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STRUCTURE RELATION AND SECOND-ORDER DIFFERENTIAL
EQUATION OF SEMICLASSICAL ORTHOGONAL POLYNOMIALS
OBTAINED VIA CUBIC DECOMPOSITION

MOHAMED KHALFALLAH!

ABSTRACT. In this work, we develop a generating method to derive the struc-
ture relation and the second-order differential equation of semiclassical orthogonal
polynomials obtained via cubic decomposition. Specifically, we study two monic
orthogonal polynomial sequences, {W,, },>0 and {P, },,>0, linked through the rela-
tion Wy, (z) = P, (w@(x)), n > 0, where w(z) denotes a monic cubic polynomial.
Building on the properties of { P, },,>0, we provide explicit expressions for the struc-
ture relation and the corresponding second-order differential equation satisfied by
{Wh}n>0. As an application, several illustrative examples of semiclassical orthogo-
nal polynomials of classes 1 and 2 are presented and analyzed.

1. INTRODUCTION

Orthogonal polynomials (OPs) have attracted significant attention over the past
150 years. In this context, orthogonality is defined with respect to a linear functional
(regular form) [5,16], rather than solely through an inner product. Since 1939, a
natural extension of the classical orthogonal polynomials has been the semiclassical
class, first introduced by Shohat [19]. From 1985 onwards, this theory has been further
developed from both algebraic and distributional perspectives by Maroni and has been
the subject of extensive research by Maroni and collaborators over the last decade [16].
This approach has inspired numerous studies aimed at a thorough understanding of
the semiclassical character of orthogonal polynomials.
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In addition to the fundamental properties of semiclassical orthogonal polynomial
sequences (OPS) presented in [16], we recall that these families are characterized
by a Pearson equation satisfied by the corresponding linear functional, a differential
equation satisfied by the associated Stieltjes function, a structure relation, and a
second-order linear differential equation. Let {W,,},>0 be a monic semiclassical OPS.
This means that {W,,},>0 is orthogonal with respect to a linear functional w : P — C
(where P denotes the space of all polynomials with complex coefficients) satisfying a
Pearson-type distributional differential equation

(¢w)" + Yw = 0,

where ¢ and v are nonzero polynomials with degi > 1. Equivalently, the associated
formal Stieltjes function S(w)(z) := — 3,5 {w, ™) /2" satisfies a non-homogeneous
first-order linear differential equation with polynomial coefficients

¢(2) 5" (w)(2) = Co(z) S(w)(2) + Do(2),
where
Co=—¢" =1, Dy=—(whyop) — (wbyy)).
Furthermore, if the polynomials ¢, Cy, and Dy are co-prime, then the class of w is
given by
s = max{deg Cy — 1, deg Dy }.

According to the theory developed by Maroni [16], the sequence {W,,},>¢ satisfies
the structure relation

@)Wy (z) = ;(Cnu(l’) = Co(2))Wni1(2) = W1 Dngr () Wa(z), n =0,

where C,, and D,, are polynomials whose degrees are uniformly bounded independently
of n. These polynomials can be computed recursively as

Crt1(x) = =Cph(x) + 2(x — ) Dp(z), n >0,
Ynt1Dny1(2) = =¢(x) + Y Dn-a(z) + (x — ﬂn)2Dn(x) — (v = B,)Cn(z), n=>0.

Here, ¢(z), Cy(z), and Dy(z) denote the same polynomials as those defined above,
whereas the sequences {5, },>0 and {7,+1}n>0 are complex, with 7,41 # 0 for all n,
corresponding to the coefficients of the three-term recurrence relation

Wita(z) = (x = Bot1) Wata(2) — Yor Walz), n =0,

with the initial conditions Wy(x) = 1 and Wy (z) = = — So.
Another characterization of semiclassical OPS is given by the second-order linear
differential equation

J(z;n)W' (2) + K,(x;n)W, () + Lp(x;n)W,(x) =0, n >0,

where J(-;n), K(-;n) and L(-;n) are polynomials whose degrees are uniformly bounded
independently of n. If {W,, },>¢ satisfies the structure relations, then these polynomials
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are given by
J(z;n) = ¢(x)Dpsa (), n =0,
K(z;n) = Co() Dyy1(z) = W(¢, Dpia)(z), n >0,

W( n+1 Dn+1> (33 - n+1 Z D n 2 07

with W(f, g) := f¢' — f'g. It is worth recalling that, as established in [7], the minimal
order of a linear differential equation satisfied by orthogonal polynomial sequences
can only be either two or four. The first case corresponds to semiclassical polynomials,
whereas the so-called Laguerre-Hahn polynomials satisfy a fourth-order differential
equation.

On the other hand, the study of the cubic decomposition (CD) of orthogonal poly-
nomial sequences (OPS) has attracted considerable attention over the past decades.
Interest in this topic notably increased following a question posed by Chihara re-
garding the existence of two OPS related by a cubic transformation. This ques-
tion was addressed by Barrucand and Dickinson [1], who established necessary and
sufficient conditions for the orthogonality of a symmetric OPS {WV,},>o satisfying
Ws,(x) = P,(23+ Bx), n > 0, where {P, },>0 denotes a symmetric sequence of monic
orthogonal polynomials. A similar analysis was later carried out by Marcellan and
Sansigre [15], extending the study to orthogonal sequences that are not necessarily
symmetric or positive definite, and focusing on the cubic transformation 3. This
problem has also been investigated from various perspectives, including polynomial
transformations of measures, sieved polynomials, polynomial mappings, and positive
definite linear functionals [3,6,8]. In particular, the restrictive assumptions of sym-
metry and specific cubic forms were lifted in [14], where the authors examined the
orthogonality of sequences {W,, },>¢ of the type Wi, m(x) = 0,,(z) Py(73(2)), with
m € {0,1,2}, where m3(x) is a fixed cubic polynomial and 6,,(z) is a fixed polynomial
of degree m. The general theory of cubic decompositions of orthogonal polynomi-
als was subsequently developed in [17], and a symbolic approach to this topic was
proposed in [18]. It is worth noting that cubic decompositions in the context of
semiclassical orthogonal polynomial sequences had not been explored in the literature
until the recent contributions [2,9-13,20,21], which focused on specific cases of semi-
classical orthogonal polynomials of class one and two. The analysis of the principal
components arising in these decompositions constitutes the central objective of these
studies.

Our work focuses on presenting a generator method for obtaining the structure rela-
tion and the second-order differential equation of semiclassical orthogonal polynomials
derived via cubic decomposition.

Consider two sequences of monic orthogonal polynomials {W,,},>¢ and {P,},>o0-
Let w and u be, respectively, the corresponding regular linear functionals such that

Wn(2) = Po(w(2)), n >0,
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where w(z) is a monic cubic polynomial.

In this context, we mention the work in [2], where the authors studied the struc-
ture relation and the second-order differential equation of semiclassical orthogonal
polynomials for a particular case of the cubic decomposition defined above.

