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SOME Ek-FRACTIONAL INTEGRAL INEQUALITIES FOR
p-CONVEX FUNCTIONS

NAILA MEHREEN! AND MATLOOB ANWAR!

ABSTRACT. In this paper, we use Riemann-Liouville k-fractional and k-fractional
confomable integrals to prove Hermite-Hadamard inequality, an identity and Hermite-
Hadamard type inequality for p-convex functions. Some special cases are also dis-
cussed. Our work is extensions of other related previous results.

1. INTRODUCTION

Convex functions have been used to investigate various scientific problems. Many
refinements have been built for convex functions in order to study problems of pure
and applied sciences (see [3,4,8,14-16].)

The Hermite-Hadamard inequality [6,7] for a convex function ¥ : H — R on an
interval H is defined by

hl +h2 1 ha ?(hl) +gj(h2)
1.1 F < / F(g)dg <
(1.1) < 5 >_h2_h1 . (9)dg < 5 :

for all hy, hy € H with hy < hy. Due to extensive applicability of Hermite-Hadamard
type inequalities and fractional integrals, number of researchers expand their research
involving generalized fractional integrals for diverse classes of convex functions. For
instance see [12,13,17-19,23, 25, 26] etc.

Fractional integral inequalities are helpful in estimating the uniqueness of solutions
for specific fractional partial differential equations. These inequalities also ensure
upper and lower bounds for solutions of the fractional boundary value problems. Our
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26 N. MEHREEN AND M. ANWAR

aim is to prove several Hermite-Hadamard type inequalities for p-convex functions
via Riemann-Liouville k-fractional and k-fractional confomable integrals.

2. PRELIMINARIES

Here we give some basic definitions from the literature. For k € (0,00) and h € C,
the k-gamma function is given by (see [1,21])

in terms of

1, n =0,
Tnk = { T(t+ k) (t1+(n—1k), neN,
where the integral representaion of I'y(-) is given as:
[e ] +k
Tw(B) = / Pl dt.
0

Definition 2.1 ([11]). Let F € Ly[hy, ho]. The left and right sided Riemann-Liouville
fractional integrals Ji , 3 and J, _J of order o € C with Re () >0and hy > h; >0
are defined by

2.) 70 = g [ =0T 0 9>
and
22) 1 500) = e =00 g <

respectively, where I'(+) is the Gamma function.
Mubeen and Habibullah [20] defined the following generalized fractional integrals.

Definition 2.2 ([20]). Let F € Ly[hy, ho]. The left and right sided Riemann-Liouville
k-fractional integrals Ji), & and Ji, . F of order a € C and hy > hy > 0 are defined

by
1 g _
(2.3 Tims310) = i oy Lo = 0Tt g > o
and
e} 1 ha a/k—1
(2.4) Tia-919) = 15 /g (t — g)" 1 F()dt, g < ha,

respectively, with Re («), k£ > 0.
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Definition 2.3 ([10]). Let § € C with Re(8) > 0, then the left and right sided
fractional conformable integral operators are characterised as:

g — *— — o) A7
(25) 518a?<g) :F(lﬁ) ~/h1 <(g " ) a (t " ) > (t _?}gfil—adt
2 _ o _ @ -1

respectively, with o > 0.
Qi et al. [22] defined k-fractional conformable fractional integrals as follows.

Definition 2.4 (][22]). Let § € C with Re(8) > 0, then the left and right sided
k-fractional conformable integrals are characterised as:

B
B,

(2.7) nmd*F(9) :kfkl(ﬁ) /}: <(g — M) ; U hl)a) E—hy)ie _g,g?l_a dt,
(28)  P92,.F(g) = kr; 5 N <<h2 sESL t>a> - e Si(gl_adt,

respectively, with a, k > 0.

Definition 2.5 ([8]). Consider an interval H C (0,00) and p € R\{0}. A function
F: H — R is called p-convex if

(2.9) F ([rhf + (1= 1)hB)2) < rF(hy) + (1 — 1) F(ha),

for all hy, hy € H and r € [0,1]. If (2.9) is reversed then F is called p-concave.

3. INEQUALITIES FOR k-FRACTIONAL INTEGRALS

First we prove the k-fractional Hadamard’s inequality for p-convex function.

