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NONNEGATIVE SIGNED EDGE DOMINATION IN GRAPHS
N. DEHGARDI'* AND L. VOLKMANN?

ABSTRACT. A nonnegative signed edge dominating function of a graph G = (V, E) is
a function f: E'— {—1,1} such that }° oy f(e) = 0 for each e € E, where N|e]
is the closed neighborhood of e. The weight of a nonnegative signed edge dominating
function f is w(f) = > .cx f(e). The nonnegative signed edge domination number
~1.<(G) of G is the minimum weight of a nonnegative signed edge dominating function
of G. 1In this paper, we prove that for every tree T' of order n > 3, 1 — 3 <

Y1s(T) < [251]. Also we present some sharp bounds for the nonnegative signed

edge domination number. In addition, we determine the nonnegative signed edge
domination number for the complete graph, and the complete bipartite graph K, ,,.

1. INTRODUCTION

Let G be a simple graph with vertex set V = V(G) and edge set £ = E(G). The
order |V| of G is denoted by n = n(G) and the size |E| of G is denoted by m = m(G).
For every vertex v € V, the open neighborhood of v is the set N(v) ={u eV |uv €
E} and the closed neighborhood of v is the set N[v] = N(v) U{v}. The degree of a
vertex v € V' is degy(v) = deg(v) = |N(v)|. The minimum and maximum degrees of
a graph G are denoted by 0 = §(G) and A = A(G), respectively. Two edges e;, e5 of
G are called adjacent if they are distinct and have a common end-vertex. For every
edge e € FE, the open neighborhood Ng(e) = N(e) is the set of all edges adjacent
to e and its closed neighborhood is Ng[e] = Nle] = N(e) U{e}. If X C V(G), then
G[X] is the induced subgraph. Any spanning subgraph of a graph G is referred to as
a factor of G. A k-regular factor is called a k-factor. We write K,, for the complete
graph of order n, K, , for the complete bipartite graph with partite sets X and Y,
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where |X| = p and |Y| = ¢, C, for a cycle of length n and P, for a path of length
n—1. For a subset S C FE of edges of a graph GG and a function f : E — R, we define
f(S) =X ,cs f(z). For terminology and notation on graph theory not defined here,
the reader is referred to [7,8,13].

A signed dominating function (SDF) on a graph G is a function f: V — {—1,1}
such that > ,cnpy f(u) > 1 for each vertex v € V. The weight of an SDF is the sum
of its function values over all vertices. The signed domination number of G, denoted
by 7vs(G), is the minimum weight of an SDF in G. The signed domination number
was introduced by Dunbar et al. [6].

For a positive integer k, a signed edge k-dominating function (SEADF) on a graph
G is a function f: E — {—1,1} such that 3.cnpq f(€') > k for each edge e € E. The
weight of an SEEDF is the sum of its function values over all edges. The signed edge
k-domination number of G, denoted by 7..(G), is the minimum weight of an SEXDF
in G. The signed edge k-domination number was introduced by Carney et al. [2]. The
special case k = 1 was introduced and investigated in [15]. For more information the
reader may also consult [3,4,10,11, 14, 16].

A nonnegative signed dominating function (NNSDF) on a graph G is a function
[V = {=1,1} such that 3 cnp f(z) > 0 for each vertex v € V. The weight of an
NNSDF is the sum of its function values over all vertices. The nonnegative signed
domination number of G, denoted by vV (@), is the minimum weight of an NNSDF
in G. The nonnegative signed domination number was introduced by Huang et al. [9].
For more information the reader may also consult [1,5].

A nonnegative signed edge dominating function (NNSEDF) on a graph G is a
function f: B — {—1,1} such that Y. cyjq f(¢') > 0 for each edge e € E. The
weight of an NNSEDF is the sum of its function values over all edges. The nonnegative
signed edge domination number of G, denoted by 7/ .(G), is the minimum weight of
an NNSEDF in G. A ~/.(G)-function is an NNSEDF on G of weight 7/,,(G). For an
NNSEDF f, let E; = E;(f) ={e € E: f(e) =i} for i = —1, 1.

The aim of this paper, is to initiate the study of the nonnegative signed edge
domination number. We prove that for every tree T of order n > 3, 1 — § <~/ (T) <
VT_IJ . Also we present some sharp bounds for the nonnegative signed edge domination
number. In addition, we determine the nonnegative signed edge domination number
for the complete graph, and the complete bipartite graph I, ,,.

We make use of the following results in this paper.

Observation 1.1. Let G be a connected graph of order n > 2. If f is an NNSEDF on
G, then:

(a) m = |E_1| + |El;
(b) w(f) = |E1| = |E].

Observation 1.2. If G is a connected graph of size m > 1, then v/, .(G) = m (mod 2).

Proposition 1.1. [1] For any even graph G, v’V (G) = v,(G).
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Proposition 1.2. [6] Forn >3, 7,(C,) = § whenn =0 (mod 3), v,(C,)

when n =1 (mod 3), and 75(C,,) = {%J +2 when n = 2 (mod 3).
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Proposition 1.3. [9] For any path P,, we have v¥™(P,) =n — 2 [%W

Proposition 1.4. [9] Let K,, be a complete graph. Then v¥N(K,) = 0 when n is
even and YNV (K,,) = 1 when n is odd.

The line graph of a graph G, written L(G), is the graph whose vertices are the
edges of G, with ef € E(L(G)) when e = uv and f = vw in G. It is easy to see that
L(K:,) = K,, L(C,) = C,, and L(P,) = P,_;. The proof of the following result is
straightforward and therefore omitted.

Observation 1.3. For any connected graph G of order n > 3, 7/, (G) = ¥YN(L(G)).
Using Observation 1.3, Propositions 1.1, 1.2, 1.3 and 1.4, we obtain the next results.

