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ON n-ABSORBING IDEALS IN A LATTICE
ALI AKBAR ESTAJI! AND TOKTAM HAGHDADI?

ABSTRACT. Let L be a lattice, and let n be a positive integer. In this article, we
introduce n-absorbing ideals in L. We give some properties of such ideals. We
show that every n-absorbing ideal I of L has at most n minimal prime ideals. Also,
we give some properties of 2-absorbing and weakly 2-absorbing ideals in L. In
particular we show that in every non-zero distributive lattice L, 2-absorbing and
weakly 2-absorbing ideals are equivalent.

1. INTRODUCTION

The concept of a 2-absorbing ideal in a commutative ring with identity, which is a
generalization of prime ideals, was defined in [2] by Badawi. Anderson and Badawi
[1] generalized the concept of a 2-absorbing ideal to an n-absorbing ideal. According
to their definition, a proper ideal I of commutative ring R is called an n-absorbing
ideal whenever ajas---a,+1 € I, then there are n of the a;’s whose product is in
I for every ay,...,a,+1 € R. Badawi and Darani [3] studied weakly 2-absorbing
ideals which are generalizations of weakly prime ideals. The concepts of 2-absorbing,
weakly 2-absorbing, 2-absorbing primary and weakly 2-absorbing primary elements in
multiplicative lattices are studied in [10] and [5] as generalizations of prime and weakly
prime elements. The concepts of p-prime, p-primary ideals are recently introduced
in [4,7], and generalizations of these are studied in [12]. Celikel et al. in [6] extended
the concepts of 2-absorbing elements to p-2-absorbing elements and investigated some
characterizations in some special lattices. In [16], Wasadikar and Gaikwad introduced
2-absorbing and weakly 2-absorbing ideals in lattices and studied their properties.

This article is organized as follows. In Section 2, we review some basic notions
and properties from lattice theory. In Section 3, we study some basic properties of
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2-absorbing and weakly 2-absorbing ideal in a lattice. For example in Proposition 3.4,
we show that 2-absorbing and weakly 2-absorbing ideals are equivalent in a distributive
lattice. Also, we show that in a distributive lattice, an ideal I is a 2-absorbing ideal
if and only if I; A I; C I for some ideals Iy, 5, I3 of I where I; NIy AI3 C I. In
Section 4, we introduce the concept of an n-absorbing ideal in a lattice and give some
basic properties of these ideals. For example, we show that an n-absorbing ideal is
m~absorbing for every m > n. In a major result of this section (Proposition 4.5) we
show that a n-absorbing ideal has at most n minimal prime ideals.

2. PRELIMINARIES

In this section, we recall some concepts from lattice theory, see [8]. A partially
ordered set (L;<) is a lattice if sup{a,b} and inf{a,b} exist for all a,b € L. A
nonempty subset I of a lattice L is called an ideal if it is a sublattice of L and = € [
and a € L imply that x Aa € I. An ideal I of L is proper if I # L. A proper ideal
I of L is prime if a A b € I implies that a € [ or b € I, and it is weakly prime if
0 # a A b € I implies that either a € [ or b € I. A prime ideal P of L is said to be a
minimal prime ideal if there is no prime ideal which is properly contained in P. Also,
a prime ideal P of L is said to be a minimal prime ideal belonging to an ideal I, if
I C P and there are no prime ideals strictly contained in P that contain /. If an
ideal I of a lattice L is contained in a prime ideal P of a lattice L, then P contains a
minimal prime ideal belonginig to I. Note that a minimal prime ideal belonging to
the zero ideal of L is a minimal prime ideal of L. The set of minimal prime ideals
belonging to the ideal I of L denoted by Min(7). Let I be an ideal of a distributive
lattice L with 0, and let P be a prime ideal such that P O I. The prime ideal P is a
element of Min(7) if and only if for each = € P there is a y ¢ P such that xt Ay € I.
All these results can be found in [15].

For basic facts concerning the fractions of a lattice we refer to [9]. Let L be a
non-empty distributive lattice with 0, and let S be a non-empty subset of L which is
a complete sublattice. Define a binary relation ~g on L x S by

(a,b) ~5 (¢,d) < (Ft € S)(and) Nt =(bAc)Nt.

