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A STUDY ON THE BLOW-UP OF SOLUTIONS FOR A LAMÉ
SYSTEM OF INVERSE PROBLEM

MOHAMMAD SHAHROUZI1

Abstract. We consider the Lamé system of inverse problem in a bounded domain
with nonlinear boundary condition. When 2 < m ≤ p

4 , we obtain the blow-up result
for the weak solution with positive initial energy and sufficiently large initial data.

1. Introduction

We study the following Lamé system of inverse problem of determining a pair of
functions {u(x, t), f(t)} that satisfy:

utt − ∆eu− div (|∇u|m−2∇u) + h(x, t, u,∇u) = |u|p−2u+ f(t)ω(x), x ∈ Ω, t > 0,
(1.1)

{
u(x, t) = 0, x ∈ Γ0, t > 0,
µ∂u

∂ν
(x, t) + |∂u

∂ν
|m−2 ∂u

∂ν
+ (λ+ µ)div u = 0, x ∈ Γ1, t > 0,(1.2)

u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ Ω,(1.3) ∫
Ω
u(x, t)ω(x)dx = 1, t > 0,(1.4)

where Ω is a bounded domain of Rn, n ≥ 1, with smooth boundary ∂Ω = Γ0 ∪ Γ1
and ν is the unit outward normal to ∂Ω. Let u = (u1, . . . , un) be a vector function,
div u = u1

x1 + u2
x2 + · · · + un

xn
be the divergence of u, ∆ = ∑n

i=1
∂2

∂x2
i
. We write

∆u =
(

n∑
i=1

u1
xixi

,
n∑

i=1
u2

xixi
, . . . ,

n∑
i=1

un
xixi

)T

.
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Here ∆e denotes the elasticity operator, which is the n× n matrix-valued differential
operator defined by

∆eu = µ∆u+ (λ+ µ)∇(div u),
µ and λ are the Lamé constants which satisfy the following conditions

µ > 0, λ+ µ ≥ 0.

Also, m and p are constants such that p,m > 2. In addition, h(x, t, u,∇u) and ω(x)
are real functions that satisfy specific conditions that will be enunciated later (see
(A1)-(A3)).

Elasticity systems with constants Lamé coefficients in direct problems (ω(x) ≡ 0)
has attracted considerable attention in recent years, where diverse type of dissipative
mechanisms have been introduced and several results have been obtained. In [1]
Bchatnia and Daolati studied behavior of the energy for solutions to a Lamé system
on a bounded domain with localized nonlinear damping and external force. Later,
Bchatnia and Guesmia [2] considered the Lamé system in 3-dimension bounded domain
with infinite memories and proved that system is well-possed and stable. Moreover,
they established solutions converge to zero at infinity in terms of the growth of the
infinite memories. Li and Bao [19] investigated the following memory-type elasticity
problem

utt − µ∆u− (µ+ λ)∇(div u) +
∫ t

0
g(t− s)∆u(s)ds = 0, in Ω × (0,∞),

u = 0, on Γ0 × (0,∞),

µ
∂u

∂ν
−
∫ t

0
g(t− s)∂u

∂ν
(s)ds+ (µ+ λ)(div u)ν + h(ut) = 0, on Γ1 × (0,∞),

u(x, 0) = u0, ut(x, 0) = u1, in Ω.

The authors obtained global existence and the general energy decay of solutions by
using perturbed energy method.

Boulaaras [6] proved asymptotic stability result of global solution for a coupled
Lamé system with a viscoelastic term and the logarithmic nonlinearity. He obtained
this result taking into account that the kernel is not necessarily decreasing. Recently,
Bocanegra-Rodríguez et al. [5] investigated the longtime dynamics of the following
semilinear Lamé systems

∂2
t u− µ∆u− (λ+ µ)∇div u+ α∂tu+ f(u) = b,

defined in bounded domains of R3 with Dirichlet boundary condition. They proved
the existence of finite dimensional global attractors subjected to a critical forcing
f(u). Moreover, they showed the upper-semicontinuity of attractors with respect to
the parameter when (λ+ µ) → 0 (see also [3, 4, 9, 10]).

