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INTEGRAL INVOLVING THE PRODUCT OF MULTIVARIABLE
ALEPH-FUNCTION, GENERAL CLASS OF SRIVASTAVA

POLYNOMIALS AND ALEPH-FUNCTION OF ONE VARIABLE

DINESH KUMAR1, FRÉDÉRIC AYANT2,3, AND NARESH4

Abstract. In this paper, we derive an integral involving the multivariable Aleph-
function, the general class of Srivastva polynomials, and the Aleph-function of one
variable, all of which are sufficiently general in nature and are capable of yielding
a large number of simpler and more useful results simply by specialization of their
parameters. Moreover, we establish certain specific instances.

1. Introduction and Preliminaries

The Aleph (ℵ)-function was established by Südland et al. [30], but its notation and
complete definition are offered below in terms of the Mellin-Barnes type integral (see
also, [2, 3, 7, 13,23,25]):

ℵ (z) = ℵM,N
Pi,Qi,ci;r′

(
z

∣∣∣∣∣ (aj, Aj)1,n , [ci (aji, Aji)]n+1,pi;r′

(bj, Bj)1,m , [ci (bji, Bji)]m+1,qi;r′

)

= 1
2πω

∫
L

ΩM,N
Pi,Qi,ci;r′ (s) z−sds,(1.1)

for all z different to 0 and

(1.2) ΩM,N
Pi,Qi,ci;r′ (s) =

∏M
j=1 Γ (bj +Bjs)

∏N
j=1 Γ (1 − aj − Ajs)∑r′

i=1 ci

{∏Pi
j=N+1 Γ (aji + Ajis)

∏Qi
j=M+1 Γ (1 − bji −Bjis)

} ,
Key words and phrases. Aleph-function of several variables, general class of Srivastava polynomials,

Aleph-function of one and two variables, I-function of two and several variables.
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where |arg z| < 1
2π Ω and Ω = ∑M

j=1 Bj +∑N
j=1 Aj −ci

(∑Qi
j=M+1 Bji +∑Pi

j=N+1 Aji

)
> 0

for i = 1, . . . , r′. For convergence conditions and other details of Aleph-function (one
variable), see Südland et al. [30] (see also, [23, 24]). The series representation of
Aleph-function is given by Chaurasia and Singh [6], defined as

(1.3) ℵM,N
Pi,Qi,ci;r′ (z) =

M∑
G=1

+∞∑
g=0

(−1)gΩM,N
Pi,Qi,ci,r′ (s)
BGg!

z−s,

with s = ηG,g = bG+g
BG

, Pi < Qi, |z| < 1 and ΩM,N
Pi,Qi,ci;r′ (s) is given in (1.2).

The generalized polynomials defined by Srivastava [29], and studied by many au-
thors, e.g., [5, 7, 8, 10–12,14,18,20], is given in the following manner:

SM1,...,Ms

N1,...,Ns
[y1, . . . , ys] =

[N1/M1]∑
K1=0

· · ·
[Ns/Ms]∑

Ks=0

(−N1)M1K1

K1!
× · · · ×

(−Ns)MsKs

Ks!
× A [N1, K1; . . . ;Ns, Ks] yK1

1 · · · yKs
s ,(1.4)

where M1, . . . ,Ms are arbitrary positive integers and the coefficients A [N1, K1; . . . ;
Ns, Ks] are arbitrary constants, real or complex. In the present paper, we use the
following notation:

(1.5) a1 =
(−N1)M1K1

K1!
× · · · ×

(−Ns)MsKs

Ks!
A [N1, K1; . . . ;Ns, Ks] .

The Aleph-function of several variables generalizes the multivariable I-function defined
by Sharma and Ahmad [26], which is a generalization of G and H-functions [8, 21] of
multiple variables. The multiple Mellin-Barnes integral occurring in this paper will
be referred to as the multivariable Aleph-function throughout our present study and
will be defined and represented as follows (see also, [4, 15–17,19]).

