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JOHNSON PSEUDO-CONTRACTIBILITY AND
PSEUDO-AMENABILITY OF 6-LAU PRODUCT

M. ASKARI-SAYAH!, A. POURABBAS!, AND A. SAHAMI?

ABSTRACT. Given Banach algebras A and B and 6 € A(B). We shall study the
Johnson pseudo-contractibility and pseudo-amenability of the #-Lau product A x4 B.
We show that if A x¢ B is Johnson pseudo-contractible, then both A and B are
Johnson pseudo-contractible and A has a bounded approximate identity. In some
particular cases, a complete characterization of Johnson pseudo-contractibility of
A xg B is given. Also, we show that pseudo-amenability of A xy B implies the
approximate amenability of A and pseudo-amenability of B.

1. INTRODUCTION

Let A and B be two Banach algebras and 0 € A(B), where A(B) is the character
space of B. Then the Banach space A x B with the product

(a,b)(c,d) = (ac+ 0(d)a + 0(b)c, bd), a,c€ A, b,de B,

and ¢!'-norm becomes a Banach algebra, which is called the #-Lau product of A and B
which is denoted by A x4 B. The #-Lau product was first introduce by A. T. Lau [14]
for F-algebras. Recently, this product was extended to general Banach algebras by
M. Monfared [15] for every Banach algebras A and B and every character § € A(B).
One may regard A (B) as a closed two sided ideal (Banach subalgebra) of A x4 B
by identifying it with A x {0} ({0} x B), respectively. Therefore, if there is no
ambiguity, we may simply write a (b) instead of (a,0) ((0,b)) for every a € A (b € B),
respectively. Monfared studied several properties of A x4 B including semisimpility,
Arens regularity, existence of approximate identity and amenability. We recall that the
concept of an amenable Banach algebra was introduced by Johnson in 1972. Indeed,
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a Banach algebra A is called amenable if there is an element M € (A ®, A)** such
that a - M = M - a and 7% (M)a = a for every a € A, where 7 : A®, A — A is
the product morphism and A ®, A is the projective tensor product of A. Motivated
by this construction of Johnson, some authors introduce several modifications of this
notion by relaxing some conditions in different versions of definitions of amenability.
The notion of pseudo-amenability was introduced by F. Ghahramani and Y. Zhang
[13]. A Banach algebra A is called pseudo-amenable if there is a net (m,) C A®, A
such that a - my, —my - a — 0 and m4(my)a — a for every a € A. The concept of
approximately amenable Banach algebras was introduced by F. Ghahramani and R.
J. Loy in [11], see also [12]. A Banach algebra A is called approximately amenable if
there are nets (M,) C A®, A, (F,) € A and (G,) C A such that for every a € A
(i)a-My—My-a+F,®a—a® G, — 0;

(ii) aF, — a, G,a — a and

(ili) ma(My)a — Foa — Goa — 0.

Recently the second and third authors [19] have defined a new concept related to
amenability called Johnson pseudo-contractibility. Indeed, a Banach algebra A is
called Johnson pseudo-contractible if there is a not necessarily bounded net (M,) C
(A ®, A)** such that a - M, = M, - a and 75 (M,)a —a — 0 for every a € A.

In the Section 2 we deal with Johnson pseudo-contractible Banach algebras. We
show that if A xy B is Johnson pseudo-contractible, then A is Johnson pseudo-
contractible and has a bounded approximate identity and B is Johnson pseudo-
contractible. Moreover, we show that in particular cases, for example when A is
Arens regular and weakly sequentially complete or when A is a dual Banach algebra,
Johnson pseudo-contractibility of A x, B is equivalent with amenability of A and
Johnson pseudo-contractibility of B. Some example are given at the end of the section.

In the Section 3 we focus on pseudo-amenability of A x4 B. Pseudo-amenability of
A Xy B was studied by E. Ghaderi et al. [10]. They showed that pseudo-amenability
of A x4 B implies pseudo-amenability of B, and implies pseudo-amenability of A
whenever A has a bounded approximate identity. We show that the existence of
bounded approximate identity in this result is not a necessary condition. Indeed, we
show that if A x4y B is pseudo-amenable, then A is approximately amenable and B is
pseudo-amenable.

2. JOHNSON PSEUDO-CONTRACTIBILITY OF A Xy B

We state a result from [2] that will be used frequently in this section.

Theorem 2.1. Let A be a Johnson pseudo-contractible Banach algebra with an iden-
tity. Then A is amenable.