Corollary 1.1. Forn > 1, v, (K1,) = 0 when n is even and ~, (K1 ,) = 1 when n
is odd.

Corollary 1.2. Forn > 2,7, (P,)=n—1—2 [nT_lw

Corollary 1.3. Forn > 3, v,,(C,) =
when n =1 (mod 3) and v,,,(C,) = {

2| +2 whenn =2 (mod 3).

2. TREES

In this section we prove that for every tree T of order n > 3, 1 -5 < 7, (T) < {%J

A vertex of degree one is called a leaf, and its neighbor is called a support vertex.
If v is a support vertex, then L, will denote the set of all leaves adjacent to v. A
support vertex v is called a strong support vertex if |L,| > 1. A strong support vertex
is said to be an end-strong support vertex if all its neighbors except one of them are
leaves. For a vertex v in a rooted tree T, let C'(v) denotes the set of children of v,
D(v) denotes the set of descendants of v and D[v] = D(v) U {v}. Also, the depth of
v, depth(v), is the largest distance from v to a vertex in D(v). The maximal subtree
at v is the subtree of T" induced by D(v) U{v}, and is denoted by T,.

For ;s > 1, a double star S(r, s) is a tree with exactly two vertices that are not
leaves, with one adjacent to r leaves and the other to s leaves.

Proposition 2.1. Forr > s> 1,~! (S(r,s)) = 0 when r+s is odd and ~,,,(S(r,s)) =
1 when r + s is even.

Proof. Let S(r, s) be a double star whose central vertices are x, y with r pendant edges
xx; and s pendant edges yy;. Since S(1,1) = Py, we have 7/ .(P,) = 1 by Corollary
1.2. Assume that f is a 7/,,(S(r, s))-function. Consider the following two cases.

Case 1. r + s is odd.
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We may assume that r is odd and s is even (the case r is even and s is odd, is
similar). Define g : E(S(r,s)) — {—1,1} by g(zy) =1, g(zx;) = (=1)i for 1 <i < r
and g(yy;) = (—1)7 for 1 < j < s. Obviously, g is an NNSEDF of S(r,s) of weight
0 which implies 7/, ,(S(r,s)) < 0. Now, we show that 7/ .(S(r,s)) = w(f) > 0 in this
case. Since Nzy| = E(S(r,s)), we have

Yns(S(1,8)) = w(f) = F(E(S(r,9))) = f(N[zy]) = 0.
Hence ~,,(S(r,s)) = 0 when r + s is odd.

Case 2. r + s is even.

First let 7 and s be odd. Define g : E(S(r,s)) — {—1,1} by g(xy) = —1, g(zz;) =
(=) for 1 <4 < r and g(yy;) = (=1)*! for 1 < j < s. Obviously, g is an
NNSEDF of S(r,s) of weight 1 and hence ~/,,(S(r,s)) < 1. Now let r and s be even.
Define g : E(S(r,s)) — {—1,1} by g(zy) = 1, g(zz;) = (—1)" for 1 < i < r and
g(yy;) = (=1)7 for 1 < j < s. Obviously, ¢ is an NNSEDF of S(r, s) of weight 1 and
hence 7/,,(S(r,s)) < 1. Now, we show that 7/ .(S(r,s)) = w(f) > 1 when r + s is
even. Since N|zy| = E(S(r,s)), we have w(f) = f(N[xy]) > 0. By Observation 1.2,
v (S(rys)) = w(f) =n (mod 2). Hence +/,,(S(r,s)) > 1 and ~v,,(S(r,s)) = 1 when
r 4+ s is even. This complete the proof. 0]

Let r > 0 be an integer and 7, be the tree obtained from the star K 9,41 with

central vertex x and leaves x1, 2o, ..., x9,11 by adding exactly one pendant edge at x;
such that x;y; € E(T,) for each 1 <i <r+1 (Figure 1). Suppose F = {T,. | r > 0}.

r

FIGURE 1. Family &

Example 2.1. f T € F, then ~,, (T) =1 — W%—T)‘

Proof. Let T € F. Then T = T, for some integer r > 0. To show that ~/ (T) <
1 - &5)', define f : E(T) — {—1,1} by f(zz;) = 1 for each 1 < i < r + 1 and

f(e) = —1 otherwise. Clearly, f is an NNSEDF of T' of weight 1 — @ and so

o (T) < 1-— &f)' Now, we show that ~, . (7) > 1 — @ Let f be a v,,(T)-
function. By definition, f(N[z;y]) = f(zx;) + f(zy;) > 0 for each 1 < i < r + 1.

This implies that

FolD) =(F) = 3 N + 3 flam) > —r =1 VD]
i=1 i=r+2

_ V()] ;
Thus 7,,,(T) = 1 — =~ and the proof is complete. O
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The next result is an immediate consequence of Example 2.1.

Corollary 2.1. For every integer r > 0, there exists a connected graph G such that
,}/;LS(G) =T

Theorem 2.1. Let T be a tree of order n > 2. Then

) 2 1= .

Proof. The proof is by induction on n. If diam(7") < 3, then 7 is a star or a double
star and by Corollary 1.1 and Proposition 2.1, we have ~,(T) > 1 — § with equality
if T = K. Hence the statement holds for all trees 7" with diam(7") < 3 as well
as all trees of order n < 4. Assume that 7' is an arbitrary tree of order n > 5 and
diam(T") > 4. Let f be a v, ,(T")-function. We proceed further with a series of claims
that we may assume satisfied by the tree T" and the NNSEDF f.

Claim 1. T has no non-pendant edge e with f(e) = —1.

