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DIFFERENTIAL INVARIANTS OF COUPLED HIROTA-SATSUMA
KDV EQUATIONS

GHORBANALI HAGHIGHATDOOST!, MOSTAFA BAZGHANDI!, AND FIROOZ PASHAIE**

ABSTRACT. In this paper, we consider a generalized coupled Hirota-Satsuma KdV
(CHSK) system of equations. We apply the moving frames method to find a fi-
nite generating set of differential invariants for the Lie symmetry group of CHSK
equations. Once the generating set of differential invariants is located, we obtain
recurrence relations and syzygies among the generating differential invariants. Our
approach provides a complete characterization of the structure of algebras of differ-
ential invariants of CHSK equations.

1. INTRODUCTION

The equivalence moving frames method was introduced by E. Cartan to solve the
equivalence problems on submanifolds under the action of a transformation group. In
1974, P. A. Griffiths has paid to the uniqueness and existence problem on geometric
differential equations by using the Cartan method of Lie groups and moving frames
[25]. Later on, in the 1990s, Fels and Olver have presented the moving co-frame
method as a new formulation of the classical Cartan method for finite-dimensional
Lie group actions on manifolds [10,11]. In the last two decades, the moving frames
method has been developed in the general algorithmic and equivariant framework
which gives several new powerful tools for finding and classifying the equivalence and
symmetry properties of submanifolds, differential invariants, and their syzygies (for
instance, see [20-22]).
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The equivalence and symmetries of submanifolds are subject to their differential
invariants, which have the same symmetry properties and allow us to determine the
exact solutions of differential equations [4,16]. In general, differential invariants are
used to solve a broad range of problems appearing in nonlinear theory, mathemat-
ical physics, computer science and so on. A significant step for developing these
applications is to study the structure of the algebra of differential invariants.

The KdV equations are well-known nonlinear evolution equations (NLEEs) which
are a model for many physical phenomena. The simplest form of the KdV equation is
Uy + Uy + Ugye = 0, where the uu, term models nonlinear effects and the wu,,, term
models dispersive effects of a wave propagation. The KdV equations can give a clear
interpretation of both nonlinear effects and dispersive effects of propagation of long
waves [3]. In the present paper, we consider a generalized coupled Hirota-Satsuma
KdV (CHSK) system as [31]:

Uy — %umm + 3uu, — 3(vw), =0,
(1.1) Uy + VUppe — UV, = 0,

Wy + Wezz — Suw, = 0,

which is the mathematical model of interactions of two long waves with different
dispersion relations [6]. Especially, when v = w, the system (1.1) gives the well-known
coupled Hirota-Satsuma KdV system.

System (1.1) has been studied via several methods such as the classical Lie group
method [1], non-local symmetries [5], collocation method with quintic b-spline method
[27]. These works mainly focused on obtaining solutions. Recently, a Lie group analysis
on the time-fractional (CHSK) system has been done to obtain exact solutions and
conservation laws [28]. In analytical works, differential invariants appeared. Indeed,
these methods reduce the system with the aid of differential invariants (e.g. [1,5,28]).
Knowledge of the algebraic structure of the differential invariants enables us to obtain
not only the reduced equations but also to construct a class of differential equations
which has the same symmetry properties, and it is significant from the physical point
of view.

As far as we know, a comprehensive structure of algebras of differential invariants
of equations (1.1) is not obtained so far. In this paper, using the moving frames
method, we consider the structure of algebras of differential invariants of System
(1.1). The advantage of our approach is that we yield the structure of the differential
invariants algebra of System (1.1) only by using the infinitesimal determining equations
and choosing a proper cross-section. Further, we do not need additional efforts for
integration. Moreover, our approach contains straightforward calculations, yet it is
more powerful since it yields the relations among the invariants.

The paper has the following organization. In Section 2, first in subsection 2.1, we
remember the concept of differential invariants and some results on them. Then, in
subsection 2.2, we explain the moving frames method and how one can apply the
method to analyze the algebraic structure of groups. In Section 3, we apply the method
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to the CHSK system and we analyze the algebraic structure of its Lie symmetry. In
fact, using the moving frames method, we locate a finite set of generating differential
invariants for the CHSK system and we obtain recurrence relations and the syzygies
among the generation of differential invariants.

