(v—§) =2Cw)C(E), for all &, v € R;
(c) &€ = C(§)y is continuous for each fixed y € Y.

We define also the sine family by

S = [ C)ya



874 N. CHEFNAJ, S. ZERBIB, K. HILAL, AND A. KAJOUNI

Definition 2.4. B is the infinitesimal generator of a strongly continuous cosine family

((C(&))eer, (S(€))eer) on Y defined by:

D(B) ={y € Y, — C(&)y is a twice continuously differentiable function},

_d?C(0)y
Ay = TR

We end this section with the following results.

Proposition 2.2. The following assertions are true.

(a) There exist constants w > 0 and M > 1 where

15(¢) — S(w)| < M /5 exp(w[9))dd|, for all v,€ € R.

(b) Ify € Y and &,v € R, then [ S(¥)ydd € D(B) and
3
B [ S@)ydd = C(©y - Cwly.

(c) If & — C(&)y is differentiable, hence S(§)y € D(B) and %g)y = BS(&)y.
(d) For A such that Re(\) > w, we get

e \2 € p(B), (p(B): is the resolvent set of B),

o MNI—B)ly = [ e MC(§)yde, y €Y,

o (NI —B) "y = [ e XS (yds, yeY.

3. MAIN RESULTS
Before presenting our main results, we introduce the following assumptions.

(Hy) The function G(¢,-) : Y — Y is continuous, and for all » > 0, there exists a

function w, € L*°([0,a],RT) such that sup ||G(¢,y)|| < p-(t) for all t € [0, a).
lyll<r

(Hz) The function §(-,y) : [0,a] — Y is continuous for all y € Y.

(H3) There exists a constant I; > 0 such that ||F(t,z) — F(t,y)|| < li|z — y| for all
x,y € C.

(Hy) There exists a constant I > 0 such that ||p(z) — ¢(y)|| < L]z — y| for all
x,y € C.

(Hs) There exists a constant 3 > 0 such that ||¢(z) — ¥(y)|| < ls|lz — y| for all
x,y € C.
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3.1. Existence and uniqueness of the mild solution. Using the fractional Lap-
lace transform in equation (1.1), we get

d? [ d°
o 45 s 00 = 5 ot )

_1 —1 d°
=AM =B) (w(0) =T (0,y(m(0) + (¥ = B) 5 (4(0) = T (0,y(hi(0)))

+ (X = B) " Ls(S(t y(ha(t) (V)
AN = B) (o + ply) — T O.9(a(0) + (¥ = B) (5 + v(w)
+ (X = B) " £a(S(t y(ha(1)(N).

According to the inverse fractional Laplace transform, we find the Duhamel’s formula

8

y(t) =F (1, y(h (1)) + C (B

#5(5) v + [ #7555 ) ety

Definition 3.1. y € € is a mild solution of problem (1.1) if the following assertion is
true:

)@m+ﬂw—?®wMMMD

B
0(0) =5y (00) + € 5 ) 0+ 900) = F0.5040))
v (5) v+ [[578 (5 -2 stoatiataas, e ol

Theorem 3.1. If (S(t))i>o0 is compact and (Hy)-(Hs) are satisfied, then, the Cauchy
problem (1.1) has at least one mild solution provided that

(2

l3<1.

C tﬂ { l
<5>'(1+ 2)+ sup

t€(0,a]

[y + sup
t€[0,a]

Proof. Choosing

P P
1(0.0)] + sup C(>|W%H+WM®H+H?®ﬂW)+Sm>S<> ‘A
> t€[0,a] ﬁ te[0,a] B
"= P P '
1—10; — sup C’( >‘(11+l2)—8up S( )lg
te(0,a] 6 t€[0,a] 5
with

= lysll + Il ()| + = IulLoo
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Let B, ={y € C, |y| < r}, for y € B,, we define the operators P, and P as follows

B B
Riy(0) =5 (1.0 (0))+€ () 0+ ) = F0.0m00) +5 (5 ) (1 + 00).
t B g8
Puoto) = |51 (5 = 5 ) Ststtaoas, 1< 0.7

By using assumptions (H;)-(Hs), we prove that Pi(y) + Pa(z) € B, for all y, z € B,.
Moreover, the operator P; is a contraction on B,.
We are going to prove that the operator P, is compact and continuous.