ℵ (z1, . . . , zr)

=ℵ0,n:m1,n1,...,mr,nr

pi,qi,τi;R:p
i(1) ,q

i(1) ,τ
i(1) ;R(1);...;p

i(r) ,q
i(r) ;τ

i(r) ;R(r)


z1
...
zr

∣∣∣∣∣∣
(
aj;α(1)

j , . . . , α
(r)
j

)
1,n
,

. . . ,[
τi

(
aji;α(1)

ji , . . . , α
(r)
ji

)]
n+1,pi

:
(
c

(1)
j , γ

(1)
j

)
1,n1

,[
τi

(
bji; β(1)

ji , . . . , β
(r)
ji

)]
1,qi

:
(
d

(1)
j , δ

(1)
j

)
1,m1

,[
τi(1)

(
c

(1)
ji(1) , γ

(1)
ji(1)

)]
n1+1,p

(1)
i

; . . . ;
(
c

(r)
j , γ

(r)
j

)
1,nr

,
[
τi(r)

(
c

(r)
ji(r) , γ

(r)
ji(r)

)]
nr+1,p

(r)
i[

τi(1)

(
d

(1)
ji(1) , δ

(1)
ji(1)

)]
m1+1,q

(1)
i

; . . . ;
(
d

(r)
j , δ

(r)
j

)
1,mr

,
[
τi(r)

(
d

(r)
ji(r) , δ

(r)
ji(r)

)]
mr+1,q

(r)
i



= 1
(2πω)r

∫
L1

· · ·
∫

Lr

ψ (s1, . . . , sr)
r∏

k=1
θk (sk) zsk

k ds1 · · · dsr,

(1.6)
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with ω =
√

−1. For more details, see Ayant [1]. The real numbers τi are positives
for i = 1, . . . , R, τi(k) are positives for i(k) = 1, . . . , R(k). The condition for absolute
convergence of multiple Mellin-Barnes type contour (1.6) can be obtained by extension
of the corresponding conditions for multivariable H-function given by |arg zk| <
1
2A

(k)
i π, where

A
(k)
i =

n∑
j=1

α
(k)
j − τi

pi∑
j=n+1

α
(k)
ji − τi

qi∑
j=1

β
(k)
ji +

nk∑
j=1

γ
(k)
j − τi(k)

p
i(k)∑

j=nk+1
γ

(k)
ji(k) +

mk∑
j=1

δ
(k)
j

− τi(k)

q
i(k)∑

j=mk+1
δ

(k)
ji(k) > 0, with k = 1 . . . , r, i = 1, . . . , R, i(k) = 1, . . . , R(k).(1.7)

The complex numbers zi are not zero. Throughout this paper, we assume the existence
and absolute convergence conditions of the multivariable Aleph-function. We may
establish the asymptotic expansion in the following convenient form:

ℵ (z1, . . . , zr) = 0 (|z1|α1 , . . . , |zr|αr) , max {|z1| , . . . , |zr|} → 0,

ℵ (z1, . . . , zr) = 0
(
|z1|β1 , . . . , |zr|βr

)
, min {|z1| , . . . , |zr|} → +∞,

where k = 1, . . . , r, αk = min
{
Re

(
d

(k)
j /δ

(k)
j

)
: j = 1, . . . ,mk

}
and βk =

max
{
Re

((
c

(k)
j − 1

)
/γ

(k)
j

)
: j = 1, . . . , nk

}
. We will use these following notations:

U =pi, qi, τi;R, V = m1, n1; . . . ;mr, nr,(1.8)
W =pi(1) , qi(1) , τi(1) ;R(1), . . . , pi(r) , qi(r) , τi(r) ;R(r),(1.9)

A =
(
aj;α(1)

j , . . . , α
(r)
j

)
1,n
,
[
τi

(
aji;α(1)

ji , . . . , α
(r)
ji

)]
n+1,pi

,(1.10)

B =
[
τi

(
bji; β(1)

ji , . . . , β
(r)
ji

)]
1,qi

,(1.11)

C =
(
c

(1)
j , γ

(1)
j

)
1,n1

,
[
τi(1)

(
c

(1)
ji(1) , γ

(1)
ji(1)

)]
n1+1,p

i(1)
, . . . ,(

c
(r)
j , γ

(r)
j

)
1,nr

,
[
τi(r)

(
c

(r)
ji(r) , γ

(r)
ji(r)

)]
nr+1,p

i(r)
,(1.12)

D =
(
d

(1)
j , δ

(1)
j

)
1,m1

,
[
τi(1)

(
d

(1)
ji(1) , δ

(1)
ji(1)

)]
m1+1,q

i(1)
, . . . ,(

d
(r)
j , δ

(r)
j

)
1,mr

,
[
τi(r)

(
d

(r)
ji(r) , δ

(r)
ji(r)

)]
mr+1,q

i(r)
.(1.13)

We denote the multivariable Aleph-function as

(1.14) ℵ (z1, . . . , zr) = ℵ0,n:V
U :W


z1
...
zr

∣∣∣∣∣ A : C
B : D

 .
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We have the following required integral [9]:
(1.15)∫ π/2

0

sin2α−1 θ cos2β−1 θ

(a2 cos2 θ + b2 sin2 θ)α+β dθ = 1
2a2βb2α

B (α, β) , Re(α) > 0,Re(β) > 0,

where a, b ∈ C\{0} and B (·, ·) is the Beta function.