The structure of the paper is as follows. In Section 2, we introduce the notations
and definitions that will be used throughout the manuscript. In particular, we recall
some fundamental concepts related to semiclassical forms, as well as essential results
concerning the cubic decomposition (CD) of monic orthogonal polynomial sequences
(MOPS). Section 3 (resp. Section 4) focuses on explicitly deriving the structure relation
(resp. the second-order linear differential equation) for the sequence {W,,},>0, based
on the corresponding properties of {P,},>0. As an application, several illustrative
examples of semiclassical orthogonal polynomials of classes 1 and 2 are presented and
thoroughly analyzed.

2. NOTATION AND BASIC BACKGROUND

In this section we present some basic definitions, notations and results which are
used throughout this paper.

2.1. Basic tools. Let P denote the vector space of polynomials with complex coeffi-
cients, and let P’ be its algebraic dual space. The elements of P will be referred to
as forms (or linear functionals). The pairing between P and P’ is expressed through
the duality brackets (-, ).

For a form w € P’ the sequence of complex numbers (w),, n > 0, is called the
moment sequence of w relative to the monomial basis {z"},>¢. In particular, the
n-th moment is given by (w), := (w,z"), so that w is uniquely determined by the
collection of its moments.

We now introduce some operations on P’. For ¢ € C, f,p € P, and w € P, we
define:

(fw,p) = (w, fp), (W' p)=—(w,p),

(& — ) w, p) = (w, ) = <w, p“‘p“> |

r —C

Given f € P and w € P, the product wf is defined by (wf)(x) := <w, Mf‘f@» [16].

This definition allows us to introduce the Cauchy product of two forms v, w € P’ by

(vw, ) == (v,wf), feP

The Cauchy product is commutative, associative, and distributive with respect to the
addition of forms.
We introduce the operator o, : P* — P’ through

(on(w), f) == (w,05(f)), welP fe?
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where o, : P — P acts on f € P as o,(f)(z) := f(2®). Consequently, the moments
of o, (w) satisfy
(Om(w))n = (W)3,, n>0.
In addition, we make use of the formal Stieltjes function associated with w € P,
defined by [5,16]
(w)n

on+l )

Sw)(z) ===

n>0
which provides an alternative representation of the moment sequence {(w), },>0. Since
the moments uniquely determine w, the function S(w)(z) does so as well.

A form w is said to be regular (or quasi-definite) if there exists a unique monic
polynomial sequence {W,,},>¢ with deg W,, = n such that

<U), WnWm> = Tnén,ma n,m 2 07

where {r,},>0 is a sequence of nonzero complex numbers and §,, ,, denotes the Kro-
necker delta. The sequence {W,,},,>¢ is then referred to as a monic orthogonal poly-
nomial sequence (MOPS) with respect to w and is characterized by the three-term
recurrence relation

W()(l’) = 1, W1<(L’) =T — 50,
Wn+2<x> = (:E - BnJrl)WnJrl(m) - 7n+1Wn(x)v nz 07

where {3, }n>0 and {V,+1}n>0 are complex sequences with 7,.1 # 0 for all n. This is
the classical Favard’s theorem (see [5,16]). A form w is called normalized if its zeroth
moment satisfies (w)y = 1. In what follows, we shall only work with normalized forms.

(2.1)

2.2. Semiclassical form. In this subsection, we provide a brief overview of the
notion of semiclassical forms.

Definition 2.1. A form w € P’ is called semiclassical if it is regular and if there exist
two nonzero polynomials ¢ and 1, with ¢ monic and deg > 1, such that w satisfies
the generalized Pearson-type distributional equation

(2.2) (pw) 4+ Yw = 0.
The class of a semiclassical form w is the smallest nonnegative integer s given by
s:= min max{deg¢ — 2,degy — 1},
Join max {deg ¢ gy —1}
where A denotes the set of all polynomial pairs (¢, ) with degv > 1 satisfying (2.2).

The monic orthogonal polynomial sequence (OPS) {W,,},>¢ associated with w is then
called a semiclassical OPS of class s.

Remark 2.1. When s = 0, w is said to be a classical form. In this case, the OPS
{W, }n>0 is called a classical OPS, and-up to an affine change of variable-one recovers
the well-known families: Hermite forms H for ¢ = const, Laguerre forms £(«) for
deg ¢ = 1, Jacobi forms J(«, 5) for deg ¢ = 2 with distinct roots, and Bessel forms
B(a) for deg ¢ = 2 with a double root.



624 M. KHALFALLAH

There are several equivalent characterizations of semiclassical forms (see [16]). A
particularly useful one relies on the formal Stieltjes function S(w)(z) associated with
w. Specifically, w is semiclassical if and only if there exist polynomials ¢, Cy, and Dq
such that S(w)(z) satisfies the first-order non-homogeneous differential equation

(2.3) ¢(2)5"(w)(z) = Co(2)S(w)(2) + Do(2).
If ¢, Cy, and Dy are coprime, the class of w is given by
s = max {degCy — 1,deg Dy} .

Remark 2.2. It is well known that if w € P’ is semiclassical and satisfies (2.2), then
its Stieltjes function S(w) necessarily satisfies (2.3) with the same polynomial ¢ as in
(2.2), and where

(2.4) Co=—¢' =1, Do=—(wbhp) — (whyt)).

2.3. Cubic decomposition. In what follows, we focus on the cubic decomposition
(abbreviated as CD) introduced in [17]. Choosing a cubic polynomial

w(r) =2*+pr® +qr+r, (pgq,r)€C

Given any monic polynomial sequence (MPS) {W,, },,>0, there exist three associated
MPSs,

{Putnz0, {Qn}nz0, {Rn}n>o,
such that

(2.5) Wan(2) = Py(w(z)) + za,_,(w(x)) + 2%a_(w(x)), n >0,
(2.6) Wint1(z) = b ) +2Qu(w(@)) + 2%, _y(w(2)), n >0,
(2.7) Wanio(z) = cl(w(2)) + 2é2(w(x)) + 2° R, (w(x)), n >0,

n -

with deg al |, <n—1,dega? ;, <n—1,degb. <n,degh? , <n—1,degcl <n,
degc? < n and a!(z) = a*,(z) = b?,(z) = 0. In this cubic decomposition (2.5)-
(2.7) of {Wy},50, the sequences: {Pn}, 5o, {@n},50) {Fn},>o are called the principal

R 2 1 2 1 2
components; {anfl}mo’ {a””}mo’ U {bnfl}n>o’ {cntns00 10 tnso are called

the secondary components, since they are sequences of polynomials, although, not
necessarily bases for the vector space of polynomials P.

In [17], the authors studied the CD of a MOPS. They characterize the orthogonality
case such that Wi, () = P,(w(x)), n > 0, i.e., the two secondary components {a,,},,~,
and {a;}, -, vanish.

Proposition 2.1 ([17]). Let {W,},>0 be a MOPS with respect to the form w defined
by (2.5)—(2.7). The following statements are equivalent.

(a) a), =as =0, n>0.
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(b) The recurrence coefficients of {Wy}n>o satisfy
Ban = Po, n =0,
Bani1 + Baniz = —(p+ fo), n >0,
Van+2 = =71 — Bo(Ban+1 + Bo + ) = Bans1(Bsns1 +p) —q, n =0,
Yan(l = 0no) + Yans1 =7, n=>0.