Proof. Assume that e = ujus € E(T) is a non-pendant edge in 7" with f(e) = —1.
Let T'—e =1T,, U T,,, where T),, is the component of T' — e containing u; for ¢ = 1, 2.
Obviously, v/ .(T) = f(E(Ty,)) + f(E(T.,)) — 1 and the function f, restricted to T,
is an NNSEDF and hence 7/ .(T,,) < f(E(T,,)) for i = 1,2. Clearly, |V(T,)| > 2 for

each ¢+ = 1,2. By the induction hypothesis we obtain

IE

~ W

Claim 2. T has no two pendant edges vu; and vug with f(vuy) = 1 and f(vug) = —1.
Proof. Let vu; and vuy be two pendant edges in T such that f(vu;) = 1 and
f(vug) = —1. Let T" =T — {uy, us}. Since |V(T')| > 5, we have |V(1")| > 3. Clearly,
the function f, restricted to 7" is an NNSEDF on 7", and by the induction hypothesis

we have
2 n

D) 27 (T) 2 1= "= > 12

We conclude from Claim 2 that all pendant edges at a vertex are either —1 edges or

positive edges. Let vivs...v, be a diametral path in 7" chosen to maximize deg,(vs)

and root T at vy. Assume that E(v) is the set of all edges incident to the vertex

v. Since f is a v, (T)-function, we have f(v) = X cp(, f(e) = 0 for every support
vertex v.

Claim 3. deg(vy) = 2.

Proof. Let deg(vz) > 3. Since vy is a support vertex, f(va) = Xeepw,) f(€) > 0. It
follows that all pendant edges at vy are 1 edges. In particular f(vive) = 1. If there is
no —1 pendant edge at vs, then obviously the function f, restricted to 7" =T — vy is
an NNSEDF of 7" and ~,,(T) = w(f) = w(f|7) + 1. By the induction hypothesis we
have

n—1 n
"(TY>1——+1>1——.
Vs (1) = 3 3
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Let v3z be a -1 pendant edge at vs, and let 7" = T — {vy, z}. Obviously, the function
f, restricted to 7" = T — {vy, z} is an NNSEDF of 7" and ~,,(T) = w(f) = w(f|r).
By the induction hypothesis we have

, n—2 n
Yo (T) > 1 3 > 1 5
Claim 4. deg(v3) = 2.
Proof. Let deg(vs) > 3. By the choice of the diametral path, every support vertex
adjacent to vz has degree 2. Clearly f(vg) > 0. First let f(vg) = 2. Then f(vivy) =
f(vovs) = 1. If there is no —1 pendant edge at v3, then the function f, restricted to
T" =T — vy is an NNSEDF of T" of weight w(f) — 1 and it follows from the induction
hypothesis that ,,(7) > 1 — %. Hence, we assume that there is a —1 pendant
edge at v, say vsz. Then the function f|r_g, .3 is an NNSEDF of T' — {vy, 2} and
by the induction hypothesis we obtain v,,(7") > 1 — 2. Now, let f(vy) = 0. Then
f(v1vy) = —1 and f(vv3) = 1. First assume that there is no —1 pendant edge at vs. If
there is no —1 pendant edge at v4, then the function f, restricted to 7" =T — {vy, v}
is an NNSEDF of T" of weight w(f) and it follows from the induction hypothesis that
Yns(T) > 1 —%. Hence, we assume that there is a -1 pendant edge at vy, say v4z.
Then the function f|r_qy, v,,2 is an NNSEDF of T' — {v1, v, 2} and by the induction
hypothesis we obtain 7,,(7") > 1 — 2. Now assume that there is a —1 pendant edge
at vg, say vzz. Then the function f|r_qu, v,,.y is an NNSEDF of T'— {v1, v, 2} and by
the induction hypothesis we obtain ,,(7) > 1 — %.

Hence deg(ve) = deg(vs) = 2. We now return to the proof of the theorem. If there
is no —1 pendant edge at vy, then the function f, restricted to 7" =T — {vy, v} is an
NNSEDF of T" of weight at most w(f) and it follows from the induction hypothesis
that ~,,(7) > 1 — 2. Hence we assume that there is at least one —1 pendant edge
at vy. If there are two —1 pendant edges at vy, say v4z,v42", then the function
Flr—{v1,09,05,23 18 an NNSEDF of T'— {vy, v2, v3, 2} and by the induction hypothesis we
obtain 7, (T) > 1 — %. Hence assume that there is one -1 pendant edges at vy, say
vsz. Then the function f|r_gu, v, is an NNSEDF of T'— {v, v.} and by the induction

hypothesis we obtain 7,,,(T') > 1 — %. This completes the proof. O
Example 2.1 shows that Theorem 2.1 is sharp.
Theorem 2.2. Let T be a tree of order n > 3. Then

Y < |5

Proof. The proof is by induction on n. If diam(7) < 3, then T is a star or a
double star and by Corollary 1.1 and Proposition 2.1, we have ~/,(T) < [254]. If
n =5 and diam(7) = 4 or n = 6 and diam(7") = 5, then 7' is path and the result
follows by Corollary 1.2. Let n = 6 and diam(7") = 4. Assume that vjvov304v5 is
diametral path in 7. Then T has exactly one pendant edge at vy (resp. vy) or one
pendant edge at v3. If T has exactly one pendant edge at vy, then the function
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f:E(T) — {—1,1} by f(vive) = f(vevs) = f(vsvy) = 1 and f(e) = —1 otherwise,
is an NNSEDF of T of weight 1. If T has exactly one pendant edge at vs, then the
function f: E(T) — {—1,1} by f(vaus) = f(vsvs) = 1 and f(e) = —1 otherwise, is
an NNSEDF of T of weight —1. Hence, the statement is true for all trees of order
n < 6. Assume that T is an arbitrary tree of order n > 7 and diam(7) > 4. We
proceed further with a series of claims that we may assume satisfied by the tree T

Claim 1. 7" has no end-strong support vertex of degree at least 4.