Theorem 3.1. Let F : [hy, he] C (0,00) — R be a p-convex function such that
?E Ll[hl,hg]. Then
(i) for p >0 we have

d
(3.1)

WY + hg]P Ti(a+k) 1., N
ST < g 0 008) + S (5 0 s
2 1

< F(h1) ‘;' CTr(h2)’

where u(g) = g for all g € [I}, h);
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(1) for p < 0 we have

e Ip(a+k N .
7 ( 1 2 2] = M {Jk,hﬁ—(ﬁto 1w)(hy) + Jipe (F o /L)(hﬁ’)]

_ F(h) + F(ha)
_— 2 M
where p(g) = g, g € [h5, h2).

Proof. Since JF is p-convex on [hy, hs|, we get

7 ([up _|2_ wPF) < F(u) —12— ff(w).

Taking u? = rh} + (1 — r)hh and w? = (1 — r)h} + rh} with r € [0,1], we get

(3.3) F ([hp : hP] p) . F ([T‘hlf + (1 - r)hfg]zli) +F ({(1 — R+ T’hg];> |

2

Multiplying (3.3) by 7%~! on both sides with r € (0,1), a > 0, and then integrating
along r over r € [0, 1] and using changes of variable, we obtain

%&r(lhuhpr)
o 2
S/lrk (rhp (1 —r)hb]» >dr+/ rE 1?<[Thp (1—r)hp]11?>d

B —aw\ ! dw e [y — pP\ET dz
= h? <h12? h;lf) (?OM)< )hp hp+/ <h127_h’1119> (?OM)( )hp hp

. ka(a)
(B —hY)%
that is,

[Tine s (F o p)(h2) + Ty (F o p)(RY)),

he 4 hE1MP Tp(a+k o )
(3.4) 9([ ] )SQwé;ﬂLPMn@bMW)+%m(?NMhﬂ

This completes the left inequality of (3.1). For the right inequality, we consider
35 T (W4 =) 5 (kb (1= )P ) < [T () + F(h).

Multiplying (3.5) by 7%~! on both sides with r € (0,1), a > 0, and then integrating
along r over € [0, 1] and using changes of variable, we obtain

ff(}h) + gj(h2)
AL '

(3.6) .

[T (F o ) (W) + Jg e (F o p)(hh)] <
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This completes the second inequality of (3.1). Hence, from (3.4) and (3.6), we get
(3.1).
(#7) The proof is analogous to (). O

Remark 3.1. In Theorem 3.1

() if p = 1, then the inequality (3.1) becomes the inequality (2.1) of Theorem 2.1
in [5];

(47) if one takes a = k = 1, then the inequality (3.1) becomes the inequality (1.11)
of Theorem 6 in [8];

(i) if one takes k = p = 1, then the inequality (3.1) becomes the inequality (2.1)
of Theorem 2 in [23];

(1v) if one takes &« = k = p = 1, then the inequality (3.1) becomes the inequality

(1.1).

Lemma 3.1. Consider a differentiable mapping F : [hy, he] — R on (hy, hy) with
hy < he. If F € Ly[hy, ho|, then the following equality holds.

(i) Forp >0
or) T O [, (5 o)) + Ty (70 )40
:h22_ph1 /01 (1= —ri)ar s ((rh + (1= r)ig]? )

where A7 = [rh} + (1 — r)hg]% and p(g) = g% for all g € [WY, hY);
(17) For p <0

F(hy) + F(he) Fip(a+ k)

(3.8) ; ~ 20— [T (F o ) (W) + J2m  (F o ) (hD)]
th - hp 1 o o 1 1 / 1
= 12p 2/0 ((l—r)k —Tk)B#’ F ([rhg—l—(l—r)h]l’]lj)dr,

1

where BY ' = [rh} + (1 — 1)K)¥, u(g) = g7 for all g € [h3, h).

Proof. First consider
(3.9) = / (1—r)f —rf) 475 ([rhff . r)hg]i) dr
= [/0 (1—r)% A” ty ([rhﬁ’ +(1— r)hg];> dr}

1, 1
+ [—/ rEAr T ([rhzf + (1 — r)h‘g];> dr}
0
=0 + I,
Integrating by parts, we obtain

3100 I, :/1(1 A (It + (L= ) ) ar

0
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) L <[rh’; - r)hg]é> 1

W= hj .
P La(l—r)5 ! 1
Y e (RS D T
p ap MR —w\ T (F o p)(w)
—— = _F(h —7/ d
) e e (i) e

__p pli(a+ k)
hy — hY (hh — hp)et

Similarly, we have

F(hs) - LT (Fo ) ().