Moreover, the sequence { P, },>0 is orthogonal with respect to the form u = o,(w) and
satisfies the following three-term recurrence relation

Poja(r) = (z — 55+1>Pn+1(37) - 75+1Pn(£€), n >0,

where

Br o1 =1+ Yans3(Bans2 + 260 + p)
(2.8) + Yant4(260 + Bsnta + ) + So(B5 + pbo+q), n >0,
(2.9) Vi1 =V3n41 Vant2 Vants, 1> 0.

Let us conclude this subsection with the following result, which will be needed in
the sequel. Specifically, we present the relation between the Stieltjes formal functions
of the regular forms corresponding to the polynomial sequences arising from the cubic
decomposition (CD): Wy, (x) = P,(w(x)).

Proposition 2. 2 ([14]). Let {W,}n>0 be a MOPS with respect to w fulfilling (2.5)-
(2.7) with a} = a®> =0, n > 0. The formal Stieltjes functions S(w) and S(ox(w))
associated wzth the forms w and v = o4 (w) with respect to {Wy,}n>0 and {Py,}n>0,
respectively, are related by

(2.10) S(w)(z) = p(2)S(0m(w))(w@(2)),
where p(z) = (z + Bo)(z +p) + 82 + 1 +q.
Remark 2.3. Tt is easy to see that (see [14])
(2.11) p(2) = (2 = Ban+1)(2 — Bant2) — Yant2, n =0,
The following lemma plays an important role in proving our result.
Proposition 2.3 ([14]). If u = o, (w) is semiclassical and S(u) satisfies
3(2) 5'(u)(2) = Col=) S(u)(2) + Dol2),

where qz, Co and Dy are polynomials, then the form w is also semiclassical, and S(w)

satisfies
¢(2) S'(w)(2) = Co(z) S(w)(2) + Do(2),

where
(2.12) é(2) = p(2) (= (2)),
(2.13) Co(z) =

p
P(2) 9(w(2)) + p(2) @' (2) Co(w(2)),
p

(2.14) Dy(z) = p*(2) @'(2) Do(w(2)).
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3. STRUCTURE RELATION
3.1. Main Result. It is well known that if a form wu is semiclassical, then its MOPS
{P,}n>0 satisfies the following compact structure relation (see [16])

(31)  §(2)Pyy(z) = ;(ém-l( ) = Co()) Pas1(2) = Fns1 Duga (z) Palw), 1> 0,

with
Crpi(x) = = Cu(@) +2(x = B) Dufx), n >0,
7n+15n+1(x) = ¢( ) +’7n n-1(z) — (x — Bn)én(x) + (z — Bn)25n(x)v n =0,
where ¢, Co(x) and Dy(z) are given by (2.12), (2.13) and (2.14), respectively, and
D,l(QJ) =0.
According to Proposition 2.3, the form w is itself semiclassical, and its associated

MOPS {W,,},.>0 satisfies a structure relation. More generally, the sequence {W), },>0
satisfies

(32) @)Wy (2) = ;(Cnﬂ(ﬂf) = Co(2)) W1 (2) = Y1 Do (2)Wa(z), n >0,
where

(3.3) Chii(x) =— Cp(x) + 2(x — B)Dp(x), n >0,

(3.4)

Ynt1Dns1(x) = — d() + 1 Dp1(7) + (2 — ﬁn)ZDn(x) — (= B,)Cn(z), n=>0.

Here, ¢, Co(x) and Dy(z) denote the same polynomials defined in (2.3) and (2.4),
while 7, and £, correspond to the coefficients of the three-term recurrence relation
(2.1). It is worth noting that D_;(z) = 0, that deg C,, < s + 1 and deg D,, < s for all
n >0 [16].

In general, deriving explicit expressions for the sequences {C,,},>0 and {D, },>0
from the recurrence relations (3.2)—(3.4) is challenging, but this becomes possible
through the cubic decomposition. N

We aim to express C,, and D,, for n > 0 in terms of C~'n and D, n > 0, associated
with the sequence {P,},>o0.

We now state the main result of this section.

Proposition 3.1. The elements of the structure relation {Cy}n>0 and {D,}n>0 of
the MOPS {W,}n>o are

Ci(x) = = p/(2) d(w()) — @' (x) p(x)
(3.5) x |Co(w(@)) = 2(z — Bo)p(w) Do(w(x))),

Di(@) = = d{w(a)) + ='(@){ 121D (=(x))
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(36) ~ (@ = )|~ 2 — fopla) + (x — )] Do(=(w)) |,
Colw) =(9(2) = 2(x — 1)) (w(2)) + ' (x)

(p() +2(x = B1)(@ = ) Co(@ ()

+ (= 2(x = Bo)p(@)” + d(x — 1) (x = Bs)(x — Bo)p(x)

(3.7) —2(z — B (w — B5)?) Do(w(x)) + 2(x — p1)7273 D1 (w(2)) |,
Do) =—{ [ = ple) = (& = 50 + (& = B0 ()] B(e(2)

Y2
+ @'(x) {(93 — B)p(x) éo(w(x)) + (7 — 51)27273 ZAjl(?ﬂ(il?))

+ (100 + 2w = A1)~ Bop(a) - (@ = B = )

X

(33) x (=200 = folo(e) + (e — ) ) Dol ()]},
Canta(a) =p/(2) (w(a)) + p(a) ' (z) o ((a)
(39 + 29043 p(2) @' (2) (2 = Bansr) D (@(a)), 020,

(3.10) Dspnys(2) =o' (2)p*(2)Dpyr(w(z)), n >0,
Canta(z) = = p/(2) $(w(z)) — @' () p(x) {6n+1(w<w))
(3.11) 2( T — B3nt3)p(T) — Yants(r — 53n+1)>5n+1(w(95)) )

Danaw) = = d(w(a)) + <ﬁ%mm%%Dmx<m>
= (@ = Bsnss) (Con (w(2)) = 2Co(w(x)))
— (= — Ban+s) [273n+3($ — Ban+1) — 2(z — Banss)p(x)
(312 %0440 = Bnis) | Dusa((@)) ), n 20,
Conts(a) =/ (@) 8 (@) = 2@ = Bnsa) (o (2)
+ 2 (@)p(a)|Con (=(2) = 2((z = Brusa)o(a)

~ Yans3(@ = Bani1)) Dasa ((2))|
+ 2(x — Banta)w' ()

— (@ = Banss) (Cuir(w(x)) — 2Co(w(2)))

n >0,

Y3n+573n+6 5n+2(w(x))
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— (z — Ban+s) [273n+3(95 — B3nt1) — 2(x — Bsngs)p()

(3.13) +Fnsa(w = Bonsa)] Daa (@) n 20,

[~ 0) — (& = Boni)* + (2 = o) ()] B (2)

+ @'(z) {(96 — Banra) p(2)Crogr (w(x))
(

(@ = Bsnra)’ (& = Bsnts) (Crya (w(x)) — Co(w(x)))
(z — Banta)’ ’73n+5’V3n+6Dn+2(w(x))

Vanrap?(2) — (T — Bansa)*(z — 53n+5)(273n+3($ — Ban+1)

—2(x — Bangs)p(z) + Y3nya(r — 53n+5)>
+2(2 — Ban+a) (V3n43(T — Bant1)

(3.14) = (@ = Bans)pl@)| Dusa((@))|}, n =0,

where ¢, Cy and Dy are defined by (2.12), (2.13) and (2.14), respectively.