e Firstly, we show that P, is continuous.
Let y, € B, such that y,, — y in B,. Therefore, by using (H;), we have

15" (S (s, yn((ha(s))) = S(s, y((ha(s)))l < 24 (5)s™

and
(s, yn((ha(s))) = S(s,y((ha(s))), asn — foo.
Also, we obtain

Py(yn(t)) — Pa(y(t)) = /ot 8 (

for t € [0,a]. Accordingly, we obtain

8 a .
S <B> /0 sP7HIG(s, yn (ha(5))) — S(s, y((ha(s)))||ds.
By using the Lebesgue dominated convergence theorem, we have
Jim [ Py(y) — Pa(y)| = 0.

e Secondly, we prove the compactness of P.

Claim 1. We show that {P»(y(t)),y € B,} is relatively compact in Y.
For t €]0, a[, let € €]0,t[, and we define the operator P by

8 _ B

3 ) {9(37 yn(h2(3))) - 9(57 y((hQ(S)))]dS,

|Py(yn) — Pa(y)] < sup
te[0,a]

(th—ch)P BB
s7718 ( 5 ) G(s,y(ha(s)))ds, te€[0,7], forall y € B,.

The relative compactness of { P5(y(t)),y € B, } in Y is guaranteed by the compactness
of (S(t))t=0. Using assumption (H;), we have
8
gl
0.0 <5>

175 (y(1)) = Pa(y(0)] < !ur!Lw([o,aLRﬂtS[JP

Pi(y(t) = [

0

il
5
Then, we conclude that {P2(y(t)),y € B,} is relatively compact in Y. It is clear
that the set {P2(y(0)),y € B,} is compact. Therefore, { P (y(t)),y € B, } is relatively

compact in Y for all ¢ € [0, al.
Claim 2. We prove that P»(B,) is equicontinuous.
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Let t1,ts €]0, a] such that t; < ty, we have

t tg —s° t’f — 5P
Payte) = matuie) = [ s (2550 ) =5 (5| stoatmatenyas

2 B _
+ tlt $#-1g (tz . 85> G(s,y(ha(s)))ds.

Therefore, we obtain

IPta(6) = P <=z | 5 (o0 (% o ﬁ))]

(5)1(5%)

We conclude that the functions P(y), y € B,, are equicontinuous at ¢t € [0,al.
Applying the Arzela-Ascoli theorem, we establish that P, is a compact operator.
Finally, the Krasnoselskii’s fixed point theorem completes the proof.

+ sup
te(0,a]

To establish the uniqueness of the mild solution, we need the following assumption.
(Hg) There exists a constant {4 > 0 such that ||G(¢, z) — G(¢, y)|| < lu]|z — y|| for all
z,y €Y and t € [0, al.

Theorem 3.2. Assume that (Hy)-(Hg) hold. Then, the Cauchy problem (1.1) has a
unique mild solution provided that

8
Iy + sup |C <> ‘ (l4 +13) + sup
te[0,a] o} tef0,a]

Proof. We define the operator P : C — € by

B B
B

PO) =5 (1000 + € () (1 + ) - 50,5(m(0))

8

+S <5> (1 +v(v) + /01t s°71S (tﬂ ; 86) (s, y(ha(s)))ds, t € [0,al.

Next, let y, z € C, we have

B
PU(0) = Pl0) =5 (0,50 (0) = T (0.0t (0) € () (6 )= o 0)
B
+0 (%) (F0.0m(0) - 50 200))
B
+5(5) 0 - v

N
*/0 7718 <5> [S(s, 2(ha(s))) = §(s, y(ha(s)))]ds.



878 N. CHEFNAJ, S. ZERBIB, K. HILAL, AND A. KAJOUNI

Accordingly, we obtain

1P(=(2)) = P(y())]l

th tP a’
< [ll + sup |C <>|(l1 +03) + sup |S <>| (lg +l4>] |z —y).
te(0,a] 5 te(0,a] 6 6
Then, we get
th th a®
P(z)— Py)| < |l + sup |C ()| (b1 1)+ sup |9 ()| (z3 ; z)] 2yl
te[0,a] B t€[0,a] 8 B
Therefore, P has a unique fixed point in C. O

3.2. Continuous dependence of the mild solution. Now, we will give some
results concerning the continuous dependence of the mild solution.