1, 1
(3.11) I = —/0 riAr ([rhﬁ’+ (1 —r)hg]i> dr

o

1

prk 1

- 7 (It + (1= g )
hg_hg [ 1 ( )2] o

P Lare!
s hgfo ?([rh’f (1 - )il

; )

-1
I ap fTqu
)~ e (1t ) &
o

LA

ka(oz —+ ]{7)
(P — hR)&+

P () -

:hp_hp Jhp (350/1’)

Using (3.10) and (3.11) in (3.9) and then multiplying ” f on both sides, we get
(3.7).
(77) Proof is analogous to part (7). O

Remark 3.2. In Lemma 3.1

() if p = 1, then the identity (3.7) becomes the identity (2.6) of Lemma 2.3 in [5];

(17) if one takes a = k = 1, then the identity (3.7) becomes the identity (1.12) of
Lemma 3 in [8];

(i77) if one takes k = p = 1, then the identity (3.7) becomes the identity (3.1) of
Lemma 2 in [23];

(iv) if one takes a = k = p = 1, then the identity (3.7) becomes the identity (2.1)
of Lemma 2.1 in [2].

Theorem 3.2. Consider a differentiable mapping F : [h1, ha] — R on (hy, hy) with
hy < hg such that F' € Li[hy, ho|. If |F'|9 is p-convex on [hy, ho] with ¢ > 1, then the
following inequality holds:
(i) forp>1
?(hl) + ff(hg) Fk;(Oé + /{i)

312) e (5 o) + Tty (0 )]
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RS =) et (18 ()l + 197 ()]
2p ! a+k ’

where Q1 = hé;)
(17) forp <1
‘?(hl)‘f“?(}m) Fk(a+k) { o

(3.13) 0 (F o) () + i, (Fo m(hf)}\

2 2(RY — hB)%
KR 1) et (18 ()l + 197 ()7
> % 2 o+ k )

1(1—%,1;2;1—%).

Proof. Using Lemma 3.1 and p-convexity of |F'|, we get

RE™!
where Qo = =

(3.14)
A s [thf+<s"ou><hs> )|
= hg;h}f/o ( r)k — 17 ) ” (rhp (1—T)h229]11’) dr
Shgz_phzf ( 7_1 T)lé ( (1—7) %+r%> /<[7“h€+(1—7“)h‘g]zl’>’qdr);
Shgz_phlf < P )1 g ( l—r 2—i—r%)[7“|9‘~/(h1)|q+(1—T)‘gjl(hz)de);
:h’g—h?j< R )1 a
2p

1
q

x (|3~'(h1)|q/0 r((1 =) 4 r) + |3~'(h2)|q/01(1 -0 (=t +r8)ar)

Since

I 1 hY
(3.15) ; Ar dr = 5 oy <1 12,1 — h”) :
3.16 (- )Ed a wd i

— & = — & =
(3.16) /0 r(1—r)kdr /0( r)rEdr (o & 1)+ 2)
and
(3.17) /1 #+1g —/1(1— JEtidy —

. 0 r r = 0 T r = Oé+2k"

by using (3.15)—(3.17) in (3.14), we get (3.12). Hence, theorem is proved.
(77) Proof is analogous to part (7). O
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By taking p = —1 in Theroem 3.1, Lemma 3.1 and Theorem 3.2, one can get new
results for harminically convex functions via k-fractional integrals.

4. INEQUALITIES FOR k-FRACTIONAL CONFORMABLE INTEGRALS

Here our aim is to prove Hadamard’s inequalities for p-convex function via k-
fractional conformable integrals.

Theorem 4.1. Let F : [hy, he] C (0,00) — R be a p-convex function such that
F € Li[h, hs).
(i) Then for p > 0 we have

W+ 1P\ afT (B 4 k
1 o ([BHE]7) <ot [ onon + s o)

<3"(h1) + F(hs)
— 2 )
where p(g) = gv forall g € [RY, hb].
(23) Then for p < 0 we have

nE 4 h] Y BIET(5 + k
a2 7([M5)"7) < s O Patmonn + oo
< F(h1) + ?(h2),
- 2
where 1u(g) = gv, g € [h5, ).