Proof. Let T have an end-strong support vertex w of degree at least 4 and let
wy, Wy, w3 be three leaves adjacent to w. Now let 7" = T — {wy, ws}. Then for any
(T -function f, f(N[wsw]) > 0. Now any ~,.(7)-function f, can be extended
to an NNSEDF ¢ of T as follows, g(ww;) = 1, g(wwy) = —1 and g(e) = f(e) for
e € E(T"). It follows from the induction hypothesis that

D) swlg) =w() < |20 < |

Let v1vg ... vg be a diametral path in 7" chosen to maximize deg,(v2) and root 7" in
vg. By Claim 1, v, and any support vertex adjacent to vz, except vy, has degree 2
or 3.

Claim 2. deg(ve) = 2.
Proof. Let deg(vy) = 3 and v} € N(vy)—{vy,vs3}. If deg(vs) = 2, thenlet TV = T —T,,.
Now any 7/ .(T")-function f, can be extended to an NNSEDF of T" by assigning 1 to
V1V, V9v3 and —1 to vjve. Then by the induction hypothesis we obtain

n—1

D) Swl) = () +1 [P 1= P00,

If v3 is adjacent to a leaf w, then let 7" =T — T,,. Hence v3 is a support vertex
in 7" and for any +/,,(7")-function f, f(vs) > 0. Now any =, (7")-function f, can be
extended to an NNSEDF of T by assigning 1 to vyvy, v9v3 and —1 to vjve. Then by
the induction hypothesis we obtain

D) Swlg) =wlf) +1< [P0 1= |2,

Now let v3 be adjacent to a support vertex ws not in {vy, v4}. First let deg(wy) = 2
and let w; be the leaf adjacent to wy. Let T = T — {vy, v}, v2}. Since f(N[wqvs]) >0,
we have f(v3) > —1. Now any ~,.(T")-function f, can be extended to an NNSEDF g
of T as follows, g(vivy) = —1, g(v1v2) = g(vvz) = 1 and g(e) = f(e) for e € E(T").
Then by the induction hypothesis we obtain

Yu(T) < wlg) = w(f) +1 < {”gﬂ =1

Hence let any support vertex adjacent to wvs, except vy, have degree 3. Assume
that N(vs) — {vo,v4} = {u1,ug,...,ux}. Let z;, 2} be the leaves adjacent to w; for
1 <i<k LetT =T— ({vg,v],09} U{w,x;,2; | 1 < i < k}). Hence vz is a
leaf in 7”7 and for any ~, (7")-function f, f(vs) > —1. Now any ~, (7")-function
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f, can be extended to an NNSEDF g of T as follows, g(vivs) = g(zju;) = —1,
g(vivg) = g(vavs) = g(zu;) = gluws) = 1, for 1 < i < k, and g(e) = f(e) for
e € E(T"). Then by the induction hypothesis we obtain

s (T) Sw(g) =w(f) +h+1< {n_l_g(?’kﬂ)J thk41= {”glJ

By Claim 1 and 2, v, and any support vertex adjacent to vs, except vy, has degree 2.

Claim 3. deg(vs) = 2.

Proof. Let deg(vs) > 3. If vs is adjacent to a leaf w, then let 7" =T — T,,. Hence
vs is a support vertex in 7" and for any 7/ .(T")-function f, f(vs) > 0. Now any
v (T")-function f, can be extended to an NNSEDF of T' by assigning 1 to vvs, —1
to v1v9. Then by the induction hypothesis we obtain

Yoo (T) S wl(g) = w(f) < V;?’J ’ V?J

Hence let any vertex adjacent to wvs, except vy, be a support vertex. Assume that
N(v3) — {vg,v4} = {uq,uz,...,ur}. Let x; be the leaf adjacent to u; for 1 < i < k.
Let 7" =T — ({v1,ve} U{us,z; | 1 < i < k}). Hence vs is a leaf in 7" and for any
v (T')-function f, f(vs) > —1. Now any ~/ (T")-function f, can be extended to
an NNSEDF g of T as follows, g(v1v2) = g(zu;) = —1, g(vevg) = g(uvs) = 1, for
1 <i <k, and g(e) = f(e) for e € E(T"). Then by the induction hypothesis we
obtain

n—1—(2k+2 n—1
D) < wla) =utg) < | BED )
By Claim 1, 2 and 3, vy, and any support vertex with depth 2 of vy, except vs, has
degree 2.

Claim 4. deg(vy) = 2.

Proof. Let deg(vs) > 3. If vy is adjacent to a leaf w, then let 7" =T — T,,,. Hence v,
is a support vertex in 7" and for any +/,,(T")-function f, f(vs) > 0. Now any /. (T")-
function f, can be extended to an NNSEDF g of T' by assigning 1 to vyvs, vzvy, —1
to vyva. Then by the induction hypothesis we obtain 7, (7) < w(g) = w(f) +1 <
[25%] 4+ 1 = [251]. Now let vy be adjacent to a vertex w such that deg(w) = 2. Let
T'=T-T,,. Since f(N[wvy]) > 0, we have f(vs) > —1. Now any 7/, .(T")-function f,
can be extended to an NNSEDF ¢ of T' by assigning 1 to vovs, v3vy4, -1 to v1v9. Then
by the induction hypothesis we obtain

D) Swl) =w(f) +1< [P 1= 2]
Hence let any vertex adjacent to vy, except vs, vs, be a strong support vertex. Assume
that N(vy) — {vs,v5} = {w,ug,...,ux}. Let x;, 2} be the leaves adjacent to u; for
1 <i<k LetT =T-— ({v1,v,03} U{w,x;,2; | 1 < i < k}). Hence vy is a
leaf in 7”7 and for any ~, (7")-function f, f(vs) > —1. Now any ~, (7")-function
f, can be extended to an NNSEDF g of T as follows, g(viv2) = g(ziu;) = —1,



NONNEGATIVE SIGNED EDGE DOMINATION IN GRAPHS 39

g(vaus) = g(vsvy) = g(zu;) = gluvs) = 1, for 1 < i < k, and g(e) = f(e) for
e € E(T"). Then by the induction hypothesis we obtain
n—l—g(3k—|—3)J k4l {n—lJ.