Inverse problems are the problems that consist of finding an unknown property of
an object, or medium, to a probing signal (see [21]). In contrast with the extensive
literature on global behaviour of solutions in direct problems, we know little about
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the inverse problems. For instance, Eden and Kalantarov in [8] studied the following
inverse source problem:

ut − ∆u− |u|pu+ b(x, t, u,∇u) = F (t)ω(x), x ∈ Ω, t > 0,
u(x, t) = 0, x ∈ ∂Ω, t > 0,
u(x, 0) = u0(x), x ∈ Ω,∫

Ω
u(x, t)ω(x)dx = 1, t > 0,

and by using the modified concavity method established global nonexistence results as
well as stability results depending on the sign of nonlinearity. For more information
about the concavity argument, we refer the readers to [16–18]. In [26] Shahrouzi and
Tahamtani by using the same method found conditions on data that guaranteeing the
global nonexistence and asymptotic stability results for a class of Petrovsky inverse
source problems (see also [22–24, 27]). Bukhgěim et al. [7] considered an inverse
problem for the stationary elasticity system with constant Lamé coefficients and
variable matrix coefficient depending on the spatial variables and frequency. They
proved uniqueness theorem by reduction of the inverse problem to a family of equations
with the M. Riesz potential. For more results on the Lamé system of inverse problems,
we refer the reader to [11–15,25] and references therein.

The paper is organized as follows. In Section 2, we present some notations, assump-
tions and known results needed for our work and state our main result: Theorem 2.1.
Section 3 is devoted to the proof of the blow-up result.

2. Preliminaries and Main Result

We begin this section by introducing some hypotheses and our main result. We
shall assume that the functions ω(x), h(x, t, u,∇u) and the functions appearing in the
data satisfy the following conditions:

(A1) u0 ∈ H1
0 (Ω) ∩ Lp+2(Ω), u1 ∈ L2(Ω),

∫
Ω u0(x)ω(x)dx = 1;

(A2) ω ∈ H2(Ω) ∩H1
0 (Ω) ∩ Lp+2(Ω),

∫
Ω ω

2(x)dx = 1;
(A3) for some positive M1,M2 we have |h(x, t, u,∇u)| ≤ M1|u| p

2 +M2|∇u|m
2 .

Throughout this paper all the functions considered are real-valued. We denote by
∥ · ∥q the Lq-norm over Ω . In particular, the L2-norm is denoted ∥ · ∥ in Ω and ∥ · ∥Γi

in Γi. Also we use familiar function spaces H1
0 , H

2.
We recall the trace Sobolev embedding

H1
Γ0(Ω) ↪→ Lq(Γ1), for 2 ≤ q <

2(n− 1)
n− 2 ,

where
H1

Γ0(Ω) = {u ∈ H1(Ω) : u|Γ0 = 0}
and the embedding inequality

∥u∥q,Γ1 ≤ Bq∥∇u∥2,
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where Bq is the optimal constant.
We sometimes use the Young’s inequality

(2.1) ab ≤ βaq + C(β, q)bq′
, a, b ≥ 0, β > 0, 1

q
+ 1
q′ = 1,

where C(β, q) = 1
q′ (βq)− q′

q are constants.
The following lemma was introduced in [16]. It will be used in the next section in

order to prove the blow-up result.

Lemma 2.1. Let α > 0, c1, c2 ≥ 0 and c1 + c2 > 0. Assume that ψ(t) is a twice
differentiable positive function such that

ψ
′′
ψ − (1 + α)

[
ψ

′]2 ≥ −2c1ψψ
′ − c2[ψ]2,

for all t ≥ 0. If

ψ(0) > 0 and ψ′(0) + γ2α
−1ψ(0) > 0,

then

ψ(t) → +∞, as t → t1 ≤ t2 = 1
2
√
c2

1 + αc2
log γ1ψ(0) + αψ′(0)

γ2ψ(0) + αψ′(0) .