Proof. Since JF is p-convex on [hy, he|, we can have

7 ([xp_gup];> < F(z) —;— ?(u)

Taking x? = rhi + (1 — r)hs and w? = (1 — r)h} + rhl with r € [0, 1], we get
T (It + (L= r)g]? ) + 5 (10— r)ig -+ rh) )

R+ 1R ! 2
o o(fs]) 2

g1
Multiplying (4.3) by ( )k r®~! on both sides with r € (0,1), @ > 0, and then
integrating along r over r € [0, 1], we obtain

(4.4) (l ) 1_T )ﬁ gy

</ (1_7” )i o 1?([74#’ (1= r)h8)

IN

B =

)d
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1] — oy 51 1
—I—/ ( ) ro i <[(1 —r)hl + rhé’]ﬁ) dr
0 !
:Il +IQ

By setting w = rhf + (1 — r)h}, we have

(45) I :/01 (1_7“&)517&—13’ ([mf; + (1= )Y

«

3=

)d

@

-1

w (1= (i) w—hp\! duw

e ( o ) (i) T

B S 0 AU o S ) LRV
e e - )" - oo
k’Fk( )

P E——"Y nghp Fo hlf
a o B uh

Similarly, by setting w = rh5 + (1 — r)hY, we have

a6 = [ (55)

pray 2-
n (1— (7%:21{) o w—h\! (F o 1)(w) dw
= _— (@) _—
ng — b P = h

e

-1

ro—ig ([(1 — )R} + rh”];> dr

% a

Eallsy

-1

_mpzm?/fC@—ww;whwwv 0 WD o 1) )

- Tg ’hil’ga(?o M)(hg)

Also, we have

[0 = g
0 (8 Baﬂ/k

Thus, by putting values of I; and I5 in (4.4), we get
(4.7)

k WY+ b5 KCe(8) o , ) )
i ([ ] ) < i P + L@ o0

This completes the first inequality of (4.1). For second inequality, we know that

48) 7 ([mf{ (- r)hg]i) +F ([mg . r)hff]i) < [F(hy) + F(ho)] .
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. . 1—pr B/kfl 1 . .
Multiplying (4.8) by (T) r®~! on both sides with r € (0,1), o > 0, and then
integrating with respect to r on interval [0, 1], we obtain the following inequality
k() k
(% = W) a7t
This completes the second inequality of (4.1). Hence, the proof is completed.
(77) The proof is parallel to (7). O

(4.9) P85 (F o ) (B)) + 128%(F o ()] < (F(h1) + F(ha)).

Remark 4.1. In Theorem 4.1
(1) if we take k = 1, then we get Thoerem 2.1 in [18];
(77) by letting p = k = 1, we find Theorem 2.1 in [24];
(73i) by letting p = k = 1 and a = 1, we obtain Theorem 2 in [23];
(iv) by letting p = —1 and k = a = 1, we get Theorem 4 in [9].

Corollary 4.1. With the parallel assumption of Theorem 4.1, if we take p = —1, then
we get the following inequality
(4.10)
rf( 2hhs > - (hihs) ¥ aP/FT (B + k)
hy+hy )~ 2(hy — hl)%ﬁ
< F(hy) + F(he)
< 5 )

s @en (3) + Lt @en ()]

here u(g) = £, g € [, ]

Lemma 4.1. Let F : [hy, he] C (0,00) — R be a differentiable function on (hi, hs)
with hy < hy such that F € Li[hy, hs], then we have

(i) forp >0
P P ok
(T T ) O [0 o008 + "33 )00

:(hg —2}15)045/14: /01 [<1_a7aa>ﬂ/k_ (]WZ)ﬂ/k]

x AP ([rhff . r)hg]i) dr,
where A, = [rh} + (1 — r)hb);
(13) forp <0
P p B/E
(412) <?(h1)+3'(h2>> . Fk(/6+k>06aﬁ
2 2(hY — hy) ~

_ (Y —;f)aﬁ/k /01 {<1 —ara)ﬁ/’f B (1_(2;70)a>5/k]

85 0(F o i) (h5) + 2 4p3°(F o p) (D))
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« B ([rhg’ . r)hg’]é) dr,
where B, = [rhh 4+ (1 —r)hY].
Proof. (i) Consider

(413 K[G;”Y“—C—%;”jWk
—/ ( )ﬁ/k ; Ty ([Th}f + (1 — r)hg]zl’> dr

_/ < )B/ Al ([rhff (1—r)hp]i)d
—I, -

Then applying by parts integration, we achieve

1 1—7’a B/k 19 1
(4.14) 11:/0< - ) Al 5’([rh§’+(1—r)h§]p)dr

1L—ro\?k  p » 1
_ 1= rn))
(o5) i (- ) |

p LB Lo\ .
_hg—hlf/o k‘( > r 13"([Th§’+(1—r)h72’]?)d7’

