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A NEW COMPANION OF OSTROWSKI’'S INEQUALITY AND ITS
APPLICATIONS

HUANG HONG!

ABSTRACT. In this paper, we establish a new companion of Ostrowski type in-
equality for differentiable functions whose first derivatives are bounded, and give its
applications to probability density function.

1. INTRODUCTION

In 1938, Ostroweski established the following inequality which can be used to
estimate the absolute deviation of a function form its integral mean (see [2]).

Theorem 1.1. Let f : [ — R be a differentiable mapping in the interior I of I, where
I C R is an interval, and let a,b € I, a <b. If |f'(t)| < M,t € [a,b], then we have

1 (ZL’— (a;b))g
4+(b—a)2] (b—a)M, l’E[CL,b].

The following result is well known in literature as Griiss’s inequality ([4], p. 296).

7) — 5 [ F(oat] <

Theorem 1.2. [4] Let f,g : [a,b] — R be two integrable functions such that
¢ < f(x) <P andy < g(x) <T, for all z € (a,b). Then we have

1 b 1 b b 1
i [ttt s [ e [t

(® =)' =)

and the inequality is sharp in the sense that the constant i can not be replaced by a
smaller one.
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For differentiable mappings whose first derivatives are bounded, Alomari proved
two companion inequalities.

Theorem 1.3. [1] Let f : I — R be a differentiable mapping in the interior I of I,
where I C R is an interval, and let a,b € I, a <b. If f' € L'[a,b] and v < f'(t) < T,
for all x € [a,b], then we have

(1.1)
AL e g o (5 |

2 b—ua
for all x € [a, 2£°].

Theorem 1.4. [5] Let the assumptions of Theorem 1.3 hold. Then we have

'f(x)+f(a+b—£€)_ 1 /bf(t)dt<1(b—a)(r—7),

1.2 -
(1.2) 2 b—a -8

for all x € {a, “T“’}

We remark that the bound of (1.1) is better than that of (1.2). In fact, for
€ [a, *$], we have

1 1(r—a+ %t —2)?
S(b—q) == 2
gl =3 b—a
2
>1(:L'—a)2+(“7+b—x>
—2 b—a '

In this paper, using a different mean, we at first give (1.1) a new proof, and
point out that (1.1) is sharp in the sense that the constant % cannot be replaced
by a smaller one. Secondly, we establish a new companion inequality of Ostrowski
type for differentiable mappings whose first derivatives are bounded and consider its
applications to probability density function.

2. MAIN RESULTS
A new proof of Theorem 1.3.
Proof. We define a mapping as

t—a, t € [a,x],
b
k(x,t) = t_a+ , (z,a+b— 1z,
t—b, (a+b—a,0,

atb
> |-
Integrating by parts, we have

for all x € [&,

(2.1) bia/abk(a;,t)f’(t)dt _ @) +f<2“+b_x) - bia/abf(t)dt.
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If t € [a,b] and z € [a, %$?], then from the definition of k(x,t), we have

b
p(z,t) >0, te[a,z]U(a—;,aij—x],
a+b
p(z,t) <0, te x,Q]U(a—l—b—x,b].
Hence,
1 b
(2:2) ) I COOYAOL

¥ = a+b b
t— dt t—0b)dt
+b—a[[n < 2 ) + a+b—a:( ) ]

A similar argument can prove that
1 b I'—~ a+b ?
_ t / < _ 2 _ .
b_alp@7ﬁ@®—2@_@[@ o+ (% Q]

Form (2.1)—(2.3), we get the inequality (1.1).
Form the proof, let

(2.3)

L'(t—a), t € la,x],
Dx —a)+(t— ), et}
= b b b
/(@) F<t+x—3a+ >+”y<a+ —x), H,a—l—b—x],
2 2 2
Fb;a—Fv(t—a;b), (a+b—x,bl,
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then the inequality (1.1) holds equality. Thus the constant 1/2 is sharp in the sense
that it cannot be replaced by a smaller one. 0

Theorem 2.1. Let f : I — R be a differentiable mapping in the interior I of I, where
I C R is an interval, and let a,b € I, a < b. If f' € L'[a,b] and v < f'(t) < T, for
all t € [a,b], then we have

L@+ fatb—a) 4 () () =k

f(t)dt|
P (a?) G ) e )2) (T'=7), a<w<ige,
i ((52)