The relation ~g on L x S is an equivalence relation. The set of all equivalence classes
of ~g is denoted by L/ ~g. In other words, L/ ~s= {[(a,b)]~y : @ € L,b € S}. Let
m = Nyes @, then (a,m) ~g (b,m) & (a,m) ~gny (b,m) and L/ ~g= L/ ~py
From now on, L/ ~g will be denoted by S™'L and it is called the fractions of L
with respect to S. Any element [(a,b)]., € S™'L is shown by ¢. We can consider
every S as a singleton {m}, where m = A, cgx. Therefore, from now on we assume S
to be the singleton {m}. So, we can write £ for . For & and % € S~'L, we have
o =22 if and only if a; Am = as Am. (S7'L, <) is a partially ordered set, where <

is defined as follows:
< SaAm<bAm.

a b
m = m



ON n-ABSORBING IDEALS IN A LATTICE 599

FIGURE 1.

The well-defined binary operations V, A : S7'L x S7'L — S~!L are given by

a a a1 N\ a
a6 _ (@1 Aay)

m m m

and
a,, Gz _ (a1 V ag)

m m m
3. 2-ABSORBING IDEALS

In this section, we give some properties of 2-absorbing and weakly 2-absorbing ideals.
We recall that from [16], a proper ideal I of lattice L is said to be a 2-absorbing ideal
if for any a1, as,a3 € L, a1 A as A as € I implies a; A a; € I for some i, j € {1,2,3}
and weakly 2-absorbing ideal if for any ay,as,a3 € L, 0 # ay A as A az € I implies
a; AN aj € I for some 7,5 € {1,2,3}. Let I be a weakly 2-absorbing ideal of a lattice L
and aq, as, a3 € L. We say that (a1, as, a3) is a triple-zero of I if a; A as A az = 0 and
for every i,7 € {1,2,3}, a; Na; & 1.

Ezample 3.1. Let L = {0,a,b,¢,d, e, f,1} be a lattice, whose Hasse diagram is given
in the Figure 1.

Consider the ideal I =] a. It is clear that [ is a 2-absorbing ideal of L, but I is not
a prime ideal of L.

Definition 3.1. Let I be an ideal of a lattice L. The radical of I, denoted by Rad I,
is the intersection all prime ideals P which contain I. If the set of prime ideals
containing I is empty, then Rad [ is defined to be L.

Proposition 3.1. Every ideal I of a distributive lattice with 0 is the intersection of
all prime ideals containing it, i.e., Rad I = 1.

Proof. See Page 64, Corollary 18 of [8]. OJ

Proposition 3.2. Let I be a 2-absorbing ideal of distributive lattice L. Then there
are at most 2 prime ideals of L minimal over I.
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Proof. Suppose that Min(7) has at least there elements. Let P;, P, be two distinct
prime ideals of L that are minimal over I. Hence, there is a 1 € P, \ P, and a
xe € Py \ Pi. First we show that z; A zo € I. By Lemma 3.1 of [11], there is
¢ € L\ Pyand ¢y € L\ P; such that z1 Acg € [ and 29N\ ¢y € 1. Then a1 Acg Ay € 1
and xo Ay Axy € I, which implies that (¢; Vo) Axy Azy € I. Since [ is a 2-absorbing
ideal of L, we conclude that (¢; Vea) Axqy € T or (¢p Veg) ANxg € T or xy Ay € 1. 1f
(1 Veg) ANy € I, since I C Py and P, is a prime ideal, we have x1 € Py or ¢; Vg € Py,
which is a contradiction. Therefore, (¢1 V ¢3) A xq & I. Similarity, (¢1 V e2) Axg & 1
and so, x1 A xy € I.

Now, suppose that there is a P3 € Min([) such that Pj is neither P; nor P,. Then
we can chose y; € P\ (PR,UP;), yo € P\ (PLUP3), and y3 € P3 \ (P U P,). By the
previous argument y; Ay € I. Since [ C PN P, NP3 and y; Ays € I, we conclude
that either y; € P3 or yo € Ps, which is a contradiction. Hence, Min(/) contains at
most two elements. ]

Corollary 3.1. Let I be a 2-absorbing ideal of a distributive lattice L. If I is not a
prime ideal of L, then | Min(I)| = 2.

Proof. Let | Min(I)| # 2. Then by Proposition 3.2, | Min(I)| = 1. Let P be a minimal
prime ideal of L such that I C P. Therefore by Proposition 3.1, P = Rad I = [ and
so I is a prime ideal which is a contradiction. Thus | Min(7)| = 2. O

Proposition 3.3. Suppose that I is a proper ideal of a distributive lattice L. Then
the following statements are equivalent:
(1) I is a 2-absorbing ideal of L;
(2) If L NIy NI C I for some ideals Iy, I, I3 of L, then I; NI; C I for some
i,j€{1,2,3}.