2. PRELIMINARIES

In this section, we present the preliminary concepts of differential invariants and
moving frames method. We assume the reader to be familiar with the concepts of
Lie symmetry method which is described in [15] and is used in many papers (e.g.
2,12,13,28,29]).

First, we remember the concept of jet space. By definition, the jet space of order
n, J* = J"(M,p), is the equivalence classes of p-dimensional submanifolds of a
manifold M (of dimension m) under the equivalence relation of nth order contact.
For instance, let we consider the local coordinates z = (x,u) on manifold M, such
that, the components of z = (z!,...,2P) are assumed as independent variables and
the components of u = (u',...,u?) are regarded as dependent ones. So, in these
coordinates, a p-submanifold is realized as the graph of a function u = f(x) [17]. Two
such submanifolds are equivalent at a point (xg, ug) = (¢, f(xo)) if and only if they
have the same nth order Taylor polynomials at z [17]. The induced coordinates on
the jet space J" are denoted by 2™ = (x,u(™), consisting of independent variables
z', dependent variables u®, and their derivatives u, of order #J < n.

Now, let G be a local group of transformations acting on M. The induced local
action of G on the nth jet space J"(M) is called the nth prolongation of G denoted
by G™. This prolongation transforms v = f(x) and its derivatives. Studying the infin-
itesimal generators of prolonged group transformations is much easier than working
with the explicit formula for the prolonged group transformations. Therefore, we work
with the infinitesimal generators of prolonged group transformations.

If G is assumed to be a connected transformation group, then its infinitesimal
generators form the Lie algebra of vector fields as

P 0 4 0

The nth prolongation of X is

Ly 0 kl 0
X(n) = Zgz(:[?u(n))ami + Z Z n?(fﬂ(n))%a

i=1 a=1#J<n J

where
p

=D, (n“ - ZS’US‘) Y e,
=1

=1
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and Dy = D;, -+ D;,. Here D; denotes the total derivative with respect to 27 as

(2.1) Dz—iJrijZuai
' T Owd 17 ous

a=1 J

2.1. Differential Invariants. A real-valued function F' : J* — R is a differential
invariant of a group transformation G, if it is remained unchanged by the prolongation
of G, ie. F(g™.z™M) = F(z), for all 2" € J* and all g € G [23].

A well-known theorem ([9, Theorem 42]) of S. Lie and S. Scheffers says that under
appropriate assumptions, all the differential invariants can be generated by a finite
number of low order invariants and their derivatives. Lie and Scheffers presented
the finite-dimensional Lie group case. Then, in 1894, A. Tress extends the theorem
to infinite-dimensional pseudo-groups [30]. Indeed, there exists a finite set of gener-
ating differential invariants, and p invariant differential operators that preserve the
differential invariant algebra, such that any other differential invariant can be locally
written as a function of the generating invariants and their invariant derivatives. The
order of differentiation is important, since the invariant differential operators need not
commute. Furthermore, the differentiated invariants are generally not functionally
independent, but are govern by certain functional relations or syzygies [24].

To have a complete investigation of the algebra of differential invariants, we need
to find a finite set of generating differential invariant, their functional relationships
or their syzygies, and the commutation relationships between invariant operators.

2.2. Moving Frames Method. In order to describe the moving frames method,
first we recall that a moving frame is an equivariant map p : J* — G from the jet
space J" to the group G satisfying p(g™ - z™) = g - p(2™) for every 2™ € J" and
g € . However, only free actions have moving frames. To prove the necessity of
freeness, let g be an arbitrary element in the isotropy subgroup and p be a moving
frame, then p(z(™) = p(g™ - 2M) = g- p(2™). Therefore, the isotropy subgroup must
be G, = {e} for each (" € J™ meaning that the action must be free.

We can make actions free by prolonging the group. A theorem, which was presented
by Ovsiannikov and improved by Olver, states that if a group acts (locally) effectively
on subsets, then there exists an integer k£ such that the prolongation of the group
action is locally free on an open and dense subset of the k-th order jet space [14,19].
In cases where GG does not act effectively, without loss of any generality, we can replace
G with the effectively acting quotient group G/G%,, where G, is the global isotropy
subgroup [17]. Therefore, in order to make a action free, we prolong the group action
to a sufficiently high order jet space. The prolongation makes it possible to apply the
moving frames method to any group.

