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SOME INEQUALITIES WITH FIBONACCI NUMBERS VIA
POWER MEANS

ROZARIJA MIKIC!, JOSIP PECARIC2, AND ANAMARIJA PERUSIC PRIBANIC?

ABSTRACT. In this paper, we give refinements of upper bounds for ratio and differ-
ence of power means and apply those results to Fibonacci power means, which inherit
the properties of power means. This allows us to construct various inequalities in-
volving Fibonacci numbers by utilizing many different known identities concerning
Fibonacci, Lucas and Catalan numbers through the selection of the weights.

1. INTRODUCTION AND PRELIMINARIES

Let x = (z1,...,2,) and w = (wy,...,w,) be n-tuples of strictly positive real
numbers with W, = > ; w;. The class of power means is defined as

1/r
1 n r
(Wn i:lwixi) , T #0,

(1.1) My (x,w) =< 1Lz ) r =0,
minlgign Xy, r=—0Q,
maxi<i<n Ij r = —+00.

<< )

The power means form a natural extension of the elementary means (arithmetic for
r = 1, geometric for » = 0 and harmonic for » = —1). The case r = 2 is often called
the quadratic mean with weight w.

A strong and useful property of power means is their comparability

(1.2) Mp(x,w) < Mg(x,w), forall —oo<r<s< 400,

which automatically gives us the order between elementary means.

Key words and phrases. Fibonacci numbers, Lucas numbers, power means.

2020 Mathematics Subject Classification. Primary: 11B39. Secondary: 26D15, 26E60.
DOI

Received: April 03, 2025.

Accepted: January 18, 2026.

1337



1338 R. MIKIC, J. PECARIC, AND A. PERUSIC PRIBANIC

In [5] the authors gave the following refinement of Cargo and Shisha’s [1] bound
for the ratio of power means.

Theorem 1.1. Let w;, x; be positive numbers such that 0 <m <z, <--- <z <M
for some real numbers m < M and let W, = (S5 w;) /(Z0, wy), —00 <7 < 5 < 400,
B = M/m. Then, the following inequalities are valid

M[s] (X, W)

(1.3) M (%, w) = e e < Tro(B),
where
(BWi+1— sz)%(ﬁer F1-Wy) 7, rs#0,
(1.4) Qp =9 (BWr+1—Wy)s 5 Wk, r=0,
(B Wi + 1 — W)+ W, s =0,
and
1 1 1 1
s—r \r s (BT [ r \s
(#=)" " ( s )" (7)" s #0,
(15) PT‘,S(/B) - Bs/ws_l) s _
clog(F/F*-D) ) T
1/F0,7"(B)7 s =

Motivated by their result, we will give a refinement of Mond-Shisha’s bound [6] for
the difference of power means.

Theorem 1.2. Let r,s,m, M be given real numbers such that r < s, 0 < m <

M. Let I denote n-dimensional cube {x = (z1,...,2,) : m < x; < M,i =
on} = [m,M]", let w = (ws,...,w,) be a strictly positive n-tuple and let
Wy =i w) /(X w;), JC J,={1,...,n}. Then, we have
(1.6) Mg(x,w) — My (x,w) < gncz%\lf(J) <A,
where
(M*Wy + (1 = Wm®)s — (MW, + (1 — Wy)m")7, rs#0,
(L7) W) =3 (MW;+ (1 —W)m?)s —m=Wr MWs, r=0,
m Wi MW — (M™W,; + (1 — W,)m ri s=0
and
(OM" +(1 - 6)m*)s — (OM” + (1= O)m7)7, 75 £0,
(1.8) A= (@M3 (—@)) — M®m'~°, r=0,

S =

M®Om!=® — (OM" + (1 — ©)m")7, s =0,
o-{ i s

z*—m" _
s S=0.
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Here, x* is defined as follows. Let J denote the open interval joining m® to M?® if

s#0, and let J = (M",m") if s=0. Let
x5 — (ax +b)r, rs#0,

(1.9) h(z) =1 x5 — mﬁﬁ%ﬁs, r =0,

—xr +mBITT s =0,
with = M/m, a = (M" —m")/(M* —m®) and b = (M*m" — M™m?®)/(M* — m®).
There is an x* € J such that h(x) < h(z*) for every x € J. Equality in (1.6) for a
point x € I holds if and only if there exists a subsequence (ky, ks, ..., k,) of (1,2,...,n)
such that >0 _jwy, = 0O, xp, = M, and x;, = m for all other k. Finally, if s > 1,
then x* is the unique solution of h'(x) =0 in J.