Here

γ1 = −c1 +
√
c2

1 + αc2 and γ2 = −c1 −
√
c2

1 + αc2.

We consider the following problem that is obtained from (1.1)–(1.4) by substituting
u(x, t) = eξtv(x, t):

vtt + 2ξvt + ξ2v − ∆ev − eξ(m−2)tdiv
(
|∇v|m−2∇v

)
+ e−ξtĥ(t, v)

=eξ(p−2)t|v|p−2v + e−ξtf(t)ω(t), x ∈ Ω, t > 0,(2.2) {
v(x, t) = 0, x ∈ Γ0, t > 0,
µ∂v

∂ν
(x, t) + eξ(m−2)t|∂v

∂ν
|m−2 ∂v

∂ν
+ (λ+ µ)div v = 0, x ∈ Γ1, t > 0,(2.3)

v(x, 0) = u0(x), vt(x, 0) = u1(x) − ξu0(x), x ∈ Ω,(2.4) ∫
Ω
v(x, t)ω(x)dx = e−ξt, t > 0,(2.5)

where

ĥ(t, v) := h(x, t, eξtv, eξt∇v),

and the value of the parameter ξ will be prescribed later.
By using the idea of Prilepko et al. [20] and (A2), one can easily see that the

problem (2.2)–(2.5) is equivalent to (2.2)–(2.4) in which the unknown function f(t) is
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replaced by

e−ξtf(t) =µ
∫

Ω
∇v∇ωdx+ (λ+ µ)

∫
Ω
(div v)(divω(x))dx

+ eξ(m−2)t
∫

Ω
|∇v|m−2∇v∇ωdx+ e−ξt

∫
Ω
ĥ(t, v)ω(x)dx

− eξ(p−2)t
∫

Ω
|v|p−2vω(x)dx.(2.6)

Define the total energy functional associated with problem (2.2)–(2.4) as follows

(2.7) Eξ(t) = 1
p
eξ(p−2)t∥v∥p

p − 1
2I(t),

where

I(t) = ∥vt∥2 + ξ2∥v∥2 + µ∥∇v∥2 + (λ+ µ)
∫

Ω
(div v)2dx+ 2

m
eξ(m−2)t∥∇v∥m

m.

Now, we are in a position to state blow-up result.

Theorem 2.1. Let the conditions (A1)-(A3) be satisfied. Assume that 2 < m ≤ p
4

and for sufficiently large initial data and ξ > 0√√√√3(pM2
1 + 2mM2

2 )
8m(m− 1) ≤ξ < (m− 1)

∫
Ω u0u1dx

(m+ 1)∥u0∥2 ,(2.8)

Eξ(0) ≥ 2D1

ξ(p+ 2) + D2

2m,

where

D1 = µξ

p− 2∥∇ω∥2 + (λ+ µ)ξ
p− 2

∫
Ω

(divω(x))2 dx+ ξ2(pM2
1 + 2mM2

2 )
4p+ 8m ∥ω∥2

+ ξ∥∇ω∥m
m

m
[

p−2
12(m−1)

]m−1 +
ξ∥ω∥p

p

p
[

p−2
6(p−1)

]p−1 ,(2.9)

D2 = µ

2m∥∇ω∥2 + (λ+ µ)
2m

∫
Ω

(divω(x))2 dx+ ξ2(3pM2
1 + 6mM2

2 )
8m ∥ω∥2

+ ξm∥∇ω∥m
m

mm
[

1
3(m−1)

]m−1 +
ξp∥ω∥p

p

p
[

2m
3(p−1)

]p−1 .(2.10)

Then there exists a finite time t1 such that the solution of the problem (1.1)–(1.4)
blows up in t1, that is

∥u(t)∥ → +∞, as t → t1.