Once the freeness is achieved, we choose a specific local cross-section to the prolonged
group orbits. Based on the chosen cross-section, we construct a moving frame. After
constructing a moving frame, we use the invariantization process to produce complete
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systems of differential invariants and invariant differential operators. So, we start
with definition of cross-section.

A cross-section is a submanifold K" C J", that intersect the prolonged group
orbits transversally. The cross-section is called regular if K™ intersects each orbit
at most once. The corresponding moving frame associates to each z(™ € J” is
the unique group element g = p™(z(™) € G that maps z™ to the cross-section
g2 = pM (=Y. o) ¢ 5 22].

For simplicity, we can choose X = {z; = ¢4,..., 2. = ¢} as coordinate cross-section,
which prescribed by setting the » = dim G coordinates to proper constants.

Given local coordinates 2™ = (z,u™) on J", let w(g, 2™) = g- 2™ be the explicit
formulae for the group action. The right moving frame g = p™(2(™) associated with
the coordinate cross-section

K={z1=c1,...,2 = ¢},
is obtained by solving the normalization equations
(2.2) wi(g,2™) = ey, .. w,(g,2™) = ¢,

Substituting the moving frame formulae for the group parameters into the remain-
ing action rules provides a complete system of functionally independent differential
invariants [26].

I(z(”)) — w(p(n)(z(n))’z(n)) — p(n)(z(n)) .50

In particular, the normalization components (2.2) of w will be constant, which
are called the phantom differential invariants. Other components (2.2) are called
fundamental invariants.

In particular,

H'(z,u™) = o(a"),  I5(z,u™) = o(uF),

will denote the normalized differential invariants.
To carry on the moving frames method, we use the concept of invariantization and
begin the invariantization process. The invariantization

v Fz,u™) = I(z,u™) = F(p™ (z,u™) - (z,u™)),

maps the differential function F to the differential invariant I = o(F') [24].
Separating the local coordinates (z,u) on M into independent and dependent

variables splits the one-forms on J* into horizontal forms, which are spanned by

dxt,...,dxP, and vertical forms, which are spanned by the basic contact one-forms

[17]

p
f}:duﬁ—Zu?j’idﬁ, a=1,...,q,#J > 0.
i=1

The pull back of the dual Maurer-Cartan forms u',..., " on G via the moving
frame map: v* = p*u* produces the invariantized Maurer-Cartan forms [8]. We split
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the invariantized Maurer-Cartan forms into horizontal forms and vertical forms:
p
oF =3 RE@) + 3 ShTg
i=1 a,J

where RF and S%7 are certain differential invariants, @' = ((dz") denote the invari-
antized horizontal one-forms and the invariantized basis contact forms are denoted
by

T=u09), a=1,...,q,#J >0.

The Rf are called the Maurer-Cartan invariants [7]. The Maurer-Cartan invariants
will appear in the recurrence formula which will introduce later.

Though invariantization respect all algebraic operators, it does not respect differ-
entiation, i.e., D[¢(F')] # ¢[D(F)]. However, there is an explicit formula known as the
recurrence formula which determines the effect of invariantization on derivatives [11].
Given a differential function F(x,u™) and «(F) its moving frame invariantization.
Then the recurrence formula will be

(2.3) Dilu(F)] = [ Di(F)] + 3_ R{X(F)),
k=1

where R are the Maurer-Cartan invariants and X (™ are the nth prolongations of the
infinitesimal generators X, [26]. In our approach, the recurrence formula (2.3) is the
key to study the algebra of differential invariants.

The invariant differential operators D; map differential invariants to differential
invariants. In most cases, they do not commute, but they satisfy in linear commutation
relations of the form

p
(2.4) [Ds, D] =Y YiDi, i, j=1,...,p,
k=1

where the coefficients YZ’; are certain differential invariants called the commutator
invariants [24]. One can obtain the commutator invariants ;¥ by differentiating the
recurrence formula (2.3).