Proof. Assume rs # 0 (cases r = 0 and s = 0 are proved analogously, so we will omit
it) and let us define a function F': [ — R with

F(x) = My(x,w) — Mpj(x,w).
Let x* be such that F(x*) = max{F(x) : x € [}. First we need to show that

x* = (aF,...,2}) is a vertex of I.
Suppose the opposite, i.e., suppose that there is j such that m < xj < M. Let’s

take a look at the function

flx)=F(zy,... 2}, 2,25,,,...,2,) = F(X).
Clearly, f(z}) = max{f(z) : © € [m, M]}, so f'(z}) = 0. After some straightforward
calculations we get that

() =

1

U}jl‘r_ s—rasr—1/<= s—1/=
M[‘Z}_l(i, W)M[Z]—l(f, w) (Jc M (X, w) M (X, w)) )
The first expression in the product is strictly positive.

e For x =z} the expression in the brackets is equal to zero.

e For € [m,r}) the expression in the brackets is negative.

e For z € (7, M] the expression in the brackets is positive.
This indicates that the function f has minimum in z7}, which is a contradiction with
the definition of x*.

Now let’s look at the function
H(t) = (tM* + (1 — t)ym®)s — (tM" + (1 — t)m")" |

For every y* vertex of I there is ¢; € [0, 1] such that F(y*) = H(t;). Thus, F(x) <
H(t:) for every x € I, and the inequality is strict if x is not a vertex.

Since H(0) = H(1) = 0, and since H(t) > 0 for ¢t € (0,1), by Rolle’s theorem it
follows that there is a © € (0, 1) such that

I

<=

F(x) < max {(tM° + (1 = )m®)* — (tM" + (1 — t)m")

T telo,1]

}
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3=

= (OM* + (1 — ©)m*)* — (OM™ + (1 — ©)m")
The rest was proved by Mond and Shisha in [6]. O
In case of a monotone sequence, we have the following result.

Theorem 1.3. Let r,s,m, M be given real numbers such thatr < s, 0 < m < M.
Let I denote n-dimensional cube {x = (x1,...,2,) :m < z; < M;i=1,...,n} =
[m, M|", let w = (wy,...,w,) be a strictly positive and nondecreasing, and let W), =
( b wi) / (XF, w;). Then, we have

(1.10) Mg(x,w) — Mp)(x,w) < max ¥, <A,

1<k<n

where A is defined in (1.8), Wy, = (X5, wy) /(X0 , wi), and

(MW, + (1 = W)m®)s — (M™Wy, + (1 —= We)m")r, rs #0,
(111) W= (MW + (1= Wy)m?)s —m! Ve W, r=0,
m = We MWs — (M™Wy, + (1 — Wi)m") ™+, s = 0.

2. FIBONACCI MEANS

The Fibonacci sequence is one of the most iconic and widely studied concepts in
mathematics. Fibonacci numbers are defined by recurrence relation

Fn = anl -+ Fn,Q, n > 1, and FO = 0, Fl =1.

Under some older definitions, the value Fy = 0 is omitted, so that the sequence starts
with F; = F, = 1 and the recurrence F,, = F,_; + F,,_5 is valid for n > 2.

The research of Fibonacci numbers has spurred advancements in number theory,
combinatorics, and even cryptography. Its recursive structure and predictable growth
make it a fertile ground for mathematical exploration.

Let n € N, u € R and let w = (wy, ..., w,) be an n-tuple of strictly positive real
numbers. The Fibonacci power mean is defined by

(3w ) o

n uw; /Whn,
(2.1) F'(w,u) = i=1 Fi e r=0,
min{ F}*, F}, r=—00,
max{F, F*'}, r = +00,

where F; denotes the i** Fibonacci number, and W,, = >, w;. This definition was

first used in paper [2]. Motivated by the method used in that paper, we will use an
analog technique to give further improvements of their results.