Proof. (1) = (2). If I is a prime ideal, it is clear. Now, let I be not a prime ideal,
by Corollary 3.1, we conclude that Min(I) = {P;, P,}. Then by Proposition 3.1,
I = PPNP,. Now, let I1 A I, A I3 C I for some ideals I;, Iy, I3 of L. Then,
L NIy AN I3 C P for i = 1,2 and so, there exists 1 < 4y,72 < 3 such that I;, € P, and
I;, C P,. Therefore, [, NI, CP NP, =1.

(2) = (1). It is obvious. O

Proposition 3.4. For every proper ideal I # {0} in distributive lattice L, the follow-
ing statements are equivalent:

(1) I is a 2-absorbing ideal;

(2) I is a weakly 2-absorbing ideal.

Proof. (1) = (2). It is evident.

(2) = (1). Let I be a weakly 2-absorbing ideal of L that is not a 2-absorbing ideal.
Then there exist aj,as, a3 € L such that a; Aas Aag € I and a; A a; ¢ I for all
i #7€{1,2,3}. Consider 0 # a € I. Since 0 # (a1 Va) A (a2 V a) A (a3 Va) € I, we
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conclude that there exist ¢, j € {1, 2,3} such that (¢; Va)A(a;Va) € I. Soa;Na; € 1,
for some i, j € {1,2,3}, which is a contradiction. O

For an ideal I of a lattice L and a,b € L, we define a A\OAT ={aANbANi:i€ I}

Proposition 3.5. Let I be a weakly 2-absorbing ideal of distributive lattice L, and let
(a1, a9,a3) be a triple-zero of I for some ay,aq,a3 € L. Then the following statements

hold:
(1)(11/\CL2/\]:CL2/\CL3/\I:CL1/\CL3/\]:{O},'
(2)(11/\[:a2/\12a3/\]:{0}.

Proof. (1) See Theorem 3.1 of [16].
(2) Suppose that a; A a # 0 for some a € I. Then, by (1), we have

a; A (aa Va) A (az VvV a) =a; A ((ag Aas) V a))
=(a1 Nag N az) V (a1 A a)

=0V (a1 Aa)

=a1 N a

#0.
Then, by Proposition 3.4, we have a; Aas € I or ay Aag € I or ag A az € I, which is
a contradiction. Thus a; A I = {0}. Similarly, as A I = a3 A I = {0}. O

4. n-ABSORBING IDEALS

In this section, we introduce the concept of an n-absorbing ideal in a lattice and
give some basic properties of them.

Definition 4.1. Let n be a positive integer. A proper ideal I of a lattice L is an
n-absorbing ideal of L whenever a; A ag A--- A a,yq1 € I, then there are n of the a;’s
whose meet is in [ for every ay,as,...,a,41 € L.

It is easy to see that if I is an n-absorbing ideal of L, then [ is an m-absorbing
ideal of L for all m > n. Also, a proper ideal I of L is n-absorbing if and only if
whenever a1 Aas A---Na,, € I for aq,...,a, € I with m > n then there are n of a;’s
whose meet is in [.

Proposition 4.1. If I; is an nj-absorbing ideal of L for each 1 < j < m, then N2, I,
is an n-absorbing ideal, where n = 37" n;.

Proof. Let I,..., 1, be proper ideals of L such that I; is an n;-absorbing and k >
ny+ -+ n,,. Suppose that /\f:1 x; € ﬂTzl I;. Since for all j, I; is nj-absorbing ideal,
a meet of n; of these & elements belongs to I;. Let the collection of those elements
be denoted A; and A =L, A;. Thus A has at most ny + - -- + n,, elements. Now
since I; is an ideal, the meet of all element of A must be in I; for every 1 < j < m.
So ﬂ;-"zl I; contains a meet of at most n; + - - - 4+ n,, elements. Thus, the intersections
of the [;’s is an (ny + - - - 4+ n,,)-absorbing ideal. O
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Proposition 4.2. If {I,}xea is a non-empty chain of n-absorbing ideals of L, then
Mxea Iy s an n-absorbing ideal.