2. Main Integral

In this section we evaluate the integral involving multivariable Aleph-function, a
class of polynomials of several variables and a Aleph-function of one variable.

Theorem 2.1.∫ π/2

0

sin2α−1 θ cos2β−1 θ

(a2 cos2 θ + b2 sin2 θ)α+β ℵM,N
Pi,Qi,ci;r′

(
t

sin2c θ cos2d θ

(a2 cos2 θ + b2 sin2 θ)c+d

)

× SM1,...,Ms

N1,...,Ns


t1

sin2c1 θ cos2d1 θ

(a2 cos2 θ+b2 sin2 θ)c1+d1

...
ts

sin2cs θ cos2ds θ

(a2 cos2 θ+b2 sin2 θ)cs+ds

 ℵ0,n:V
U :W


z1

sin2h1 θ cos2l1 θ

(a2 cos2 θ+b2 sin2 θ)h1+l1

...
zr

sin2hr θ cos2lr θ

(a2 cos2 θ+b2 sin2 θ)hr+lr

 dθ

=1
2

M∑
G=1

+∞∑
g=0

[N1/M1]∑
K1=0

· · ·
[Ns/Ms]∑

Ks=0
a1

(−1)g ΩM,N
Pi,Qi,ci,r′ (ηG,g)
BG g!

tηG,g tK1
1 · · · tKs

s

× a−2(β+dηG,g+
∑s

i=1 Ksdi) b−2(α+cηG,g+
∑s

i=1 Ksci)

× ℵ0,n+2:V
U21:W


z1

a2l1 b2h1...
zr

a2lr b2hr

∣∣∣∣∣∣∣∣
(1 − α− cηG,g −∑s

i=1 Kici;h1, . . . , hr) ,

−

(1 − β − dηG,g −∑s
i=1 Kidi; l1, . . . , lr) , A : C

(1 − α− β − (c+ d) ηG,g −∑s
i=1 K (ci + di) ;h1 + l1, . . . , hr + lr) , B : D

 ,(2.1)

where U21 = pi + 2, qi + 1, τi, R, also satisfy the following conditions:
(a) min {c, ci, hj} ≤ 0, i = 1, . . . , s; j = 1, . . . , r (hj are not simultaneously zero);
(b) min {d, di, lj} ≤ 0, i = 1, . . . , s; j = 1, . . . , r (lj are not simultaneously zero);

(c) Re (α) + c+∑r
i=1 ciRe (α) + c min

1⩽l⩽M
Re

(
b

(i)
j

βj

)
+∑r

i=1 hi min
1⩽j⩽mi

Re
(

d
(i)
j

δ
(i)
j

)
> 0;

(d) Re (α) + d min
1⩽l⩽M

Re
(

b
(i)
j

βj

)
+∑r

i=1 li min
1⩽j⩽mi

Re
(

d
(i)
j

δ
(i)
j

)
> 0;

(e) |arg zk| < 1
2A

(k)
i π, where A(k)

i is given in (1.7);
(f) |arg t| < 1

2πΩ, where

Ω =
M∑

j=1
βj +

N∑
j=1

αj − ci

 Qi∑
j=M+1

βji +
Pi∑

j=N+1
αji

 > 0.
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Proof. Expressing the Aleph-function of one variable in series form with the help of
(1.3), the general class of polynomials of several variables in series with the help of
(1.4), and the Aleph-function of r variables in Mellin-Barnes contour integral with the
help of (1.6). The conditions (e) and (f) are satisfied, then the integral representing
multivariable Aleph function converges uniformly, and we can invert the sums and
multiple Mellin-Barnes integrals. Next, by changing the order of integration and
summation (which is easily seen to be justified due to the absolute convergence of the
integral and summations involved in the process) and then evaluating the resulting
integral with the help of equation (1.15). Finally interpreting the result thus obtained
with the Mellin-barnes contour integral, we arrive at the desired result (2.1). □

3. Multivariable I-function

Corollary 3.1. If τi, τi(1) , . . . , τi(r) → 1, the Aleph-function of several variables reno-
vates to the I-function of several variables. The simple integral has been derived in
this section for multivariable I-functions defined by Sharma and Ahmad [26]∫ π/2