In general, if K = (ky,...,k;) is an ordered multi-index, then, as a result of (2.4),

(2.5) ®7T(K) =Dy + Z Yﬂ{K‘DJ,
H#I<#HK

for any permutation 7 of the entries of K. For example,

p
=1
p
=1

Using the commutator formulae (2.5), we can construct an infinite number of commu-
tator syzygies by applying (2.5) on any one of our generating differential invariants.
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3. INVARIANTS OF GENERALIZED COUPLED HIROTA-SATSUMA KDV EQUATIONS

First, we consider the Lie point symmetries of System (1.1). The infinitesimal Lie
transformations for equations (1.1) are of the form:

r—=x + A (x, t,u, v, w),
tt + Mz, t,u, v, w),
u—u + At (x, t, u, v, w),
v 4+ A (2, t u, v, w),
w—w 4+ AnY(x, t u, v, w),

with the symmetry generator
0 0 0 0

— ¢x 7 t u_ - v wi.

X =g+l o+ o

In [1], using Lie’s method, the infinitesimal Lie transformations for equations (1.1)
are obtained by solving the following determining system:

Gog=g=t=0, g=g=6=6 =0, &=t

v v v v u 2 w ]' 4/U§t+3,r]v w

3 v
Solving (3.1) yields the following coefficients of the vector field X:
x t (7 2 v w 4
& :a1—|—§a7a4, =a+tay, 1 :—gua4, n' =azv ,n :—agw—a4§w.

where the aq,as,as,as are constants. Thus, the Lie algebra of the symmetries is
generated by the following four vector fields

0
X = —
1 81‘7
0
X _
2 815’
0 0
(32) Xg—/(]%—w%,
o 1,0, 0 20 40

“ 3% o T 3% 30w
The action of the symmetry group of equations (1.1) can be yielded by composing
the flows of the vector fields (3.2) and is given by

(X, T,U,V, W) = exp(A1X7) o exp(A2X3) 0 exp(A3X3) 0 exp(As Xy),
(3.3)
where A, ..., Ay are the group parameters. Calculating (3.3) leads to

X =(z+M\)e3M T =(t4+N)eM, U=ue?3M,
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V!
V =ve, W =we Me3M,

As noted in Section 2.2, we should choose an appropriate coordinate cross-section.
Since the dimension of group action is four, we can choose a coordinate cross-section
by setting four arbitrary coordinates equal to constants. Here, we set the coordinate
cross-section as K = {z = 1,¢ = 0,v = 1, w = 1}. Our chosen coordinate cross-
section defines the following four normalization equations

(3.4) X=1 T=0, V=1 W=1,
As a result of our choice of normalization (3.4) the phantom differential invariants are
H'=uz)=1, H*=1t)=0, Jyo=1t(v)=1 Kuyp=1t(w)=1.

Using MAPLE, we found that the normalization equations (3.4) can be solved by
the following group parameters:

z (vw)t =1

35) A =-— T

)\2 = —t, )\3 = —lnv, )\4 = §ln(vw)
(vw 4

The dual implicit differential operators are defined as follow [17]
p , ‘ N\ -1
(3.6) Dyi = ; WiDy, Wi=(DuX') ,
where D,i are the total derivative and are (2.1).
From (3.6), we have
(3.7) Dx =e 3MD, Dp=e ™MD,
Substituting (3.5) into (3.7), the corresponding invariant differential operators are

D, = (vw) * D,, D, = (vw)™* D,.

A complete system of functionally independent normalized differential invariants is
yielded by invariantizing the remaining non-phantom differential invariants:

(vw)1/4

v3w3

u (vw)1/4 Uy (Uw)1/4 g
Ino =75 hLo=——— In=—""—,
(fuw vw VW
(vw)3/4 Vg (Uw)1/4 vy
Jo=——"—, Jon=—"7""—"7-—7
vw W
(vw)>'* w, (vw)* w,
Kyjp=—7"—", n=——-
vw vw
I 1 Vow (upvzw + ugwyv — duzzow)
20 =— —
4 v2w?2 ’
1/4
1 (vw
I30 = — 3 (2131)1)3 (2vmuwi2 + 2wmu$02w — 8ummv2u)2 — 3uxv323w2 — 2u$vxw$vw)
1
8