We now return to the proof of the theorem. Assume that 7" = T — T,,. Then
f(v4) > —1 and any 7, .(T")-function f, can be extended to an NNSEDF of T' by

assigning —1 to vyvy and 1 to vevs, v3vy. Thus

@ <l +1s [P = P

This complete the proof. O

7 (T) < wlg) = w(f) +E+1< {

Corollary 1.2 shows that Theorem 2.2 is sharp for n # 2 (mod 3).

3. BOUNDS ON v/ (G)

In this section we present basic properties of 7/ ,(G) and sharp bounds on the
nonnegative signed edge domination number of a graph.

Theorem 3.1. If G is a graph of size m, maximum degree A and minimum degree
0, then

2m(6 — A)

/

>~ 7

MalG) 2 =5

Proof. Let f be a ~,.(G)-function and define g : E — {0,2} by g(e) = f(e) + 1 for
each e € E. We have

> 9(Nle]) > > (f(Ne]) + deg(u) + deg(v) — 1)

eck e=uveEFE

>omi+ Y (F(N]e]) 1)

e=uveFE

>2mé —m =m(20 — 1).
On the other hand,
Y g(Nle) = > (deg(u) + deg(v) — 1)g(e)

ecE e=uvel
<> (2A—T)g(e)
ecE
= (28 = 1)g(E).
Thus ¢g(F) > m;i‘:l). Since f(E) = g(E) — m, we have
@) 2 220D 0

For some special cases we can improve Theorem 3.1.
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Theorem 3.2. Let G be a graph of size m, maximum degree A and minimum degree
d. If deg(x) is odd for each vertex x or if deg(z) is even for each vertex x, then

, m(25 — 2A + 1)
>

Proof. Let f be a 7/ .(G)-function and define g : E — {0,2} by g(e) = f(e) + 1 for

each e € E. Since deg(z) is odd for each vertex z or deg(x) is even for each vertex x,

we observe that f(Nle]) is odd for each edge e, and therefore f(N[e]) > 1. As in the
proof of Theorem 3.1, it follows that

S g(Ne]) =2ms+ 3 (F(Ne]) = 1) > 2ms.

ecF e=uwveFE

Using the upper bound

> 9(Ne]) < 2A —1)g(E),

eclk
from the proof of Theorem 3.1, we obtain analogously the desired result. O
Corollary 3.1. If G is an r-reqular graph of size m with r > 1, then v, ,(G) > 5.

For r = 1 and the complete graphs K4 and K5 Corollary 3.1 is sharp. In addition,
if n=0,1 (mod 3), then the cycle C,, shows that Corollary 3.1 is sharp for r = 2 too.

Next we present a sharp upper bound on the nonnegative signed edge domination
number for some special regular graphs.

Theorem 3.3. Let p > 1 be an integer, and let G be a (2p + 1)-regular graph with a
p-factor. If G is of order n, then 7, (G) < 5.

Proof. Let H be a p-factor of G. Define the function f : E(G) — {—1,1} by f(e) = —
fore € E(H) and f(e) = 1 otherwise. Then f(Nle]) = 3fore € E(H) and f(Nle]) =1
otherwise. Therefore f is an NNSEDF on G of weight

(2p+ 1)n n

2 2
and thus v,,(G) < 7. O

Using the well-known result by Katerinis [12], that an r-regular graph with a 1-
factor has a k-factor for all k € {1,2,...,r}, Theorem 3.3 leads to the following
corollary.

Corollary 3.2. Let p > 1 be an integer, and let G be a (2p + 1)-regular graph with a
I-factor. If G is of order n, then v,,(G) < 3.

Now we determine the nonnegative signed edge domination number for complete
graphs, and complete bipartite graphs K, .

Theorem 3.4. Forn > 3, v, ,(K,) = EJ
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Proof. First let n = 2p + 1 for an integer p > 1. If n = 3, then the desired result
follows from Corollary 1.3. Let now p > 2 and us,us, ..., us+1 be the vertex set
of G = K2p+1. Let H1 = G[{Ul,UQ, c ,Up+1}] and H2 = G[{up+2,up+3, . ,U2p+1}].
Define the function f : E(G) — {—1,1} by f(e) = —1 for e € E(H,) U E(H,)
and f(e) = 1 otherwise. Then f(Nle]) = 2p—2(p—1) — 1 = 1 for e € E(H,),
f(Nle]) =2p+2—-2(p—2)—1=5fore e E(H;) and f(Nle]) =2p—p—(p—1)=1
otherwise. Therefore f is an NNSEDF on K5, and thus
pip+1) plp—1)

Yns(Kopr1) < p(p+1) — 5~ g =P

Next we will show that 7/ (Ka+1) > p for p > 2. Let f be a 7/ .(G)-function,
and let H be the subgraph with vertex set V(G) and edge set E_1 = E_1(f). We
will show that |E_;| < p?. Suppose to the contrary that |E_;| > p? + 1. Let
dy > dy > -+ > dy,y1 be the degree sequence of H. Then 2|E_,| = Z?f{l d; > 2p*+2
and 5o 2p > dy > p. Since Y. enp f(€') > 0 for each edge e € E(G), we observe that

(3.1) dy(z) +du(y) <2p—1, when e=2xy € F;
and
(3.2) dy(z) +dy(y) < 2p, when e=2xy € E_;.