Proof. First, we note that the sequences W,, and P, are related by

(3.15) Wsn(x) = Py(w(x)), n >0,
which immediately implies

(3.16) Winis(x) = Popi(w(x)), n>0.
Differentiating the previous relation, we obtain

(3.17) Winis(z) = @'(2) Py (w(2), n=0.

Substituting x with w(x) in (3.1) leads to
3w () Phya((2)) =5 Cus ((2)) — Co(())) P ()

— Fn1Dnia(@(2)) Pa(w(2), 0> 0.
By multiplying both sides by @’(z) and applying (3.15), (3.16) and (3.17), we arrive
at

H(eo(2) Wiy a(x) =5 (2) (s () — Colw(2)) ) Wonss()
A () D (@)W (@), 720

Shifting the indices in the three-term recurrence relation (2.1) by n <— 3n and n «
3n + 1 yields, respectively,

(3.19) Wanta(2) = (€ — Baps1)Wang1(2) — yanp1 Wan(x), n >0,
(3.20) Wini3(2) = (2 — Bant2) Wani2(2) — 13002Wanga(z), n>0.

(3.18)
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By combining (3.19) and (3.20), we obtain

(3.21)

Wgn(l') _ ($ - 53n+1)(:£ — B3n+2) — Y3n+2 W3n+2(x) _ Lﬁ&zﬂw%%(x)’ n>0.
V3n+173n+2 V3n+173n+2

Moreover, from (2.11), it follows that (3.21) can be rewritten as

x x — Dsp,
(3.22) Wi (z) = ngm(:p) - AW%H@), n>0.
V3n+173n+2 Y3n+173n+2

Substituting this result into (3.18) leads to
(3.23)  &(@(2))Whys(w) = M(250)Wanis(z) + N(w;n)Wanga(x), 1> 0,
with

M(z;n) =3 (2) (o ((2)) = Colan(2)))

(3.24) o B
+ LWI(JT)(ZL‘ - B3n+1)Dn+1(w(x))> n Z Oa
V3n+173n+2
and
(3.25) N(zin) = =" &'(2)p(2) Dyss (w(a)), n > 0.
V3n+17Y3n+2

On the other hand, by (3.2) we have

()W (2) == (Consa(@) — Colw)) Winpa(x)

2
(326) - '73n+3D3n+3(x)W3n+2($)7 n = 0.
So, from (3.23) and (3.26) we have
(P) M) = 3 (Conssl) = Cofa)) ) W)

+ (p(:z:)N(a:; n) + ’)/3n+3D3n+3(l')>W3n+2($) =0, n>0.
Since Wi, 0(x) and W, 3(x) have no common roots, Wa,3(x) divides
p(z)N(z;n) + V3n43D3n13(7),
which is a polynomial of degree at most equal to 3s+4. Therefore, we have necessarily
p(x)N(x;n) +v3n+3D3n43(x) = 0 for n > s+ 1, and also p(x)M (x;n) = %(C3n+3($) -

Co (x)), n > s+1. By virtue of the recurrence relation we can easily prove by induction
that
1

(3.27) 5(Csnia(x) = Co(x))
(3.28) —Y3n+3D3n+3()

Thus, equation (3.27) can be written as
Csnas(x) = Co(x) + 2p(x)M(x;n), n >0.

p(x)M(xz;n), n >0,

p(x)N(zin), n>0
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This yields
() = Col@) + ()@ () (Crsa ((2)) = Co(w(x)))

29, __
+ L (@) (1) (@ — Bans1) Dupa(@(x)), 1> 0.
V3n+173n+2

Then, using (2.9), we obtain
Consa) = Colw) + p(a)=' () (Cora((2)) — Co(w(a)))

(3.29) + 293n430(2)7 () ( — Ban 1) Dnsa(w(2)), 0> 0.

Finally, using (2.13), we recover (3.9).
Now, equation (3.28) can be expressed as

1
D3n+3 (ﬂf) = -
V3n+3

p(x)N(z;n), n =0,

which then becomes, using relation (3.25),

Dinys(r) = —— o/ (2)p? (1) Dy (w(2)), > 0.
V3n+173n+273n+3
Then, using (2.9), we get
(3.30) Dsnis(z) = @' (2)p*(2) Dnsr(w(x)), n>0.

This is exactly (3.10).
Hence, (3.11) is deduced by changing n < 3n + 3 in (3.3) and using (3.9)—(3.10).
Indeed,

Cania() = —C3n43(7) + 2(2 — P3n43) Danss(z), n >0,
which, from (3.29) and (3.30), becomes
Csnra() = — Co(2) — @' (2) p(z) {Cn+1(W(13)) — Co(w(x))
+ 2[13n43(2 — Bant1) — (. — B3n+3)p(x)]5n+1(w(x))}, n =0,

which is exactly relation (3.11), taking (2.13) into account.
Now, making the changes n < 3n + 4, and n < 3n + 5 respectively in (3.4), and
n < 3n + 4 in (3.3), successively, we get

V315 D3ns5(1) = — &(1) + Y3014 D3ny3() + (7 — Bspya)? Dspya()

(3.31) — (2 — P3nta)Cspya(z), n >0,

Yan+6Danv6(2) = — &(2) + Yant5Dsnra() + (€ — Bsnts)* Danis(a)
(3.32) — (x — B3n45)Csnis(x), n >0,
(3.33) Cani5(2) = — Capra(®) + 2(x — Bansa) Danyalz), n > 0.

Substituting (3.31) and (3.33) in (3.32), we obtain by taking (2.11) into account
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with
E(if; ”) 273n+573n+6D3n+6(9€) - 73n+4(9€ - 53n+5)2D3n+3(517)7 n > 0,
F(x;n) =¢(x)((x = Bsnis)” + Y3nss) + p()(@ = Banis)Cantalz), n > 0.