Lemma 2.1. Let A be a Johnson pseudo-contractible Banach algebra and let I be a
two sided closed ideal of A. If I has a bounded approximate identity, then I is Johnson
pseudo-contractible.
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Proof. By hypothesis there is a net (M,) C (A ®, A)** such that a - M, = M, - a
and 7 (M,)a —a — 0 for every a € A. Let (eg) be a bounded approximate identity
for I and let E be a weak* cluster point of (eg) in I"*. Then by setting (N,) =
(E-M,-E)C(I®,I)™, we have
- Ny =N, 2,
and
7 (No)x =73 (E - M, - E)x =y (My)r — z,
for every x € I. It follows that I is Johnson pseudo-contractible. 0
Theorem 2.2. Let A and B be two Banach algebras and 6 € A(B). If A X B is
Johnson pseudo-contractible, then the following statements hold.
(a) A is Johnson pseudo-contractible and has a bounded approzimate identity.
(b) B is Johnson pseudo-contractible.
Proof. Suppose that ® : (A xy B)®, (A xg B) — A Xy B is the linear map determined
by
®((a,0) @ (c,d)) = 0(d)(a,b),  a,c€ A bde B.
Let (U,) C ((A x¢ B) ®, (A xg B))** be such that
(a,b) - U, =U, - (a,b), Tax,5(Ua)(a,b) — (a,b),
for every a € A and b € B. Then by Goldstine’s theorem for every « there exists
a net (uq,) in (A xg B) ®, (A x¢ B) such that w* — lién Uqo, = U, Suppose that

Uq, = ioj(aaﬁ b;?) @ (c;?,d;”) for sequences (a;”), (c;?) C A and (b;”), (d;”) C B,
i=1

where > (a5, b)) || - [|(c;?, d?)|| < oo. Note that 6 has an extension € A(B**)
i=1

given by O(F) = F(f) for every F' € B**. Since ® and 0 are bounded, ®* and @ are
weak™® continuous maps. Now we have

<(07 é)? CD**(UQ» =w" — 1%11((0, 0>’ CI)(uOtﬁ»

= w —lim >~ 0(57)6(5;")
=1

= w* — lién(((), 0), Tax,B(Uay))
= ((0,0), 7%, 5(Ua)) — 1.

Set @ (Uy) = (Pa; Ya), where ¢, € A™ and ¢, € B**. We can see that 0(1)a) — 1.
Take oy such that 6(1,,) # 0, for every a € A we have

a®™ (Uyy) = D (a - Uyy) = @ (Uy, - a) = 0.
Also, we have

aq)**(UOéo) = (av O)(¢O¢07 ¢a0) = (a¢ao + é(wao)av O)
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Therefore aga, + 0(Vag)a = 0, 50 a(—0(Vay) ' day) = a, where —0(1),) " ba, € A*.
This shows that A has a bounded right approximate identity. A similar argument
shows that A has a bounded left approximate identity. It follows that A has a bounded
approximate identity. Since A is a two sided closed ideal of (A x¢B) and has a bounded
approximate identity, by Lemma 2.1 it is Johnson pseudo-contractible.

It is well known that (A xg B)/A = B and there is a surjective homomorphism
from A x4 B onto (A x¢9 B)/A. So, [19, Proposition 2.9] implies Johnson pseudo-
contractibility of B. O

We remark that the converse of the previous theorem does not hold in general. For
example, A(H), the Fourier algebra on the integer Heisenberg group H, is Johnson
pseudo-contractible and has a bounded approximate identity and M (H), the measure
algebra over H, is Johnson pseudo-contractible (H is discrete and amenable). But
A(H) x¢g M(H) is not Johnson pseudo-contractible for every 6 € A(M(H)). Indeed,
A(H) xg M(H) has an identity [15, Proposition 2.3]. If A(H) xy M(H) is Johnson
pseudo-contractible, then, by Theorem 2.1, A(H) xg M (H) is amenable and [15, page
285] implies the amenability of A(H). It gives a contradiction that H has an abelian
subgroup of finite index, see [9, Theorem 2.3].

From [15, page 285] and Theorem 2.1, we have the following corollary.

Corollary 2.1. If B has an identity, then the following statements are equivalent:

(a) A xg B is Johnson pseudo-contractible;
(b) A x¢ B is amenable;
(c) A and B are amenable.

Corollary 2.2. If A has an identity, then A Xy B is Johnson pseudo-contractible if
and only if A is amenable and B is Johnson pseudo-contractible.

Proof. In view of [3] AxgB is nothing but the ¢*-direct sum A® B with coordinatewise
product whenever A has an identity. If A is amenable and B is Johnson pseudo-
contractible, then A @ B is Johnson pseudo-contractible by [19, Theorem 2.11]. The
converse comes immediately from Theorem 2.2 and Theorem 2.1. 0

A Banach algebra A is called dual if it is a dual space such that multiplication in
A is separately w*-continuous. It is well known that a dual Banach algebra with a
bounded approximate identity has an identity [18, Proposition 1.2], so we have the
following corollary from Theorem 2.2 and Corollary 2.2.