3. Blow-up

In this section we are going to prove that for sufficiently large initial data some
of the solutions blow up in a finite time. To prove the blow-up result (Theorem 2.1)
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for certain solutions with positive initial energy, we need the following lemma for the
problem (2.2)–(2.5).

Lemma 3.1. Under the conditions of Theorem 2.1, the energy functional Eξ(t),
defined by (2.7), satisfies

Eξ(t) ≥ Eξ(0) − 2D1

ξ(p+ 2) .

Proof. A multiplication of equation (2.2) by vt and integrating over Ω gives

E ′
ξ(t) =2ξ∥vt∥2 − ξ(m− 2)

m
eξ(m−2)t∥∇v∥m

m + ξ(p− 2)
p

eξ(p−2)t∥v∥p
p

+ e−ξt
∫

Ω
vtĥ(t, v)dx+ ξe−2ξtf(t).(3.1)

Plugging definition of f(t), (2.6) into (3.1), we obtain

E ′
ξ(t) =2ξ∥vt∥2 − ξ(m− 2)

m
eξ(m−2)t∥∇v∥m

m + ξ(p− 2)
p

eξ(p−2)t∥v∥p
p + e−ξt

∫
Ω
vtĥ(t, v)dx

+ ξµe−ξt
∫

Ω
∇v∇ωdx+ ξ(λ+ µ)e−ξt

∫
Ω

(div v) (divω(x)) dx

+ ξeξ(m−3)t
∫

Ω
|∇v|m−2∇v∇ω(x)dx+ ξe−2ξt

∫
Ω
ĥ(t, v)ω(x)dx

− ξeξ(p−3)t
∫

Ω
|v|pvω(x)dx.(3.2)

Next, we estimate the terms on the right-hand side of (3.2). Using (A3), Cauchy-
Schwartz and Young’s inequality (2.1), we obtain

e−ξt

∣∣∣∣∫
Ω
vtĥ(t, v)dx

∣∣∣∣ ≤M1

∫
Ω
vte

ξ( p
2 −1)t|v|

p
2dx+M2

∫
Ω
vte

ξ( m
2 −1)t|∇v|

m
2 dx

≤ M1∥vt∥eξ( p
2 −1)t∥v∥

p
2
p +M2∥vt∥eξ( m

2 −1)t∥∇v∥
m
2

m

≤ β1e
ξ(p−2)t∥v∥p

p + β2e
ξ(m−2)t∥∇v∥m

m +
(
M2

1
4β1

+ M2
2

4β2

)
∥vt∥2,(3.3)

where β1 and β2 are arbitrary positive constants

µξe−ξt

∣∣∣∣∫
Ω

∇v∇ωdx
∣∣∣∣ ≤ µξ(p− 2)

4 ∥∇v∥2 + µξ

p− 2e
−2ξt∥∇ω∥2,(3.4)

ξ(λ+ µ)e−ξt

∣∣∣∣∫
Ω

(div v) (divω(x)) dx
∣∣∣∣

≤ξ(λ+ µ)(p− 2)
4

∫
Ω

(div v)2 dx+ ξ(λ+ µ)
p− 2 e−2ξt

∫
Ω

(divω(x))2 dx,(3.5)

ξeξ(m−3)t
∣∣∣∣∫

Ω
|∇v|m−2∇v∇ω(x)dx

∣∣∣∣ ≤ ξeξ(m−2)t∥∇v∥m−1
m e−ξt∥∇ω∥m

≤β3e
ξ(m−2)t∥∇v∥m

m + ξme−2ξt

m
[

β3m
m−1

]m−1 ∥∇ω∥m
m,(3.6)
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where β3 is an arbitrary positive constant,