If d; = 2p, then we obtain the contradiction dy +dy > 2p+ 1. Let now d; = 2p — k for
an integer 1 < k < p, and assume that dy(u;) = 2p — k. Let wyy € Ey. If dy(y) > k,
then dy(uy) + dy(y) > 2p, a contradiction to (1). Therefore dy(x) < k — 1 for
x € V(H)— Nglu). f dg(y) > k+ 1 for y € Ny(uy), then dg(uy) +du(y) > 2p+ 1,
a contradiction to (2). Therefore dy(x) < k for x € Ng(uy). Since |[Ny(uq)| = 2p —k,
we deduce that
2p+1
20 +2< > d; <k(2p—k)+2p—k+ (k— 1)k = 2pk + 2p — 2k.

i=1
This implies

(p—1P2=p*—2p+1<k(p—1)—p,
and hence we obtain the contradiction

p—lgk‘—L.

p—1

Altogether, we see that |E_;| < p* and so ,,4(Kapi1) > W — 2p% = p.

Second let n = 2p for an integer p > 2. It is a part of mathematical folklore that
the complete graph Ky, is 1-factorable, and therefore K5, has a (p — 1)-factor. Hence
it follows from Theorem 3.3 that 7/ ,(K3,) < p.

Next we will show that v, (K2,) > p. Let f be a 7, ,(G)-function, and let H be
the subgraph with vertex set V(G) and edge set £y = E_1(f). We will show that
|E_1| < p* — p. Suppose to the contrary that |[E_i| > p* —p+ 1. Let dy > dy >
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-+ > dy, be the degree sequence of H. Then 2|E_;| = z?gl d; > 2p* — 2p + 2 and so
2p —12>dy > p. Since Yoepe f(e') > 0 for each edge e € E(G), we observe that

(3.3) dy(z) +du(y) <2p—2, when e =zy € F;
and
(3.4) dy(x) +dy(y) <2p—1, when e=2ay € E_;.

If di = 2p—1, then we obtain the contradiction d;+d, > 2p. Let now d; = 2p—k for an
integer 2 < k < p, and assume that dy(u;) = 2p — k. Let wyy € Ey. If dy(y) > k —1,
then dy(uy) +dy(y) > 2p — 1, a contradiction to (3). Therefore dy(z) < k — 2 for
x € V(H) — Nyglw]. If dg(y) > k for y € Ng(uy), then dy(u1) + du(y) > 2p, a
contradiction to (4). Therefore dy(z) < k—1for z € Ng(uy). Since [Ny (u1)| = 2p—k,
we deduce that

2p

2p = 2p+2<> d; < (k—1)(2p—k)+2p—k+ (k—2)(k — 1) = 2pk — 3k + 2.

i=1
This leads to the contradiction

<k-_—"
b= 2(p—1)

Altogether, we see that |E_] < p*—p and so v/, ,(K,) > % —2p*+2p=p. O
Theorem 3.5. Forn > 2, v (K,,) =n.

Proof. Let X = {uy,uq,...,u,} and Y = {vy, vs,...,v,} be a bipartition of G = K, ,,.

First let n = 2p + 1 for an integer p > 1. Clearly, Koap12p+1 has p-factor, and thus
Theorem 3.3 implies v, (Kopr1,2p+1) < 2p+ 1.

Next we will show that 7/ ,(Kapt12p+1) > 2p + 1. Let f be a v/, (G)-function, and
let H be the subgraph with vertex set V(G) and edge set E_y = E_1(f). We will
show that |E_;| < 2p®+p. Suppose to the contrary that |F_;| > 2p*+p+1. Let d; >
de > ... > dypso be the degree sequence of H. Then 2|E_;| = Z?E{Q d; > 4p* +2p+2
and so 2p +1 > dy > p+ 1. Since Xpcnp f(€') > 0 for each edge e € E(G), we
observe that

(3.5) dy(x) +dy(y) < 2p, when e =uzy € E;
and
(3.6) dy(z) +dp(y) <2p+1, when e=zy € E_;.

Let now dy = 2p+1—Fk for an integer 0 < k < p, and assume, without loss of generality,
that dy(u;) =2p+1— k. If dy(y) > k for vy € Ey, then dy(ur) +dy(y) > 2p+ 1,
a contradiction to (5). Therefore dy(z) < k—1forx € Y — Ny(u). fdy(y) > k+1
for y € Ny (uy), then dy(u1) + du(y) > 2p + 2, a contradiction to (6). Therefore
dy(z) <k for x € Ny(uy). We deduce that

|E_1| < k(k—1)4+ (2p+ 1 — k)k = 2pk,
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a contradiction to |E_i| > 2p? +p + 1.
Altogether, we see that |E_;| < 2p? + p and so

Vis(Kopiiops1) > (20 +1)> —2(2p* +p) = 2p + 1.

Second let n = 2p for an integer p > 1, and let By = G[{u1,ua, ..., Up, V1, V2, ..., Up}]
and By = G[{upt1, Upi2, - - ., U2p, Upt1, Upta, - - -, Vap }| be two induced subgraphs of G.
In addition, let Hy be a (p — 1)-factor of By. Define the function f : E(G) — {—1,1}
by f(e) = —1 for e € E(B;) U E(Hy) and f(e) = 1 otherwise. Then f(N]e ])
2p—2(p—1)—1=1fore e E(By), f(Nle]) =2p+2—-2(p—2)—1=5foree E(Hz),
f(Nle]) = 2p+1—-2(p—1) = 3fore € E(By)—E(H2) and f(Ne]) = 2p—p—(p—1)
otherwise. Therefore f is an NNSEDF on Ky, 9, of weight

20 +p—p*—plp—1)=2p

and thus 7/, (Kap9,) < 2p.