Theorem 3.3. Assume that the conditions of Theorem 3.2 are satisfied. Let vy, 20, Y1,
z1 € Y and denote by y, z the solutions associated with (o, y1) and (zo, z1), respectively.
Then, we have

|z —y| < &
t° tP
B — Bl — sup |S <>| (ﬂlg + l4a6) — [ sup |C () (I + 1)
te[0,a] B tef0,a] B
tP tP
s o (%) o = ol s 5 (5 =]
te[0,q] B te[0,a] 5

Proof. For t € [0, a], we have

2(8) — ylt) =F (¢, =(ha (1)) — F (g (8))) + S (t;) (51— 1+ 0(2) — ()

B
e @ (20— w0+ £ (2) — 0 (5) + T (0,5 (0))) — T (0, 2( (0)) )

+ /Ot P19 <M) [9(5,2(@(5))) — 9(S,y(h2(s)))}ds.

6]
S 7 ! lﬁ
| (5)'(||zl—y1u+(3+45) |z—y|)

C t° l l
<6>|(||Zo—yo||+(1+ )z — ).

Since we obtain

12(t) =yl <lilz —y| + sup
te[0,a

+ sup
te(0,a]
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B B
(D) (1 i+ (1-12) )

Accordingly, we show that

|z —y| <li|z —y[+ sup

te(0,a]
8
+ sup |C <>‘ (Ilzo = woll + (L +12) [z — yl) -
te[0,a] B

Finally, we get the following estimation:

|z =y < 3 & B
t t
B — Bl — sup |S <>‘ (6l3 + l4a5) — (8 sup |C <> (I + 1)
te[0,a] B te[0,a] B
tP tP
s & (%) n = ol + s 1 (55 [ ] 0
t€[0,a] B tef0,a] 5

Theorem 3.4. Assume that the conditions of Theorem 3.2 are satisfied. Let yq, 20, Y1,
z1 € Y and denote by y, z the solutions associated with (o, y1) and (zo, z1), respectively.

Then, we have
t7 P t8
(et (51w o (5) *(5))
B B B

1—<l1+l3 sup
(5) sl () ww)oo 5 <
— ||+ su — + ex — su — < 1.
B te[oz} B b P ol te[oz} 5

t€(0,a]
Proof. For t € [0, a], we have

s
20 — yol) exp (M“B sup
t€(0,a)

(I + lg)) exp (l4a; sup

t€(0,a]

|z -yl <

+ sup
t€(0,a]

provided that

<l1 + I3 sup

t€[0,a]

B8
dﬂ—ﬂﬂZFQ&MﬂﬂD—F@wMAﬂD+S(;>@r—m+w@%—ww)
t'B
+c@ﬁ(%—%+mw—ww+mem@»—Fwammm)
t ooy B — $P
+Asﬁs(ﬁ)p@¢mx@»—mamwwmw&
Then, we get
tﬂ
Hao—ymust—m+£%;s(B)Mwy—mH+QV—m>
tﬁ
+£H;C<B>MWm—mH+UrHQV—yD
8 t 51 (s s
vt s [ (5)] [0 - wtolas
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Therefore, we show that

2] s(znzyu sup
te(0,a]

B
S (6) ‘ (lz1 — w1l + i3]z — y)
B

()] (o — woll + (1 + o)1z — o) x exp (4% s
3 0 — Yo 1 2 Yy p 45 p

“(5)
“(5))

exp <l4 5 sup

+ sup
te[0,a]

(5))

(5
(%))

Finally, we conclude that

B
sup |S| —
te[0,a] B
— | 11 +13 sup

te([0,a]

Remark 3.1. If we take

lz1 —y1ll + sup

te[0,a]
B
s(E
B

llz0 — yoll) exp <l4 5 sup
te[0,a]

(l1 +12) | exp 24— sup
t€([0,a]

|z —yl <

+ sup
te[0,a]

telo, a]
(o) C<t)|<l ”) (17 2l (5))
— |l + 135 su — ||+ su + ex o su —
' 3te[og] B te[o],%] gt P\ te[og} s
C2 = B ’ B v
t 5 t
B — Bly — sup |S ()‘ (613 + lya ) — [ sup |C <) | (I + 1)
te[0,a] ﬁ te(0,a] 5

we have that C7 < (5. Then, Theorem 3.4 is better than Theorem 3.3.