ξe−2ξt

∣∣∣∣∫
Ω
ĥ(t, v)ω(x)dx

∣∣∣∣
≤M1

∫
Ω
eξ( p

2 −1)t|v|
p
2 ξe−ξtω(x)dx+M2

∫
Ω
eξ( m

2 −1)t|∇v|
m
2 ξe−ξtω(x)dx

≤eξ( p
2 −1)t∥v∥

p
2
p .M1ξe

−ξt∥ω∥ + eξ( m
2 −1)t∥∇v∥

m
2

m .M2ξe
−ξt∥ω∥

≤β4e
ξ(p−2)t∥v∥p

p + β5e
ξ(m−2)t∥∇v∥m

m +
(
M2

1
4β4

+ M2
2

4β5

)
ξ2e−2ξt∥ω∥2,(3.7)

where β4 and β5 are arbitrary positive constants.
Finally, we have for any positive β6:

ξeξ(p−3)t
∣∣∣∣∫

Ω
|v|pvω(x)dx

∣∣∣∣ ≤ξEξ(p−2)t∥v∥p−1
p e−ξt∥ω∥p

≤β6e
ξ(p−2)t∥v∥p

p + ξpe−2ξt

p
[

β6p
p−1

]p−1 ∥ω∥p
p.(3.8)

Combining (3.3)–(3.8) with (3.2), we deduce

E ′
ξ(t) ≥

[
2ξ −

(
M2

1
4β1

+ M2
2

4β2

)]
∥vt∥2 −

(
ξ(m− 2)

m
+ β2 + β3 + β5

)
eξ(m−2)t∥∇v∥m

m

+
(
ξ(p− 2)

p
− β1 − β4 − β6

)
eξ(p−2)t∥v∥p

p − µξ(p− 2)
4 ∥∇v∥2

− ξ(λ+ µ)(p− 2)
4

∫
Ω

(div v)2 dx− e−2ξtD1,(3.9)

where

D1 = µξ

p− 2∥∇ω∥2 + (λ+ µ)ξ
p− 2

∫
Ω

(divω(x))2 dx+ ξ2(β5M
2
1 + β4M

2
2 )

4(β4 + β5)
∥ω∥2

+ ξm∥∇ω∥m
m

m
[

β3m
m−1

]m−1 +
ξp∥ω∥p

p

p
[

β6p
p−1

]p−1 .

By virtue of (3.9), we obtain from (2.7) the following inequality

E ′
ξ(t) − ξ(p− 2)

2 Eξ(t) ≥
(
ξ(p− 2m+ 2)

2m − β2 − β3 − β5

)
eξ(m−2)t∥∇v∥m

m

+
(
ξ(p− 2)

2p − β1 − β4 − β6

)
eξ(p−2)t∥v∥p

p

+
[
ξ(p+ 6)

4 −
(
M2

1
4β1

+ M2
2

4β2

)]
∥vt∥2 − e−2ξtD1.
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At this point if we choose β1 = β4 = β6 = ξ(p−2)
6p

and β2 = β3 − β5 = ξ(p−2)
12m

, then we
gain

E ′
ξ(t) − ξ(p− 2)

2 Eξ(t) ≥ξ(p− 4m+ 6)
4m ∥∇v∥m

m +
[
ξ(p+ 6)

4 − 3pM2
1 + 6mM2

2
2ξ(p− 2)

]
∥vt∥2

− e−2ξtD1.

Hence, by choosing m ≤ p+6
4 and

ξ ≥

√√√√6(pM2
1 + 2mM2

2 )
p2 + 4p− 12 ,

we get

(3.10) E ′
ξ(t) − ξ(p− 2)

2 Eξ(t) ≥ −e−2ξtD1.

Integrating the differential inequality (3.10) between 0 and t gives that

Eξ(t) ≥ Eξ(0) − D1

ξ(p+ 2) ,

where D1 satisfies (2.9) and proof of Lemma 3.1 is completed. □

Proof of Theorem 2.1. For obtain the blow-up result, the choice of the following
functional is standard (see [17, 18])

(3.11) ψ(t) = ∥v(t)∥2,

then

(3.12) ψ′(t) = 2
∫

Ω
vvtdx, ψ′′(t) = 2

∫
Ω
vvttdx+ 2∥vt∥2.