Our goal now is to factor F(x;n) and F(z;n) by p*(z). Indeed, on one hand,

E(z;n) == (z)p*(z) [73n+573n+65n+2(w($))
= Yanra(® = Banss) Do (w(2))], 02 0.
On the other hand,
F(a;n) =p(x) [6(@ (@) ((x = Banss)® + Yonss) + (& = Bonss) Consa ()]

=(2)] — @ (2)(2 = Bants) (Copar(w(x)) — Co(w(2)))

- 2’73n+3w/(37)(33 - 53n+1)(37 - 53n+5)5n+1(w(37))

+ 2(z — Bapy3)(x — 53n+5)w/(55)/7<x)5n+1(W(SU))}

+ p(@)| 0@ (@) (% = Ban+5)” + 30+5) = (@ = Banss)Colw))|
=*(2)] = @' (2)(2 = Bangs) (Cusa(w(x)) — Co(w(2)))

— 2930437 (2)(@ — B30s1) (& — Banss) D (w(x))

+2(2 = Ban+3) (% — Bants)@ (2)p(x) D (w(z))

— (& = Ban5)@ (2)Co (w(2)) |

+ p(2)6(@(2) [(2 = Banss)? + Yonss — (¥ = Banss)d ()], >0,

Using the identity
(# = Bant5)” + Yanss — (2 — Bangs)p'(z) = —p(x), n >0,
which can be straightforwardly verified using (2.11), the last equation becomes
F;n) = — @) (@(@) + &' (@)(@ = fns5)[Cosa(w(2)) — Col@(@))
+ 293043(2 — Bans1) Dns1 (@(2))
=2z = Bonss)p() Daa((2)) — Co ((a)) |}, n 20,

631

By substituting the expressions for E(z;n) and F'(z;n) obtained in (3.34) and sim-

plifying both sides of the resulting equation by p?(z), we obtain
Dinya(r) = — d(w(z)) + &' (x) {73n+573n+65n+2<w($))
— Yan4a (2 = B3n45)? Dy (w(x))]
— @' (2)(x = Bsns5) |Cri1 (@ () — Col(w(2))
+ 2(73n+3($ = Ban+1) — (x — 53n+3)P($))
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x D1 (w(x)) = Co(@(@)], n>0.

According to (3.33) and using the expression for Cs, 14 and D3, 4 alreardy determined,
we obtain the expression of C3, 42 given in (3.13). Finally, (3.14) is obtained by using
(3.9), (3.13) and (3.33). In the same manner as above, one can recover the relations

(3.5), (3.6), (3.7) and (3.8). Thus, the proof is complete. O

3.2. Illustrative Examples. In this section, we present several illustrative examples
of Proposition 3.1 for semiclassical forms of class less than or equal to two, obtained
via a cubic decomposition.

3.2.1. Fxamples of class one. Recently, all semiclassical forms of class one, whose
MOPS {W,, }ns0 satisfy Ws,(z) = P,(2* + gz + r), n > 0, have been determined
(see [4,20]). In this subsection, we establish the structure relations for several of the
MOPS families presented in [20].

Remark 3.1. In [20], the coefficients of the three-term recurrence relation satisfied by
the above families are provided.

We now present the elements of the structure relation for the sequence {W, },>o
corresponding to the three families in [20, Proposition 4.2].

Proposition 3.2. The elements of the structure relation, {Cy}n>0 and {Dy}n>0, for
the sequence {W,}n>o of the first family in [20, Proposition 4.2] are

Csn () :;(1271 + 60+ 1)(x + pg)r +q(2a+ 1), n >0,
D3, () :;(1271 +6a+3)(z+ py), n>0,
Csni1(x) :;(1271 + 6+ 5)(x + pg)r —q(2a+1), n >0,
Dspi1(x) :;(12n + 6+ 7)x + (6n+2)p,, n >0,

1 1
Cinsal) =5(120 + 6o+ 9)a? + (2(12n —6a+3)

(2a+1)(12n+6a+7)) ¢2a+1)6at5)

dn +2a+3 3(4n+2a+3)
1
D3pi0(x) 25(12n +6a+ 11)x + (6n + 6a + 7)u,, n>0.

Remark 3.2. For this first family of [20, Proposition 4.2], the sequence {P,},>0 is
classical and corresponds to a shifted Jacobi sequence. More precisely, we have

35 )= () P () @ -n). nzo

where {ﬁéo‘ﬂ) }n>0 is the sequence of monic Jacobi polynomials, orthogonal with respect

to up = J(a, ).
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Let us recall the structure relation for the Jacobi polynomials (see [16])
~(a ’ ]_
(2" = DY () =

5 (Crrilas . B) = Colws . 8)) P (2)

- Véif)Dn-‘rl (:r, Q, ﬁ)ﬁéaﬁ) ($), n Z 07

where
C 5 052_62 0
) _ e =P >
w(z50,0) = (2n+ a+ Pz mtath n>0,
Dn(x,a,ﬁ):%l—i—a—l—ﬁ—i—l, 7120:
(,f) m+1l)n+a+B+1)n+a+1)(n+5+1)

T Y tat B+ )ntatB+222ntatBL3) T

Proposition 3.3. The elements of the structure relation {Cy,}n>0 and {Dy}n>0 of
the MOPS {W,,}n>0 of the second family of [20, Proposition 4.2], are given by

Can(z) =(6n 4+ 3\ + 1)2* — sz — (6n — 1)x*, n >0,

Dsp(x) =(6n +3XA+2)(z + k), n=0,
Cany1(z) =(6n + 3\ + 3)2° + Kk — (6n + 6\ +5)x*, n >0,
Dspiq(z) =(6n+3X+4)xr — (3n+ 3\ +2)k, n >0,
3N+ 1
Consa() =(6n + 3\ + 5)2 +

T 6n+3rt+5
(BA+1)(Bn+ 31+ 2))/{2

3 3A+3—
i ( nEeAT 61+ 3\ + 5
Dspio(x) =(6n+3X+6)x — (3n+3)k, n > 0.

n >0

Y

Remark 3.3. Notice that the above result appears in [2].

Remark 3.4. For the second family of [20, Proposition 4.2], the MOPS {P,},>¢ is also
classical and corresponds to a shifted Jacobi polynomial sequence. In particular, we

have
,i?) n _ I€3 -1
P,(z) = (2> pXr-13) ((2) (x—71)+ 1), n>0.

Proposition 3.4. The elements of the structure relation, {Cy}n>0 and { Dy }n>o, for
the MOPS {W,}n>0 of the third family in [20, Proposition 4.2] are given by

1 1 1
Csn () 25(1271 + 6+ 1)a* — 67(1% + 60+ T)x — g72(12n +2a—1), n>0,

3
1 1 1
Csni1(x) 25(1271 + 6+ 5)a® — 67(1271 +6a — 1)z — 57'2(1271 +10a+7), n>0,

1 2
D3, () 25(1271 + 6a + 3) (x + 7'), n >0,

1 1
D3p,1(x) 25(1271 +6a+ T)x — 57(1571 +9a+38), n>0,



634 M. KHALFALLAH

1 1 2 (6n+4a +5)
Cansa(2) = (120 + 6a + 9 2—)4 2 + 1)+ = - )
3nr2(T) 2( n+ 6a +9)zx 2( n+ 2o+ )—I—3 (n+ 20+ 3) T

2(6n 4+ 4a + 5)(15n + 9o + 8))

>
3(4n + 20+ 3) (=

Y

1
+ 37’2)1271 +10a 47—
1 1
D3, i0(x) 25(1271 +6a+11)z — 67’(3071 +12a0+29), n >0.

Remark 3.5. For the third family of [20, Proposition 4.2], the MOPS {P,},>¢ re-
mains classical but corresponds to another shifted Jacobi polynomial sequence, with
a different set of parameters. More precisely, we have

2 3\Nn _ 2 3\ —1
i = () 7 2((22) o). wzo

3.2.2. Fxamples of class two. Recently, all semiclassical forms of class one that their
corresponding MOPS {W,, },,>0, satisfies W3,(x) = P,(z*) have been determined (see
[4,21]).