0

sin2α−1 θ cos2β−1 θ

(a2 cos2 θ + b2 sin2 θ)α+β ℵM,N
Pi,Qi,ci;r′

(
t

sin2c θ cos2d θ

(a2 cos2 θ + b2 sin2 θ)c+d

)

× SM1,...,Ms

N1,...,Ns


t1

sin2c1 θ cos2d1 θ

(a2 cos2 θ+b2 sin2 θ)c1+d1

...
ts

sin2cs θ cos2ds θ

(a2 cos2 θ+b2 sin2 θ)cs+ds

 I0,n:V
U :W


z1

sin2h1 θ cos2l1 θ

(a2 cos2 θ+b2 sin2 θ)h1+l1

...
zr

sin2hr θ cos2lr θ

(a2 cos2 θ+b2 sin2 θ)hr+lr

 dθ

=1
2

M∑
G=1

∞∑
g=0

[N1/M1]∑
K1=0

· · ·
[Ns/Ms]∑

Ks=0
a1

(−1)g ΩM,N
Pi,Qi,ci,r′ (ηG,g)
BG g!

tηG,g tK1
1 · · · tKs

s

× a−2(β+dηG,g+
∑s

i=1 Ksdi) b−2(α+cηG,g+
∑s

i=1 Ksci)

× I0,n+2:V
U21:W


z1

a2l1 b2h1...
zr

a2lr b2hr

∣∣∣∣∣∣∣∣
(1 − α− cηG,g −∑s

i=1 Kici;h1, . . . , hr) ,

−

(1 − β − dηG,g −∑s
i=1 Kidi; l1, . . . , lr) , A′ : C ′

(1 − α− β − (c+ d) ηG,g −∑s
i=1 K (ci + di) ;h1 + l1, . . . , hr + lr) , B′ : D′

 ,
(3.1)

where A′ =
(
aj;α(1)

j , . . . , α
(r)
j

)
1,n
,
(
aji;α(1)

ji , . . . , α
(r)
ji

)
n+1,pi

,B′ =
(
bji; β(1)

ji , . . . , β
(r)
ji

)
1,qi

,

C ′ =
(
c

(1)
j , γ

(1)
j

)
1,n1

,
(
c

(1)
ji(1) , γ

(1)
ji(1)

)
n1+1,p

i(1)
; . . . ;

(
c

(r)
j , γ

(r)
j

)
1,nr

,
(
c

(r)
ji(r) , γ

(r)
ji(r)

)
nr+1,p

i(r)
,

D′ =
(
d

(1)
j , δ

(1)
j

)
1,m1

,
(
d

(1)
ji(1) , δ

(1)
ji(1)

)
m1+1,q

i(1)
; . . . ;

(
d

(r)
j , δ

(r)
j

)
1,mr

(
d

(r)
ji(r) , δ

(r)
ji(r)

)
mr+1,q

i(r)
,

also under the same conditions that (2.1).
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4. Aleph-function of Two Variables

Corollary 4.1. If we set r = 2 in (1.6), then we obtain the Aleph-function of two
variables defined by Sharma [28] and further generalized by Kumar [13]. We have the
following simple integral∫ π/2

0

sin2α−1 θ cos2β−1 θ

(a2 cos2 θ + b2 sin2 θ)α+β ℵM,N
Pi,Qi,ci;r′

(
t

sin2c θ cos2d θ

(a2 cos2 θ + b2 sin2 θ)c+d

)

× SM1,...,Ms

N1,...,Ns


t1

sin2c1 θ cos2d1 θ

(a2 cos2 θ+b2 sin2 θ)c1+d1

...
ts

sin2cs θ cos2ds θ

(a2 cos2 θ+b2 sin2 θ)cs+ds

 ℵ0,n:V
U :W

 z1
sin2h1 θ cos2l1 θ

(a2 cos2 θ+b2 sin2 θ)h1+l1

z2
sin2h2 θ cos2l2 θ

(a2 cos2 θ+b2 sin2 θ)h2+l2

 dθ

=1
2

M∑
G=1

+∞∑
g=0

[N1/M1]∑
K1=0

· · ·
[Ns/Ms]∑

Ks=0
a1

(−1)g ΩM,N
Pi,Qi,ci,r′ (ηG,g)
BG g!

tηG,g tK1
1 · · · tKs

s

× a−2(β+dηG,g+
∑s

i=1 Ksdi) b−2(α+cηG,g+
∑s

i=1 Ksci)