Ty

4

+3( ) (g -e) ) 0, P <e e
for all x € [a “—*b}

72

b

(2.4)

<

Proof. We define the function given by

t — a, t e a’a—i—x’
3a+b (a+az
- ) y Ll
By L
a
K, t)={ t——5 (@atb-ud],
y a+ 3b b a+2b—x
4 bl bl 2 )
2% —
. H;xb]

a+b
v 2

Integrating by parts, we can state that

(2.5) bia/abk;(x,t)f’(t)dt

:i (f(:c)+f(a+b—x)+f(a;x)+f<a+22b_x>> —bia/abf(t)dt

We also have

for all z € [&

(2.6) g ! - /b k(z, t)dt = 0.

Let C' = 2. From (2.5) and (2.6), we have

(2.7) bia/abk(x,t)(f’(t)—(?)dt

:jl (f(x)+f(a+b—x)+f(a;x>+f<a+22b_x>> —bia/abf(t)dt-
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Hence, we have

(2.8) ‘bia/abk(x,t)(f’(t) —C)dt'
1 b
< max | (1) = Cly— | kG lde.
Noting
I'—~y
(2.9) max f'(8) = Cl < —5

If x € [a, 3‘1:”}, we have

b
(2.10) /|k: 2, 1)|dt

a—i—bx a+2b—x

—/ t—adt—l—/ ( a+b>dt+ ’ (t—a+3b>dt

a+b—x 4
x 3a+b 42 a4 b b
+/+< . —t)dtJr/m (2 —t)dtjtﬁ”;z(b—t)dt
B <x—a>2+5 a+b_ 2_ 3a+b_ 2
- 2 A\ 2 7 TR B

If v € [3ajb, “TH’} we have

b
(2.11) / |k:(:r,t)|dt:/2 :
T a+3b b a+2bz b
+ (t—3a+b>dt+/ : (“3 —t)dt+/ <t—a+3>dt
% 4 a+b—x 4 — 4
5 b b “ (3a+b
+/2 <a+ —t)dt+/ —tdt+/ <a+ t)dt
z 2 a+2b—zx
2
B (m—a>2+5 a+b_ 2+ 3a+b_ 2
- 2 A\ 2 77 R A

atw at+b—z b
(t—a)dt+/z+b <t— ot )dt

We have
b
(2.12) bia/ k(z, )dt’
2 2
< 2(b—a) 1 a+b 1’) _<3(IT+b_5”) (I'—=), aﬁxﬁ%’
< 2 2
2(b£a) 1 a+b x) +(3GT+b_x) T =), 3QT+b§x§aT+b'
Form (2.7) and (2.12), we get (2.4). This completes the proof. O
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Corollary 2.1. In inequality (2.4), choosing

(1) x = a, we have the same results of [5]:

B RN

< b= a)(T =)

(2) z = 3% we have

D) (2o () (52 s
<o b—a)(T =),

(3) v = =2, we have

s () o () o ()] o L

(b—a)I 7).

Si
16
3. APPLICATIONS TO PROBABILITY DENSITY FUNCTION

Let X be a random variable taking values in the finite interval [a,b], with the
probability density function f : [a,b] — [0, 1] with the cumulative distribution function
F(x) = Pr(X <) =[] f(t)dt

Theorem 3.1. With the above assumptions and f being as in Theorem 2.1, we have

(3.1) H (F(:E)+F(a+b_$>+F<a+1)+F(a+22b7,7;>)_b;_Egr)

o ((52) +3 (42 —2) — (2 —a)) (0=
2(b1—a) (%)2*'%(@7%_93) +(%—f’3>2 (=~

for all x € [a, “t?], where E(X) is the expectation of X.

~—

3a+b
_ , a<ax< R

3a+b < T < a+b

~—

Y )

Proof. Let f = F in (2.4), and taking into account

- /abtdF(t) —h- /abF(t)ft,

we obtain (3.1). O
Corollary 3.1. In Theorem 3.1, putting x = % we have
1 3a+b a+ 3b Ta+b a+T7b b— E(X)
—|F F F F —
il () e (5 e (5o (7)Y

< 3(b—a)
- 64

(' =)



A NEW COMPANION OF OSTROWSKI’S INEQUALITY AND ITS APPLICATIONS 449

Corollary 3.2. In Theorem 3.1, if x = “TH’, we have

s () () or ()] -5
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