Since Fibonacci means inherit the properties of power means, the following theorem
arises from Theorem 1.1 and it gives an estimation for the ratio of the Fibonacci
means. It is a refinement of the result of the ratio type from [2].
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Theorem 2.1. Letn € N, u € R, m = min{F*, F*}, M = max{F}", F'} and denote
B = M/m. Then, for any —oo < r < s < 400 we have

Fls]
(2.2) 1< B0 o < Tou(8),
#] (w,u) ~ 1<h<n '
where I, (B) and @y, are defined in Theorem 1.1.
Our next result directly follows from Theorem 1.3 and presents an estimate for the

difference of the Fibonacci means. It is also a refinement of the result of the difference
type from [2].

Theorem 2.2. Let n € N, u € R, m = min{F}, F*}, M = max{F}", F'} and
let w = (wyq,...,w,) be an n-tuple of strictly positive real numbers. For —oo <
r < s < 400 let us denote I = [min{m®, M*}, max{m?® M*}| if s # 0 and [ =
[min{m", M"}, max{m", M"}] if s = 0. Then, for n > 1 we have

(2.3) 0 < Fi¥Y(w,u) — F"(w,u) < max ¥, <A,

1<k<n
where A is defined in Theorem 1.2 and Wy is defined in (1.11).
Remark 2.1. First inequality in (2.2) and (2.3) is a direct consequence of the compa-
rability property of Fibonacci means
F(w,u) < Fil(w,u), for —oco<r<s< 400

inherited from power means.

3. INEQUALITIES WITH FIBONACCI NUMBERS

In this section we will utilize Theorem 2.1 and Theorem 2.2 by selecting weights w
which allow direct calculation of the sum W, = > , w;. This approach was used in
paper [2], and it will enable us to obtain different inequalities for Fibonacci number
by using various identities for Fibonacci numbers.

The following identities were found in [3]:

w; = F2, W, = F,F,1,

w; = Fi, Wy =Fuo—2,

w; = Fy oy, W, = Fyp,

w; =il W, =Fio— Fops + 2,

1

By applying Theorem 2.1 to the first identity, we obtain the following.
e If u > 0, then we have

n L su 1 n %
(Z Fsu+2> " < max (F B by + FoF — FiFrqn)s (Z Fru+2>
7 — 1 3
=1 1sksn (FgquFk-i-l + FnFn+1 - Fka+1); i=1
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S Fr,s (F#) (Z Fviru+2> T .

i—1
e If u < 0, then we have
(Zn: Ff"Jr2>S < {Fka+1 + F;’UEFHFHH — FyFrpy))

1

)

Similarly, by applying Theorem 2.2 to the same identity, we obtain the following
inequalities.

e If u > 0, then we have

el A

sk | B Fy + FrY(FoFn — FrFrp))

i=1 n

1

n s
(Z F§u+2>
i
i=1

1
1 1 n "
S(FnFnH)T? (Z Firu+2>

=1

1<k<n !

FYr(FLF -2 F,F, Fj
T {(F#SFkaJrl+FnFn+1_Fka+1)i_( T (F, )F+ ;JH e
ntf'n+1)" ¢

3=
——

<(FpFpi1)s (Z FW“) (FpFpi1): A

e If u <0, then we have

n 1
(Z F§u+2> °
7
i=1

1_1 -
S(FTLF’I’L+1)S 7 (Z ET’M‘FQ)

=1

S =

1<k< 1

1
Fi F) Fuvr(E F — F -
+ max (FkaJrl+F#S<FnFn+1_Fka+1>)%—( kFrq1 + B (Fy nil_i v Frii1))
' (FnFn+1)’" s

<(FpFpi1)+ (Z FT““) (FpyFpi1)s A

4. INEQUALITIES WITH LUCAS NUMBERS

Just like the Fibonacci numbers, each Lucas number is defined as the sum of its
two previous terms. The first two Lucas numbers are Ly = 2 and L; = 1, what
distinguishes them from Fibonacci numbers. Although closely related in definition,
Lucas and Fibonacci numbers have different properties.
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The Lucas numbers are defined as follows:
2, if n =0,
L, =<1, iftn=1,
Ly 1+ L, o, ifn>1.