× ℵ0,n+2:V
U21:W

 z1
a2l1 b2h1

z2
a2l2 b2h2

∣∣∣∣∣
(1 − α− cηG,g −∑s

i=1 Kici;h1, h2) ,

−

(1 − β − dηG,g −∑s
i=1 Kidi; l1, l2) , A′′ : C ′′;E ′′

(1 − α− β − (c+ d) ηG,g −∑s
i=1 K (ci + di) ;h1 + l1, h2 + l2) , B′′ : D′′;F ′′

 ,
(4.1)

where A′′ =
(
aj;α′

j, α
′′
j

)
1,n
,
[
τi

(
aji;α′

ji, α
′′
ji

)]
n+1,pi

; B′′ =
[
τi

(
bji; β′

ji, β
′′
ji

)]
1,qi

,
C ′′ = (cj, γj)1,n1

, [τi′ (cji′ , γji′)]n1+1,pi′
; D′′ = (dj, δj)1,m1

, [τi′ (dji′ , δji′)]m1+1,qi′
, E ′′ =

(ej, ηj)1,n2
, [τi′′ (eji′′ , ηji′′)]n2+1,pi′′

; F ′′ = (fj, ζj)1,m2
, [τi′′ (fji′′ , ζji′′)]m2+1,qi′′

, also sat-
isfy the existence conditions provided in (2.1).

5. I-function of Two Variables

Corollary 5.1. If we set τi, τi′ , τi′′ → 1 in (4.1), the Aleph-function of two variables
reduces to the I-function of two variables defined by Sharma and Mishra [27], and we
obtain the same formula with the I-function of two variables.∫ π/2

0

sin2α−1 θ cos2β−1 θ

(a2 cos2 θ + b2 sin2 θ)α+β ℵM,N
Pi,Qi,ci;r′

(
t

sin2c θ cos2d θ

(a2 cos2 θ + b2 sin2 θ)c+d

)

× SM1,...,Ms

N1,...,Ns


t1

sin2c1 θ cos2d1 θ

(a2 cos2 θ+b2 sin2 θ)c1+d1

...
ts

sin2cs θ cos2ds θ

(a2 cos2 θ+b2 sin2 θ)cs+ds

 I0,n:V
U :W

 z1
sin2h1 θ cos2l1 θ

(a2 cos2 θ+b2 sin2 θ)h1+l1

z2
sin2h2 θ cos2l2 θ

(a2 cos2 θ+b2 sin2 θ)h2+l2

 dθ
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=1
2

M∑
G=1

∞∑
g=0

[N1/M1]∑
K1=0

· · ·
[Ns/Ms]∑

Ks=0
a1

(−1)g ΩM,N
Pi,Qi,ci,r′ (ηG,g)
BG g!

tηG,g tK1
1 · · · tKs

s

× a−2(β+dηG,g+
∑s

i=1 Ksdi) b−2(α+cηG,g+
∑s

i=1 Ksci)

× I0,n+2:V
U21:W

 z1
a2l1 b2h1

z2
a2l2 b2h2

∣∣∣∣∣
(1 − α− cηG,g −∑s

i=1 Kici;h1, h2) ,

−

(1 − β − dηG,g −∑s
i=1 Kidi; l1, l2) , A′′′ : C ′′′;E ′′′

(1 − α− β − (c+ d) ηG,g −∑s
i=1 K (ci + di) ;h1 + l1, h2 + l2) , B′′′ : D′′′;F ′′′

 ,
(5.1)

where A′′′ =
(
aj;α′

j, α
′′
j

)
1,n
,

(
aji;α′

ji, α
′′
ji

)
n+1,pi

, B′′′ =
(
bji; β′

ji, β
′′
ji

)
1,qi

,
C ′′′ = (cj, γj)1,n1

, (cji′ , γji′)n1+1,pi′
; D′′′ = (dj, δj)1,m1

, (dji′ , δji′)m1+1,qi′
, E ′′′ =

(ej, ηj)1,n2
, (eji′′ , ηji′′)n2+1,pi′′

, F ′′′ = (fj, ζj)1,m2
, (fji′′ , ζji′′)m2+1,qi′′

, also satisfy the
conditions stated in (2.1).

For more details of I-function of two variables reader can refer to work Kumari et
al. [22].

6. Conclusion

In this work, an integral involving the multivariable Aleph-function, a class of
polynomials with several variables (Srivastava polynomials), and an Aleph-function
with one variable was evaluated. The integral derived in this study is of a highly
broad character, since it incorporates the multivariable Aleph-function, which is a
generic function of multiple variables previously explored. Consequently, the integral
produced by this study would serve as a key formula from which, by adjusting the
parameters, as many outcomes as required involving the special functions of one and
multiple variables may be generated.
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