Proof. Let ay,...,a,+1 € L such that /\;1 1 a; € Jand J = yep In. Let a; = Ajz; a5
and a; ¢ J for all 1 <7 < n. Then for each 1 < ¢ < n, there exists an n-absorbing
ideal I, such that a; ¢ I,. We may assume that I,, C --- C I, . Consider p € A. If
I, C I, C---Cl,,, then a; € I, for each 1 <7 <n. Now since ANt a; € J and I,
is an n—absorbing ideal of L, we have a,11 € I,. If there exists 1 < j < n such that
IyC---Cl,_,CI,CI\,C---C1,, then a; € I, for each 1 < < n. Now since
A= lta; € I, and I, is an n-absorbing ideal of L, we conclude that d,; € I, and
SO Gn41 € 1, for every p € A. Therefore, a,11 € J. O

Proposition 4.3. If I is an ideal of distributive lattice L such that L\ I is closed
under meet of n + 1 elements, then I is an n-absorbing ideal.

Proof. Let aq,...,a,+1 € L such that /\n+11 a; € I and a; = \j4; aj for each 1 <4 <
n + 1. Assume that a; ¢ I for each 1 < i <mn+ 1. Since L\ I is closed under the
meet of n + 1 elements, we have A1 ! a; = A @ € L\ I which is a contradiction.

Which implies that I is an n-absorbing ideal. U

Let S be a non-empty subset of a lattice L. We say that S is a multiplicatively
closed subset of L if z Ay € S for all z and y of S.

Proposition 4.4. If S is a multiplicatively closed subset of L which does not meet
the ideal I, then I is contained in an ideal M which is mazimal with respect to the
property of not meeting S and M is an n-absorbing ideal.

Proof. Let & = {J | Jis an ideal of L. which does not meet S and I C J}. Since
I € F, F # (). Hence, by Zorn’s Lemma, (F,C) has a maximal element say M. We
show that M is an n-absorbing ideal. Let aq,...,a,+1 € L and for every 1 < i <n+1,
a; = Njgia; € M. Then (MV | a;) NS # 0. Let x; € (MV | a;) NS for each
1 <i¢<n+1. Since S is a multlphcatlvely closed subset of L, AT 2; € S and
AL e, e UM (MY | @), IE A a; € M, then NV oy € MNS Wthh is not true as
M € F. Therefore, A" a; ¢ M and so M is an n-absorbing ideal. O

Proposition 4.5. Let I be an n-absorbing ideal of L. Then there are at most n prime
ideals of L minimal over I.

Proof. We may assume that n > 2, since an 1-absorbing ideal is a prime ideal. Suppose

that Py, P, ..., P,, P, are distinct prime ideals of L minimal over I. Thus for each
1 < i < n, there is an element z; of P; \ Ui<k<nt+1 Pr. For each 1 < i < n, there
ki

is an element ¢; € L\ P; such that x; A ¢; € I and hence 1 A -+ Az, A¢; € 1.
Therefore, 9 Aza A+ Axy A1 Ve Ve--Ve,) € 1. Since z; € P, \U1<k<n+1 P, and

ki
xiNe; € I C PINPyN---NP, for each 1 < i < n, we conclude that ¢; € (Mi<k<n Pr)\ P
ki
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for each 1 <i <mn,and thus ¢; Ve V--- Ve, € P, for each 1 <17 < n. Hence,

(aVeaVe-Ve,)N N\ & P,
1<k<n
ki

and so, (c; VoV -+ V) A Ni<k<n o € I for each 1 < i < n. Since [ is an n-
ki
absorbing ideal of L, we conclude that x1 A--- Az, € [ C P,y1. Then z; € P, for

some 1 < i < n, which is a contradiction. Hence there are at most n prime ideals of
L minimal over I. O

Let L be a distributive lattice and S := {m} C L. We recall from [9] that if I is
an ideal of L, then S~'I is an ideal of S~'L. Moreover, every ideal of S~!'L can be
represented as S~'I, where [ is an ideal of L.

Proposition 4.6. Let I be an ideal of distributive lattice L and S := {m} C L. Then

I is an n-absorbing ideal of L if and only if S™'I is an n-absorbing ideal of S™'L.
n+1 )

Proof. Let %, ... =L ¢ S7'[ such that A% % € S7'1. Then Nici @ ¢ 617 and

SO /\?:Jrl1 a; € I. Since [ is a 2-absorbing ideal, we conclude that there exists an element

iin {1,2,...,n + 1} such that a; € I, which implies that % = % € S7I, where
a; = \j.; a;. Hence S~ is an 2-absorbing ideal of S™'L.
n+1 .