A multiplication of equation (2.2) by v and integrating over Ω gives∫
Ω
vvttdx = − 2ξ

∫
Ω
vvtdx− ξ2∥v∥2 − µ∥∇v∥2 − (λ+ µ)

∫
Ω
(div v)2dx

− eξ(m−2)t∥∇v∥m
m − e−ξt

∫
Ω
vĥ(t, v)dx+ eξ(p−2)t∥v∥p

p

+ µe−ξt
∫

Ω
∇v∇ωdx+ (λ+ µ)e−ξt

∫
Ω
(div v)(divω(x))dx

+ eξ(m−3)t
∫

Ω
|∇v|m−2∇v∇ωdx+ e−2ξt

∫
Ω
ĥ(t, v)ω(x)dx

− eξ(p−3)t
∫

Ω
|v|p−2vω(x)dx,(3.13)

where the definition of unknown function (2.6) has been used.
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By combining (2.7) with (3.13), one can easily verify that∫
Ω
vvttdx =ηEξ(t) − 2ξ

∫
Ω
vvtdx+ η

2∥vt∥2 + ξ2
(
η

2 − 1
)

∥v∥2 + µ
(
η

2 − 1
)

∥∇v∥2

+ (λ+ µ)
(
η

2 − 1
) ∫

Ω
(div v)2 dx+

(
η

m
− 1

)
eξ(m−2)t∥∇v∥m

m

+
(

1 − η

p

)
eξ(p−2)t∥v∥p

p − e−ξt
∫

Ω
vĥ(t, v)dx+ µe−ξt

∫
Ω

∇v∇ωdx

+ (λ+ µ)e−ξt
∫

Ω
(div v)(divω(x))dx+ eξ(m−3)t

∫
Ω

|∇v|m−2∇v∇ωdx

+ e−2ξt
∫

Ω
ĥ(t, v)ω(x)dx− eξ(p−3)t

∫
Ω

|v|p−2vω(x)dx.(3.14)

Applying (A3), Cauchy-Schwartz inequality and the Young’s inequality (2.1) to
estimate the terms on the right-hand side of (3.14)

e−ξt

∣∣∣∣∫
Ω
vĥ(t, v)dx

∣∣∣∣ ≤M1∥v∥e( p
2 −1)ξt∥v∥

p
2
p +M2∥v∥e( m

2 −1)ξt∥∇v∥
m
2

m

≤θ1e
(p−2)ξt∥v∥p

p + θ2e
(m−2)ξt∥∇v∥m

m +
(
M2

1
4θ1

+ M2
2

4θ2

)
∥v∥2,(3.15)

where θ1 and θ2 are positive constants,

µe−ξt

∣∣∣∣∫
Ω

∇v∇ωdx
∣∣∣∣ ≤ µη

4 ∥∇v∥2 + µe−2ξt

η
∥∇ω∥2,(3.16)

(λ+ µ)e−ξt

∣∣∣∣∫
Ω
(div v)(divω(x))dx

∣∣∣∣
≤η(λ+ µ)

4

∫
Ω
(div v)2dx+ (λ+ µ)e−2ξt

η

∫
Ω
(divω(x))2dx,(3.17)

and

eξ(m−3)t
∣∣∣∣∫

Ω
|∇v|m−2∇v∇ωdx

∣∣∣∣ ≤ξeξ(m−2)t∥∇v∥m−1
m e−ξt∥∇ω∥m

≤θ3e
ξ(m−2)t∥∇v∥m

m + ξme−2ξt

m
[

mθ3
m−1

]m−1 ∥∇ω∥m
m,(3.18)

where θ3 is an arbitrary positive constant. Also, similar to (3.7), we have

e−2ξt

∣∣∣∣∫
Ω
ĥ(t, v)ω(x)dx

∣∣∣∣ ≤θ4e
ξ(p−2)t∥v∥p

p + θ5e
ξ(m−2)t∥∇v∥m

m

+
(
M2

1
4θ4

+ M2
2

4θ5

)
ξ2e−2ξt∥ω∥2,(3.19)

where θ4 and θ5 are positive constants. Furthermore, for θ6 > 0 we derive

(3.20) eξ(p−3)t
∫

Ω
|v|p−2vω(x)dx ≤ θ6e

ξ(p−2)t∥v∥p
p + ξpe−2ξt

p
[

pθ6
p−1

]p−1 ∥ω∥p
p.
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Utilizing (3.15)–(3.20) with (3.14), we get∫
Ω
vvttdx ≥ηEξ(t) − 2ξ