«

____p Py pp I'x(8) Baa o »
~aflk(hh — hz{)&"( 2) (hb — hP) (hh — hE)es th(ffr 1) (hy)

1

AFT'F ([rh + (L= )83 ) dr

1

p [FM) B+
i | g T
Similarly,
1 _ _ o B/k 1 1
(115) b= [ (1 (106 r) ) AP [k (1= rmg) ) dr
(== p . T
_< - ) hi{_hgrf([rhl—k(l—r)hﬂ )|

Eallsy

-1

(1—r)* T ([mf{ . r)hg]é> dr

o /15 L= (1)
W—h Jo k o
R S R VX(:)
=i R W gy - ) E

F(hy)  Tw(B+Ek) 5
aBlk (hp hp) a,e khp

8% (F o ) ()

_ p
ng — it

J(F o p)(h3)
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Here we apply change of variable by taking w = 1 — r. Hence, adding I;, —I5 and
k(P 4
then by multiplying by aﬁ/(+;7h1), on both sides, we get (4.11).

(74) The proof is similar to (7). O
Remark 4.2. In Lemma 4.1

(7) by letting k = 1, then one gets Lemma 2.4 in [18];

(77) by letting p = k = 1, then one gets Lemma 3.1 in [24];

(7ii) by letting p = k = 1 and a = 1, then one gets Lemma 2 in [23].
Theorem 4.2. Let F : [hy, ho] C (0,00) — R be a differentiable function on (hy, hs),
hy < ha, such that F' € 1[hy, hol. If |F'|9, where ¢ > 1, is p-convex, then

(i) forp >0
<5f(h€) + 3’(}#5)) Ty (B8 + k)as/k

2 2(hg — W)%

BE — KD)al/% (P 1 AN
e -l P
2p 2 nk

(4.16)

207 (F 0 p) (W) + 23%,(F o ) ()] ‘

< (g8 (B +1) i+ )

ok
(1) forp <0

F(h) +F(h5)\  T(B+1)a* s, p @ ?
< )2 ( >_ 2((h{’—h§)af (85 (T 0 0) + (%Mhl)}‘

P 1P\ Bk 1-p 1 PN g
< (= 2o <h1 JF (1—,1;2;1 hQ))
p

(4.17)

2p 2 ht

< (g8 (B +1) i+ )

ok
where B and o Fy are classical Beta and Hypergeometric functions, respectively.

Proof. Applying Lemma 4.1, modulus property, Holder’s inequality and p-convexity
of |F|7 , we achieve

(4.18)

<3’(h’1’) + ?(h@)) (B + k)
2 2(h — h%)%

ey -y

1_
x AT g ([mf +(1— r)hg]i) dr

[123°(F o p) (W) + 785 (F o u)(h’f)]‘

(hh — hi)al/*
2p
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/1 [(1—7~a)ﬂ/k+ (WYM]
X Aé‘lff’ ([rh]f +(1— r)hg]i)
SW (/OIA;D_ldT’)lz
X (/01 [(1;ra>6/k+ (1_(2_”&)%
M (/1 Aq;_ldry—;
X (/1 [(1 ﬁ/k (Wy/k
hp)aﬁ/k e (|3"'(h1)|q/01 [T<1—arcx>ﬂ/k+r (1_(1a_r)a>ﬁ/k] N
+ [F(ho)|? /01 [(1 — ) (1 —ara>ﬁ/k (lr) (1_(2_7")(3{)5/11 dT) 1/q7

where

_ (g — )a
<

dr

(1t + =g ) dr) "

1/q
(r|F (ha)[" + (1 = 7)|F(h2)[7) d?“)

L1 hy " 1 e
v=[ Al dr="2,FR(1->1,21-2)
2 p Py

1 —7r)*, we find

—~

and from changes of variables, x = r* and y =
fr(50)
r
0 o
Bk
L f1—-—1-=r)° 1
/ r <( r) ) dr =—; B
0 (8% O[E"rl

Thus, by using above equalities in (4.18), we obtain the inequality (4.16).
(77) Proof is similar to (7). O

Remark 4.3. In Theorem 4.2, if we take k = 1, then we get Thoerem 2.6 in [18].
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