Conversely, let ay,...,a,11 € L such that A™'a; € I. Then, A} G — AV c

S—tI. Since S~'I is an n-absorbing ideal of S~!'L, we infer that /\’:Tla € S7'I, and
so A\iLya; € 1. O

Let I be an n-absorbing ideal of a lattice L. Then I is a m-absorbing ideal for
all integers m > n. Now, we put wr(L) = 0 and if I is an n-absorbing ideal for
some n € N, then we define wy(I) = min{n € N | [ is an n-absorbing ideal of L},
otherwise, set wr (/) = co. Thus for any ideal I of L, we have w(l) € NU{0, oo} with
w(l) =1 1if and only if I is a prime ideal of L, and w(/) = 0 if and only if I = L.
Proposition 4.7. Let f : L — M be a homomorphism of lattices. Then the following
statements hold.

(1) If f : L — M s an epimorphism, and J is an n-absorbing ideal of M, then
f7Y(J) is an n-absorbing ideal of L. Moreover, w(f~*(J)) < wa(J).
(2) If f is an isomorphism, and I is an n-absorbing ideal of L, then f(I) is an
n-absorbing ideal of M.
Proof. (1). Let z1, %9, ..., 2yy1 € L such that oy A+ Az, € f7H(J), then

@) A AN f(an) = fler A Aanga) €.

Then there is a meet of n of the f(z;)’s that is in J, which implies that there is a
meet of n of the z;’s that is in f~1(J). Then f~!(J) is an n-absorbing ideal of L.
(2). It is straightforward. O
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Proposition 4.8. Let Iy be an m-absorbing ideal of a distributive bounded lattice L1,
and let Iy be an n-absorbing ideal of a distributive bounded lattice Lo. Then Iy X Iy
is an (m + n)-absorbing ideal of the lattice Ly X Lo. Moreover wy, xr,(I1 X Iy) =
Wr, (Il) + Wio (Ig)

Proof. Let L = Ly x Ly. First we show that [; x I is an (m + n)-absorbing ideal.
Let AN/ (25, 4:) € I x Iy for some (z1,%1), - -+ (Tnymst, Ynyms1) € L1 x Ip. Since
A 2 € I and ATy, € I, we conclude that there exist

{i1, o yim b, {01, -y dn C©H{L,...,n+m + 1},
such that A}, z;, € I and A}, y;, € Io, which implies that

(xiu 1) ARERNA (xima 1) A (17yj1) ARERNA (17yjn> = </\ Ly, s /\ yjz) € Il X [2'
k=1 =1

Now, we show that wy(l; X I5) = wr,([1) +1, ({2). Let wr, (1) = m < oo and
wr,(ls) = n < oo. Then, there are z1,...,2, € Ly and yi,...,y, € Ly such that
satisfies the following statements:

e N~ Nxp, €lyand yy A--- Ay, € Io;

o for every X C {xy,...,2n}, NX & I1;

o forevery Y C {y1,...,un}, AY & L.
Thus,

(L DA A (@, DA (Ly)) A AL yn) = (@0 A AT s A+ AY)
is an element of I; x Iy, and also for proper subset S of

{0, 1), (@, 1), (L), (Lyn) 3

NS & I x Iy, which implies that wy(I; X I)) > m+n =wr,([1) +wr, ().

Consider N = m + n + 1 and suppose that (z1,41),..., (zn,yn) € L such that
(x1,y )N N(zn,yn) € [1 X I. Then zy A---Axy € I; and yy A--- Ayn € I5, which
implies that there are {i1,...,im}, {j1,---,Jn} € {1,..., N} such that x;, A---Az;, €
I and yj;;, A -+~ ANy, € I Let K = {ir,.... 0} U{j1,...,Jn}, then |[K| < m+n
and Aper (r, yr) € I X Iy, where z, = 1 for every k & {iy,... i} and yp = 1 for
every k € {j1,...,jnt. Hence, wr(ly x I) < m+n = wr,([1) +wr,(I3). Therefore,
wL(Il X [2) = le(Il) +L2 ([2) ]

Corollary 4.1. Let I}, be an ideal of a lattice Ly for each integer 1 < k <n, and let
L= L1 X X Ln Then wL(Il X+ X Ln) = le(Il) —+ .- +wL"(1n).

Proof. By induction on n and Proposition 4.8, it is clear. 0
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