2 2 2 2
(—3uxwxv + 60U VW 4 BULr WV w) ,
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1 (vw 1/4
Jap = — 3 (2}31)03 <8vmvwi2 + 6033 W VW + 2y V%W — 3v§w2)
1 (vw 1/4
+ 3 (v31>03 (2v§wwi + 3vzw§v2 + SUmsz2w2) ,
1 (vw)1/4 2. 2 2 2.3 2
Ksg :§ Sw (81} W Wygy — SV WWg Wy + VW, — 6vw vxwm)
1 1/4
-3 % (2vw2wxvm — 2vwvxw§ — 3w2v§wx)
where

Lij = uig), Jij = u(vig), Kij = t(wi).

By applying the invariantization process, System (1.1) can be rewritten in terms of
the differential invariants as

Tor — 5Ts0 + 3Ioo Tio — 3(Joo K10 + J10Koo) = 0,
Jo1 + J30 — 31goJ10 = 0,
Ko + K3p — 31p0 K19 = 0.

Next, we locate the a finite generating set of differential invariants for Equation
(1.1). One can obtain higher order differential invariants by repeatedly applying the
invariant differential operators to the lower order differential invariants.

According to (2.3), the recurrence formula for the differential invariants are

(38) D =6+ Y (E)RY, Dyl — 6+ 3" u(€)RS,
k=1 k=1
Dilj = Livan + il (e ?*) Ry, Dol = Tigsr + XT:I (") R,
DiJjk = Jjvrk + Ei:l () RY, DaJjk = Jjksr + Ei:l L2 )RS,
DiKjr = Ky x + il WP )RY, Dok = K + il (") R,

where RY and R are the Maurer-Cartan invariants and &7, n®i* n*% and n»* are

K
the coefficients of %, 3‘? , 8? and % in the prolongation of the infinitesimal
x Uk vk Wik

generator X, respectively [26]. Solving the resulting phantom recurrence formula
produces the Maurrer-Cartan invariants

1
(3.9) R?=0, R:=-1, Ri=-1--R}, R}=—Jpy,

3
3 3
Ry =—Jn, Ri= 1K10 + ZJ107 Ry = =Ko + = Joi.
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Substituting the Maurrer-Cartan invariants (3.9) back into (3.8) obtain all the non-
phantom recurrence formula.

2 3 3 2 3 3
3.10) D1loo = Io — =Ioo ( K10 + = Jio ) » Doloo = To1 — =Ioo ( S Kor + = Jo1 | ,
(3.10) Di1lgo = I10 300(4 1o+410) 2Ioo = Io1 300(4 01+401)
3 3 3 3
Dil10 = —I10 ZKIO —+ ZJlO + I20, Dalro = —I10 ZKOl + ZJOl + I11,
5 3 3 5 3 3
Dilpy = I11 — =1 -K —J Dolor = Igo — = I -K —J
1{o1 11 301<4 1o+410>, 2101 02 301(4 o1+401)7
4 3 3 4 3 3
Dilao = Iz — =TIao [ ©K10 + ~J10 ) , Dolag = In1 — =Iao | =Kot + ~Jo1 | ,
1420 30 320(4 1o+410) 2120 21 320(4 01+401>
8 3 3 8 3 3
Dilpa = 12 — = -K —J Dolgs = Iz — =1 - K —J R
1102 12 302(4 10+410)7 2102 03 302(4 01+401)
3 3 3 3
D1I11 = —2Ip2 ZKIO + ZJID + I21, Dali1 = —2Ip2 ZKOI + ZJOI + I12,
1 3 3 1 3 3
DiJig = Jog — J2y — =J (7K -J ), Dodio = J11 — J1oJo1 — =J <7K 7J>,
1J10 20 o~ 3 10 1 1o-i-4 10 2J10 11 10J01 3 10 1 o1+4 01
3 3 ) 3 3
D1Jo1 = —J10Jo1 — Jo1 ZKlO + ZJm + J1i1, DaJor = —J5 — Jo1 ZKOl + ZJOI + Joz2,
2 3 3 2 3 3
Di1Jag = J30 — J10 — = J. -K -J , Dadog = Jo1 — Jo1 — = J. - —Ji ,
1J20 30 10 3 20 <4 10+4 10) 2420 21 01 3 20 (4 01+4 01)
3 3 3 3
DyJoz2 = —2Jo2 ZKlO + ZJIO + Ji2 — Jio, DaJo2 = —2Jo2 ZKOl + ZJm + Jos — Jo1,
4 3 3 4 3 3
DyJi1 = Jo1 — Jio — = Joo [ K10+ J1o ), DoJi1 = Jo1 — Jo1 — =J11 | Kor + = Jo1 ) ,
1J11 21 10 3 20 (4 10+4 10) 2J11 21 01 3 11 (4 01+4 01)