The connection between Lucas numbers and Fibonacci numbers can be expressed
as

Ln:anl—i_FnJrla n > 1.
As in the previous section, here we will also use some known identities about Lucas

numbers and Theorem 2.1 and Theorem 2.2 in order to construct different inequalities
involving Lucas numbers.

The following identities were found in [3]. We will express them in a form from
which it is immediately clear how we will use them in our results.

w; = Lgi 1, Wy = Lo, —2,
w; =1L;, W, =nL,.9— L,i3+4,
w; = L, W, = LyLy1 — 2.
Let n € N, —00o <7 < s < 400, u € R and let I, () and A be as defined in

Section 2. First identity gives us the following inequalities.
o If u > 0, then we have
1
(Z L2z lF >
=1

1
n : F5"(Loy — 2) + Loy — L
(2 :L2i—1Fisu> S max ( n ( 2k ) + Lo Qk
i=1 (Ere(Log — 2) + Loy, — Loy)

1

7‘5 Fu (ZLZZ 1F )

3= m\»—A

and

(Z L2i1Ffu>
i=1

CA\H
ﬁ\»—t

<(Lan —2)

1
(Z LQZ 1Fru>

=1

1
1 Fre( Lo, — 9 +Ln—L 1
+1@g§n{(F§”(sz—2)+LQn_ o)  (Fp(Lok = 2) + Lon — Log) }

(L2n - 2>%_%

-

1

S(L2n - 2 gi% (Z Lo 1FTu> + (LQn - 2)%A
=1

e If u <0, then we have

n g Log — 2+ F*(Loy — L
<§ L2¢1F¢SU> < max (L il (L2 2%)
=1 (Lo, — 2+ F7*(Lay, — Log))

3= vs\»—a

) (o)
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1
(50 (§ )

i=1
and
n 1
(z LF)
=1
(L2n_2 % % (ZLQZ lFT >

3=

1<k<

1 (Lo —2+4 F"(Loy — L
—|—maxn{(Lgk—2+F§U(L2n—L2k))i_( 2k (L n (2)2 2k)) }
2n ros

\ -

1
<(Lay — 2)7 i(ZLQZ 1F”‘> +(L2n—2)%A.

=1

We can also use the following mixed identities with Lucas numbers and Fibonacci
numbers as seen above.

1
w; = (”)FF W, = (2"Ly —2),
7

w; = (77>Mn_i, W, = 2"F,.
7

By utilizing second identity and our results, we get the following.
o If u > 0, then we have

n é k rpsu n _
(Z <n> L Ff““) < max {(2 FSuF}, + 2" F, — 2V F},):
7 1<k<n

= (2kFruFy + 20 F, — 28 F,)

1

(S (2)oer)

S=| o=

1

<T,.(FY) (Z (”) LMF;““> '
i=1 \?
and

5
i=1 \?

1
z n Cru+l "
(5 ()]

OFFrup, 4 onE 9k )r
+ max {(sz;“Fk +"E, — 25Fy)r — (22" Fi + k) }

1<k<n (QnF )***
() conin

=1

1_
s

ﬁ\»—t

<(2"Fn)

1
s

S(QnFn) -

3=
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1 n 1
") \i=1

o If u < 0, then we have

1
n : 24, + FS(2°F, — 2°F,
< (ﬁ)LniF;;SUJrl) < max {( kot k)
i=1 \!

)
T 1gksn | (28F, 4+ Fru(20F, — 25 F))

< T, (F™) <an (7;) L. Firu+1)

i=1

Sl

and
G n L -F-Squl :
S\
1
n 11 - n ru+1 "
S(z Fn)s r Z . Ln—zE
i=1 \!
L (2KF 4+ 20 et 2R FTe R )
T omax { (@R + 20 okt - GBI 2R 2 2R
1<k<n (2nFn);—;
1
<(2"F,): " (Z (”) Ln_iﬂm“) +(2°F,)5A.
i=1 \*

All other mentioned identities when utilized in the same way as seen above give
different inequalities concerning Fibonacci and Lucas numbers.