Corollary 2.3. Let B be a Banach algebra and let A be a dual Banach algebra and
0 € A(B). Then A xg B is Johnson pseudo-contractible if and only if A is amenable
and B is Johnson pseudo-contractible.

A Banach algebra A is called Arens regular if the first and the second Arens products
on A** coincide. Also, a Banach algebra A is called weakly sequentially complete if
every weakly Cauchy sequence in A is weakly convergent.
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Proposition 2.1. Suppose that A and B are two Banach algebras and 0 € A(B). If
A is Arens reqular and weakly sequentially complete, then A x¢ B is Johnson pseudo-
contractible if and only if

(a) A is amenable and has an identity;
(b) B is Johnson pseudo-contractible.

Proof. If A xy B is Johnson pseudo-contractible, then, by Theorem 2.1, A has a
bounded approximate identity. Using Ulger theorem [4, Theorem 2.9.39], A has an
identity. Now apply Corollary 2.2. U

It seems that Johnson pseudo-contractibility of A x4 B is related with amenability
of A. We believe that Corollary 2.2 holds without the assumption that A has an
identity. However, it remains as a conjecture. We left it as an open problem in the
following questions.

Question 1. Does Johnson pseudo-contractibility of A x4 B implies the amenability
of A?

Question 2. Suppose that A is an amenable Banach algebra and B is a Johnson pseudo-
contractible Banach algebra and 6 € A(B). Is A Xy B a Johnson pseudo-contractible
Banach algebra?

We finish this section with some examples. First we recall some concepts and
notations from semigroup theory. A semigroup S is called regular if for every s € S
there exists an element ¢ € S such that sts = s and tst = t. A semigroup S is an
inverse semigroup if for every s € S there exists a unique element ¢ € S such that
sts = s and tst = t. The set of idempotents of a semigroup S is denoted by E(S),
which is a partially ordered set with the following order

p<aep=pi=qp,  p,q€E(S).
For p € E(S), we set (p] = {z : = < p}. An inverse semigroup S is called uniformly
locally finite if sup{|(p]| : p € E(S)} < oo. It is well known that the discrete semigroup
algebra (1(S) is weakly sequentially complete [4, Theorem A.4.4]. Our main reference
for semigroup theory is [5].

FEzample 2.1. Suppose that B is a Banach algebra and 6 € A(B).

(i) Let S be a uniformly locally finite inverse semigroup. Then Johnson pseudo-
contractibility of £'(S) x4 B implies that ¢!(S) is Johnson pseudo-contractible
and has a bounded approximate identity. From [16, Proposition 2.1] E(S)
must be finite and from [20, Theorem 2.3] every maximal subgroup of S is
amenable, in other word ¢!(S) is amenable, see [7].

(ii) Suppose that S is regular and ¢1(S) is Arens regular. If £*(S) x4 B is Johnson
pseudo-contractible, then, by Proposition 2.1, £}(S) is amenable and has an
identity. So, by [7], E(S) is finite. Now [5, Theorem 12.2] implies that S is a
unital finite semigroup. Indeed, ¢*(S) x4 B is Johnson pseudo-contractible if
and only if S is a unital finite semigroup and B is Johnson pseudo-contractible.
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Ezxample 2.2. Using [8, Theorem 3.1] one can see that M;(C) (the Banach algebra of
I x I-matrices over C, with finite /!-norm and matrix multiplication) has no bounded
approximate identity unless [ is finite, but in this case M;(C) is amenable and has
an identity. So, for Banach algebra B and § € A(B), M;(C) x4 B is Johnson pseudo-
contractible if and only if I is finite and B is Johnson pseudo-contractible.

A linear subspace S'(G) of L'(G) is said to be a Segal algebra on G if it satisfies
the following conditions:

(i) S1(G) is dense in L*(G);
(ii) S'(G) with a norm ||| g1 is a Banach space and |[f|l 1) < I flls1q) for
every [ € SYG);
(iii) S*(G) is left translation invariant (that is, L,f € S*(G) for every f € S*(G)
and y € () and the map y — L,(f) from G into S*(G) is continuous, where
L)) = )
(iv) 1Ly (F)lls1(y = Iflls1(qys for every f € SHG) and y € G.
Ezample 2.3. Suppose that B is a Banach algebra and 6 € A(B). Let S'(G) be a Segal
algebra on G. If S1(G) x4 B is Johnson pseudo-contractible, then S'(G) = LY(G).