3.3. Special case of nonlocal conditions. Here, we study a special case of nonlocal
conditions, this means that the functions ¥ and ¢ are given by:

= Zciy(ti) and ¥ (y szy
i=1
where ¢;, b;, i = 1,2,...,n, are given constants and 0 < t; <ty < --- <, < a.

Proposition 3.1. Assume that (Hs), (Hs) and (Hg) hold. Then, the fractional
problem (1.1) has a unique mild solution provided that there exists ey €]0, 1] such that
(5| (G w0) + o (5) 2
— ci| + + sup —
E 1 Bl

Z|d" < £€0-
i=1 te(0,a]

Proof. Define the operator P : € — € by

Py(t)) =3 (t,y(h(t)) + C (?) (%o + ¢ (y) = F(0,4(h1(0))))

s (;B) (1 +0) + [ 8 (’fﬁ - SB) S(s,y(ha(s)))ds, € [0,a).

Now, we define a new norm |- | in € by

exp (ﬂg)ﬁ) y

[y + sup
te(0,a]

lyls =
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where
[y sup

B
(5)
te(0,a] 6

tP "
C ()‘ <Z|Cl| + l1> — Sup
B i—1 t€0,a]

Let y,z € C, and ¢ € [0, a]. Then,

E =

>l

i=1

go — I — sup
te[0,a]

(%)

Therefore, we obtain

etP etP
IPG0) - PLO)] < [zl exp (5) T exp () sup

B t€[0,a]
(%)
+exp|—] sup
ﬁ te(0,a]

°(5)| (Ger1)
(5%
(%)

> ldil

t 8
/0 s7Lexp <€;> ds] |z — yls-

+ Iy sup
t€[0,a]

Accordingly, we show that

P(2) = P(y)ls <[t + sup o( )\(erzl)
te(0,a] i=1
+ sup )‘(D )bz—ym
te[ova] =1

Hence, we conclude that

|P(2) = P(y)ls < colz = yls-

By using the contraction principle, we obtain the result. O
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4. APPLICATION

Consider the fractional partial differential equation of the following form

LR ™ .
E . o o1 < (t, )—/0 c(t,y,@)v(smt,@)d&)
2( < - ty,&)v(sint,@)d@)
ov(t,y) lu(t, y) b Ju(s,y)l .
(4.1) “b(t’ oy )* el b THG

with the following nonlocal conditions:

1

(4.2) v(t,0) =v(t,7) =0 and v(0,y) = ;iv((),y) = iciv(ti,y), y € [0, ],

where 0 < t; < ---<t, <1andcy,...,c, are given real constants such that
el < —
i=1 10
Let Y = L*([0,7]) and define the operator B : Y — Y by
_ 20
0y?
The operator B is the infinitesimal generator of a family of cosines {C(t), S(t) }Her.

Furthermore, we have |C(t)] < 1 and |S(¢)| <1 for all ¢ € [0, 1].
We consider the following functions:

) =ot.), F(2)0) = [ et 0)(0)a0.

) tM S = sin =
Tr@l T T MmO =sin@). k() =t,

and D(B) = {ve H*0,r),v(r) = v(0) = 0}.

§(t, (1)) =

and

We assume that the following condition hold: ¢ : [0, 1] x [0, 7] X [0, 7] — R is continuous
with ¢(¢,-,0) = ¢(t,-,m) = 0. Then, (4.1) and (4.2) become as follows:
(4.3)
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Moreover, F : [0,1] x € — X, we have
2
(1, 2|2 </ (/ (t n,e)z(e)de) dn

< < / / c(t,n,e)gdﬁdn> / " 22(0)a8
0<t<1 (/ / (1,6 d@dn) 2"

Finally, all the hypotheses of Proposition 3.1 are verified.
Therefore, the above fractional problem has a unique mild solution provided that

<O<t<1<// o(t,n,0) d9dn>> +;‘<1

5. CONCLUSION

In this manuscript, we have explored the existence of solutions for second-order
conformal differential equations evolving sequentially with non-local conditions by
utilizing Krasnoselskii’s fixed-point theorem. Additionally, through the application
of the Banach fixed-point theorem, we have established the uniqueness of the mild
solution. Finally, we have presented a relevant example to demonstrate the practical
application of our theoretical findings.
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