∫
Ω
vvtdx+

[
ξ2(η2 − 1) −

(
M2

1
4θ1

+ M2
2

4θ2

)]
∥v∥2

+ µ
(
η

4 − 1
)

∥∇v∥2 + η

2∥vt∥2 + (λ+ µ)
(
η

4 − 1
) ∫

Ω
(div v)2 dx

+
(
η

m
− 1 − θ2 − θ3 − θ5

)
eξ(m−2)t∥∇v∥m

m

+
(

1 − η

p
− θ1 − θ4 − θ6

)
eξ(p−2)t∥v∥p

p − e−2ξt

µ
η

∥∇ω∥2

+ λ+ µ

η

∫
Ω
(divω(x))2dx+ ξm

m
[

mθ3
m−1

]m−1 ∥∇ω∥m
m

+
(
M2

1
4θ4

+ M2
2

4θ5

)
ξ2∥ω∥2 + ξp

p
[

pθ6
p−1

]p−1 ∥ω∥p
p

.
Now by choosing η = 2m, θ2 = θ3 = θ5 = 1

3 and θ1 = θ4 = θ6 = 2m
3p

, we conclude that∫
Ω
vvttdx ≥2mEξ(t) − 2ξ

∫
Ω
vvtdx+ η

2∥vt∥2 +
[
ξ2(m− 1) −

(
3pM2

1
8m + 3M2

2
4

)]
∥v∥2

+ µ
(
m

2 − 1
)

∥∇v∥2 + (λ+ µ)
(
m

2 − 1
) ∫

Ω
(div v)2 dx

+
(

1 − 4m
p

)
eξ(p−2)t∥v∥p

p − e−2ξtD2,

where D2 satisfies (2.10). Let 2 < m ≤ p
4 and

ξ ≥

√√√√3(pM2
1 + 2mM2

2 )
8m(m− 1) ,

it holds that ∫
Ω
vvttdx ≥ 2mEξ(t) − 2ξ

∫
Ω
vvtdx+m∥vt∥2 − e−2ξtD2.

According to Lemma 3.1 and hypothesis of Theorem 2.1, we obtain

(3.21)
∫

Ω
vvttdx ≥ −2ξ

∫
Ω
vvtdx+m∥vt∥2.

To this end, by substituting (3.11) and (3.12) in (3.21), we arrive at

ψ′′(t) ≥ −2ξψ′(t) + 2(m+ 1)∥vt∥2,

finally we get

ψ(t)ψ′′(t) ≥ (m+ 1)
2 [ψ′(t)]2 − 2ξψ(t)ψ′(t).



BLOW-UP RESULT FOR A LAMÉ SYSTEM OF INVERSE PROBLEM 91

Considering 2 < m ≤ p
4 , it is obvious that

max


√√√√3(pM2

1 + 2mM2
2 )

8m(m− 1) ,

√√√√6(pM2
1 + 2mM2

2 )
p2 + 4p− 12

 =

√√√√3(pM2
1 + 2mM2

2 )
8m(m− 1) .

Hence by attention to (2.8) we see that the hypotheses of Lemma 2.1 are fulfilled with
α = m−1

2 , c1 = ξ, c2 = 0 and

ψ′(0) − 4ξ
m− 1ψ(0) > 0,

thus conclusion of Lemma 2.1 gives us that some solutions of problem (2.2)–(2.5)
blow up in a finite time and since this system is equivalent to (1.1)–(1.4), the proof
is completed.
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