3. PSEUDO-AMENABILITY OF A X4 B

Remark 3.1. Note that if U € (A xy B) ®, (A x4y B), then there are M € A®, A,
NeA®,B, Le B®,Aand H € B®, B such that

U=M+N+L+H
and
1Ull axo )2y (axomy = 1Ml ag,a + 1IN ag, 5 + 1Ll pe,a + 1H | 5,5 -
Theorem 3.1. Suppose that A and B are Banach algebras and 8 € A(B). If A xg B

is pseudo-amenable, then

(a) A is approximate amenable and
(b) B is pseudo-amenable.

Proof. 1t is well known that (A x4 B)/A = B and there is a surjective homomorphism
from A x¢ B onto (A xg B)/A. So [13, Proposition 2.2] implies pseudo-amenability
of B.

By assumption there is a net (U,) C (A xy B) ®, (A x4 B) such that

(xay>'Ua_Ua'(xay) _>07 T(UQ)(JZ',y) — (xay)a
for every x € A, y € B. Particularly for every x € A we have
(3.1) x-Uy,—Uy-x—0, 7(Uy)xr — .

Suppose that U, = § (a?,b%) @ (¢, d) for sequences (a$), (¢¢) € A and (b3), (dS) C

1=

B, where 3" [|(a2, b2)]| - ||(c2, d2)|| < co. Set My = 3 af ® ¢, Fy = — > 0(d%)a?,
=1 i=1 =1

71771 107
K3
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Gy =— % 6(b¢)c and H, = § b @ df. One can easily see that
i=1

i=1
7TA><93<UDL> - (WA(MQ) - Fa - GO&77TB(HOL>)'
For an arbitrary element b in B, we have

TaxeB(Ua)(0,0) = (0(b)(ma(Ma) = Fo — Ga), m5(Ha)b) — (0,0),

SO
wa(My) — F, — Gy — 0, O(rp(H,)) — 1.
Note that
(3.2)
z-U, :Z(I,0)<CL?, )+ Z x,0)(0,b) ® (¢, 0)
i=1 -

o0

+§j(x,0)(a;", (0.47) + (@, 0)(0,87) © (0, 45)

:x-(i(a;?“@c?))Jri(x@ +Z rad @ dfY) +Z (b)z @ d)

i=1 i=1
=z M, —z® G, +Z rag @ dY) +Z )& @ dY).
i=1 i=1

Similarly we have

(3.3) Uz =My, -z—F,@x+> (b @cfz)+ > _(bF @ 0(df)z).

i=1 i=1
From (3.2), (3.3) and (3.1), by using Remark 3.1 we obtain
(@) x- My — My -2+ F, @2 —12® Gy — 0;
(b) Z (zad @ d$) + Z( () x @ de) — 0;

(c) Z(ba®c x)+z(ba®e(da) ) — 0.

i=1

Define a bounded hnear map ¢ : A®, B — Aby ¢(a®b) = 60(b)a. From (b) we have

—xF, +0(rp(H,))x xZH (d)as —1—20 (b3 d)x

=¢ (Z(m ®d“>+z )z ©d)) =0,

i=1 i=1
now 0(mp(H,)) — 1 implies that xF,, — x. Similarly, by using (c¢) we have G, — =.
So we find (M,) C A®, A, (F,) C A and (G,) C A such that

(@) z-My—My -2+ F,@x—12® G, — 0;

(b) zFy, =z, Gax — x;

(¢) ma(My)x — Foxr — Gz — 0,
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for every z € A. It follows that A is approximately amenable. O

Example 3.1. Let S be a uniformly locally finite inverse semigroup and let B be a
Banach algebra and 8 € A(B). If £*(S) x4 B is pseudo-amenable, then by Theorem 3.1
(*(S) is approximately amenable. Theorem 4.3 of [17] shows that ¢!(S) is amenable.

Ezample 3.2. Let G = SU(2) be the 2 x 2 unitary group, and suppose that S*(G) #
L'(G) is a Segal algebra on G. In [1] Alaghmandan showed that S'(G) is not approx-
imately amenable. Thus, by Theorem 3.1, S'(G) x4 B is not pseudo-amenable for
every Banach algebra B and § € A(B).

Ezxample 3.3. Let G be an infinite abelian compact group and let B be a Banach
algebra and 6 € A(B). We claim that L?(G) x¢ B is not pseudo-amenable. To
see this, suppose that L*(G) x¢ B is pseudo-amenable. Then Theorem 3.1 implies
that L?(G) is approximately amenable. But by the Plancherel theorem L?*(G) is
isometrically isomorphism to EQ(G’), where G is the dual group of G and EQ(G’) is
equipped with the pointwise product. So EQ(G) is approximately amenable which is a
contradiction with the main result of [6].
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