Proposition 3.5. The elements of the structure relation {Cy}, -, and {Dy},5 of
the MOPS {W,},~, of the third family of [21, Theorem 2.4] are

2 a+1
3 3<6n(n+ﬁ)

+ 57
a+1

3 —|—2n—|—6>, n > 0,

1 2
D3, (x) =32n+a+ B +1) <x+ 27‘) , n>0,

1
Caapr (@) =(6n +3a + 38 +4)2° + 70 — -7 (W
0%

5 +18n+9o¢+95+10>x
B §7_3 <6n(n+6)

10n +4 58 + 4 >0
S o +n+a+6+>, n >0,

1
Dyyi1(x) =(6n + 3a+ 33 + 5)2* — 57(671 +4a+ 36+ 5)x

1 9
_Zp2 M+12n+40¢+65+4 , n=0,
4 a+1
1 a+1 2 1, o*-1
— -7 Xr — =T .
3 n+a+fB+2 6 2n+a+p5+2

3 1 In(n+ B) —2(a+4)(a+1)
+8(2n+5)73—1273< 2n+a—|—ﬁ+2 )a nZOa

Cipnia(z) =(6n + 3o + 33 + 6)2°

1
Dyyi2(x) =(6n + 3a+ 33 + 7)x* — 7(6n+ 20+ 38+ 7z
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1T2 (9(n+ Din+p+1)

- +6n+a+35+7>, n > 0.
a+1

4

Proposition 3.6. The elements of the structure relation {Cp}, - and {Dn},~, of
the MOPS {W,},~, of the fourth family of [21, Theorem 2.4] are
Can(z) =(6n + 3o+ 38 +2)2° — 72> — 72(6n — 1) +7°(33+ 1), n >0,
Din(2) =320+ a+ f+ Da(e +7), n>0,
Capy1(7) =(6n + 3o+ 38 + 4)2° + 727
—72(6n +6a+68+T)z —338+1), n>0,
Dspi1(2) =(6n +3a + 38 +5)2° — 7(3n + 3a +2)z — 7%(33+ 1), n >0,
f—a 2
x
2n+a+ 5+ 2
2 2(n+a+1)(3n+3a+2)
2n+a+pF+2
5(30+1)(8—a)
>
+ 7 mtatiir2 n >0,
Dspia(x) =(6n+3a+38+7)2” —7(3n+ 38+ 4)z +7°(3+1), n>0.

Canyo(r) =(6n + 3a+ 38 +6)2° + 7

—(6n+6a+5)>x

4. DIFFERENTIAL EQUATION

In this section, we establish the second-order differential equation satisfied by each
of the MOPS presented in [20].

It is well known that a semiclassical orthogonal polynomials sequence fulfills a
second-order linear differential equation [16]. The objective of this section is to give
explicitly the second-order linear differential equation fulfilled by {W,,},>0. Let us
recall that {W,,},>0 satisfy

D) )W) + K@m Wi, (@) + L)W (@) =0, 130,
with

(4'2) J(J}, n) = (b(x)Dn-&-l(x)’ n =0,

(4.3) K(xz;n) = Co(x)Dypyr(x) = W(d, Dpsa)(z), n >0,

(44) L) = w(;(cn+1 o Dn+1> (2) = Dui(2) Y. Du(z), n >0,

v=0

where W(f,g) = fg' — gf’ is the Wronskian of f and g.
We proceed to state the main result of this section.

Proposition 4.1. The elements of the second-order linear differential equation,
{J(in)}nz0, {K(in)}nz0, and {L(;n)}nzo0, of the MOPS {Wy },>o are

7(@:0) =p(a) dlm(@)){ = o (@) + /() 127 Di( (@)
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~ (&= (=2 A)ple) + e ~ 52)) Do(=(@)] |
K(;0) =(2'(z) d(w(2)) + p(z) &' (2) &' (w(2)) + pl) & (x) Co(w(x)))
x | = d(@(@) + = @] wsDi(=@)
= (&= )~ 2w — Go)pla) + (e — )] Dol ()}
— pla) o) [~ Bleo(a)) + () {5 Di ()
— (2 = 82)[ = 2@ = fp(a) + (e = B)] Dol () },
L(x;:0) =[ — p'(2) d(w(2)) — ple) = (2) Co(w(2))
+ (& = Bo) p*(x) @' (x) Do(w ()]
x [ = Blw(@) + = () s D (w(2) = (&~ 52)(~2(x ~ fo)ol)
+ (@ = B)Do(w(@))}] - | - (@) + =/ (@) {175 D1(=(@))
~ (&= BB)(=2(w — Ao)plw) + (v — 82)) Dol (@)}
% |2 (= 0 @) dlw(@) — pla) = (@) Col (@)
+ (@ = o) (@) = (@) Do(w(a)) ) + So(a)|
I 1) = plw) d(@){ [ - pla) = (2 = 1) + (& = B1)p ()] 9l ()

(z = B1)p(x) Co(w(x)) + (z = 1) 727 Di(w(2))

+ /(@) (@ = () Colem(@)) + (& = ) 7Di ()
+ (@) + 20 = ) — fo)pla)
= 81w~ )~ 2z = Bo)plw) + (e — B))) Dol ()|
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1

- p(o) dlew(e)) o[ - o)~ (2 = 50+ (0 = B )]

x (@(0)) + = (2) (@ = B1)p(@) Col@ (@) + (@ = ) 1235 Dr( (@)

+ () + 20z — B1)(x — fo)ola)

= (@ = A1 = B)( - 2o = B)plw) + n (e — B))) Dol(@)| ]
L(w;1) =| = (&= B) d((@)) + /() (@ = Ao} — Bo) Col (@)

+ (= (@ Bo)p()? + 20 = B1)(a — o) — fo)p(a)

~ (&= Ao = ) ) Dol (a)) + (@ = Bi)ran Da(w(a) )

xi{;“w@%%x—&f+@—5WWM&w@»

+ (@) |(z = B)p(x)Co(@(x)) + (x = B1) 1275 D1 (@ (x)) + (120 ()
+2(z — f)(z — ﬁo) (z ) (= B1)*(x = B2)(=2(x — fo)p(x)
+71(z = B2)))

__1ﬁp<><x—@>+@—ﬁn<>w<<»

V2
+ (@) (x = B)p(x)Co(w(x)) + (& — $1)*1273D1 (@ () + (110°(x)
+2(z = B1)(x = Bo)p(w) — (& = B1)*(x — Bo) (—2(x — Bo)p(x)

+91(x — ) Dol (@)
2~ = 8 (el + (@) x (@ = )@~ ) Colw(a)

+ ( — (& — Bo)p(x)’ +2(x — B1) (x — Bs)(x — Bo)p(x)

~(a— )%@—&)) o(7(x)

+ (z = Bi)reys Dl )) + 51 (x

X
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L(z;2) :[

— (2~ Banss) (G () — 2Co
— (& = Bants) (2vn13(x — Bonsr)
=200 = Bunss) () + Yonsa(@ = Fonss) D (=) |}, 020,

K(w33n+3) = (0 (@)0((2) + @) ()5 ((2)) + p(2)' (2) Co(w(z))