Remark 4.1. Analogous to the definition of Fibonacci means, Lucas means can be
defined by using Lucas numbers in the following manner. Let n € N, v € R and let
w = (wy,...,w,) be an n-tuple of strictly positive real numbers. The Lucas power
mean is defined by

(o wr)" o,

n uw; /Wi,
(4.1) L (w,u) = Ly r =0,
min{ LY}, L}, r=—00,
max{ LY, L}, r =400,

where L; denotes the it Lucas number, and W,, = 3", w;. Theorem 2.1 and Theorem
2.2 are valid for Lucas means as well, so by utilizing identities stated above, they can
also be used for constructing various inequalities involving both Lucas number and
Fibonacci numbers in the way described so far.

5. INEQUALITIES VIA CATALAN AND NARAYANA NUMBERS

Catalan numbers are a solution to many counting problems in combinatorics. For
n € Ny, Catalan numbers are defined as

1 /2
C, = (”) Cy = 0.

n+1\n
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They satisfy the recurrence relation

Co=1, C, = ZC’i_l(?n_,-, for n > 0,

i=1
which we can use in our results by setting w; = C;_1C,,_; and W,, = C,,. Let

—00 <1 <s<+00,u € Randlet I' ;(-) and A be as defined in Section 2. We get
the following.

e If u > 0, then we have

n : Fsu 1 1 n :
(Z Ci—lcn—z‘Ffu> < max { EE - i + Cn); } (Z Oi—lcn—iﬂru)

i—1 - 1<k<n Frv—1)Cp + Cy) i=1

1
T

S Fns(PZﬁ (E:(llc%/iFyu>

i=1

and

(Z OHCMF;“)S

i=1

=S =

<Cyi * (Z Ci—lcn—iFim>
i=1
11

+ max {((Fgu—1)ck+on>i— ST ((FT = 1)Ch + C)

1<k<n

S
—

1

<Ci (Z C“CniF;"“> RN

i=1

e If u < 0, then we have

(Z C¢1CniFisu> " < max { Gy + (G = CF, §1 } (Z C¢1CniFim> T

=1

and

(Z cucniﬂ”) S

=1

Scéii (Z Ci—lcn—iF;'ru> r
=1
+ max { (i (Co = COFT) = i (Cict (Ca = COESY)

1<k<n

Sl
——
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1
<Ci " <Z Cz‘lcniFim> + Ci A,

i=1
The Narayana polynomials are defined by

Nn(q)=i1< ”J(”)q, for n > 1

i—1 T

with the initial values Ny(q) = 1. The coefficients

(7))
’ n\t—1/\1

with Nyoo = 1 and Ny; = 0 are called the Narayana numbers, and there is a well
known connection between Catalan numbers and Narayana polynomials and Narayana

numbers: .
cnon-Ee- 1))

n

=1
Narayana polynomials and Narayana numbers are also connected to the large
Schréoder numbers, which describe the number of lattice paths from the southwest
corner (0,0) of an n x n grid to the northeast corner (n,n) using only single sub-

diagonal steps:
S, = N, ZNMT 3= (”1> (7)2%
— i

zln

We can utilize these connections by setting

n\i—1/\1 ’
1 n
wi:<_1><>22 W, =S,

in our results, and in that way we can obtain different inequalities for Fibonacci
numbers via Catalan, Narayana and Schroder numbers.

6. CONCLUSION

In this paper, a unified and refined framework for inequalities involving power means
has been developed, and its broad applicability to several important combinatorial
sequences has been demonstrated.

Classical bounds for the ratio and difference of power means have been sharpened,
and these improvements have been extended to Fibonacci and Lucas power means,
thereby strengthening the theoretical foundations of mean inequalities and widening
their analytical scope.

By systematically employing weighted identities connected to Fibonacci, Lucas,
Catalan, Narayana, and Schroder numbers, a general method has been established that
yields numerous new explicit inequalities. In this way, a meaningful connection has
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been created between analytic inequality theory and combinatorial number sequences,
providing a versatile platform for further investigation.

Since the method used in this paper works through identities and weights, it is
anticipated that future research may extend this framework to other recursively or
combinatorially defined sequences and various weighted mean constructions, develop
g-analogues of the results, or explore applications in probabilistic and stochastic
versions of mean inequalities, thereby further broadening the impact of the methods
presented here.
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