Next we will show that ~, (Ks,2,) > 2p. Let f be a v,,(G)-function, and let
H be the subgraph with vertex set V(G) and edge set E_; = E_i(f). We will
show that |E_;| < 2p? — p. Suppose to the contrary that |E_;| > 2p*> — p+ 1. Let
dy > dy > ... > dgy, be the degree sequence of H. Then 2|E_| = Zfﬁl d; > 4p* —2p+2
and 50 2p > dy > p. Since Yoenp f(€') > 0 for each edge e € E(G), we observe that

(3.7) dy(z) +dy(y) <2p—1, when e=zxy € F;
and
(3.8) dy(x) +dy(y) < 2p, when e=2y € E_;.

Let now d; = 2p — k for an integer 0 < k < p, and assume, without loss of generality,
that dy(u1) = 2p — k. If dy(y) > k for uyy € E4, then dy(uy) + dy(y) > 2p, a
contradiction to (7). Therefore dy(x) <k —1forxz €Y — Ny(wy). fdy(y) > k+1
for y € Ny (uy), then dy(uy) + du(y) > 2p + 1, a contradiction to (8). Therefore
dy(z) <k for x € Ny(uy). We deduce that

Bl < k(k —1) + (20 — k)k = 2pk — &,

a contradiction to |E_{| > 2p? — p + 1.
Altogether, we see that |E_1] < 2p? — p and so 7/, (Kap2p) > (2p) — 2(2p* — p) =
2p. 0

Theorems 3.4 and 3.5 show that Theorem 3.3 is sharp.

Proposition 3.1. Let G be a graph of size m > 1. If u and v are two adjacent
vertices, then

Vs(G) > deg(u) + deg(v) —m — 1.
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Proof. Let f be a v,,(G)-function. By definition f(N[uv]) > 0, and the least possible
weight for f will now be achieved if f(e) = —1 for each e € E(G) — N[uv]. Thus

Tns(G) = f(N[uw]) = |E(G) = N[uwv]| > —(m — (deg(u) + deg(v) — 1))
= deg(u) + deg(v) —m — 1. O

The trees of the family F show that Proposition 3.1 is sharp. Choosing u as a
vertex of maximum degree in Proposition 3.1, we obtain the following corollary.

Corollary 3.3. If G is a graph of size m > 1, then
Ys(G) > A+6—m—1.

Corollary 1.1 demonstrates that Propositions 3.1 and Corollary 3.3 are sharp when
n is even.

Theorem 3.6. Let G be a connected graph of size m > 1. Then 7, (G) > 2 —m with
equality if and only if G is isomorphic to Py or Ps.

Proof. If m = 1, then 7/, ,(G) =1 =2 —m. If m > 2, then A > 2 and the desired
result follows from Corollary 3.3.

Assume now that v/, (G) = 2—m, and let f be a /. (G)-function. This implies that
G has exactly one edege e with f(e) =1 and m — 1 edges ej, e, ..., €,_1 such that
f(e;) = —1for 1 <i<m—1. Suppose that m > 3, and let, without loss of generality,
e1 be adjacent to e. Since G is connected, there exists an edge, say ey, adjacent to e
or to e;. If ey is adjacent to e, then we obtain the contradiction Y .cnp f(e) < —1,
and if e, is adjacent to e;, then we obtain the contradiction Y./c e, f(€') < —1. This
implies that m < 2, and thus G is isomorphic to P, or Ps.

Conversely, if G is isomorphic to P, or Pj, then 7/ (G) =2 —m. O

Using Observation 1.2 and Theorem 3.6, we obtain the next result immediately.
Corollary 3.4. If G is a connected graph of size m > 3, then v (G) > 4 —m.

Remark 3.1. If A > 5 or A >4 and § > 2, then Corollary 3.3 implies that v, (G) >
5 —m and therefore 7/, .(G) > 6 — m by Observation 1.2.

In the case that A = 4 and 0 = 1, we have v/ (K14) = 0 = 4 — m(K;4) and
therefore equality in the inequality of Corollary 3.4. Proposition 3.1 shows that the
star K 4 is the only graph with equality in the inequality v, (G) > 4 — m in the case
that A = 4.

Corollaries 1.2 and 1.3 imply the next result.

Proposition 3.2. Let G be a connected graph of size m > 3 with A(G) = 2. Then
v (G) =4 —m if and only if G is isomorphic to Cs, Py or Ps.

The graphs K3 and 17 € J are further examples with equality in the inequality
7! (G) > 4 — m of Corollary 3.4.
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Theorem 3.7. Let G be a graph of size m and minimum degree 6 > 2. Then
1 (G) <m — 26 + 2.

Proof. Let v € V be a vertex, t = 6 — 1 and uq, ug,...,u; € N(v). Define f: E —
{=1,1} by f(vu;) = —1 for 1 < i <t and f(e) = 1 otherwise. Then f(N[vw]) >
—t+1+4+deg(w)—1>0—t>0forwe N(v). Let e = wz such that w, z # v. Then
f(N]wz]) > 0 when 6 = 2 and f(N[wz]) > deg(w) + deg(z) —5 > 20 — 5 > 0 when
d > 3. Therefore f is an NNSEDF on G of weight m — 2t and so v,,,(G) < m — 2t =
m — 20 + 2. O

Proposition 3.3. Let G be a connected graph, different from Cs, of order n > 5 with
diam(G) = 2. Then