~ 3 (2)) + % (2) {Yans5om 46 Dy ()

— (& = B3n15) (Crya (w(x)) — 2Co(w(x)))
— (¢ = B3pts5) (273n+3(2 — Bsntr)
)

— 2z — Bonss p< )+ Y442 = fanss)) D ()]

— pl2)d(@(@))——| — d(@ (l‘))+W’(af){73n+573n+65n+2(W(96))

)
— (& = Bsn+s)( n+1( () — 2Co(w(x)))
— (2 — B3nt5) (273n43(T — Bant1)
)p

R ) e fanss) Dua(@(@)}]. n 20,
L(x;3n+3) = [ p(x) f(w(x)) — < ) (« >(én+1<w<x>> + Co(@(x)))
( T — 53n+3 73n+3(x - B3n+1)> 5n+1(w(x))]

X

X - [ — ¢(w(7)) + & (2){V3n+5V3n16Dnra(w (7))

— (& = Ban45)(Coyr (@ (2)) — 2Co(w(x)))
— (2 = B3nt5) (273n+3(T — B3nt1)
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— 2(2 — B3n13)p(2) + Yanta( — Bants)) Dosr (w(2))}

— | = dw@(x)) + @' (@) {Y30+5730+6 Dnsa(w(2))

— (& = Ban45) (Coyr (@ (2)) — 2Co(w(x)))
— (= B3n+5) (273n43(T — Bant1)
)p

= 2z~ Byns)o() + 231402 — i) D ((2))}]

<[5~ P @ 8@ (@) - 5 ple) (@) Cona((a) + Cal(a))

+ (@) () (2 Bonss)p(x) = Yonsa(@ = i) Dy (w(a) )

+ Sgn+3<l’) s n Z 0,
i3+ 4) =——p(a) o(=() {[ = p(@) = (@ = s

+ (@ = B )p ()] 6= (@) + /(@) | @ = Bons)p(@)Coia ((2)

(@ = Banss) (Cona (w(x)) — Co(w(2)))

(
273n+573n+6Dn+2( (x))

)
— (* — B3nta)
+ (‘T - ﬁ3n+4)

) —

+ | Van4ap” () = (z — Banta)*(z — Bnys) (2’)’3n+3($ — B3nt1)

—2(x — B3ny3)p(T) + y3ppa(r — 53n+5))
+2(2 — B3nta) (V3nr3(T — Bant1)

- (o = Bunsa)o(a)) | Dua(=(@)] . n >0,

K(w;3n +4) = (p’(x)<5(W(x)) + pla)@' ()¢ (w(x)) + p(x)w/(x)(?o(w(x))>
1

X

{[_ p(l’) - (.Z‘ - 6371—&-4)2 + (ZE - 53n+4),0/(x)} gfg(w(‘r))

V3n+5

+ @' (x )[($—53n+4),0( )Crt1 (w(2))

— (& = Bsnta)’ (& = Banss)(Csa (w(2)) — Colw(x)))
(z — 53n+4) ’Y3n+573n+6Dn+2( (z))

_l’_
+ [73n+4p (2 — B3nta)*(® — Banss) (273n+3($ — B3nt1)

—2(z — Bant3)p(x) + Y3014l — 53n+5))
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+2(2 = Bara) (ansa(@ = Bonr) = (2 = Bansa)p(a))| D (w(2)| |
- bl 3 [ { [~ ple) = (@ = B

+ (@ = B )0 (2)] (@) + (@) | @ = Fons)0()Cos((2)
— (& = Bonsa)*(@ = Bonss)(Crna (w(x)) — Co(w(2)))

+ (z — Bansa)’ 3n+5’Y3n+6Dn+2( (z))

+ Va0’ (2) = (7 — Bansa) (@ — Bnts) (273n+3($ — B3nt1)

- 2@ - 53n+3)ﬂ(l') + 73n+4($ - 53n+5))
+ 2(2 — Banta) (V3n+3(T — Bant1)

- (o = Busa)o(a)) | Dua(=(@)| } .m0
— (7 om0 () + 5 (@)p(a) o () — Cofem())

= D @)p@)((w = Bunr)p(@) = Yonsa(x = Foni1)) Do ((@))
+ (2 = Banea) (@) (o 5m 6 D2 @)

)o@
— (2 = B3ns5) (Coa (w(x)) — 2Co(w(x)))
— (2 = Ban+s5)(273n+3(® — Bnt1)

= 2(0 = Fans)p(@) + Yonsa(s — Bonss)) D (()))

L ple) = (= B + (= o) (@))0(e0(0)

>< R
V3n+5

dx
+ @' (2)((x = Banta)p(x) Croa (w(2))
— (& = Ban10)* (T = Ban15) (Coia(w(x)) — Co(w(x)))
+ (% = Bsns4)*V3n4573n+6Dnra(w (@)
+ [13n440° (2) = (2 = Banya)* (& — Banss)
X (273n43(% = Bant1) — 2(z — Ban+3)p(2) + Y3n44( — Bnts))

422 = Basa) Qasa(@ = fansr) = (@ = Bansa)p())] Do ((2)) }
—=p(a) = (= Bnna)? + (& = B) (@) O((2)

V3n+5
+ @' (@) (& = Bansa)p(x) Cosr (w(2))
— (& = Byn14)*(@ = Bans5) (Coia (w(2) = Co(@(x))
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+ (2 — Pan+a) ’Y3n+5’73n+65n+2(w($))
+ [V3nsa0? (@) — (& = Bansa)* (@ — Banss)
X (2793n43(T — Bany1) — 2(2 — B3n43)p(7) + V3nta(® — Banys))

+2(2 — Ban+a) (Y3n43( — Pani1) — (2 — Bgn+3)p(w))]5n+1(W($)))}

(= @~ o)) + 5 (@)p(2) G ((2)
~ Cy(=(@)) ~ = @) ~ Borra)ola)
— Yan+3(T — Bant1)) n+1(w ) + (z — Banta)

(
x @'z )(73n+573n+6Dn+2(w($)) (z— 53n+5)(0n+1(w($))
(

—2Cy(w(2))) — (z — 53n+5) 2Y3n43(¢ = Bani1) — 2(x — Panys)p()

X

+ Ym0 p(2) '(2) (2 = Bania) Doral ()|

x [ (@) () Dol (2)] — o (2)(2) Dosal(z)

x [ (570) (@) (Curalew(a) = Co((a))

+ %016 (#) & (@) (7 = Bonts) Dusa(@(@))) + Sanss@)], n 20,

with Sp(x) := 3_ Du(x), n > 0, where D, (x) are given in Proposition 3.1, and o,
Co, and Dy are defined by (2.12), (2.13), and (2.14), respectively.

Proof. From (4.2)—(4.4), we observe that
J(z;n) = ¢(x) Dpsa(x), n=0,
K(w;n) = (¢/(x) + Co(x)) Dnya(x) = d(x) D)y (2), 1 >0,
L) = 5 (Cun(#) = Cofa)) Dl 2)
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1

— Dy () <2

and the result follows directly by taking into account Proposition 3.1. 0

(Conl@) = Co(a)) + Su(@)), n 20,

We now derive, based on this result and the previous section, the second-order
linear differential equation satisfied by certain semiclassical MOPS obtained through
cubic decomposition.