4 3 3 4 3 3
D1 K10 = K20 + K10J10 — §K10 (ZKlo + ZJlo) , DaKio = K11+ Ki1o0Jo1 — gKIO (ZKOl + 1J01) )

7 3 3 7 3 3
D1Ko1 = K11 + Ko1J1o — gKUI (ZKlO + ij) , D2Ko1 = Koz + Ko1Jo1 — §K01 (ZKOI + ZJOl) s

3 3 3 3
D1 K20 = Ka0J10 — 2K20 (ZKlO + Zho) + Kao, Do Koo = Ka0Jo1 — 2K20 (Z 01 + ZJOl) + Ko,

8 3 3 8 3 3
D1K11 = K21 + Ki1J10 — §K11 (ZKlO + ij) , DaKiy = Ka1 + K11Jo1 — §K11 (ZKOI + ZJOI) )

10 3 3 10 3 3
D1 Ko2 = K12 + K20J10 — §K11 (ZKIO + ZJm) , D2Koz = Koz + Ko2Jo1 — ?KOZ (ZKOl + 1101) .

Theorem 3.1. The entire differential invariant algebra of the CHSK equations (1.1)
is generated by the following set:

(31]‘) {IOO7J107J017K107K01}'

Proof. From the recurrence formula (3.10), we find that any differential invariants
up to third order can be generated by a function composition of Iy, J1o, Jo1, K10, Ko1
and their derivatives. By differentiating the differential invariants (3.11), one can
find that any higher order differential invariants are also generated by the generating
set (3.11). O

Finally, we obtain the commutator invariants which satisfy the commutator relation

(312) [@1, @2] - }/ltDl + }/2‘D27
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where D, and D, are the invariant differential operators. As a result of general
recurrence formulae, [11,18], we have

7 T

Yi =Y [R5uUD.EY) - RIuDEY] Yo=Y [R5UD.E) — RiuDiEY)]

r=1 k=1
in which ¢’ is the coefficients of d,:, in the infinitesimal generator X,.
Substituting our formula (3.9) for the Maurer-Cartan invariants yields

1 3

(3.13) Y 1 (Ko1 + Jo1), YYo= 1 (K10 — J1o) -
Thus, from (3.12) and (3.13), we have

1 3
(3.14) [Dy, D] = 1 (Ko + Jo1) Dy — 1 (K10 — J10) Ds.

Indeed, the generating differential invariants {Ino, J10, Jo1, K10, Ko1}, the recurrence
formulas (3.10), along with the commutation relations (3.14), provide a complete
specification of the structure of the differential invariant algebra of CHSK equations

(1.1).
4. CONCLUSIONS

In this paper, using the moving frames method, we located a finite generating set
of differential invariants and the invariant differential operators for the Lie symmetry
group of a generalized coupled Hirota-Satsuma KdV equations (CHSK), and then we
obtained the recurrence relations as well as syzygies among the generating differential
invariants. In particular, we proved that the differential invariant algebra of CHSK
equations can be generated by five differential invariants. The main application of the
differential invariants is to construct a class of PDEs, which possess the same symmetry
properties, which is important for both mathematics and physical interpretation.
Since the CHSK system is the mathematical model of interactions of two long waves
with different dispersion relations, our results are applicable to study the invariant
properties of interactions of two long waves. In our approach, we also obtained the
Maurer-Cartan invariants.
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