Proof. If 6(G) > 3, then the result is immediate by Theorem 3.7. Henceforth, we
assume 0(G) < 2. First let 6 = 1, v; € V be a vertex of minimum degree and
v1ve € E(G). Since diam(G) = 2, for every vertex w € V — {vy,v2}, w € N(va).
Let w € N(vy) — {v1}. Define f : E(G) — {—1,1} by f(vow) = f(vive) = —1
and f(e) =1 for e € E(G) — {v1va, wve}. Clearly, f is an NNSEDF of G of weight
at most m — 4 and hence v,,(G) < m — 4. Hence let § = 2. Let v; € V be a
vertex of minimum degree and vy,v3 € N(vy). If deg(vy) > 3 and deg(vs) > 3,
then define f : E(G) — {—1,1} by f(vive) = f(vivs) = —1 and f(e) = 1 for
e € E(G) — {v1vg,v1v3}. Clearly, f is an NNSEDF of G of weight at most m — 4
and hence v, ,(G) < m — 4. Hence let deg(vy) = 2 or deg(vs) = 2. We may assume
that deg(ve) = 2. Since diam(G) = 2 and n > 5, we observe that deg(vs) > 3 and
let w € N(v3) — N(v2). Define f: E(G) — {—1,1} by f(viv2) = f(wvs) = —1 and
f(e) =1 for e € E(G) — {vivg,wvs}. Clearly, f is an NNSEDF of G of weight at
most m — 4 and hence 7/, (G) < m — 4. This complete the proof. O

Proposition 3.4. Let G be a connected graph of order n > 5 with diam(G) = 3.
Then

Proof. If 6(G) > 3, then the result is immediate by Theorem 3.7. Henceforth, we
assume 6(G) < 2. Consider two cases.

Case 1. 6 = 2.

Let vivouzvy be a diametral path in G. If deg(vy) > 3 or deg(vz) > 3, then
define f : E(G) — {—1,1} by f(viv2) = f(usvg) = —1 and f(e) = 1 for e €
E(G) — {viva,v3v4}. Clearly, f is an NNSEDF of G of weight at most m — 4 and
hence v, . (G) < m—4. Hence let deg(vy) = deg(vs) = 2. Since diam(G) = 3, for every
vertex w € V' — {vy,v9, 03,04}, w € N(v1) U N(vy). If deg(vy) = deg(vy) = 2, then
G = Cg and by Corollary 1.3, 7/ .(G) < m — 4. Hence let deg(vy) > 3 or deg(vy) > 3.
We may assume that deg(vy) > 3 and w € N(v1) — {ve}. Define f: E(G) — {—1,1}
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by f(riw) = f(vavs) = —1 and f(e) =1 for e € E(G) — {vyw, vovs}. Clearly, f is an
NNSEDF of G of weight at most m — 4 and hence 7/ ,(G) < m — 4.
Case 2. § = 1.

Let v; € V be a vertex of minimum degree and v1v9 € E(G). First let deg(vy) = 2
and v3 € N(vy) — {v1}. Since diam(G) = 3, for every vertex w € V' — {vy, va,v3}, w €
N(v3). Let w € N(v3) — {va}. Define f : E(G) — {—1,1} by f(vsw) = f(vjve) = —1
and f(e) =1 for e € E(G) — {vjve, wvs}. Clearly, f is an NNSEDF of G of weight
at most m — 4 and hence 7/, ,(G) < m — 4. Now let deg(ve) > 3. If deg(vy) > 4 and
v3 € N(vg) — {v1}, then define f : E(G) — {—1,1} by f(vive) = f(vovs) — 1 and
f(e) = 1for e € E(G)—{vive,vou3}. Clearly, f is an NNSEDF of G of weight at most
m — 4 and hence v,,(G) < m — 4. Hence let deg(ve) = 3 and v, v € N(ve) — {v1}.
Since diam(G) = 3, for every vertex w € V — {vy,vq, 03,05}, w € N(v3z) U N(v}).
Let w € N(v3) — {ve}. Define f : E(G) — {—1,1} by f(vsw) = f(viv) = —1 and
f(e) =1 for e € E(G) — {vve, wvs}. Clearly, f is an NNSEDF of G of weight at
most m — 4 and hence 7/ (G) < m — 4. This complete the proof. O

Proposition 3.5. If G is a connected graph of order n > 5 with diam(G) > 4, then

Proof. Let vjvy...v4 be a diametral path in G. Define f : E(G) — {—1,1} by
f(vive) = f(vgvs) = —1 and f(e) = 1 for e € E(G) — {v1vq, v4v5}. Clearly, f is an
NNSEDF of G of weight at most m — 4 and hence 7/, .(G) < m — 4. O

Theorem 3.8. Let G be a connected graph of order n > 3 and size m. Then 7, (G) =
m — 2 if and only if G = Py, Py, Cs,Cy4,Cs5, or K 3.

Proof. Clearly, if G = P, Py, C5,Cy,Cs, or Ky 3, then 7/, (G) = m — 2. Conversely,
let G be a connected graph of size m > 2 and let 7/ .(G) = m — 2. By Propositions
3.3, 3.4 and 3.5, n < 4 or G = C5 and by Theorem 3.7, § < 2. The case G = Cj is
obvious by Corollary 1.3. Let n < 4 and 0 < 2. If § = 2, we must have G = (3, C}
and Cy +e. If G = (3,Cy, we are done by Corollary 1.3. Let G = C; + e and
V(Cy + e) = {vy,v9,v3,04}, where e = vjvg. Define f : E(Cy +¢) — {—1,1} by
f(v1vy) = f(vsvy) = —1 and f(e) = 1 otherwise. Clearly, f is an NNSEDF of Cy + e
with weight 1. Thus G # Cy +e. Let 6 = 1. It is easy to see that the only graphs
satisfying the conditions are Ps, Py or K; 3. This completes the proof. O
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