Proposition 4.2. The MOPS {W,}n>o0 of the first family in [20, Proposition 4.2]
satisfies (4.1), where the characteristic elements J(x;n), K(x;n) and L(x;n) are

4 1
J(x;3n) :(az2 + 3q> (x + pq) (2(12n +6a+ T)z + (6n + 2)uq>, n >0,

1
K (z;3n) :1(1271 + 6a + 7)(6a + 5)
1
~1 ((12a +4)(12a: 4 10) + (6 + 3)2)uqx2
+ g((&y +3)(6n + 60+ 5) — 4(3n + 1)>x
+ 6qu,(2a+1)n, n >0,

1
L(z;3n)(z) = — 1(3n +1)(12n + 6 + 7) (61 + 6a + 5)
—(3n+1) (i(2n +2a+1)(12n +6a+7) + (3n + 1)(6n + 6a + 7))
1
— (3n+1)*(6n + 6a + 5) 2w — 5(1271 +6a+7)(2a+1)g, n>0,

4 1
J(z;3n + 1) :<x2 + ;)(Jc +uq)(2(12n +6a + 11)z + (6n + 6 + 7)uq>, n >0,

1
K(z;3n+1) :1(1271 + 6a + 11)(6a + 5)2°
1
+ ((Gn +6a+7)(6a+5) — 1(604 + 3)2>uqx2
+ g(((ia + 1)(6n + 6 + 7) — (6 + 3)2>x
+3qu(2a+1)(2n+ 20+ 3), n >0,
1
L(z;3n+1) = — 1(6n + 60+ 7) [(3n +2)(12n + 6a + 11)2?

+ (6(3n +2)(2n + 20+ 3) + (3n+ 1)(12n + 6a + 11)),uqx]

4
6

+9(2a + 1)2}, n >0,

+ [(6n+6a+7)<6n—6a+1+(3n+1)(6n+6a+7)>
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3 4
J(z;3n + 2) :5(471 +2a+5) <:E2 + 3q> (z+ pg)*z, n >0,

3

K(z;3n +2) :1(471 +2a 4 5)(x + uq)((Ga +5)(z + pg)x + 2¢(2a + 1)), n >0,
2

L(w;3n +2) = — Z(n—i— 1)(2n + 20+ 3)(dn + 20 + 5)(x + )%, n > 0.

Proposition 4.3. The MOPS {W,},, of the second family of [20, Proposition 4.2]
fulfils (4.1), where J(x;n), K(x;n) and L(z;n) are

J(x;3n) =(2® + &%) ((6n + 3\ + 4w — (3n +3X +2)x), n >0,
K(x;3n) =(6n + 3\ +4)(3\ + 3)2° — ((SA +4)(3n+3X+3) + 6n> Ka?
+ (90 + 6\ + 6)k*x — (In + 6A +6)Kx>, n >0,

L(x:3n) = — (3n + 3\ + 3) {(Sn +1)(6n + 3X + 4)22

—3n(3n + 3\ + 2)kz + (3n + 2)x*|, n >0,

J(z;3n+1) :(a:3+/<c3)((6n+3>\—|—6)x— (3n—|—3)/£), n >0,
K (w330 4 1) =(6n + 3A + 6)(3X + 3)2® — ((3n + 3)(3) + 6) + 3) ) na
+ (90 + 3\ + 9)k*x — (In + 3A+9)K*, n >0,

Lz:3n+1) =(3n + 2) { (61 + 3\ + 6)(3n + 3\ + 4)2?

+ (3n+3)(3n 4+ 3\ + 5)kx
((3n+3)\+3)(6n—|—3)\+6)—|—3n+3> 9
+ K
6n +3A+5
J(x;3n 4+ 2) =(6n + 3\ 4+ 8)(z + r)(2® + %), n>0,
K(x;3n +2) =(6n + 3\ +8)(3\ + 3) (v + k)2, n >0,
L(z;3n+2) =— (3n+3)(6n +3X+8)(3n +3X+5)(z + )z, n >0.

Y n207

Proposition 4.4. The MOPS {W, },>o0 of the third family in [20, Proposition 4.2]
satisfies (4.1), where J(x;n), K(x;n) and L(z;n) are

1 2 2
J(x,3n) —<a: - 37) (33 - 37) (x + 37'>
1 1
X (2(12n +6a+ Tz — §T(15n + 9a + 8)), n >0,
1
K(z,3n) 21(1271 + 60+ 7) (6 + 5)a®

2 1
— 2773{12714—6044—7— (15n—|—9a—|—8)<3a—|— 2)}
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21 {(15n+ 9o+ 8)(6a + 7) + 3(12n + 6 + 7) (a + 2)%2

Ol =

11
+ =7 {(1571 +9a + 8) <3a + 2)

1
—3(12n + 6c + 7)(a — 2)

x, n>0,
1
L(z,3n) = — Z(3n +1)(12n + 6 + 7) (61 + 6a + 5) 2
1
+ {4(3n—2)(2n+2a—|— 1)(12n + 6+ 7)

1
+ 6(371—1— 1)(15n + 9a + 8)(6n + 6 + 7) | T2

1
— 572 [(371 + 20+ 2)(12n + 6o + 7)
1
— 5(371 —2)(15n + 9o + 8) (61 + 6o + 5)], n >0,
1 2 2
T sn 1) =(r=57) (2= 37) (e 57)
1 1
X <2(12n +6a+ 11)z — 67’(3071 + 1200 + 29)>,n >0,
1
K(z,3n+1) :1(12n + 6a + 11)(6a + 5)z°

7 9
(30n + 12a + 29) <3a + 2) + (12n + 6a + 11) (3a + 2)]x2

1
— =T

6

1 2
+ET

1, L
-7 [2(1271 + 60+ 11) — (300 + 120 + 29) (3a + 2)] n=0,

L(z,3n+1) =(3n+2) { — (6n 4+ 3a+6)(3n + 3a +4)2* + (3n +3)(3n + 3a + 5)Tx

11
(30n + 120+ 29) (3a + 2) — (120 + 6 + 11) (6 — 3)]9&

+((3n+3a—|—3)(6n+3a+6)—|—3n+3> 9
-

| nzo
6n+3a+5
2

3 1 2 2
J(z;3n + 2) :2(4n+2a+5)<x—37)<x—37> (m+37’> , n>0,

3 2
K(x;3n+2) 1(471—!— 2a+5)<x+ 37')
1 2
X <(6a + 5)z? — 57'(6a +5)x — 572(204 + 1)>, n >0,

27 1 2
L(z;3n+2) =— Z(n%— 1)(2n+2a+3)(4n~|—2a+5)(:p— 3T> (x— 3T>, n > 0.
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Remark 4.1. Tt is worth noting that the second-order linear differential equations
satisfied by semiclassical orthogonal polynomials play an important role in providing
an electrostatic interpretation of their zeros, which can be regarded as equilibrium
positions of repelling unit charges under a logarithmic potential, confined by an
external field determined by the corresponding weight function.
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